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1. �R-���� (word problem)::�D�zL$U$Lf�LLrLb76L<��

W

$�z g 2 G
U

2��&zL{eAcû�C	�&$�
��)f	I��Wž|hcš�›|A	Ler&µci

2. ��
���� (conjugacy problem):G $��

W

$•%Wz g; h
U

G $)¢Wf��	�

f&geh�{eAcû�C	�&$�
��)f	I��Wž|hcš�›|A	Ler&µci

3. ������� (isomorphismproblem): L)rebG6e<�%W'L$Wp

U����

{LAQû

C	�&$�
	�)f	I��	d|µ�i

Dehn [edW$ 3 ')$�K	!Lf�\ï¡/$�� 100̀e$ P��L¾W­

X

d�T�p&,L$Wœ�•

$2C/È|AHL)r2<|OcP5R eeÖ2f/}sa7\/¡/$+ÍEI)$����)f2Œ&'){•$��

b

}� 

ßst �	!ED�8&P)hQie¡W6|A#"�$e•&}	%W«){Bb�]�^|µ'& .
(�)�*�+�,

�Y� (X ; dX ) - (Y; dY ) .�/1032

*	4�5

f : X ! Y -76�8

K � 1; � � 0 9�:	;<0=2�>�? (1),(2) @7A�B�C�D

*

(X ; dX ) - (Y; dY ) E�F

G�H

(quasi-isometric) -#I<&KJML	N�O�P�E

+	,�Q�R

.	S�TVU�W'@�6	X�Y=J

(1) Z	[�? x; y 2 X .�/\0=2

*

dX (x; y)
K

� � � dY (f (x); f (y)) � K dX (x; y) + �:

(2) Z	[�? y 2 Y .�/<072 x 2 X 9�:	;<0 dY (y; f (x)) � � .

L�N	O1-7I<&^]	_VE

*�`�a	bdc�e	f

@=gh032�i�j'Y3k	lVm�n	o�lVp�]

_�qMr�YsJ

(�)�*#e

@

`MaMb�c

.utwvMYuB�Xux

+y,

@�6uzMCwYsJ (G; S) @

{d|�}•~

e

G -

*

rVY

{d|�}�~•€�•�‚

S ?�ƒh-•0 S = S� 1
-„C…Y3J�x

(word) -#E S ?

€

?

{†|ˆ‡

w ?Š‰†-sq

*Œ‹

?ˆOŽ•u@ l (w) -••’‘“J”x w 9

•—–

.�˜	C G ?

€

@ �w -™•<‘šJ G ›�?	U�8 lS @=>�q�6�z<0�œ…• : ž�Ÿ

€

eG .�nVI	2	E lS(eG) = 0 -	0

*

eG q�p	I

€

g .�/h0=2	E�>�q	6�z	C'Y=J

lS(g) = min
f wj �w= gg

l (w):

G ›	.� 	¡�¢ (word metric) @

dS(g; h) = lS(g� 1h)

-76�z	C'Y#J

{•|Œ}£~

e

? Cayley ¤¦¥�§ (Cayley, 1878.
{�|

e

?Œ¨

‚

), � = �( G; S),
@3>V?�œ©•™.�6�z	C…Y3J � ?�ª�«�E G ?

€�¬�­

J	ªd« v -

}�~�€

s .�/

0

*

v @#®�«

*

vs 2 G @#¯�«'-°C'Y

{V±�²

(v; s;vs) @=/�³<•—´wY=Jw‰=j

E�µ

±�¶

?

{�±�²

(vs;s� 1; v) -°·�.

*

v - vs @#¸�¹ 1 n�?

²
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3



CwYsJ � E����������u.Mp�Y J����	�����Š-#E�
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�

����q	r�Y#J

�

v������

c

p

}�~	€

@#t'v#j��

*

Zn
? Cayley ������E Zn ���

*��

8 n ?

•��

e

? Cayley ������E

*

>�8�9 2n ?��������! 	q	r�Y=J

(0; 0) (1; 0) (2; 0)(� 1; 0)

(1; 1)(0; 1) Z2
? Cayley �����

1 a a2

ab

b

b� 1

a� 1

ba

•��

e

F2 ? Cayley �����
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+	,

E

*

ªd« %�CVp�&('

G) ›	q�x

+	,

dS .�Nh0=I�J	Z�[�?

}	~	€�•	‚

S;S0
.�ndI	2 �( G; S) -

�( G; S0) E�L�N�OVq•rVY7Jh•�)7.�L�N�O�PdE

{V|£}�~

e

¬�­

.�S�TVU�W

@�6�X�Y�‰�-79�*VmVY7J���+�.-,�v()„j�B

e

.�/<032

*

•—–

p

}�~�€

?

.0/21

9�6�3�Y�4�?	q�E	p	I�m5)

*

Cayley ������@7t'v	Y�-

¶

*

L	N	O

Pd?�6	q�t'v�Y�?	9

•„–

q�rdY=J�7�8�2

`�a�b�c�e�f

q�E

*�,�9�e

.�U

C…Y=L	N	O�P�q�:�;�p�P�<w@>=�?'Y�?	9�@�A�.	p�Y=J

G ? � B�?�N	O ( C ) D�E'@=>Vq�,�v	Y :

(g; v) 7! gv; (g; (v; s;vs)) 7! (gv; s;gvs):
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������� H 2
9�L	N�O�q	r

Y�‰V-=.���9�nVI�2

*

���

`�a

@����

e

.	U�C'Y���6���A�?����V.�
�<

c

.���8	2�IVY=J…‰7j'@ ��+�?�����.����'03B�6�� 2.2 @ 2  �?��!�

e

?�"�*�q�#�?'Y7J

1.2 Stallings $&%(' )+*-,

X @/.�0-1�2�3-465 q�7�¸�p�8

,�Q�R

-™CwY7J�Z	[�?91�2/3!4&5:"�*

••‚

K � X .�/ 032<; e(X ; K ) @ X nK ?�=

{<>

p?7�¸

~

*d??@�8 -

C…Y=J

e(X ) = sup
K

e(X ; K )

-76�z<0/; X ?�A�BDCFE�G�H<-/I�¹	J

�

v���; e(R) = 2; e(R n) = 1(n � 2). T 9�
�ª�«	?�>�8�9 3 ��›�?��

�> 	p5) e(T) = 1 .
J�K

3� 	p�"�$

Q�R

?�L�2!M™?�8�E�L	N�O�:�;�q	r�Y7J�7�8	2 Cayley
����� �( G; S) ?NL-2OM•?P@y8†E

}M~�€M•y‚

S .†œ
)spMIˆJ

‹

j @

{†|u}

~

e

G ?�L-2-M•?�@�8\-QISR e(G) -°•\‘“JV‰ j�E

e

?uL�N�O�:�;UT�q�r

Y#J e(G) E 0; 1; 2; 1 ?MI�VMj�mMq�r†Yy‰�-s9�W )•j�2MI�2X; e(G) = 0 ?

k�lSY�*SZ�[�E G 9

{�|

e

q	r�Y�‰�-#q	r�Y=J���+

c

p�¨

‚

E e(G) = 1
q�r�Y�-™twv�)—j�\�.�*�]�E�p	I�J

�

E e(Zn ) = 1(n � 2); e(Z) = 2.
J.R.Stallings E e(G) = 1 q�r�Y G ?_^�8

c

*S]w@�,�v�B ( Ÿ�8

{�|

?

€

@/`�3	p�I'-

¶

¨

‚

E [St], 1968). e(G) = 2 ?�¨

‚

E Hopf .�œ�Y#J

a�b

1.1 (Stallings,1971). 1. e(G) = 2 ?�k�l�Y-*�Z�[VE G 9 Z @

{�|�c

8�?�"�*

e

-	0#2�`�d�‰�-™J

2. e(G) = 1 q	r�Y=k	l�Y�*�Z�[�E�>�?�I�V	j�m�9

~

//e

n'‰�-°J

(a) G = A � C B - •Of�; C E

{Š|

e

q jA=Cj � 3; jB=Cj � 2 @sA¦BuC�J

(b) G = A� C -™•�f�; C E

{�|

e

q jA=Cj � 2 @#A�B�C�J

›yq A � C B E

e

A - B ?u·Mg†?g"�*

e

C .unŠIy2M?PhXiXj†qk; A� C E

A ?P"�*

e

C .un†IM2�? HNN lkmŽ-+I��uj Y�4u?Mqyr�Y % HNN �kn†?

6uz†E 2.7  _o Jqp

‚Xr

.un†I 2MEk;s	k


e

. UuC Y���t�2Puv2QwO2”?M6P�

qS;�p-x+yM9�r�YPz9{w•KJV‰#j )#.�nŠI�2�Ek; 2.7  , 3  �qP|\0
}\0M‘
#

?ŠByI”JupX~X;s6g� 1.1 q G .uŸy8

{Š|

?

€

9g•€f j �k; 2(a),(b) ?�@•�yE

G = A � B -

•��‚r

. *•�MC Yy‰Š- qyrŠYsJ+ƒM[’- 0s2X; A� 1 = A � Z qMr
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Y#J�3�BS; 2.(a) .�U_7\0#2k; Z2 � Z2 E

c

8 2 q Z @+` yS; e(Z2 � Z2) = 2
q�r�Y=J

1.3 Mosto w
���

Mostow )#?���P†6��†.�œsj��S;Q	S


e

9�S���p��un�? 1S2+3O4&5 q�=

	�


p_.X0£/
�

QŠR

EˆN£OŠq£rŠY J�‰y‰ˆq£E_� �

`£a��

?yUg7 @�� = 0 2•;

rank-1 ?”¨

‚

@Q#�?wY . œ

/

��+†.S;X1k2Q3O4&5 qMp ‘#2
4

­Xr

9

{†|

p

) S��Š?ˆ¸

f

9

~

/ e

n ( ‰”? ��+��ŠEk; rank-1 ?Œ¨

‚

E Mostow-Prasad,
rank-2 ��›�?�¨

‚

E Margulis .�œ	Y ).
a�b

1.2 (Mosto w. 1973, [Mo]). M ; N @�1<2q3 4 5^p?�������

­

�

0�;ˆ>

€

E

�

4�. 3 ��›

�

C'Y#Jw‰�?

�

¶

;�	S


e

� 1(M )
�

� 1(N ) 9	S

�Vp5) M
�

N E�N�O	J�����;	S��

4�5

E�N	O

4�5

q����<•™j'Y7J

rank-2 ��›£?”¨

‚

E•; Ballmann-Gromov-Schroeder[BGS]�¦œ£Y Mostow
��P�?�����9	rVY=J

a�b

1.3 (Ballmann-Gromo v-Schro eder.1981). M @ 1 2_3 4 5 q

=

	�


p�.�0� ��

Q�R

qS; rank E 2 ��›

�

CwY#J N @�1S2+3�4&5 p C1 -
�> �!�2"�"�

­

�

0�;�#����%$d9 K � 0
�

C'Y3J M ; N ?

­�r

E�Nh0=I

�

0/; � 1(M ); � 1(N ) 9	S���p�) M ; N E�N�O	J

‰�?�6���q�; N 4 rank 9 2 ��›�?91S2/3-4&5 q�=

	�


p�.S0� ��

Q�R

?

�

¶

9�; Mostow ?'&5�%(�)�*V?���P�6���q�r�Y=J

 <0=2 rank-1 q	E�>�?Vœw•™p�i�+�9�r�Y=J

a�b

1.4 (Farrell-Jones, 1989). Z�[�?�6�8 � > 0
�


 n � 5 ��n�I�2

>…@=A�B�C n >

€

?�1�2/3�465 p5�> �!�2����

­

M ; N 9�:	;�C…Y=J

1. M ; N E�Ÿ�,VS���z	9�-�*VS���q	E	p�I�J

2. M ?�#����%$ K M = � 1, N ?�#����%$ K N ��n�I�2

� 1 � � � K N � � 1:

›	q N �	E�#����%$ = � 1 ?��  �!�2%.�T	E�/ )=p�I�‰

�

��ƒ�[	J54

00/	j���; Mostow ��P'œ

/

M ; N E�N	O�;�\1�"-�*�S��1�	p

/32�4

J

5

4�687�4�E

¬

‘09�pdY�9�;�];:�?�P-<'@�43n�1�2�3!4D5šp��> '!�2

�"�

­

N ? Gromov-Thurston �Vœ	Y%<�?�=

~

4�r�Y :
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a�b

1.5 (Gromo v-Th urston, 1987). Z�[d?���8 n � 4
�

6�8 � > 0
�" <0=2�; n >

€

?�1�2/3�465 p��"�

­

N 9�:	;<0=2�>'@#A�B�C�J

� N ��E�rŠY��! �!92 .9T�9�:�;\0+;

‹

?�#S�9� $ K ��n�I�2 � 1 �
� � K � � 1.

� N E��-�����

­

q�E�p	I�J£C�p�&�'�;�#S�9� $ = � 1
�

p�Y�œw•°p

�  '!�2 .�T	E N ›�:	;h0=p	I�J

Farrell-Jones?M6�� 1.4 ��U�7\0#2S;Œ>

€

9 2 ?�¨

‚

E�;�����?�*S]wœ

/

›M?�œ •°p M ; N ?�w���EP•�IM9S;s>

€

9 3 ?�¨

‚

4u›�?Šœw••p

�

E�p

I

���

&�j'Y#J�p��Vp�)/; Thurston ?

`�a

� % ‰�?�¨

‚

E�;���� ��o	�




% 3.5  ���
�o•9��\0#I�p�) N ��E��-� .9T�9�/

/

; Mostow �ˆP % 6

� 1.2owœ

/

M
�

N E�N	O�;�7�8	2�\1��-�*�S�� �	p�Y�m5)=q	r�Y=J

1.4 Gromo v $������(*-,

{�|�}	~

e

(G; S) �� <0=2�;���n���U�8 (growth function) @


 S(n) = ] f g 2 GjlS(g) � ng(n 2 N)

�

6£z�C Y . n ?•rdY ����� p(n) 9�:•;h0Œ2�;�Z•[V? n 2 N �£nVI•2
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h�(�)Hh�i

j�k

2 ¢oê*»�¼�m,n�*+%�&�	oê

ƒ�„

¡

i

j

•

Ç+,

›

ê�n�ê+%�&�	
-+.7-

‹

¢

/

í

¥�µ

��,
»‡¼XõUö�÷0*

‹

ˆ

¡�
H£

•

£

� º�1Xv

,�£

ä

¡

¦2(�)

0

º

1 •

ÒXª

j�k

þ�ä[þ

,
»‡¼�ü

v

%�&�	"-3.

h54�L
µ

0�£

ä

å

,

€‘þ76

�

*38

�Xh�i

jžk

›

!

h

�

ê

¿�À

ê

Â�Ã

*38

�

¡�0

jžk

“�”

0 I � R
ä

å

X <oê

“

È�-�. f : I ! X -:9

•�Š�´

k

K � 1, � � 0 -�í� 

•Œ¥

jžk�;

	�<>=�?

˜A@

-É©�¢�9 � * (K ; � )- B�C�D�E (quasi-geodesic)
•žv

, �@�oê

t , s ¡
¢X£

u

�

*��

â
¥

j

!

•

-
£

�

:

jt � sj � K d(� (t); � (s)) + �:

l

·TmXn‡ê�%@»‡¼�üH¡U¢H£

u

,

�

¡
ñ‡ò

j

�GFHí

º

��*��

âU¥

j

!

•Tv

•��

0�;

Z
H�I

j�k

!

µXv

Euclid
�

•

H�v3(

�

â�H�I

j

!

•

¡

6

�

k

J�K

2.1. ���Xê‡í
  � ; � � 0; K � 1 ¡

Ž‘þ�u

,

I

j

í
  C(� ; K ; � ) � 0
*3���

þ�u

�

-T¤

L
¥

:
���Xê � -

l

·�mNn X ê����Xê (K ; � )- %�»@¼@ü

v

, X ê

I

j

»�¼@üXê C-
é��X¡

��L�µ

jTk

12



!Uê����

v

,

—�˜�™Hš

†��

H‡vXŠ����

å

µ�L

Ý

•"H�I

jTk��
	

v

ø��




ê

ý

%‡»@¼�ü

ä

å

,

›

ê�W
¢Nê��Xô -

”@´

»�¼@ü�<Nê
è��Nô����.-�(

�������

¡

	 �

0

å

, � -
l

·žm&n

H"v

»9¼�ü@<oê*è��&ô����

v ‹

ô -�í

 

0"£

� ‹

ˆ

¡��@& 0

�"{

-��&ª���ï,ð*ï�*�,

��	

v"›*µ H��� AH�I

�

�

!

ê���� - (Êª���,�í�# 2.1 ê

�!	

v

� �#"�$�%

H�I

�

�

��� 2.1
•�� 
�Š �

0

�!	

H

�

ê���� 2.2
¦'&ÁÄ µ

��*�, !

µov

,)(

H

ñ�ò*�,+�� 2.1 ê�-#.@0

��/AHo¦ I

�

�

!

µ10�2

Ò�,Y�

�:��3 Õ
H�4�/15

Òoª��3*�,)6

�

0Y;

Z"H

,

Ø87

��98:,;"* �=<�>@?BA

C8C�D

(automatic)
;#E

H�I

�#F,GIHKJ

Z

([Ep]) L�,

2�M

L�N���O1"�P�Q

H�I

�

�

��� 2.2 R

S

>

DUT�C!VXWUY�H�0[Z
\^]`_

G�a

2�M!b[c^d`egf

a

b[h

l ; K ; �
5[M

G

i�j`k


 l

j

l -m�n (local) (K ; � )- o�p�q�r#s�t

f

F

0

j


 L�u�v#L�w�x�y

z

l

j�{}|

l ~#•�s�t�€!•

j

(K ; � )- ‚�ƒ�„�…
s�t

f�†

F‡a

ˆ�‰

2.2. u�v�L

b�h

� � 0; K � 1; � � 0
5‹ŠŒ]Ž•

, t

f‹b�h

l (� ; K ; � ) >
0; K 0(� ; K ; � ) � 1; � 0(� ; K ; � ) � 0 l�•�•

]'•�‘8d'Z}’`\�M

:
u�v!L � - 9^:

W!Y

X L[u�v!L l - “�” (K ; � )- ‚�ƒ�„�…

0

j

(K 0; � 0)- ‚�ƒ�„

…
s�t

f

a

~#•

0

j�–

D�—˜C)D

1
5#™�f

a

‘#5

–

D�—šC‹D

2 F

]Ž•�›#œ�•�ž�Ÿ*d, 

7

f

a Hadamard ¡[¢�£}F¥¤�¢
¦

j�§
¨

ƒ�„�…UL�©�ªU« (asymptotic) ¤

¬�­�®�¯

F

]`•

j

9°:

W!Y

X L�±�²�³�´ X (1 ) l

b�c

|

€

f

a

†�†

s

j

µ

M

L ( ¶

{�·g¸�¹

>!º

d

R

M

) ƒ�„�… � ; � : [0; 1 ) ! X l�»�¼!½°F¥¾

j

t

f�b�h

c l�•�•

]'•

j�¿

•

L t � 0 ¦

M

G

•�‘

l

Z
\�e°f�†

FÀa

d(� (t); � (t)) � c:

�

�

� c

©�ª!«

_

ƒ�„�…
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ƒ�„ … � (t); t � 0 L ¤

¬�­

L

b

�

f�����ž�Ÿ

L��

d

� (1 ) F	��
Xa � (t)
l t 2 R s

b�c

|

€

•

G

f

F
�

j

0 � t s�L�¤

¬�­

L

b

�

f

�

d

� (�1 )
F���
 a

X l����

·

>

_�W#Y

L8F
�

j

����ž�Ÿ

¾����

·

D

?��

�X = X [ X (1 )
d��

7

f

a X L��

{����

¾

�X L�¤��

���

¦� �!

e8f

a*R�"�#�$

j

†

€�%

d'&)(

�

e*f

¦�¾

�*��ž�Ÿ

L ?,+)�.- >�¦

M

G

•./�0 f21�3

l�t

f

l

j

b

c

¾�4�5

e°f

a�6 F

],•

j

n
‘�7

L�8:9

W#Y

, H n , L

����ž�Ÿ

¾ n � 1
‘

7<;�=

s����

·

D

?>�!¾ n
‘�7

L

;

s�t

f

a

�?�

·)@

_

8A9

W1Y

s�¾

j

•�s

/�01•

8B9

W1Y

L‹‚�ƒ�„�…1LDC

b.E FHG

I

2.1J�¾

j¥§#¨

‚�ƒ�„�…#¦

M

G

•

R�¤LK

b�h

C s

Z#\�e8f

a<M

•

j

���

ž�Ÿ°d

ƒ�„�…!L�©�ª

­

s

b�c ]'•

l

j�¿

•

L�‚�ƒ�„�…

d' :N�•

R�O�G�a

N<P�OU¦<Q�G

•�R

J

_�S<T

¦VU

E

l�t

f

aXW�€°R

j

‚<�

{

¦

Š<Y�e^f

™

H

SVT^d

 

R ]¥•

Q

†

H a (X ; d)
d

ƒ�„

W
Y

F

egf

a X L�y

z
®�¯

S
¦

Š}]'•

j

t

f�b�h

C � 0 l�•�•

]'•

j

u�v!L x; y 2 S F x F y
d

x�Z

¿

•

L�ƒ�„�… 
 ¦

Š}]'•


 � NC (S)

l

Z}’'\�M

F��

j

S ¾�o�[ (quasi-convex) s�t

f

F,G}H�a

• L

b�c

s \

¿

•

L�ƒ�„ …#l�E

d

j

\ t

f

ƒ�„�…1l�•�•

] •

E1F

] •

R

j

8]9

W!Y

¦�Q�G

•

¾�¤

¬

_�b[c

s�t

f

a�ƒ�„�…!L
C

b^E

l�t

f�_

%`s�t

f

a�ƒ�„

W
Y

L[ƒ�„�…U¾

j�`<a

U�s�t

fb0

�^cX#°H�l

j

•�L

b�c

c^F�d

e

¦�¾�‚�U8F

]b_�f:N�_

G�a

2.2 gih:j

k

¨
l

Z<m

(G; S) L Cayley n

¸<o

l Gromov- 8]9�«

_Vp

j

m

G
dbq

r
s

(word-hyperbolic group) Fut
Z�a

m

L�8:9

E

¾

l

Z�7�v

¦�w�•

]'_

G�a

_�x!_

%

j

¤BK

m

L�y

_#f

l

Z�7�v

¦�z

e°f

Cayley n

¸�o

¾�{#G�¦

‚<�

{

s

j

d�|

j

8:9

E

¾�‚<�

{�}��

c

_

%'s�t

f

a

b�c�_

%�~�"�¦

z

_#f

6�•

],•

j

k

¨

m

j

k

¨�l

Z�€�•�m FH‚

¦ Z) ¾

8L9

m

s�t

f

a Z2
¾�8B9

m

s

_

G

†

•�R

b�c�_

%�~?"�¦

z

_#f

a.d

e

¦

j

Z2
d

y

z

m

•

]`•�ƒ�„�m

¾�8…9

m

s

_

G

†

•`¾�†!s�‡�ˆ

e^f

(
b
�

2.7).
m

G L
‰VŠ

W
Y

X ‹
L^�

{<ŒV•

l
ŽV•�• (properly discontinuous, or
proper) •,¾�u�v#L�� x 2 X ¦

M

G

•

j

t

f�b�h

r > 0 l�•�•

],•

j

‘8d
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�

•�e�7

g L��

h

l

k

¨

s�t

f�†

•

d����

:

f g 2 Gjd(x; gx) < rg:
‘

¦

/V0^f��	�

¾�


3

s�t

f

a 1 ��s

b
�

1.6
d�


•

]¥•

Milnor ���

R	�

¦�z

e°f��	�

(1968) ¦!R��

/

l�t

f

a��!¦

/<0#•!™��

¦�9

=
m

��8

9��

=

H 2
‹��

Œ�•

���

¯

¦

M���•

j

Dehn ¾

†

��� �

d�! " ]'•���•

a

#

± 2.2.
m

G l�ƒ�„

W#Y

X ¦D�

{

«

jb}

w�$#¦

Œ�•

],•���•

j

X=G l

�<�

·&%�'

_

%

j

G ¾

k

¨�l

Z

s X • G
F &�(

¦�¾�W � Cayley n

¸�o

J

¾�‚��

{

a 6

N

•

j

���

·&%)'

_8T

@�*

��¡�¢�£ M ��+�,�-�.�• � 1(M )
¾�‚��

{

a

b^�

2.2
™š’

j

� �

·/%0'

_�1

9�2

T

@	*

�[¡ ¢�£

F ‚

¦�3

h

2 ~š•

�54�9

=

J���6

`

m

¾�8]9

m

s�t

f�†

•'l

z

_Uf

a�M

•

j

k

¨
l

Z�m

G
•

j

W7�

k

¨98

h

��y

z

m

H ¾�‚��

{

s�t

f�†

•�R

z

_1f

a

�A•

¾

j

G �

Cayley n

¸�o

‹:� H �

Œ<•

¦

j

b��

2.2 l�;

•

s��

f�_

%'s�t

f

a�<:=

•

j

G l�8L9

m

s�t

f�†

•�• H l�8…9

m

s�t

f�†

•'¾�¤�>#s�t

f

a 6

N

•

j

SL(2; Z) l�8:9

m

s�t

f�†

•`l

z

_!f

a

k

¨�l

Z

�

€�•bm°d

j

k

¨

8

h

��y

z

m

•

],•.ƒ�„ _

% s�t

f

a�?�v •

] •

j

SL(2; Z) � H 2
‹@��d

‘

z

h

���

¦

™�f

�

{<Œ�•

(cf. 2.3 � ) ¾

}

w $�c�l

j7A

W#Y

¾����

·�%

'

s�¾

_ �

a

‘

�

G

I

¾

j�B C

¦

z

_#f

l�


3!_��	�

s�t

f

a

ˆ�‰

2.3. 8:9

m

¾

k

¨�D E

s�t

f

a

d

e

¦

j

m

��t

fuE	F

l

¿

•

��y

z

m

¦�G

k

|

€

f^_

¾�H5I!«

_	J	�

s�t

f

a

m

��8…9

E

¦�z

],•

j�K

b

«

_

x�L�•

]'•�‘

¾

B C

¦

z

_
f

a

ˆ�‰

2.4. 8:9

m

G ��‚�U

_�k

¨�l

Z

y

z

m

¾�8:9

m

s�t

f

a

d�|

j

‘

l�M %À€

• �!f

a

#

± 2.3 (N.Brady , 1999). t

f

8L9

m

�

k

¨�D�E

y

z

m

s�8L9

m

s

_

��N

��l�•�•

e^f

a

m

��t

fbE F

l

j

m

��6

`

«

_�O

Œ

s�P

•

€

f
_

•

���QJ5�:N

H	I
«

s�t

f

a

ˆ�‰

2.5. 8L9

m

A,B ��G�R���y

z

m

C ¦9S

��•

��T

¯�U

A � C B ¾

j

C
l

k

¨

m!_

% 8…9

m

s�t

f

a
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†

€

™U’

j

SL(2; Z) ' Z4 � � 2 Z6
j

PSL(2; Z) ' Z2 � Z3 ¾
8]9

m

s�t

f

a�y

z

m

C l

§!¨

m

�:•
��¾

� ] �

aXW ���

¯

d�� �

•�s

j

C l�‚�U

s�t

f�†

•'¾��

(�_��Ub

s�t

f

l

j

W[€
s�¾	�

z

s�¾

_	�

��¾

‘

�
6

_

%

z

_
f

a

%�¸�


���
����6

`

m

G = ha;bja2 = b2i ¾�T

¯	U

•

 :N

% €

f

. A = hai ' Z; B = hbi ' Z, C = hci ' Z •

]

j

m

��¾

’

t��
�!¾ , z

�

a2 = c = b2
s

��N

%À€

f

a

†

€
¾

j��

�!«�¦�¾

¹������

���

d

2 S

ž

Ÿ

s��

’

¯

�

•

%�¸�


�����

d��°f�†

•'¦

Š<Y}],• �!f

a

|

•

j

A; B ¾

•

N

¦�8:9

m

s , C ¾ ��"�%,s

N

‚�U

_

y

z

m

s�t

f

l

j

G = A � C B ¾

8]9

m

s�¾

_ �

a

�"!

, a2; ab 2 G s

l�# |

€

f

y

z

m

H < G ¾ Z2
¦

¤	$

F

%�¸�


�����:�

µ


&%�'

@

s�t

f

' @!¸	�

��6

`

m

J!s�t

’

j�8

h

¾ 2 s�t

f

a

™

=

•

G ¾�8:9

m

s

_	�

a

K

b

«

_

x L

du/�08f�•

�

¦

j

d S

S�T^d�(�)�e°f

a

m

G ��y

z

m

C
s Z ¦�¤
$

_�N

��l maximal •,¾

j

C < D < G
_

S D ' Z
_

% C = D
•

_
f�†

•'s�t

f

a!• �^6
s , C < A; C < B ¾]•

N

¦ maximal s�¾

_

�

a G l�8L9

m#_

%

j

u�v�� Z ' C < G
d'ƒ�„

maximal
_

Z ' D < G
��•�•!l�M�% €

•��!f

.
†

€#¾�d

e

�

m

s�¾

&+*


�,

��-

6

N

• , .

m

Q
s�¾

}�#0/

s�t

f�-

‘

l

&1* ��-

�

h�k

¨

�

732

' @

-54
��•ut�Z

-

#

± 2.4. G; H
2

8A9

m

•

*76

•

N

¦

' @

-04b�

2 ƒ

M8,

�

•:9<;

-

C '
Z

2

G; H ��G�R���y

z

m

•

*�6

G; H ��=�|#s maximal •:9 ;

-š†

�L•

�

6

G � C H ¾
8:9

m

s�t�;

-

†

��>

�

¾	?Xˆ�,

*�@

[G;hyp] ¦

/<0

%BA&C

�

;

-5D"E

d

e

����F&G

Bestvina-Feighn [BF] H

D

=IC
?�ˆKJLAMC

�

;

-

W
A

22/�0

;�N�O�H.d�S

>
P

2
Q�R

; . S�T�U H < G G mal-normal •�V

6XW�Y

� g 2 GnH H�Z

*

C gH g� 1 � H = 1 •�,�;�[�\

-

U G G
] ^�U

@

'`_�a

4
b

2�c�d

,�e

,3f

6

maximal ,�g0h�i0j�U C V mal-normal
@�k

;�[0\�G�T0l"; .
m�n

2.5 (Com bination theorem, Bestvina-F eighn). G; H
2

]<^oU

\p95;

-

C
2

G; H q�rts0q�S�T�U1\tu

6

G; H qt=�v

@

mal-normal \

93;�w5[�q \�x G � C H V
]3^�U�w

?"y�V	z�{

@t|

e�w�}t~ [BF] •�€

D

. HNN- •�‚"H"ƒ�„�…"q�†�‡"G

k

Eoˆ	‰

A�l fLŠŒ‹`†�‡+\�u�C

ˆt•�Ž�•

q
•’‘ 2 “

•

q�”�^
•
– M q
— ˜

™Xš"›

_

(monodromy) G

ˆ

pseudo-Anosov œ	•

@�kŸž

\ x

ˆ

M q ¡�¢

U"G�]5^�U

@�k0ž

[0\�G�T0l

ž

w�£

Y

\�u�C

ˆ

[�A�“�¤0H Thurston V

ˆ

16



[
q���b

�����

3 �	��

…	� M H
] ^
�	��G��

ž

[�\
•
�+u
��e

ž

q	�
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3.1. SL(n; Z); n � 3 01Z
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4
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� 1 0

!

; b =

 
1 � 1
1 0

!
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p�X�Y

A

2 ZSD
��N�[�,/.�P L( \���$ SL(n; R); n � 3) �
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•�S :kR T=G •��G������(�•lRLx�(�•�’�z�5 V�W�z‰•�S‰v�<•~�&m%�:�R G
5 V
W�z�•�S�v2<

41



~�(��
ˆ`5	R SL(2; R) (
/�1@������9��D�	�
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±�¢�e�·,¸�< M ~�,c>'6
o�<�¶

ˆ

•

€c>MÒ�Ê
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“
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“

¡

©

(a) M j ¦ Seifert Â�Ã�¹ .

43



(b) M j ¢�µ�¦
Ó�sQ• ±-y�³�¦�¶ M j ¢)ž�Ÿ	¢Q•²±-y�³�z�…�º •¢†��
œ

s�="¢'z�h�> .
«

•a±.y�³ –�$���s'd

g

d8¯ ^._'< W atoroidal X

g

��
)²c>

® .
2. M ¢ µ�¦
Ó�sQ•²±-y�³�¦ , 1.(a) ¢ Seifert Â�Ã�¹
¢�£�*
¢�s�Š�z�…

º •‰†��%œ .
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����©-6���Ê'e�z3®�4 ¶ M
�

(a) • ±.y"³ –j!."'zp$.x>Ò�Ê

g

¶ (b) × • $.��s�d�ÒBÊ.z"Ê.Šp² , ��\

z�¶ M ��µ�¦,Ó's •a±.y�³

�

¶�¿�> Seifert Â�Ã�¹����)z'…�º •³†��pœ)<

¿.>�� 6��°^ _�<�5p� 3.4
�
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Ï
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“

¡

•²±�y�³�����Z��

�

¶ M �������)`� �!�–
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È
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T1

T2 T3

T4

Z2

Z2
Z2

Z2

JSJ Ê�e

M1

M2

M3

M4

V1

V2

V4

V3

Vi = � 1(M i ):

JSJ Êre

�

Thurston z�(�> 3 €�•3Â>Ã E��

�������	�

�pb�
t–	���

“

�


��

L���� (cf. [Kapo], [Z-[ ]) g

�

*'™'0�štœ]• *���—j*�?

˜
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� � 3 €�•�����E

�

*�q-y |# �Ê�e

g JSJ Ê�eI<�Ê�e

¡
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$
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“

�
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D
’
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0$#�%�B�&3>

g

d('	= ��<�* ��\ z�*
���) 

$�"

0*#+%��+, |#q

�

8 -Iz�h�5��‡²+.

d#> �0/21�3�4

g�5

.�*�6�^5�I™�7›šcœ�• 2 €�•+����E5*

¡

s�8+9�:�;

z

�

:=<.B � 1; 0; 1 �'d?>�²�Š
�@ 
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7=#0%�B	&@C���D�d�!E��²0F
*	�
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7

��G�H�I
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��C

g
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�
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Q

²c–�*-™�7	š3œM• 2 €'•�����E5�


���R

g

DI‹�.�S�()d��

Seifert �T� E

�
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“

8 -9�	X

‘�Y
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7Z#�% �E[³² Š 1 -

–�­�\

¡

C

Q

g
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 &�� �+B��

J

� C���¬

J

*���- M B Seifert ����E

J

� 	

��¬�*�D!	 !!�	²+F�* M �#"�B ,$��� (b) ����¬

J

��C%� %@��.�*	,�-

&

B Z ���('��!P M = S2 � S1 )

�+C

Q

)

B�]��+*�.�	0C	�

J

(�	��,�

-

*�.���/?-�����¬�B

���,�+J

��C%�

1. M B,�0
1�- 

J

*	-�¦

Y

•

$


�&I–12�34��	 . ��-�*	,�-

&

B�5�6

J Z ����'

J

��	���¬��

2. M ��,�-

&

B�7�6��

���

�

* (1) ���'¬

�

*8�!:

Y

J

�!b

«

M �

��G�H�I

B H 3 ®

* (2) ���

¬

�

M �

��G�H�I

B S3
����9

J

��C (M B�:�1�������¬+B Poincare�

� ) )

	 ' S��

J

��C%�!;�<

5

* (1) �(��¬

J

SM•
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�&

)

�

6!P1��	�-

¦

Y

�0:	;>=?2�@ A HakenB

)�C

Fp²@C��'¬��

�

�E:

Y

J

� C

Q

)

B(D>�

]0��*�.�	0C .
/ 1

5

. * Seifert �	� E�� -�	A.

�

.��9( 'E��FHG�IJ� B'* Scott, Mess,
Tukia, Gabai, Casson-JungreisP$K�L�3M=$N08�O�. 1990P,Q���R PTS�.

	�CVU M =�WA7�XZY\[

J
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��>]�� 3 .+^ �T� E

)`_

C�aD, -

&

B Z �,b

'0��c�d���]

&

=$e�.�F�f M g Seifert ���
E

J

��C (cf. [h�i ], [j�k ]).
l
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&
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…
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3.6 ��� JSJ ���

3.5 ���
	�� ; 3 . ^s|H}4m K JSJ �

�

K

�� f�3 ; g
�����

…

Â��

�

¼�7�6����

&

���$°�±

_

Â1a���m����4g,f�£���K�706 ���

&

G ��¤�!

³,f Zn (n � 0) �+b('>�(�"�

&

�"#

_

Â%$>³,K&�

�

=%'"	

_

Â?£+¤!K>u,


v(�

� (G K JSJ )+*

) C-,

S Â ) ¼�°H±

_

Â
.

)

¼0/21 S�³+!�Â (E.Rips-
Z.Sela[RS],B.Bowditch, M.Dunwoody-M.Sageev[DS],K.Fujiwara-P.Papasoglu
[FP]) a�30¯ g4f Zn

� b�'����4�

&

<657�4�

À

f slender �����

&

��¤6!

³,K �

�

K $!³,¼ '�	�8TSyÂ?a ;,<y¾?f A slenderB��

&

)

g,f79,K :�;!K

���

&

¼�706�<�=�>4?�ÂA@0K�.�BC�

…

Â�a�@0K JSJ �4D�g4f�E6F�<�=�@

KHG�ICJ���DHKC$�³�'�	¿¾CL Grushko K�M�N0K�½z¾C!�O0“PB��$~V•61#S

Â!¾?f 3 Q,^�|(},m�K JSJ N

¹

K�@

¹

��K(£���R�B �CSy•,Â1a 3 Q,^!|(}

m�>�T4!4³ JSJ N

¹

¼�U�„�V�W4L�²YXZ>4f E�F��4�4@0K�N

¹

>4T�! ³�[

\

JSJ �4D�K�]�L

_�^4_

g

œ

•

!4V�`aX a

˜�™�g�š

À

¼�f�@�K ¡ Zn ; n � 0 >�#

_

Â$¢ JSJ ��DHK�Œ�•�Â�u4b�vC�

Dc>�T�!,³,f�daK�b%e�f

_

ÂC@!g�gaB%hai Zn ; n � 0 �,fkj!•cK�b%e�f

_

Â%@!g,flQ!K 2 ¤!K m,N!¼

…an

f 3 Q,^!|(},mco JSJ ��D�Bp
��

_

Â ¡

_

?4q�r�f Seifert |�}�msB atoroidal ?ut�v�¢ :

1. wuxVv4yCf [zt�v4o�n4o�@�o�£���R6�4f�w7xMv�yAf [{t�v4o�n o4@

¼�|�L

_4}

$6~�•6>�T�!4³ (3.5 � ) f�v4€Cx�•0q�@HK Zn ; n � 0 >V¾

L�@ ¡‚w�xMv�yCf ƒ„tcv4g n = 1 oum�…�¢‡†

2. Zn ; n � 0 ˆ�� �4Dz¾C?�!�@4†

(2) >8¤�!,³,g 3 Q�‰!|(}�mco m�…!g Thurston o(•,Ž�R

•,•

¡ 3.5 �(¢Š>

²uW�³u‹�Œ�•H5�¼

…

Â ¡•ŽH•u�4�

…

Â7?Hi#¢�q�5uV�¼ f�E6Fu�4�4@6�4g

9�o0²PX‘?�‹4Œ4•H5�g�?4!�†��4D¿¾A?4!HBC!’X“;6”���•u–�o�—�!u˜4�™B

~M•�1ZšVÂ%†

!

À

¤Š›�o @c> JSJ ��DaK%œ"• ¾%L&ž�]aK%	"�yÂ%†4Ÿ& �¡

l

• ¢&@ , G,
o7m4…�£�¡PGA¤4?0u4b vC�4D��

…

Âk†�¤6Ÿ

n

1 ¤�oujs•�V657›H1C?sÂ4u

b,v&��¡ G Gp¥�¼�9&šaK"b%e"f ¾�³�!�³�¡ ˆ�o&��
¦��£ (1) >(®yÂ (n = 0
�

…

Â$¢‡†

£-�¦>�¡cGlI%J"�"D,–+—c�"¡�‹"§"EcF"o0‰aK©¨¦Ÿ�?"!&Ža•(@ , G, > JSJ
�"DªK©œ"•-«ZÂ¦B©¡ G ¼c•0¢&@¦�"?"!¬B­«ZÂ&?ª1(¡(®¯G©¤"?>u"b�v©�"D>¼

°

1ZšVÂAm4…�¼

…

Âk†�9�o�m�…6¡�d�£ Z ��bCe�fs8Zš�¡�j0•6K�bCe4f�«

Âk@�o™XAru¡ (1) o�±Ax�²�£�w�x6o

…

Â�•7¢�o�³4´4@ ¡•«�?4q6r�G7IC@4¢

�

…

Â©† (2) oc±(xc²�£�¡ Z ˆ �"D ¾%?�!&@c�

…

Â ¡µŽa•%@c>"£ Zn ; n � 2
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>�����? ˜���@0¼�?�!�o���¢‡†4ž���¡ JSJ ��D�£ ŽP•A@PK�• ¢�@sBA¡ Z ˆ

��D ¾©?�!&˜��c>"¡�G��Š>	�"b�
%�"D�«ZÂ%†�.-. �aG��c>ªB%£�¡ JSJ ��D

o7–��V²

n

¡�.7o
��b�
A�4D0¼u@6o7:�;6o��4˜sG�����������LušVÂ�.6B

K���W�³�!�ÂC†4‹���?�m�…sB,¾1³�¡ 3 Q�‰�o���ŽH•������ M o�³�´4@ G
£uŽP•C@�V�¼4¡�.�o JSJ ��D�£HGC¤�?���D6��¡�L�V 1 ��ouj ��£ G ��b

e4fs8Zš�¡c±Cx6² (2) ��!�ÂC†

"

«$#&% ƒ ? 3 Q"‰'���(�¦o&³"´"@Š>&œ"•\¾©L0m"…¦£"¡)�*�+�Š�

°

1­š

³�!!Â JSJ ��D>¼ ³�´"@c>�,

À

��b+
%��D¯B-��.¦��!!Â ( /�0¦?�1�˜ªK�2

!�3 ) † ¾%›y¾p@�o JSJ ��Dco�������4co�5 6�£�7c>�£�!�Ÿ

n

/�1Zš	3�!

?4!�†c9���9c��¡ Kneser8�9�¡ «6?�qcr�¡������6o�³�´�@ :PG IAJ�>��

D ¾�3�!sÂ�B�;u¡������<:4¡�97šHKC3���«>=�?PX ?�@�ž�A6>7��D4«>=u›

BA!sXCB4!�:�¡ 5 Q�‰�D�ˆ���£�E�M���>7D�Fs8Zš<3�! = (Cappell, 1974).
G

��>�¡ 4 Q�‰
����� M >�#IH-3�¡&E�F�J�o S2 � S2
B M o�@�ž�AaKLK

M

š

, N

³�´�@c£�O�P�Q ¡�³�´�@coaG IAJaK%3���«R=-@�ž�Ac> ��D�«R=�.

B�:u/s1‘š 34!<=C†SHk›IHA¡ ³�´4@6£HGuICJ�>u��D�«I=�:�¡������6£�@

ž�A�>���DSHA?�! 4 Q�‰ ��������o�T :�U4=s8Zš�¡ Kneser8�9�£�E�M��

>uD�Fs8Zš	3�!
= (Kreck-Luck-Teichner, 1995).
@�o JSJ ��D�o7N�V�>�£�¡�!XWY�6›�o
��f
Z�²4o\[�]^:�!

n

¡ 4 _�


o4›�?

nC`

?�W�L�a�²	b�Z�c�:�!	=C† Fujiwara-Papasoglu[FP] > ?�=Ld

¤4£ Bass-SerreN�VPK�e�Q�‰�RfHCL�N�V�¡�«6?�q�r�¡�g�h�? CW i���4

oaG&IcB%£"Fa1©?�j&@�k-•c>+l «&= ¡%³�´�@¯B�m+n�t¦v�o&N�V (Stallings,
Hae
iger oC>	?�= . cf. I I I,[BrHae]QPK-p Xz†

3.7 qsrutwvsx 3 ywzw{	|s}

� 3 Q4‰<���~� M o7³4´�• G o�€�•HK‚K

M

=^ƒ�;7¡>„�…�†�€~•6o�‡

ˆ

Z2 ˆ

l «I=-€�•I‰-K

M

= o�£R„��
Š�!(‹�Œu† Z ‰C³�´�•

ˆ •

�	��• ¢

:�Ž�j�›>o�Š~!
=k†SHA›•HA¡ M
ˆ�•�‘

:~!uš<’4¡�“�”
•

ˆ�–>—\˜�™

Z4¡

S1 � [0; 1] ‰LK

M

=�š :�›�œ�¡�“�š

ˆ

“�‹�3 M ‰�•�š ’4¡u³�´�• ” Z
ˆ

lu«I=�€�• , G = A � ž B; Ÿ�Œ�£ A� ž , :

°

oZšI=�ŸI �” ?•¡CŽ�¢�£
Š�”

¤>¥

U�¦ ”�§ ¨
©�ªL« ”

"

˜

#I%S¬®­I‰�K

M

?I¡¯Ÿ

H n
‰ n ‡�°

¤•¥�±<²

ƒ�H‚³�“�”�´
;~‰�����.~µ�P�¶�•X‰ Isom+ (H n )
ƒ�·¸W¹Ÿ*º¼»*½+¾+• G ” Isom+ (H n) 4¿”�À*Á'Š*Â(Ã'Ä (faithful, discrete)

Ž�½�Å�Æ��>‰ HomF D (G; Isom+ (H n )) ƒÇ·ÈW¹ŸI �É•‰�³ Isom+ (H n) ”�°
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ˆ

?�=����	Š��
‹�Œ�‡ ”

±	²

‰LK

M

= :

HomF D (G; Isom+ (H n))=conj:

�

Ž��	��³ 2 � ”�° f ; h 2 HomF D (G; Isom+ (H n))
ˆ

�	j�3�³�!
=L° a 2
Isom+ (H n) :(! ‹*3(³�

�~” g 2 G

ˆ

�¿j 3(³ f (g) = ah(g)a� 1
Ž o f � h

ƒ

�

=LŸ

Mostow ��­ ( ��� 1.2)
ˆ

?LÉ ’�³ n ‡�° ”�������� M , n � 3, ”����

• G
ˆ

� j�3���³ HomF D (G; Isom+ (H n ))=conj ��e��

G

��Š�! =-Ÿ

�

Ž

����³

G

��”Iƒ�;�: M :

¤I¥

�����

ˆ

Ž	= ƒ�;�Š�! =LŸ

G��

³ _�� g > 1 ”��

¥��

S ”����\• G
ˆ

�~j�3��\³ HomF D (G; Isom+ (H 2))=conj
� S ”! «#"%$)©\ª�Z

±'²

Š�&#'Ç³ R 6g� 6 ˆ)(+*

Š�&	=$Ÿ-,

ˆ/.�˜10#2

¬

Š�Ž�j�Ÿ

½�Å¼”�§'¨¿©\ª-«'”

.+˜3042

¬ ­

ˆ

l&H-3+³$‡�°': 2 ”65)7 ƒ 3 D!8+”

5)7

ˆ-9

:�›	=�”)�-:	;-<	j�:�³¿ -ÉR‰-•	”�€�•
”-=!>)?Ro�@)A)B	=-Ÿ 3
‡�°	C-D�E

ˆ

¡GF	 IH�É Œ�J

�

S2 K

��L ÄRƒ���³)&�MR¡GF	 �H�É	Œ 3 ‡
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