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1.1 Dehn �����

iŠ@¥’Š=˜}Bh��

n

Dehn =�XHY˜Ì‘{°r˜s˜€|• 1910x�� M.Dehn t
	��

S
�Hg˜I
�Š½‘€��Š@B=D«H¬BeH™ Õ����
�
�˜ÙB[
�˜•Ku��Bú
�H=D«H¬HgBI

@–iHQ����?eHIDüBiHUD•?V��˜=Kg˜~Ht����HeHIDü˜ÌKOBQ?i–€  @BT‘ò!�

��~qä�™Hi#" (P.S.Novikov,1954)•$�%�����q=�ÃqÄ�½‘€�}qh�['&)(qI#*�+

€KIHt�,
-

n
.�/

™H=H~B}?}K~?t‘_Ž™?iD•%0–—DÂ?=KÃBÄ¥h“_|QHu#���He

IKü21?€–h…t�3)4Be“I
���“~BäH€H}Bh

n

`)5‘€–h…izj6�71K~?™‘y±u
8H¨

eH™�9):¥ä�[|`�5¥€?}˜h|~�•B€|•

1. ;q=��#� (word problem):S)��¡q=#<q~��q•q{POqU#=�Ãq=�¡ g 2 G
n

>�?

¡qÌ˜[@	��?ã?=�A�BB~����Š½¥€…¸�¹¥[��˜•?—…•

2. C�D���� (conjugacy problem):G =�=HÃ˜=“>Š¡ g; h
n

G =B‰Š~�C)D

~?•˜€�Ì˜[@	��?ã?=�A�BB~����Š½¥€…¸�¹¥[��˜•?—…•

3. E�F%��� (isomorphismproblem): �B•˜{-O˜U�>Š@q=Šg

n

E#F˜Ìq[�	

�?ã?=#A)BB~�����5¥—�•

Dehn t˜}Š= 3 @B=����q~�uéÂH=�G 100x˜=  IHqÎŠ•

p

5�"�g?Eq=Š»�¼

=K]H÷¥[��B•KU¥h…iNj!��1K~H™‘yPuHÂH=Dü
�B=�J
KB~Kb?@BÌ“=
L

/

™
M

N

’�O)Pz_�Q?iB€|•˜ÂŠO¥['Q�R˜e?™)SŠœBÌ\{T*)+¥—¥j .
T
U“u�V“‹�W�X (X ; dX ) h (Y; dY ) I
YN_ŽQHu)Z�[ f : X ! Y h@��\

K � 1; � � 0
n�])^

_|QDø˜= (1),(2) [@_˜UŠ½�`?u (X ; dX ) h (Y; dY ) t�a

b�c

(quasi-isometric) h�izj •$a

b�c

²˜t#V?‹�W�X�I)E#d7�#e¥[#�?sq€|•

(1) =?Ã˜= x; y 2 X I�Y0_|QHu

dX (x; y)
K

� � � dY (f (x); f (y)) � K dX (x; y) + �:

(2) =?Ã˜= y 2 Y I�Yz_…Q x 2 X
n�])^

_ dY (y; f (x)) � � .

ø˜I�;)V?‹‘[���f?½¥€…• (G; S) [@	��ŠS)�?g G h�u?•B€�	��ŠS)�H¡)g

• S =�HzhH_ S = S� 1
h°½¥€|•); (word) h|t S =D¡˜=�	���h w =B}˜h

~�uŠÂZ=

c

M�[ l (w) h-ßayµ•�; w
n�ikj

I#lZ½ G =�¡Ô[ �w h-ß0y • G Ë

=
�
\ lS [Žø˜~���f•_K—‘j :
>�?

¡ eG IŠ@–iHQ“t lS(eG) = 0 h“_…u eG

~H™?iŠ¡ g I�Y0_…Q?tŠø˜~)�
f?½\€|•

lS(g) = min
f wj �w= gg

l (w):

G Ë?I�;)V�‹ (word metric) [

dS(g; h) = lS(g� 1h)

2



h@��f?½¥€�•

	%��S��?gq= Cayley ����� (Cayley, 1878.	%��gq=Šœ�• ) � = �( G; S)
[ŽøB=˜—›j°I���f?½‘€Ž• � =KÊ˜ÖHt G =D¡��H¨H•?Ê–Ö v h°S��“¡ s I
Y

_…u v [�r˜ÖHu vs 2 G [��˜Ö¥h-½¥€�		��
 (v; s;vs) [�Y��zM!5\€|•\}|O

t�
��qäD=#	���
 (vs;s� 1; v) hkCqI?u v h vs [�Ç�� 1 @q=�
\[���sq€qh

½\€^• � t#&���������IZ™q€�•#&��������fh�t���ÊºÖ�~Z=

?

\

n

V ��=��

���Š~?•˜€�•

¤\•�¦���,qe?™�S��?¡\[�•¥•�Oq¦Hu Zn
= Cayley ������t Zn ���

u��

\ n =

i��

g˜= Cayley �����Dt?uŠø�\

n

2n =�&��! ‘”�•?~?•˜€|•

��
˜=

c

MD[ 1 h?_…Q
��f•MPO‘€ � ËH=#"�$�V?‹–tHu�Ê–Ö  ½B™

p	%

G) Ë?~�;)V?‹ dS I

b

_|iD•)=HÃ˜=ŠS)�?¡
g?• S;S0
I�@–i?Q �( G; S) h

�( G; S0) t�a

b
c

~F•B€…••MH{…I�a

b
c

²–t
	7�AS��“g��“¨–I
E
d7��e

[
�?s˜€?}qh

n

¿˜Ì˜€|•

G = � &˜=

b)c

B�ö¥[|ø˜~)�B•?€ :

(g; v) 7! g� 1v; (g; (v; s;vs)) 7! (g� 1v; s;g� 1vs):

Dehn t'�!(�)�*Kg (
·

•�+�*

n

2 ÅBËH=
�Bú��H=D«“¬?g ) h±ù‘ú#,��

H 2 n

a

b�c

~�•q€H}qh�I�-

n

@qi�Q�uŽù\ú�b�c\[�ú#��gqI���½\€'�%���

�–=Dü)�–IŠ¬H³–e?I

o

£“Q?iB€…•¥}…O¥[ŽV��˜=#.�/BI#0!1‘_…U�2�3BID@

iHQ?t�G˜~#*)+‘€|•

1.2 Stallings �5476 8�9�:

X ;=<�>�?�@BA�CEDGF�H�I!J�K�L�M!NPORQ�SBT�U�V!W�?�@=AXC5DZY�[

\^]

K � X _#`badc^e e(X ; K ) ; X nK W#f^g^h'JiHjI^k^['WiljmbO

QXS=T

e(X ) = sup
K

e(X ; K )

OBn�oEa=e X W�pP@XqRW�l�mEO=r�s�T

tPu�v

e e(R) = 2; e(R n) = 1(n � 2). T w�xjy!z�W�{jm!w 3 |!}�W�~

•B€

JP• e(T) = 1 .
‚!ƒ

A

€

J�„�…�M!N�W�pP@XqRW�m!†�‡�ˆ�‰�Š�‹!F�Œ!SBT�•!Ž�c Cayley
•�•�‘

�( G; S) W’p�@�q“W�l�m�†�”�k�•

\�]

S _�–�•—J�˜™T�š�›œ;—g�•�”

k�ž G W�p�@�q“W�l�m5O—r�Ÿ e(G) O¡ 5¢£T	¤¥›�†�ž�W�‡�ˆ�‰�Š�‹�¦�F�Œ

S�T e(G) † 0; 1; 2; 1 W�˜�§�›�¨�F�Œ�S�¤�O—w�©ª•“›�c�˜�c�e e(G) = 0 W
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[�����† G w�g�•�ž�F�Œ�S�¤!O�F�Œ�S=T	��
���J�


]

† e(G) = 1
F�Œ!S!O��

u

• ›��!_�[���†�J�˜�T

t

† e(Zn ) = 1(n � 2).
J.R.Stallings † e(G) = 2; 1 F�Œ!S G W���m���[���;��

u��

T

���

1.1 (Stallings,1968[St ]). 1. e(G) = 2 W

�����

[����!† G w Z
;=g!•���m	W�Y�[�žEO�aBc����!¤!O T

2. e(G) = 1 F�Œ�S

�����

[�����†�{!W�˜�§�›!¨�w�k�� ��!P¤!O¡T

(a) G = A � C B O  #"Be C †�g •�ž F jA=Cj � 3; jB=Cj � 2 ;%$

�

Q�T

(b) G = A� C OR &"Be C †�g!•�ž!F jA=Cj � 2 ;'$

�

Q#T

1.3 Mosto w (*)

Mostow •�W�+�,�n�-�_�–—›

v

e%.�/�ž�w�021�J�32!�W ?�@�A�C5D J�<

>�`	4�M N�†™ˆ�‰ F�Œ S¥T�¤�¤�F�†65#798	: O—W<;™H�;6=2> a—c e Rank-1
W?


]A@

"CBEDXS . –F�G�E
	_je!?�@BA C D F�JX¢dcFHJI�K	w#g	•jJX•

0ML!W�I�N!w#kO� ��! (Rank-1 W�


]

† Mostow-Prasad,Rank-2 |	}�W




]

† Margulis).
���

1.2 (Mosto w. 1973). M ; N ; ?�@—A C D JP5Q7PR6LSI O a¥e¡{�•

†�O�H�_ 3 |�}œO¡Q�S�T ¤�W�O�T�eC.�/�ž � 1(M ) O � 1(N ) w�0�1�J�• M
O N †�ˆ�‰�T

Rank-2|j}iWJ


]

† e Ballmann-Gromov-Schroeder[BGS] _ –iS Mostow
+�,�W2U�V�w�Œ�S�T!¤�›�†�e Hadamard R2L�I�e�–��W��
�_�† CAT(0) 8

:'WMX!Fje�5Y7J8�:	¨P•d†�Z�›XS�w�;�H�QPSJ[EaB˜�IE\ O=˜^]GVF_�FMB

DXS=T

���

1.3 (Ballmann-Gromo v-Schro eder.1981). M ; ? @™A C D F

f�`�a�J�<�>�`�4�M�N�F�e Rank † 2 |�}�O“Q�S�T N ;�?�@�A�C5D J C1 -
•B€�b

@MRML�IEO�aBe�c�d�7 e'w K � 0 ORQPSdT M ; N WMI�K	†�ˆ a=˜

O�a=e � 1(M ); � 1(N ) w�0�1!J�• M ; N †�ˆ�‰�T

}�F N H Rank w 2 |	}�W	?�@BAPC DGF�fF`�a!J#<�>�`E4�M!N�WXO�T

w�e Mostow W�f

•'g�h�i

W�+�,	n�-!F�Œ!S=T

`Ea=c Rank-1 F�†�{!W�–&] J�j�k!w�Œ�SBT

���

1.4 (Farrell-Jones[FJ1 ]). U�V	W�n�m � > 0 O x n � 5 _M!	˜�c

{X; $

�

Q n {�•!W!?�@=APCED J

•B€�b

@�R�L�I M ; N w�l�m�QXS=T

4



1. M ; N †����F0�1

@

w���[F0�1!F�†�J�˜�T

2. M W�c�d�7 e K M = 1, N W�c�d�7 e K N _�!!˜�c

� 1 � � � K N � � 1:

}�F N _�†	c	d 7%e = � 1 W

•¥€	b

@���¦�†	� •—J�˜ ¤ O¥_�
�V � H a

��›

v

e Mostow +2,œ–�� M ; N †™ˆ�‰�e9��_	��[ 021�
 T�� C����’C�†	�

¢�� J^S™wie ��� W ,�� ;	H ! ? @ A C D J

• €	b

@ RPL<I N W Gromov-
Thurston _�– S�� W���k H™Œ S (1987): N _65Q7�� ¦�†�� • J�˜�w e—} W

7%e�W2�S� 2 ;%$

�

Q�� ¦�†	��S—T��SN�†

•—€Sb

@%8	:5O Mostow +�,�_

–F� e N W�{�•	† 4 |!}�JX•�–�˜ (cf. �� "!�#%$�W�&"' [SiG86]). J�(�e

{j•!w 3 WM


]

†�}�W!–Y] J

t

†�J�˜PO*),+�›XSBT�J.-'JP•Be Thurston
WM5&70/�1�2	w�35a=˜�JP• N _�†�5&70�!¦�w.�PS�W�F M O N †.��[�0

1	_�J!S�¨�•=F�Œ!S=T

1.4 Gromo v 465876979�:

g!•�”�k�ž (G; S) _�`Ea=c�e�:�;�<�;�m (growth function) ;


 S(n) = ] f g 2 GjlS(g) = ng(n 2 N)

O’nio�Q S . n W^Œ'S?R>=@? p(n) w?l m a’c�e�U^V	W n 2 N _ !	˜^c


 S(n) � p(n) W@A�e G †ER.=%?@:%;@< (polynomial growth) ;CB�! Od˜

] T!n�m C > 0 w�l�mEa=c�e�U�V!W n 2 N _�!!˜�c exp(Cn) � 
 S(n) W

Aje G †M��m@:%;@< (exponential growth) ;CB�! Od˜O] T�:@;%<'† G W

‡jˆ�‰��

@

"�_	–�S=TP?j@=AXC D J

•B€�b

@?R�L�I!WA7CeEO .�/�ž	W.:

;%<!_�;�Q�S=I�\!W���D

t

O�a=c�{!w�Œ	S�T

���

1.5 (J.Milnor, 1968). ?�@�AœC5D F�E�W�cSd�7%e�;�B�!

•�€Sb

@

RML�I!W�.�/�ž	†���m�:�;"<X;0B�!�T

–F� =j˜.F!W#I�\!_#{	w�Œ'S=TP¤B›'†�GXOG!	W H +�,	n�-�IPOB˜

u

S

¨FH!aR›!J�˜�T

���

1.6 (Av ez, 1970). M ;^?�@dA C D J

•B€ b

@?R?LEI'FEc�d 7Ce

w � 0 O QPS�T M w

‘�•

�PD F�J�"=›

v

e�.�/�ž!†M��m�:�;"<P;JB�!�T

g •™” k W�KML�N ž †<R�=�?�:�;�<œ;�BPO™e š�W	R�=�? W™{�m H H.Bass
_�–dŽ c2��m���_	��QSR¡› c�˜�S (1972,Proc.LMS). š�W	T�;�U	V�Q�S—{

W Gromov W�n�- [G;poli] †�˜�V

@

_�W"XYR�;0Z[+�J�˜�\�˜�y&T�F�Œ!S�T
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���

1.7 (Gromo v, 1981). g •’”�kiž G wSR =�? :�;�< ;�B !œ¤^O�O e

G _�g!•���m	W

�

N�Y�[�ž�w�l�m�QPS�¤!O=†�0���T

:%;�<'w�‡�ˆj‰�Š�‹'F�Œ	S�¤'OB†�BED

�

TX¤�W�n?-P;�� a=c�e�g'•M�

m	W

�

N�Y�[�ž	W�l�m!†�ž�W�‡�ˆ�‰�Š�‹	J�,��!F�Œ!S�¤!O=w�[!¨!SBT

ž w	R�=�?�:�;�< H9� m�:�;�<QH�B

�

J ˜�A e��™N�:�;�< (intermediate
growth) ; B	!ªO�˜ ] T�g�•™”�k�ž�F���N	:�;"<�; B�!

t

w�© •“›�c�˜�S

w (R.I.Grigorchuk,1983)e�g!•�D
	�ž!F�†

t

w�©E•¡›	c�˜�J�˜�T

1.5 Gromo v 4���
������

Gromov W�3�!�W2N
��W��S!�e95*7�ž�_�!�˜�c�†�{���F�BSD�S�w�e	H*]

��!�W�N�� [G;asymp] F�e Gromov †�{�W –*]“J

‚�ƒ •�•��

;�����a

�

O

˜%+�›!c�˜�S : H g�•�”�k�žX;=‡�ˆ�‰!_!–�Ž�c�[�����–.I T

š�W���z�¨�•�¤�W
��;�� �! jŽ c
"�S—T�V�§ Stallings W�p�@œq¡n�-�†�e

p @Pq W#mEOB˜�] ‡�ˆj‰�Š�‹!¦';=ž	W�[%& OB˜�] �jm��M,��'_�#	˜%$

u

c�˜!S�O=˜ ]GV�_�F�e Gromov W

‚�ƒ
•�•&�

W�'"F���J�n�-5O�"�J&�PS=T

{'_ Gromov W.:@;�<	n?-&H�e�:@;%<EOd˜�]G‡jˆ�‰�Šj‹!¦XO g	•M��m%K

L>N�Y�[jžP;C�F�XO=˜^] ��mA��JM,��'W�0%�E,P;�	 aBc�˜'S=T

tXu�v

{

W	–&]RJ!¤�O�H�(�)!_�[!¨�SBT

*

1.1. G ;=g�•�”�k�žEO�a=e�+

€

C

•

�!q-,�d E2
OR‡�ˆ�‰5ORQPS�T�¤

WXO�T=g!•�ž F w�l�m5aR{	W�.��0/�1X;'$

�

Q#T

1 ! F ! G ! Z2 ! 0:

G _ D

€�g�2

@�w�J�"=›

v

e G = Z2
F�Œ!S=T

��N�†�e E2
† 2 {�W�R�="?":";"<�;0B6O G †�š�›5O¡‡�ˆ�‰�–��'0�3�¢

2 {'W�:%;%<P;JB�!jT�–�Ž�c Gromov Wjn�-X–��*K,L�Njž N ;Bg!•?��m

F���"�e N H 2 {�W�:�;"<�; BS!�T�4�_PB�D

�

BassW��"Q�– � N † H65

O�7�8 I Z ¨ Z2
F�Œ�S¥T�p�@�q¡W�l�m�W�‡�ˆ�‰�Š�‹�,œ;�9

u�v

Z †�Œ*�

u

J�˜�T	–™Ž c N eB• Ž�c G †
5�O�7:8 Z2
F�Œ�S¥T	¤�›�; 3
;�_�#

u�v

I�N!_�J!S�T

¤=›E•�W

t

¨X•�H�[!¨!S�–Y]¡_�e H ��m���,%� ) ‡�ˆ�‰���,%�[I�†�)

a�¢ e T�W�<�T�w&= a—˜�¤�O�wSR�˜�T�A�N�w�Œ�›

v

Mostow +�, _2!�˜�c

H�¤�W��!z�¨P•�>�c�"

�

˜�T
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1.8 (Sulliv an,1978-Gromo v). g�•�”�k�ž H O H 3
w�‡�ˆ�‰

@

O

Q SBTP¤�WXOMT#Œ	S��A0M1 g : H ! I som(H 3) w?l�m a K er(g) †#g	•

ž	F I m(g) †���L�����ž!_�J	S=T

¤�W�IENX;�šjW��	W +

€

C

•

�!q-,�djWM


]

O��
	 a=c "	S	O��F_�


˜�T +

€

C

•

��q ,�d�O¡‡�ˆ�‰�J�ž�†�/"����_�† Z2
@

"�F�Œ�S�W�_�`5a

c�e H 3
W�


]

†���c�W���L�����ž!w 1 ! W�‡�ˆ�‰���;�JPa�c�˜!S�T š�W

VF_�F���m���J�+�,!†��!˜�O-#

u

S=T

2 � � �

7 d’ž^_ ( "iS��^n����^_<;dQ S Dehn W���� †#e�� _ vanKampen(1933)e

R.Lyndon(1966) _�–dŽ c �"! # (diagram) ; 9 Ž

�

�	NªO�a�c%$'& R“›�e

(*),+

;.-M? ž (small cancellation group) W	- N O a c	� 
M/ R¥›

�

[LS]T

š�›5•=W�[5a=˜���
�/5O�a=c�e 1980/���0�1	e Gromov[G;hyp] w�„�…

M'NXORg'•�”�k�ž	_ H 5 7C,,I	;�n�o a RX¢dW

)

�

J?,��X; 	Ea

�

¤	O

w�e�8�:�2���ž�N!W�3,V&��F�Œ!S�¤!O=†�4�_�B�D

�

T

5&7',!W650"

]

+&�F�67�d�† small cancellationž	e68�:�2F�67�d�†�5

7?RML�I'e"V

�

†!–F���E
���J�`�k O�aBc�8#H�I	J

•d€�b

@?R�L�I	F�š

W�c�d�7'e K w�Œ�S E!W�n�m c _�!�˜�c K � c ; $

�

QYH�W�_69�:P; B

! O=˜

u

S�T

O ¤<; F�e=8™H�I J

• €Sb

@6RPL	I F K � 0 ; $

�

Q H™W�; Hadamard
R6L I O r’s T%c d 7 e^W f 3 , ; „ …iM^N _ U V a

�?>�@

Oia c CAT(0)
M�N�w�Œ�S�w�e�¤�›#H [G;hyp] F6A"� R“›�BDC%E�FDGIH�JDK�L M=N�OQP=R

SUT�V

R
W [BrHae] X�Y[Z\N�]_^\`[acb�]_^\d[e�fgRchcWji
k [l
m ] n

LgM�N

2.1 � - oqpQrQs

(X ; d) X�t
uwv
xw`gazy�{zM\N|L[Mj}�~ � � 0 y X •w€�•w‚ 4 e�f

R
h�b�ƒ�„D•�…
†|K�‡|•�ˆ�†|•�i�‰�Š|• � - ‹�ŒDe�•|Ž�••M�‘�b 4 W � -’

R (thin) y�“q”•N|L|M�}�~ � � 0 K6–�—˜P�h
b X •�ƒ
„|•�v�x|€�•�‚|K

� -’[R_y�™�b X W � -]_^jš (hyperbolic) bcŽc›wW
œwe (Gromov-) ]_^�š

((Gromov-)hyperbolic) y�R˜”•N

7



] ^

�

WIv�x�`Da�•��������	��
�����LDM ( 
��<e�W���•����DK���� ) N

�����

b������
W (0-) ]_^�š�N|œ��! |Gjt�u"�#�%$'&�(�)+*|e
b�L[M�}

~ c > 0 K�–�—˜P=h!,�-D^�.DK � c B/��G10 ]•^6š6N32�4�h n 5!6�] ^=`

a H n
W�] ^�š�N!5%6|K 2 B/7�• Euclid `|a�W�] ^�š%��G�R�N

�% gG I � R 890 X :g•��%;'<�= f : I ! X X#>Uy�Z#?wN K � 1b

� � 0 X%}I~ y { M NA@B��CEDGF��IH<XKJ'fB> � K (K ; � )- �<v'x�L (quasi-
geodesic) y�W�b�ƒ�„D• t b s e�f|R�h�5|K�M'N�{ M!O|y�X6R˜” :

jt � sj � K d(� (t); � (s)) + �:

]_^\`|ac•��
v
x%Lge
WP5|e�Q!R•M SUT|}

�'V

KPM/Nj{ M%O[y�WPW%�gG

X%Y

��L|M=N1O\•|W Euclid Z%-!��W�
�M/N%��L|M!O|y=eP[�„�N

\%]

2.1. ƒ�„|•c}�~ � ; � � 0; K � 1 e�^ P�h�b
LDMj}�~ C(� ; K ; � ) � 0
K�–�—˜P�h�5 X#_|›�{ :

ƒc„|• � - ]•^�`[a X •�ƒc„|• (K ; � )- ��v
x%L|Wcb X •
L|M�v�x%L|• C-
‹
Œ|e�•|Ž6• M\N

Hadamard (�)%*Uy#`�)[e
b�acb�v�x+Lg•Pdc‹|š (asymptotic) `�e%�

‰�ŠQy�P\h�b?] ^=`Da X •�f�g�h�i X (1 ) K�}�jlk • M=NmO�O���b.ˆ6f

• ( @���CnD�F���H�X�n=f ) v'x�L � ; � : [0; 1 ) ! X K�d�‹Dš y=W�LDM6}

~ c K�–�—QP\h�o|h�• t e�f|R�h�5|K�M'N�{ M!ODy�N

d(� (t); � (t)) � c:

O\•|W!p'q#C/��G X •'r!&�C1s"tvu

�X = X [ X (1 ) X�w

�

M�N X •��

�%�!x|W

�X •!`�y!�%x|e�z/{�{ M\N

2.2 o p1|

}

bP~%M
d (G; S) • Cayley •%D%€�K Gromov- ]_^�š�Gc‘
b�d G X\]

^\d (word-hyperbolic group) y�•P?�N�v�x�`|a�•�] ^

�

W��!���%
!�|G

•���b?dD•6] ^

�

W�~�M�6De�‚�–QP=G�R6N.] ^=d|W�ƒ�e

}

b�„�…|e�GDM=N

}�j�8n0‡†�ˆ6e�‰�8DM

�

y�P=h�b

}

b6dDb

}

b�~�M‹Š�Œ=d ••ŽDe Z) W%]

^\d/��L|M�N Z2
W�] ^=d'��G�R�K�b%…!•|e�‘�• X�’!‰�d˜y�P=h�•/“6d|W

]•^�d/��G�R/Ogy�K�”"0�•Dh
R|M�N

d G •P•!–c`ga X :[•��%�%—%˜gKP
%�!; (properly discontinuous) y

W6ƒ�„D•%™ x 2 X y ƒ�„D•�}6~ R > 0 e6fDR�h�bš5 X�_D›6{�6 g •�›�~

8



K

}

b!��LDM!Ogy�X�R˜” :

f g 2 Gjd(x; gx) < Rg:

5|e�Q�R M

X%Y

W�W!�/��LDM\N 1950���|e/q�������W�”"0�•Dh
R�› y

RQ”•N��
	�����•D› Milnor •�
�� (1968) eDn���QDK�LDM=N��De�Q�RD›DZ

”�e/€���s���dg•�] ^�Z!- H 2
:|•�—!˜g•���ŠDW Dehn eDZ�M�N

���

2.1. d G K6v�x<`Da X e ���Dš�b#
���;DeG—�˜QP=h�R'h�b X=G K

r%&�Cns"t��10=b G W

}

b�~�M'� X y G •����|e�W%‘�• Cayley •!D!€��

W������'N�2 4<h�rB&‡CEs‹t��n�K��$	&�( )�* M •� �!#"�$ y � 1(M ) W

�%�!��N

O�•

X%Y

Z

T

r%&#C�s"t%��&•^�. �#�+$/&P(�)%* • Ž[e('�~ 2 )c7
•

*

^�-��|•�+�,
d|W�] ^�d��
L|M!O|y�KP‰�8|M�N

}

b�dDb�Ž�›
W Z X

}

b�-
~|•�’!‰�d˜y
P=h�•/“�] ^=d•X/.!�|š (ele-
mentary) y#•�?�N�ƒ�„g•�.!�Dš!���
R�] ^�d|W
b�06~ 2 •1Š�Œ�d•X�’!‰

d y�P�h�•
1�b(-�~|š�2�l�3•X�J�f1O|y\K�”"0�•|h�RgM�N

]•^\dg•(4g•65��gb(7�895P�gb�:c~ 2 •�6 X\•[Ž���R��
Š[•!`(;<5P�

• Z.Sela,1995)W�=|}�š�e�>'8�•Dh�R|M�N

2.3 ?A@CBD?FE

G�H

š�����I!
%��J•X/K�L�{ M\N
] ^PZ%- H 2
e
œ�M

*

^ L c XON

�

b

‘
•��"k6X l (c) y
P�b3‘�•|K�P!“

}

i�Q�RD•�-(S X A(c) y�{ M=N L|M6}

~ K K�–�—˜P�h6ƒ
„|• c eP^˜P�h�5DK�M'N�N1O�• XOTQP�h�L�‚|•P��I!


��J˜y�R˜”•N

A(c) � K l(c):
U

��s��#�WV Z�- E2
e�X�R�h�`�)D•/ODy6X�N

�

MDy 2 5D•���I�
���JDK

M

T

N�f�N�{���Y/ˆ�b�ƒ�„D• c e�f|R
h�b

A(c) �
1

4�
(l(c))2:

)'�
b6dc�P�6I!
%�6J•X/N

�

Z•”•N G X

}

b�„%…
d y
P\hcb�‘
•�„%…

K%w

�

0�•D› y�{ M�N

G = < SjR > :

9



}

b%‰�Š S KG~�M�6<‰'Š��

}

b6‰'Š R K�����J'‰'Š	��L*M N F (S) X S •

~%M�{ M/Š�Œ�d˜y�P�b%‘�•����j‰�Š R •�~%M
{ M/���!’!‰�d_X N (R) y

{c•

�

b�dg•P„+…|•
}�j•Z

T

G ' F (S)=N (R) �
LgM\N�{9�6Y'ˆ/Š	�9�

o�
��/`�;

F (S) ! G

•�
DK N (R) ��LDM=N9k h N (R) •�}�j Z

T

b���6 • Ž'›�W�O6• ��ŠDb'Š

Œ\d F (S) •�6
�
•!��4˜y‡•������ ”�K���R�8|n|P •9��R�� w 2 N (R) <
F (S) W�b R •P6|• F (S) �!��•�7�8D•

}

b�›|•�S'��8���M��

w = r a1
1 � � � r an

n :

›�� P\b r i 2 R; ai 2 F (S) ��b r ai
i = ai r i a� 1

i •�ODy�N 7�•�����W F (S) �

•�������L M�O y=eG[�„<N/O%•DZ ” ��„�…D• �‹k n •�����e X A(w) y k

�

O|y�e�{ M�NgL|M�}�~ K K�–�—˜P�h�b�ƒ
„|• w 2 N (R) e�f|R�h

A(w) � K l(w)

KGM

T

N%f yI™6b G W S L'‚D• �#I�
��#J

V

XK_ ›%{Qy"R ” N�›�� P l (w)
W� G� V w • �‹kK�'L*M=N A(w) � K (l(w))2

�E0

�

b!S 2 5*•��#IB
���J

V

X#_|›�{��"!�y\R˜” N

���

2.2.
}

b�„!…
d G e�f|R
h�5|W!`�e�N

1. G W�] ^\d�N

2. G W�L�‚g•���I!
!��J X�_|›�{ .

fgŽ

T

d�
|e6X�R
h�Lc‚g•��6I!
%�6J|W�]•^

�

X Ž�#�$%��h
R|M�N˜P

8 P 2 5D• �#I�
��#J XK_ ›%{�d X Ž�#�$&�'MBO y W�M�' P"h'R#�'R%N<›

�_P�(+� t $*) ��s�d[•%•

�

••M�dg•cs%D(�*+�,

T

b!‘�•[W 2 5g•���I


+��J X _|›�{�O|y�+P”l0�•gh
R�-�N�…%•|ej] ^\d[W�(%� t $�)D�Ps\d

��,�-�N�(�� t $�) ��s�dDe�f|R�h�W [Ep] X�YgZ�N

2.4 Gromo v-Hausdor� .0/ 1 Bestvina-P aulin-Rips 2

3"4

]_^�d[ejfgRwh
b Gromov 
 �6)*5[•6�•n7�
Rw}Pf[•j…cfUycP\h 58+

,8-�N

10



���

2.3 (Bestvina-P aulin-Rips). G X\] ^�d y�{%-�N G •�� ’ Š��

`�;�d Out(G) W�a�b6d
�10=b G W

}

b�’!‰�d�8�b7� y �"! (vir tual ly)Z
��’�‰'d C e6f R�h�‰ >�{"- N�{
��Y	ˆ G = A � C B Ž�›'W G = A� C y

•��lŠ���e���k"��-�N

›�� P�b�…%•|e�,�-�d A + S � y � !��	�

V

y�W!‘
•

��


S��	�

V

X

_g›�{�’!‰�d B < A +

}

b�-�~���–�—
{ -�O|y6X�“q”•N�7
•���ŠDb C e

Z +

}

b�-�~'��•|Ž6• -!Ogy�e���-=N

O�•�}�fgW�–�
�dg•���~gb���� y��%5%6 t��'q��+��b�]•^����g•����

� S ™ y L

V

•����Qy�P=h|n��! �"DR�# • h!iD•���R�� r�&‡Cns‹t���& ^

.'(�)!* M •�+�,�d G +�] ^=d'��,�-!ODy�WPQ!R|›�#"k!0\e M X�] ^

(�)�* y�P=h#1DZ ”$#'O6• y%™ G •���’ Š���` ;�dD• S l ™�k

V

W M •

5�6De6l ™

�

‚
–�{"-�#�{
��Y�ˆ‡5�6 + 2 �n0 a�b • <�=���d�� ��b 3 )

7��n0

}

b���, -�# k�0=e 3 5�6��Dn M +�r!&‡Cns"t ���
R y6™�e�W�%

•���& +�,

T

b�‘�•DW 3 5%6�] ^�(�)!*D•(+�,�dD• SL(2; C) „��D•�,�-

'

�)(!D+*	,'r+& C�slt.-	/ ��0 - Thurston, Morgan-Shalen/	1�-+2

354�687:9�;<6+7�=

-�#?>�@)A:B	C DFE	,�G�H	IJ,�KML�NPO�Q�R	Q

6�S

=

,�T�U�V!W?O�X�Y)T�Z�@![

=�\

]

,_^:`a,�bMcdT_A Gromov-Hausdor� e_fag:h_iMjdW�k�lnm�oM[

6

[

\

^�pMqMr+s�t

7

Rvu

\)w:x�y)z�{+|P}•~

W:€�•�‚	ƒ (Z; d) ,�„�…�†

A; B � Z ,�€�• (Hausdor� €J•

48‡�ˆ

) m8B)TJ^�p�0?‰

\

dZ
H (A; B) = inf f � > 0jA � N � (B ); B � N � (A)g:

>J>�T

y

N � (A) A A , � ŠJ‹Œm�•Ž0

\

Gromov A!>�@!A••!‘

6’7Jy8“J”

,

z�{�|v}<~

€_•�‚Mƒ A; B /:€�•vm+BMT�^�p

6

[

\

Gromov-Hausdor� €

•

48‡�•

@Œ‰ .

dGH (A; B) = inf
Z

f dZ
H (A; B)jA; B � Zg:

z�{+|v}5~

W�€�•_‚	ƒ�–�— CM A Gromov-Hausdor� €�•a/�˜

=�7�™

š

/JW!‰

\œ›’•�ž!{�ŸJ 

/JR!rJ‰8¡!¢�-!^�`J£

y¥¤§¦¨6�7

Alexandrov ‚

ƒ_©

Ÿ_ _ª

Wn«�ga>_>�NnO­¬

w

@a[ (cf. ®_¯a°�±

y�²_³M´¶µ

±M©¶H_·

[SiG86]. Alexandrov ‚¸ƒJ/§˜

=¥7

A [SiG01]). Gromov-Hausdor� €Ž•¹©

º�»

A Gromov g�¼

ª

/

6

[�½PQ8¾Œ¿�W�À�Á	©�Â�˜)q

S?ÃÄ\

11



3 � � � � � �

���

m�1
	���
8W��

•��

/�G�H�0P‰�>

4

A:½��	/�0v‰�t?¿��
��©�Â�˜

q

S?Ã.\)¤�¦ 6�7

0�t?¿�>

4

A���˜
�)‰ :

1. G�H��JV)W��

•��

©��JiPm���t?‰

\

2. G�H)©�–�— =  
!
"�#%$Pm���t?‰

\

>�©�K)L�NŒO�•�&�E?m�'

7

�	‰

\

3.1 Grushk o (*),+

Grushko ©�^�` [LS] -
.�@

•�y�“�”

©�¡!¢�¬�/�E G A

y

G = Fn � G1 � � � � � Gm

4�0�1�2

-�G�H

6

B?m�3)[54 :

1. Fn A�6:¼ n ©

071

E

y58

Gi A

07192

G�H���V	T�:�e�E)T�W?u Z -

;�<

T!Q�W

=�\

2. >�©�GJH)A�B)©

”
=

T�Â

”

j�T��)‰ :
n; m � 0 A•Â

”

j¥T

y>8@?

G¶E Gi A G ©BAdT¥©BC¶k mED

=¥7

Â

”

j

\

3. >�©�GJH)A

“�”

©

0�1%2

G�H G = A � B m8B)©

”�=

T�F�s�4?‰ :
G1; � � � ; Gm m%GIH�-5JJt�K,L

yNM

@ O�m%GIH�- G ©IO�T5CJkŒm%PRQ

[MQ�©am G0
1; � � � ; G0

m

4

4d@

•

( >�@•O+A A; B -S.�‰UT

y

�a‰ 0 �
n1 � n; 0 � m1 � m g�V�W

687

B)g�/�X :

A = Fn1 � G0
1 � � � � � G0

m1
; B = Fn� n1 � G0

m1+1 � � � � � G0
m :

˜

w

	 Grushko G�H	A�Â�˜)©�G�H)T

0�192

G�HM©�–

7�y

4MW�Y
Z� 
!I"

#9$?m�F�s

687�=

‰

\

4

>

S

T

]

©@[Ž‘ 1 q!r•T¹Q

0

cŽT¥W

=

>

4

-B\

”Ž\

^§`¹©§b¸cŽTŽA^]

L	O�@)[�E G g

0�1�2

G�H)U�V)q

4�68y�“�”

-

0�1�2

G�H G = G1 � G2

m_P`	

y


ŽO_- Gi g

0a1b2

GŽH¹U§V¹W Odc rŽ‰

4’= ÃdeRfbgR�

m_hiLŽ‰

\

>:©

ejf9g��

g�¡	¢�k�Tml

9

4v‰�WvO9[�‘ 1 gmn

Ã.\�;jo�y�ejf9gj�

©

l

9

A�B)©I.

Ã

-�p�bq
�@Œ‰

\

¡)¢�¬�/�E G ©�¬�/�A�…�† r�Â

”ts

A�¢

O�W

=

Td©5A!©�¼)©�½���uŒm r (G)
s�v

.

ÃÄ\

>�©

s

¿

“J”

©

051�2

GJH

G = G1 � G2 -�˜

=�w_y

Gi A:¡M¢�¬�/aT�BMgN/iXm4n‰�>

s

gmx•O @

w

12



=

‰

\

r (G) = r (G1) + r (G2):

>�@ .
	

y

]

©

e
f�g
�

g�¡)¢�k�T�©�l

�
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