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The Kelller-Segel system

(uy=Au —V-(uVo)
(KS) <

\'vtzA'v—’v—I—u

Keller-Segel (1970)
Chemotaxis:

e (ells produce a signal substance.

e C(Cells move towards higher concentrations of
a signal substance.
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Purpose of my study

There are many variants:

logistic source, sensitivity function, nonlinear diffusion,

nonlinear production term, coupled with fluid equation,
two species, et al.

Construct a generalization of the Keller-Segel system
from a structural view point!
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Problem

Consider two-chemical substances chemotaxis system:

(uy = Au — V- (uVv) in 2X%(0, c0),

(P) < 'UtZA’U vV+w in 2X(0, c0),

wy=Aw—w+tu  in2x(0,00),
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Background

Attraction-repulsion chemotaxis system:

(ATC)

/

\

us=Au —xV:-(uVz2)+£&V-(uVw)
z1=Az—0Gz+au
wy = Aw —ow+~yu

Luca et al. (2003)

If x=¢&, a=v=1, B8=1, §=2, the triplet

(u, z — w, w) corresponds with solutions to (P).
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Review: (KS) )

u;=Au — V- (uVv)
(KS)"«

vy =Av+u

® NMass conservation:
|lu(t)||zr @) = [|wollzr@ >0

® Scaling invariance

(ux(z,t) := XN2u(Az, A%t)
\vA(a:,t) = v(Az, \%t)

s ()| ox = )\2/u(m,t))\_" dz = A2~"||uo(t) |
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Lyapunov functional
(KS)

d
a]’(u, v) + D(u,v) = 0,

1 2, 1 2
T(u,v)=/ulogu—/uv—|—§/v —|—§/|Vv|,
Q Q Q Q

D(u,v) = /ﬂu|V(logu —v)|?.

(KS) Trudinger-Moser type inequality (Chang-Yang, 1988)

1
|v| 2 1
og ( [ ) < 5 Vol + Clllvlloe) v e HI@),

( 87 for rad. function

Myy = { 87
e - for arbitrary function n = 2

\
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(K'S) Known result (Nagai-Senba-Yoshida, 1997)

Assume (Neumann) n = 2
o Q:B(R) (R > 0), (Uo,’Uo): rad. Sym.
luollziey) < 8  wmmp  GE & bdd

87

o luollzr (@) < - =) GE & bdd

Remarks
e n =1 GE & bdd for all initial data. Osaki-Yagi (2001)

e nn =2 Thereis an unbounded solution with

™
|uo||lLr () = 87 or - Horstmann (2002) etc.
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Problem

futzA'u, — V- (uVv) in 2X%(0, 00),

(P) < ’Ut:A’U (¥ I w in QX(Oa OO),

\wt:Afw—w—Ffu, in 2% (0, c0),

e QCR*: bounded domain with smooth 8,
® One of the following boundary conditions:

(Neumann) % — % — g—:f =0 on 902x(0, c0),

(Mix) g: ugZ:v:w:O on 90x (0, o00),

¢ u('a O) = U0, 'U(’a O) = Vo, w(-, O) — wWq in (.
(Nonnegative smooth data) 9/23




Observation (uy=Au — V- (uVv)
(P){ vy=Av+w

wr=Aw+u

. \
® Mass conservation:

|lu(t)||zr @) = [|wollzr@ >0

® Scaling invariance
(ua(z,t) := Mu(Az, A%t)

va(z, t) := v( Az, \%t)
\’wA(a:,t) = XNw(Ax, A\°t)

.,

RO )\4/u(w,t))\_" dz = A"jug(t) || s
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(P) Main theorem 1

Assume (Neumann) or (Mix) —

e GE & bdd for all initial data.

Strategy of Proof: smoothing effect of semigroup.

(KS) Known result (Osaki-Yagi, 2001)

Assume (Neumann) n=1

® GE & bdd for all initial data.
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(P) Main theorem 2

Assume (Neumann) n =4
~ Q:B(R) (R > O)? (u09 Vo, wO): I’ad. Sym.

|luollrry < (8w)? ==y  GE & bdd

(KS) Known result (Nagai-Senba-Yoshida, 1997)

Assume (Neumann) n =2
® O=B(R) (R>0), (up,v0): rad. sym.
Uol||Lr(n) < 87 —) GE & bdd
87

o wollL1n) < - =) GE & bdd
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(P) Main theorem 3
Assume (Mix). n =4

(KS) Known result (Nagai-Senba-Yoshida, 1997)
Assume (Neumann) n—=2
® O=B(R) (R > 0), (up,v0): rad. sym.
luollzrey < 8w wmmp  GE & bdd

87

o luollzr @) < - =) GE & bdd
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(P)vS.(KS) (Lyapunov functional)

(P) ;
af(uav) + D(u,v) = 0,
.’F('u,,'v):/ﬂulogu—/ﬂu'v+%/ﬂ|vt|2—|—%/ﬂ|(—A—|—1)v|2,
D(u, v) = z/ﬂquu |V’Ut|2)—|—/ﬂu|V(logu—v)|2.

(KS)

d
a]’(u, v) + D(u,v) = 0,

1 2, 1 2
.’F(u,v)z/ulogu—/uv—l—E/v —|—§/|V'u|,
Q Q Q Q

D(u,v) = /ﬂu|V(logu — v)|?.
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(P) vs.(KS)
(P) Adams

(Key inequality)

type inequality (Ruf-Sani, 2013 and Tarsi, 2012)

log ( / e""') < — 2 (=A 4 1o|a + C,
. — 9. (871‘)2 L2(S2)

for v € H2(Q) or radial functions v € H*(Q). n =4

(KS) Trudinger-Moser type inequality (Chang-Yang, 1988)

1
log (/ﬂ e|”|> < IVoll320) + Cllvllre) v € HY(Q),

MTM: <

_ 2'MTM

( 8w for rad. function

8

- for arbitrary function n = 2
\



Regularity estimate

Testing the first equation by pu?~* (p > 1):

d
dt Jo

4(p — 1 »
uf = — (P )/ |Vu§|2—|—p(p—1)/up_1Vu-V'v.
p Q Q
0.74°0747022 2 a2V aVaV oV VoV, VX

Since Young'’s inequality implies

2(p—1 p —1
p(p — 1)/ uwT I Vu - Vo < L )/ |Vu§|2+p(p )/“pwvlz,
Q P Q 2 Q

074707402 aaaVaVaVaV oV oV oV, Ve

It follows that

d 2(p—1 p —1
— [ uP + e )/ IVuz|? < p(P )/up|V'v|2.
dt Jo p Q 2 Q

16/23



In the study of (KS)

d 2(p—1 P —1
— [ uP + e )/ |IVuz|? < PP )/up|V'v|2.
dt Jo D Q 2 Q

T T
[] [} [] [] 2 +1
Maximal regularity theory implies /0 /ﬂup|V'v| SC/O /ﬂup :
Apply the Sobolev inequality in 2D || fllzz < K||fllwzr :

/ w1 < C / “- / Vauk 2 + C(Jluollze).
Q Q Q

Combine the above with the next inequality:

/ﬂu< Ogg/(ulog’u,—l—e D+ C(s).
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New approach

d 2(p—1 p — 1
— | uP + e )/ |IVuz|? < p(P )/up|V'v|2.
dt Jo D Q 2 Q

Apply the Cauchy-Schwarz inequality:

4 [y 202D o 2D (), )(/|Vv|4)-

By the Sobolev inequality || fllz« < K||f||g2:

d 2(p — 1 p . 2
d [ upy 2P )/|V'u,§|2§C(/ |Vu§|2—|—/up) (/ |Vv|4) .
dt Q D (9] Q Q Q

AN NN\

We consider local-in-space estimates!
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(P) Main theorem 4

Assume (Mix).

e - Blowup sol. with ||wollzr) > (87)>

(KS) Known result (Horstmann 2002 etc)

Assume (Neumann)

® Q:B(R) (R > 0), (’LL(),’U())2 rad. Sym.

3 Blowup sol. with

® - Blowup sol. with

uO”Ll(Q) > 87

87

U > —
ollzx) >
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Outline of proof (use the method in Horstmann (2002))

Consider the stationary problem:

[ 0=Au —V:(uVv) inQ,
O=Av—v+w in €,
< O=Aw—w+u in Q,
Ou __ Ov _ Bw __
\ 5—%—5—0 onc’?ﬂ.

0=Au —V-(uVwv)
=V-uV(logu — v)

u = Ceée"’
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Outline

Putting A

(S)S

of Proof

= ||uol| 1 (), the system is written as

A
/ (—A +1)%v = e’ in 0,

fne’"
A .
uzfe”e 1nﬂ,
Q
w = —Av + v in €2,
\ v =Av =0 on 0.

S(A) := {(u,v,w) | (u, v, w) satisfies (S) with ||u||p1(n) = A}
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Outline of Proof
Proposition
A € (0,00) \ {(87)*}N
mm) There exists C > 0 such that
sup{ || (u, v, w)||Le=(a) | (v, v, w) € S(A)} < C,
F.(A) := inf{F(u,v,w) | (uv,v,w) € S(A)} > —C.
We construct nonnegative functions (uo, v, wo)
such that
F(ug, vo, wo) < Fu(A) and A € ((8w)?, 00) \ {(87)?}N.
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Summary

® \We consider two-chemical substances chemotaxis system.
® \Ve construct Lyapunov functional.
® \We use the Adams type inequality (instead of T-M ineq.).

® The critical constant changes to (87)?from 8.

Our system is regarded as a generalization of
the Keller-Segel system from a structural view point!
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