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1.1 Dehn
Dehn 1910 M.Dehn

(P.S.Novikov,1954)

1. (word problem): g2 G
2. (conjugacy problem).G gh G
3. (isomorphismproblem):
Dehn 3 100
(X;dx) (Y;dy) f.:X1Y
K 1, 0 (1),(2) (X;dx)  (Y;dy)
(quasi-isometric)
(1) X;y2 X
dx (X;
i) Koty +
) y2y x2X dv (y; f (x))
(G;S) G
S S=51 (word) S w
[(w) w G w G
s ; € Is(eg) = 0
g
Is(g) = min_I(w):
fwjw=gg
G (word metric)

ds(g; h) = Is(g 'h)
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Cayley (Cayley, 1878. )

G vV
% vs2 G (v;s;Vvs)
(vs;s 1;v) V VS 1
Z" Cayley
n Cayley 2n
1
G) ds S;s°
(G:S9
G
(G:v) 7! g 'v;(g: (vis;vs)) 7! (g 'vis;g tvs):
Dehn ( 2
H2
1.2 Stallings
X
K X e(X;K) XnK
e(X) = supe(X;K)
K
X
egR)=2eR"=1n 2).T
gT)=1.
(G:S) S
G e(G)
eG) 01,21

= (G)9)

Zn

(G:S)

Cayley

&G) =0



G eG)=1
eZ")=1(n 2).
J.R.Stallings ¢(G) = 2,1 G
1.1 (Stallings,1968[St ]). 1.eG) =2 G Z
2.¢(G)=1
@ G=A ¢cB C JA=Cj 3;jB=Cj 2
b)G=A ¢ C jJA=Cj 2
1.3 Mostow
Mostow
Rank-1
(Rank-1 Mostow-Prasad, Rank-2
Margulis).
1.2 (Mosto w. 1973). M;N
3 (M) 1(N) M
N
Rank-2 Ballmann-Gromov-Sdroeder[BGS Mostow
Hadamard CAT(0)
1.3 (Ballmann-Gromo v-Schro eder.1981). M
Rank 2 N C?t-
K 0 M;N
1(M); 1(N) M;N
N Rank 2
Mostow
Rank-1
1.4 (Farrell-Jones[FJ1 ]). >0 n 5
n M:N



1.M;N
2. M KM:1,N I'<N

N = 1
Mostow M:N
N  Gromov-
Thurston (1987): N
2 Mostow
N 4 (cf. [SiG86]).
3 Thurston
N M N

1.4 Gromov

(G;S) (growth function)
s(n) = 1fg 2 Gjls(g) = ng(n 2 N)

- N p(n) n2N
s(n)  p(n) G (polynomial growth)
C>0 n2N exp(Cn) s(n)
G (exponertial growth) G

1.5 (J3.Milnor, 1968).

1.6 (Av ez, 1970). M
0 M

H.Bass
(1972,Proc.LMS).
Gromov [G;poli]



1.7 (Gromo v, 1981). G
G

(intermediate
growth)
(R.1.Grigorchuk,1983)

1.5 Gromov

Gromov
[G;asymgd Gromov
Stallings
Gromov
Gromov
1.1. G =
F
11 F!I G! 721 O
G G=27?
E2 2 G
2 Gromov N
N 2 Bass N
Z Z? Z
N G Z2
)
Mostow



1.8 (Sulliv an,1978-Gromo V). H H3

g:H! Isom(H?3) K er(g)
I'm(g)
ZZ
H3 1
2
Dehn van Kampen(1933)
R.Lyndon(1966) (diagram)
(small cancellation group)
[LS]
1980 Gromov[G;hyp]
small cancellation
K C K ¢
K 0 Hadamard
CAT(0)
[G;hyp]
[BrHae] [ ]
21 -
(X;d) 0 X 4
- 4 -
(thin) 0 X

- X - (hyperbolic) (Gromov-)

((Gromov-)hyperbolic)



(0-)
c>0 c n
H" 2 Euclid
I R X f:11 X K 1
0 (K; )- (quasi-
gealesic) t s ;

jt s Kd( (t); (9)+ :

Euclid
2.1. ; oK 1 C(;K;) O
- X (K; )- X C-
Hadamard (asymptotic)
X X (1)
( ) c [o1)! X
C t

d( (t); (1) c:
X X =X[ X(1) X

2.2

(G;S) Cayley Gromov- G
(word-hyperbolic group)

Z)
ZZ
G X (properly discortinuous)
X2 X R>0 g



fg2 Gjd(x; gx) < Rg:

1950
Milnor (1968)
H?2 Dehn
21. G X X=G
G X G Cayley
M 1(M)
2
Z (ele-
mertary) 2
2
Z.Sela,1995)
2.3
H?2 C
I(c) A(c)
K C
A(c) Kl(o):
E?2 2

C

A© 2 ((0)?

G

G=< SjR> :



S R
R
G' F(S)N(R)
F(S)! G
N (R) N (R)
F(S)
F(S) R F(S)
w=rf i
r2R;a 2 F(S) rd = aria *
K
A(w)  Kl(w)
G
w Aw)  K(l(w)?
2.2. G
1.G
2.G
2
[Ep]

2.4 Gromo v-Hausdor

Gromov
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F(S) S

N (R)
w2 N(R) <
F(S)
n A(w)
w2 N(R)
[(w)
2

Bestvina-P aulin-Rips



2.3 (Bestvina-P aulin-Rips). G G

Out(G) G (vir tually)Z
C G=A ¢B G=A¢
A
B<A C
Z
M G M
G M
2 3
3 M
3 SL(2;C)
Thurston, Morgan-Shalen
Gromov-Hausdor
(Z;d)
A;B Z (Hausdor )
di(A;B) = inff > 0A N (B);B N (A)g:
N(A) A Gromov
A; B Gromov-Hausdor
deu (A; B) = irzlffdﬁ (A;B)jA;B  Zg:
CM  Gromov-Hausdor
Alexandrov
(cf.
[SiG86]. Alexandrov [SiIG0]). Gromov-Hausdor

Gromov
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1.
2. =
3.1 Grushk o
Grushko [LS] G
G=F, G; Gm
1.F, n Gi
2.
nm O G G
3. G=A B
Gy, ; Gm G
G} ;GY ( A;B
nt nO mgy m )
A = I:I’I;L Gg Gg11’B = Fn ni G?ﬂ1+l
Grushko
1
G
Gi
1
G
r(G)
G = G;L Gz G|
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r(G) = r(Gy) + r(Gy):

(
1.
2.
3.
JSJ
3.2 Bass-Serre
HNN-
G (graph decompmsition)
Bass-Serre G
[Sd.
Bass-Serre
Serre
3.1. SL(n;Z);n 3
SL(n;Z);n 3
SL(2;2)
SL(2;Z2) = Z¢ ,Z4:
Z, = Z2=nZ
L( SL(n;R);n 3) G
L=G )
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M" 1

N
M N
Y X
1(X) 1Y)
1(M) N 2
3
3 1
N Hn 1(M) H.i(M)
SL(n; Z)
H, ( , ,Borel )
3.3 JSJ
3 3
(ct.T D
3 M G M
(Kneser J.R.Stallings , 1965).
3 (prime) M
( Milnor, 1962)
Grushko G
1
N
N M (essetial) N M
M 1 N
3 M
M JSJ (1977). JSJ
Jaco-ShalenJohannson
JSJ M
2
Sl
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JSJ M

M
1
2
JSJ
M
JSJ
Thurston
3
Z
JSJ
Haken
(ct.T D
3 M JSJ M
ZZ
3 M
z M M
Z,2°
3
G Z"(n 0)
(G JSsJ )
(E.Rips-Z.Sela[R$M.Dunwoody-M.Sageev,
K.Fujiwara-P.Papasoglu. [ 2]) Grushko
3 JSJ
3 JSJ
JSJ
JSJ
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2.2";n O
2 3
JSJ
1
JSJ
1
JSJ
JSJ
3
JSJ
2
3
JSJ JSJ
4
JSJ
0 JSJ
3.2 (Lawson-Y au.1972). M
K 0
1. M n
2. 1(M) n
0 CAT(0)
[BrHae].
M JSJ M
M

(Leeb-Scott, 2000).
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