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Abstract. Let V and V* be a reflexive Banach space and its dual space, respectively,
and let H be a Hilbert space whose dual space H* is identified with itself H such that

VeosH=H"—>V*

with continuous and densely defined canonical injections. This paper is concerned with
Cauchy problems for doubly nonlinear evolution equations governed by subdifferential
operators with non-monotone perturbations of the form:

o) { B +Orelult) + B 3£ V' 0 <i<T

where Oy, Oy : V — 2V denote subdifferential operators of proper, lower semicontin-
uous and convex functions 1, p : V — (—o00, +00], respectively, and f € V* and ug € V
are given data. Moreover, let B be a (possibly) multi-valued operator from V' into V*
such that B may be non-monotone in V' x V*.

In this paper, after reviewing author’s recent results on sufficient conditions for the
local (in time) existence of strong solutions to (CP) as well as those for the global existence,
the long-time behavior of global strong solutions for (CP) is discussed. It is emphasized
that our abstract framework is established in a reflexive Banach space setting and can
cover evolution problems without any gradient structures. Furthermore, solutions of (CP)
may not be unique, so the usual semigroup approach to dynamical systems is not effective
for our setting. In this paper, the theory of generalized semiflow due to J.M. Ball is
exploited to treat dynamical systems generated by (CP).
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1 Introduction

The theory of evolution equations governed by subdifferential operators is well known
as a powerful tool to analyze the existence and uniqueness of solutions as well as their
asymptotic behaviors for nonlinear parabolic PDEs now. Developments of the theory
started with the study of a simple form:

(1. 1) u'(t) + Oge(u(t)) 20, 0<t<T

in a Hilbert space H (see Brézis [15]) as a special case of the nonlinear semigroup theory
due to Komura [26], and Brézis’s abstract theory for (1. 1) was applied to degenerate
parabolic equations associated with the p-Laplace operator and porous medium equations.
His theory has been generalized in various directions by many mathematicians, and some
of such generalizations succeeded triumphantly in applications to nonlinear parabolic
equations. Indeed, many free boundary problems, e.g., Stefan problem (see, e.g., §3.5
of [23]) were solved through a generalization with time-dependent subdifferentials due
to Kenmochi [22, 23], Attouch et al, Yamada [35] and so on. Non-monotone perturba-
tion theories for (1. 1) also extended the applicability of subdifferential approaches to
degenerate parabolic equations with blow-up terms, Navier-Stokes equation (see Otani-
Yamada [30], Otani [28, 29]), Allen-Cahn equation, Cahn-Hilliard equation (see Kenmochi
et al [24]), and so on. Moreover, doubly nonlinear problems naturally arise in the descrip-
tion of phase transition phenomena, so abstract theories are also established for doubly
nonlinear evolution equations of the form

(1. 2) O (u' (1)) + Oo(u(t)) > f in H, 0<t<T

with two subdifferential operators dy 1) and d ¢ by Barbu [12], Arai [8], Colli-Visintin [19]
(see also [18], [6], [31, Sect. 11], [32] and [9]). Another type of doubly nonlinear problems
are also treated by Barbu [14] and Kenmochi-Pawlow [25] (see also [20], [34], [27], [36],
[31, Sect. 11], [3]). On the other hand, evolution equations governed by subdifferential
operators were originally studied only in Hilbert space settings. However, several authors
(e.g., Brézis [15], Kenmochi [22], Barbu [14] and Colli [18]) made attempts to establish
abstract theories which enable us to treat them in V-V* frameworks with reflexive Banach
spaces V' and their dual spaces V* (see also Akagi-Otani [4, 5, 6], Akagi [3], Aso et
al [10]). These contributions provide us more useful frameworks to handle PDEs with
severe nonlinearities.

The author recently made an attempt to develop a new framework which can unify
these branches in [1], where doubly nonlinear problems governed by (time-dependent)
subdifferential operators with non-monotone perturbations in reflexive Banach spaces are
treated. In this paper, we deal with an autonomous version of the problems treated in [1].
More precisely, let V and V* be a reflexive Banach space and its dual space, respectively,
and let H be a Hilbert space whose dual space H* is identified with itself such that

VeH=H =V~

with continuous and densely defined canonical injections. Let 9y, 9y : V — 2V stand
for the subdifferential operators of proper, lower semicontinuous and convex functions 1)
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and ¢, respectively, from V' into (—oo, +0oc]. Moreover, let B be a (possibly) multi-valued
mapping from V into V* such that B may be non-monotone in V' x V*. Then one can
consider the following Cauchy problem:

0p) { O+ D)+ B2 S Ve 0<t<T

where u/(t) = du(t)/dt, and f € V* and ug € V are given. In Sections 3 and 4, we briefly
review the results of [1] on the existence of solutions for (CP).

The main purpose of this paper is to reveal the long-time behaviors of the global
solutions of (CP), in particular, the existence of global attractors; however, since solutions
of (CP) may not be unique, the usual semi-group approach to dynamical systems could
be no longer valid. Therefore we employ the notion of generalized semiflow proposed by
J.M. Ball [11] to investigate the asymptotic behavior of solutions for (CP).

Segatti in [32] studies a doubly nonlinear gradient system in the Hilbert space setting,
i.e., V.= V* = H and the perturbation term in (CP) has a special form, B(u) = —\u
with A > 0, when growth conditions of linear order are imposed on dyt. He constructed
global (in time) solutions and proved the existence of global attractors by using the notion
of generalized semiflow and establishing a dissipative estimate for a Lyapunov functional
J(u) = ¢(u) — 3|ul}. However, in our setting, the perturbation term has no explicit
form, in particular, it might have no gradient structure. Moreover, since we work in a
Banach space setting, there also arises some technical difficulties. These difficulties will
be solved and the existence of a global attractor for a generalized semiflow generated by
(CP) will be demonstrated in §5.

Notation. We denote by C' a non-negative constant, which does not depend on the
elements of the corresponding space or set and may vary from line to line. Let I be a
section in R and let E be a set. Then AC(I; E) (respectively, AC(I)) stands for the set
of all E-valued (respectively, real-valued) absolutely continuous functions defined on I.
Moreover, the set of all proper (i.e., ¢ Z 4+00), lower semicontinuous and convex functions
¢ from E into (—oo, +0o0] is denoted by ®(F).

2 Abstract setting and basic assumptions

Let V and V* be a real reflexive Banach space and its dual space, respectively, and let H
be a real Hilbert space whose dual space H* is identified with itself such that

(2. 1) VeH=H" <V"

with continuous and densely defined canonical injections. Let ¢, p € ®(V) and let oy
and Oy be the subdifferential operators of ¢ and ¢ respectively. Moreover, let B be a
(possibly non-monotone) mapping from V into 2¥". We consider the following Cauchy
problem.

(CP) { iﬁ;(il(jz,) + Ovp(u(t)) + B(u(t)) > f in V*, 0<t< +oo,
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where f € V* and uy € V are given data. Here and henceforth, we are concerned with
strong solutions of (CP) defined as follows:

Definition 2.1. For T € (0,00), a function u € AC([0,T];V) is said to be a strong
solution of (CP) on [0,T), if the following conditions are satisfied:

(1) u(0) = uo;

(ii) there exists a negligible set N C (0,T), i.e., the Lebesque measure of N is zero, such
that u(t) € D(Ovy) and u'(t) € D(Oyv) for allt € [0,T)\ N, and moreover, there
ezist sections n(t) € Oy (u'(t)), £(t) € Ovp(u(t)) and g(t) € B(u(t)) such that

(2. 2) n(t) +&@E) +Ag(t) =f inV* forallt € [0,T)\ N,

(ili) u(t) € D(p) for allt € [0,T], and the function t — p(u(t)) is absolutely continuous
on [0,T].

For T € (0,00], a function uw € AC([0,T);V) is said to be a strong solution of (CP) on
0,7, if u is a strong solution of (CP) on [0,S] for every S € (0,T).

Let us introduce basic assumptions on 1, ¢ and B with parameters p € (1, +00) and
T > 0.

(A1) There exist constants C; > 0 and Cy > 0 such that

Cilulf < ¢(u) +Cy  for all u € D(¢).

(A2) There exist constants Cs, Cy > 0 such that

]‘D//* S ng(u) -+ 04 for all [U, 77] € av¢

n

Here we give the following proposition for later use (see §5).

Proposition 2.2. Suppose that (A2) is satisfied. Then there exist constants Cs > 0,
Cs > 0 such that

05’17Z)(U) S <n7 ’LL> + CG fO’f’ all [U, 77] € av%U
As for ¢, we employ the following compactness condition.

(®1) There exist a reflexive Banach space X and a non-decreasing function ¢, on [0, +00)
such that X is compactly embedded in V' and

Julx < 61 ([p(u)]s + luli) for all u € D(@yep),

where [s]; := max{s,0} > 0 for s € R.

Concerning the non-monotone mapping B, we impose the following assumptions.
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(B1) D(dyy) C D(B). There exists a non-decreasing function ¢y on [0, +00) satisfying
the following: for all € > 0, there exists a constant C. > 0 such that

ve <el

lg Ve + Celo(lo(w)] + July), o :=min{2,p'}
for all w € D(Ovy), g € B(u) and & € Oy p(u).

(B2) For S € (0,7, let {u,} and {{,} be sequences in C ([0, S]; V') and L?(0,.S; V*) with
o := min{2,p'}, respectively, such that

u, — u strongly in C([0,S]; V), [un(t),&n(t)] € Ovp for ae. t € (0,5),
S S
sup [p(un®)l+ [ 1O+ [ 16

t€[0,5]

7+dt is bounded for all n € N.

Moreover, let {g,} be a sequence in L¥ (0, S; V*) such that
gn(t) € Blu,(t)) for ae. t € (0,5), g, — g weakly in LF'(0,S; V).
Then {g,} is precompact in L?' (0, S; V*) and g(t) € B(u(t)) for a.e. t € (0,5).
(B3) For S € (0,T], let w e C([0,S]; V) NW?'2(0,S; H) be such that

sup [@(u(t))| < +oo.
t€(0,5]

Suppose that there exists ¢ € L (0,5;V*) such that £(t) € dye(u(t)) for a.e.
t € (0,5). Then there exists a V*-valued strongly measurable function g such that
g(t) € B(u(t)) for a.e. t € (0,5). Moreover, the set B(u) is convex for all u € D(B).

Remark 2.3. We can assume that ¢» > 0 and ¢ > 0 without any loss of generality.
Indeed, putting ¢ = 1 + Cy and using (A1), we find that v > 0, D(@) = D(v),
D(dvy)) = D(Byv) and 8y = dy1b. As for o, from the fact that ¢ € ®(V) and ($1),
the extension ¢ of ¢ onto H defined by

oy e ifuelV,
P ‘_{ +oo  fueH\V

belongs to ®(H). Hence there exist u* € H and p € R such that ¢(u) > (u*, u)y+p for all
u € H (see, e.g., Proposition 2.1 of [13, p. 51]). Thus we have ¢(u) := o(u)—(u*, u)g—p >
0 for all v € V, and moreover, it holds that D(¢) = D(y), D(0v¢) = D(dyp) and
Oy = Oy — u*. Therefore the evolution equation in (CP) is equivalent to the following:

O (u (1) + Oy p(ult) + Bu(t) > f = f — u".

Moreover, (A1), (A2), (®1) and (B1)-(B3) are all satisfied with ¢ and ¢ replaced by 1
and ¢ respectively.
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3 Local existence of solutions

The existence of local (in time) solutions for (CP) has already been proved under the
preceding assumptions by the author in [1], where (CP) is treated in a more general
setting; more precisely, ¥, B and f may explicitly depend on t¢.

Theorem 3.1 (Local existence, [1]). Let p € (1,+00) and T' > 0 be given. Suppose that
(A1), (A2), (®1), (B1)—(B3) are all satisfied. Then, for all f € V* and ug € D(p), there
exists Ty = Tu(@(uo) + |uoly + |flv+) € (0,T] such that (CP) admits at least one strong
solution uw € W'(0,T.,; V) on [0,T.] satisfying

n,&9€ LY (0, T V"), (u(-) € WH(0,T,),

where 1(t), £(t) and g(t) denote the sections of Oy (u'(t)), Ove(u(t)) and B(u(t)), re-
spectively, as in (2. 2) for a.e. t € (0,T%).
Let us show the outline of proof for this theorem (see [1] for more detail).

Phase 1. We introduce the following approximate problems of (CP) for all A € [0, 1]:

(cp), { Nt D) na () + BU0) iV

where ¢ is the extension of ¢ onto H and J, and 0y, denote the resolvent and the
Yosida approximation of Oy @ respectively. To construct strong solutions for (CP), on
[0, T,] with some T, € (0, 7] independent of A € (0, 1], we prepare the following two steps.

Phase 1, Step 1. We first prove the existence and uniqueness of solutions for the
following unperturbed problems for a given function g € L (0,T;V*) (see also Remark
3.2).

(CP))\’Q { zyégt):—zoavd)(ul(t)) + 8Hg5,\(u(t)) + g(t) =) f in V*,

Phase 1, Step 2. We next define the mapping Fg on L” (0, S; V*) by
Fs g B(Jyu(-)), where u is a solution of (CP), , on [0, 5].

Then applying Kakutani-Ky Fan’s fixed point theorem for multi-valued mappings (see
Corollary 2 to Theorem (6. 3) of [17, p. 75]), we find a fixed point gy € L (0,T,; V*) of
Fr, with some T, independent of A € (0,1]. Let uy be a strong solution of (CP), = with
g = gx on [0,T,]. Then uy solves (CP), on [0, 7}].

Phase 2. Establishing a priori estimates and deriving the convergences for uy as A — +0,
we can obtain local (in time) solutions for (CP).

Remark 3.2. For the case where V' = V* = H is a Hilbert space, one can easily prove
the uniqueness of strong solutions for (CP), . Indeed, (CP), , can be rewritten into

w'(t) = (M +0u) " (f = 9(t) = Ou@a(u(t))) in H, 0<t<T,
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and we observe that the mapping u — (A + 9gt)) ™ (f — g(t) — Oypa(u)) becomes Lip-
schitz continuous in H for every t € [0,7]. Hence the uniqueness of strong solutions
follows immediately. However, for the case where V' is not a Hilbert space, the mapping
(AL + Oyyp)~ : V* — V is no longer Lipschitz continuous. In [1], the uniqueness of solu-
tions for (CP) Ag 18 proved by using the Lipschitz continuity of Oy, only and Gronwall’s
inequality.

4 Global existence of solutions

As for the global (in time) existence, [1] also presents the following two theorems.

Theorem 4.1 (Global existence, [1]). Let p € (1,+00) and T > 0 be fized. Suppose that
(A1), (A2), (®1), (B2), (B3) and the following (B4) are satisfied.

(B4) D(0vy) C D(B). For all € > 0, there exists a constant C. > 0 such that
97+ < elély + Ce{low)| + ulfy +13, o= min{2, p'}
for alluw € D(Oyyp), g € B(u) and £ € dyp(u).

Then, for all f € V* and uy € D(p), there exists a strong solution v € WHP(0,T;V) of
(CP) on [0,T] such that

(4. 1) n,&,9 € LP(0,T;V*),  o(u(-)) € WH(0,T),

where 1(t), £(t) and g(t) denote the sections of Oy (u'(t)), Ove(u(t)) and B(u(t)), re-
spectively, as in (2. 2) for a.e. t € (0,T).

As in §6.1 of [1], we can prove the following proposition, which will be used in §5.

Proposition 4.2. Let p € (1,+00) and T > 0 be given. Assume that (B4) holds. Let u
be a strong solution of (CP) on [0,T]. Then for any y > 0, there exist a constant C, > 0
independent of u, T', ug and f such that

9O < Cy (11 + 1) + o {lp(@)] + (I} + 70 (1)
where g(t) denotes the section of B(u(t)) as in (2. 2), for a.e. t € (0,T).

Furthermore, in the next theorem, the global existence is assured for small data wug
and f in a proper sense by imposing the following (B5) instead of (B4).

(B5) There exist a positive constant C; and non-decreasing functions ¢; (i = 3,4,5) on
[0, +00) such that lim,_, ¢ ¢;(s) = 0 and

(4. 2) Crp(u) < (€ + g, u) + Ls3(p(u))o(u),
(4. 3) uly, < a(p(u))p(u),

for all u € D(Ovyp), £ € Ovp(u), g € B(u), and moreover, for all € > 0, there exists
a constant C. > 0 such that

(4. 4) gt < el + Cets(o(w))p(u)
for all w € D(Ov ), £ € Ovp(u), g € B(u).
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Theorem 4.3 (Global existence for small data). Let p € (1,400) and T > 0 be fized.
Suppose that (A1), (A2), (1), (B1)—(B3) and (B5) are all satisfied with Cy = Cy = 0 and
¥(0) = 0. Then there exists § > 0 independent of T such that if ||y« + ¢(ug) < 0, then
(CP) admits a strong solution uw € WHP(0,T;V*) on [0,T] such that (4. 1) holds true.

5 Long-time behavior of solutions

As we mentioned in §1, solutions of (CP) may not be unique. Hence the usual approach
to dynamical systems based on the semigroup theory is not valid for our problem. Hence
we exploit the theory of generalized semiflow proposed by J.M. Ball [11], which can be
adapted to dynamical systems generated by equations whose solutions are not unique,
instead of the usual one. Our strategy of proof is based on that of [32] and techniques
developed in [1] for (CP).

5.1 Theory of generalized semiflow

The notion of generalized semiflow is first introduced by J.M. Ball [11]. He also extend the
notion of global attractor to generalized semiflows and provide a criterion of the existence
of global attractors. We first recall the definition of generalized semiflow.

Definition 5.1. Let X be a metric space with metric dx = dx(-,-). A family G of maps
¢ :[0,400) — X is said to be a generalized semiflow in X, if the following four conditions
are all satisfied:

(H1) (Existence) For each x € X there exists ¢ € G such that p(0) = x;

(H2) (Translation invariance) If ¢ € G and T > 0, then the map ¢" also belongs to G,
where @7 (t) := @(t + 1) fort € [0, +00);

(H3) (Concatenation invariance) If @1, @2 € G and v2(0) = ¢1(7) for some T > 0, then
the map 1, the concatenation of 1 and py at T, defined by

e (pl(t> Zf te [077_]7
(1) = { wo(t —7) if tE€(1,+00)

also belongs to G;

(H4) (Upper semicontinuity) If ¢, € G, z € X and ¢,(0) — x in X, then there exist a
subsequence {n'} of {n} and p € G such that v,/ (t) — @(t) for each t € [0, +00).

Let G be a generalized semiflow in a metric space X. We define a mapping 7'(¢) :
2% — 2X by
(5. 1) Tt)E :={¢(t); p€G and ¢(0) € £} for EC X
for each ¢ > 0. One can check from (H1)-(H3) that {T'(t)}:>o satisfies the semi-group
properties, that is, (i) 7'(0) is the identity mapping in 2%; (ii) T(¢t)T(s) = T'(t + s) for all
t,s > 0.

Moreover, global attractors for generalized semiflows are defined as follows.
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Definition 5.2. Let G be a generalized semiflow in a metric space X and let {T(t)}i>0 be
the family of mappings defined as in (5. 1). A set A C X is said to be a global attractor
for the generalized semiflow G if the following (i)—(iii) hold.

(i) A is compact in X;
(ii) A is invariant under T(t), i.e., T(t)A = A, for all t > 0;
(iii) A attracts any bounded subsets B of X by {T'(t)}+>0, €.,

lim dist(7'(t)B,.A) =0,

t—-+o00
where dist(+,-) is defined by

dist(A, B) :=sup inf dx(a,b) for A, B C X.

acA beB

As in the standard theory of dynamical systems for (single-valued) semi-group opera-
tors, we can also introduce the notion of w-limit set.

Definition 5.3. Let G be a generalized semiflow in a metric space X. For E C X, the
w-limit set of E for G is given as follows.

w(F) = {:1: € X; there exist sequences {@,} in G and {t,} on [0,+00)
such that ¢, (0) is bounded and belongs to E
foralln € N, t, — 400 and p,(t,) — .CE}

In order to prove the existence of global attractors for generalized semiflows, we employ
the following theorem due to J.M. Ball [11].

Theorem 5.4 (J.M. Ball [11]). A generalized semiflow G in a metric space X has a global
attractor A if and only if the following two conditions are satisfied.

(i) G is point dissipative, that is,

da bounded set B C X, Yo € G, At =7(p) >0, Vt > 1, ¢(t) € B;

(ii) G is asymptotically compact, that is, for any sequences {,} in G and {t,} on
0, +00), if {©n(0)} is bounded in X and t, — +oo, then {p,(t,)} is precompact in
X.

Moreover, A is a unique global attractor for G and given by
A= U {w(B); B is a bounded set in X} = w(X).

Furthermore, A is the maximal compact invariant subset of X under the family of map-
pings {T(t)}eo-
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The following proposition gives a sufficient condition for the asymptotic compactness
of generalized semiflows.

Proposition 5.5 (J.M. Ball [11]). Let G be a generalized semiflow in a metric space X.
If G satisfies the following conditions:

(i) G is eventually bounded, that is, for any bounded set D C X, there exist 7 = 7(D) >
0 and a bounded set B = B(D) C X such that

7D c B,

t>1

(ii) G is compact, that is, for any sequence {u,} in G, if {u,(0)} is bounded in X, then
there exists a subsequence {n'} of {n} such that {u,/(t)} is convergent in X for each
t>0,

then G is asymptotically compact.

5.2 Formation of a generalized semiflow

Our analysis of the large-time behavior of solutions for (CP) is based on the theory of
generalized semiflow briefly reviewed in §5.1. In this subsection, we first define the set G
and next prove that it forms a generalized semiflow in a metric space.

Let X := D(p) be a metric space equipped with the distance dx (-, -) defined by

dx(u,v) := |u—vly + [p(u) — )| for u,veX
and define

G :={u € AC(]0,+0); X); u is a strong solution of (CP) on [0, +00)
with some ug € X}.

Then we have:

Theorem 5.6. Let p € (1,+00) be fivred. Assume that (Al), (A2), (P1), (B2)-(B4) are
satisfied for any T > 0. Then G is a generalized semiflow in X .

Proof. 1t suffices to check the four conditions (H1)—(H4) (see Definition 5.1). The assertion
(H1) follows from Theorem 4.1. Moreover, it is easily seen that (H2) and (H3) are satisfied.
Hence it remains to check (H4).

Let u, € G and v € X be such that u,(0) — v in X. Then multiplying (CP) with
u = u, by u} (t), we have

(1 (£), 1, (£)) + (€ (1), 1, (8)) + (9 (£), 1, (£)) = (i (1)

with sections n,(t) € Ov(ul,(t)), &.(t) € Ovp(un(t)), gn(t) € B(u,(t)) for ae. t €
(0, 4+00). We then derive from (A2)" and the chain rule for subdifferentials that

Ot () — Co + Lipun(®)) < (Flv- + ga(®)lv-) [ (0)v

dt
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Furthermore, by Young’s inequality and (A1),

(5. 2) 2050 () + (1)) < © (17 +1ga (D +1)

dt

By Proposition 4.2 and (A1),

6.3 Twh0)+ ZCLOR - C) + e
< O (I +1) + C{plun) + [un
Thus
(5. 4) 5l (1) + 5 Lp(un(0) + a1}
< O (IR +1) + C {pun(®) + lun (Ol }

for a.e. t € (0,400). Hence integrating both sides over (0,¢) and applying Gronwall’s
inequality, we deduce that

6.5 sup fp(un(t) + (O} < {otu) + ulf + €T (1f

1‘7//* + 1>}€CT

with an arbitrary positive number 7" > 0. Hence (®1) implies that {u, (f) }nen is precom-
pact in V for each ¢ > 0. Furthermore, we can also deduce that

(5. 6) / Bl (1))dt < O,

(5. 7) | < e

with a constant Cp > 0. Here and henceforth, C7 denotes a non-negative constant
independent of n and ¢ but possibly depending on 7" and may vary from line to line.
Performing a diagonal process, we can verify

(5. 8) Up, (t) — u(t) strongly in V' for each t € [0, +o0)

with some u € C([0,+00); V) and a subsequence {n;} of {n} (see [2] for more details).
We next prove that u € G, that is, u is a strong solution of (CP) on [0,400). Recall
(5. 5)—(b. 7) with an arbitrary 7" > 0 and use (A2), Proposition 4.2 and (2. 2) to get

T

(5. 9) / i (t)fdt < Cr,
0
T

(5. 10) / g2 (D) 27 dt < Cr,
0
T

(5. 11) / EaBdt < Oy,
0
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respectively, for all n € N. Hence we can take a subsequence of {n;}, which is denoted
by {nx} again, such that

(5. 12) Up,, — U weakly in W'2(0,T;V),
(5. 13) strongly in C'([0,7]; V),
(5. 14) Nny, — 1 weakly in LP (0, T; V™),
(5. 15) Gnp — 0 weakly in L” (0, T; V™),
(5. 16) ne — € weakly in LP (0, T;V*)

with some 7,g,¢ € L”/(O,T; V*). Therefore from the demiclosedness of subdifferential
operators we can derive that () € dyp(u(t)) for a.e. t € (0,7), and moreover, (B2)
implies that g(t) € B(u(t)) for a.e. t € (0,T) and

(5. 17) Gnp — 0 strongly in L” (0, T3 V*).

Furthermore, multiply 7, () by u;, (t) and integrate this over (0, 7). It then follows from
(5. 12) and (5. 17) that

(5. 18) hmsup/ (Mo (£), sy, (8)) dE < —p(u (T))—i—go(v)—i—/o (f —g(t),d(t)) dt.

ni—-+00

Here we also used the fact that u,(0) — v in X, in particular, ¢(u,(0)) — ¢(v). Thus by
Proposition 2.1 of [1], we obtain n(t) € dyy(u'(t)) for a.e. t € (0,7"), which implies that
u is a strong solution of (CP) with ug = v on [0, T]. From the arbitrariness of 7', we can
also verify that u becomes a strong solution of (CP) on [0, +00). Hence u belongs to G.
Finally, we show that ¢(uy,, (t)) — ¢(u(t)) for each ¢t € [0, +00), by taking a subse-
quence of {n} if necessary. To do so, we first derive a convergence of ¢(u,, (t)) for a.e.
€ (0, 400).

Lemma 5.7. It follows that

liminf o(up, (t)) = p(u(t))  for a.e. t € (0,+00).

ng—-+00

Proof. Let T > 0 be arbitrarily given. Then by (5. 11), Fatou’s lemma ensures that

p(+) := liminf [&,(-)[7. € L'(0,T).

n—-+o0o

Hence p(t) < +oo for a.e. t € (0,7). Thus we get, by (5. 8),

liminf p(u, (1) < ¢<u<t>>+p<t>< lim |unk<>—u<t>|v)

ng—-+oo np——+00

= o(u(t)) forae. te (0,7T).

Combining this fact with the lower semicontinuity of ¢, we can prove this lemma. O]
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Continuation of proof of (H4). We next exhibit the convergence of p(u,, (t)) at every
t € [0,+00). Recalling (5. 3), we find

d

%gn(t) <0 forae. te(0,+00),

where (, is an absolutely continuous function from [0, 400) into R given by

Go(0) 1= lun(t) = Ct (17 +1) = Mo [ {un(r)) + ) e

for ¢t € [0,+00). Hence ¢, is non-increasing on [0, +00). Applying Helly’s lemma (see
Lemma 3.3.3 of [7]) and a diagonal process to our situation (see [2] for more details), we
have

(5. 19) lim G, (t) =¢(t) forall te[0,+00).

It remains only to reveal the representation of ¢.

Lemma 5.8. For each t € [0, +00), it follows that

o(t) = p(u(t) = Ct (|1 +1) MQ/{go )+ lu(r)[L ) dr.

Proof. Let T' > 0 be fixed. We can then derive that

/gpun,c T—>/ dr forall te€[0,T]
0

from the definition of subdifferential together with (5. 13) and (5. 16). Hence the
definition of (,, and Lemma 5.7 yield

liminf (,, (t) = ¢(t) for a.e. t€(0,7),

ng—-+00

where ( € AC([0,+00)) is given by

6(t) = () = Ct (- +1) = M [ olutr) + ()t .

Therefore we can obtain ¢(t) = ((t) for a.e. t € (0,+00) from the arbitrariness of 7' > 0.
Thus since ( is continuous and ¢ is non-increasing on [0, c0), we can verify

o(t) =((t) forall te[0,+00)
by (5. 19) (see [2] for more details). O

Continuation of Proof of (H4). From Lemma 5.8, we conclude that u,, (t) — u(t) in X
for each t € [0, +00). Thus (H4) follows. O
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5.3 Existence of global attractors

This subsection is devoted to proving the existence of global attractors for the generalized
semiflow G. To this end, we first introduce the following structure condition.

(S1) There exist constants o > 0 and Cg > 0 such that
a{p(u) +[uly} < (€ +9,u) + Cs
for all u € D(9vy) N D(B), £ € dyp(u) and g € B(u).

Furthermore, we also introduce the following assumption on the growth order of B, which
is more restrictive than (B4).

(B6) D(0yy) C D(B). There exists a number v € (0,1) satisfying that: for all ¢ > 0,
there exists a constant C. > 0 such that

ve <el€

g Ve + CAlo(w)| + uly, + 1}, o :==min{2,p'}
for all w € D(0v ), g € B(u) and £ € dyp(u).

Theorem 5.9. Let p € (1,+00) be fized and assume that (A1), (A2), (1), (B2), (B3),
(B6) and (S1) are satisfied for any T > 0. Then the generalized semiflow G has a unique
global attractor A, which is given by

A= U {w(B); B is a bounded subset of X} = w(X).
Furthermore, A is the maximal compact invariant subset of X .

In order to prove Theorem 5.9, we prepare a couple of lemmas.

Lemma 5.10. Under the same assumptions as in Theorem 5.9, there exist a constant
R > 0 and an increasing function Ty(+) on [0, +00) such that

o(u(t)) +u@®)y, <R forall uy€ X, ue G satisfying u(0) = ug
(5. 20) and t > Ty(e(ug) + Juolt,).

Proof. Let ug € X and let u € G be such that u(0) = ug. By (S1), we find that
o {p(u(t) + )} < € (IfF- + @)

with sections £(t) € dve(u(t)), g(t) € B(u(t)), n(t) € oyy(u'(t)) for a.e. t € (0,+00).
Thus by (A2) we can take a constant ¢y > 0 such that

(5. 21) S Le(®) + @} < € (IFF. +1) + o (/1))

for a.e. t € (0,+00). Asin (5. 4), taking an enough small number o > 0, we can deduce
from (B6) that

’ (6%
Vot 1) + Sl

(5. 22) ol 1) + 5 (olult) + ol

< O (I +1) + C o) + @Y
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for a.e. t € (0,+00) with the constant v € (0, 1) of (B6).
Now, set ¢(t) := p(u(t)) + olu(t)[i,. Multiplying (5. 21) by an enough small number
and adding this to (5. 22), we can derive
d¢

Lt +80(t) < Fi=C (If

with a positive number 3 (see [2] for more details). By standard techniques for differential
inequalities, we have

{)/i* + 1> for a.e. t € (0,+00)

o(t) < = +¢(0)e™?  for all t € [0,+00),

S

in particular,

o(t) < §+ I forall ¢3>1log(6(0)+1)/8.

Thus, by putting R := F/(cf3) + 1/o and Ty(-) :=log(- + 1)/, we obtain (5. 20). O
Hence we obtain the following lemma.

Lemma 5.11. Under the same assumptions as in Theorem 5.9, the following (i) and (ii)
are satisfied.

(i) G is point dissipative.
(ii) G is eventually bounded.

Proof. Let R > 0 and Ty(-) be the constant and the increasing function given by Lemma
5.10 respectively. Moreover, we write

B, :={veX; pv)+ v} <r} for r>0

in the following.

Proof of (). Put B := Bg. Let u € G and set 7 := Ty(p(u(0)) + |u(0)[},). Then by
Lemma 5.10, we can deduce that u(t) € B for all t > 7.

Proof of (ii). Let D be a bounded set in X. Then we can take R; € (0,400) such that
D C Bg,. Moreover, put 7 := Ty(R;) and B := Bg. Then by Lemma 5.10, for any u € G
with u(0) € D C Bpg,, it follows that u(t) € B for all t > 7. O

Concerning the compactness of G, we have:
Lemma 5.12. Under the same assumptions as in Theorem 5.9, G is compact.

Proof. Since u,(0) is bounded in X, i.e., |u,(0)|v + ¢(u,(0)) < C with some constant C
independent of n, the estimates (5. 5)—(5. 7), (5. 9)—(5. 11) and the convergences (5. 8),
(5. 12)—(5. 17) are established with an arbitrary 7' > 0 as in the proof of (H4) (see the

proof of Theorem 5.6). Moreover, we can also verify that there exists a subsequence {ny}
of {n} such that

(5. 23) O(tn, (t)) — p(u(t)) forall te (0,400).

Thus wup, (t) — u(t) in X for each positive t. This completes our proof. O
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Finally, these lemmas prove Theorem 5.9 immediately.

Proof of Theorem 5.9. Thanks to Theorem 5.4 and Lemmas 5.11 and 5.12, we obtain our
desired conclusion. O

We close this paper with the following final remark.

Remark 5.13. (1) One can also discuss the existence of global attractors for

(' (t)) + Ove(u(t)) + AB(u(t)) > f in V¥, 0<t<T
with an enough small A > 0, even if (B4) is satisfied instead of (B6).

We can apply the preceding abstract theory to the initial-boundary value problem
for doubly nonlinear parabolic equations such as

alu)) — Apu+gu)=f and  «a(u) — Au+ h(u, Vu) = f,

where « is a maximal monotone operator in R satisfying a growth condition of order
p, and g (respectively, h) is a continuous function from R (respectively, R x RY) into
R satisfying appropriate growth conditions, to investigate the existence of solutions
and their asymptotic behaviors, in particular, the existence of global attractors.
Generalized forms of the Allen-Cahn equation particularly fall within our framework.
Moreover, we emphasize that our framework can cover the case where h depends on
the gradient of u.

These generalization and application of our work reported in the current paper have
been discussed in [2] with more details of the arguments in §5.

References

[1]

2]

Akagi, G., Doubly nonlinear evolution equations with non-monotone perturbations
in reflexive Banach spaces, submitted.

Akagi, G., Global attractors for generalized semiflows generated by doubly nonlinear
evolution equations, preprint.

Akagi, G., Doubly nonlinear evolution equations governed by time-dependent subd-
ifferentials in reflexive Banach spaces, J. Differential Equations 231 (2006), 32-56.

Akagi, G. and Otani, M., Evolution inclusions governed by subdifferentials in reflexive
Banach spaces, J. Evolution Equations 4 (2004), 519-541.

Akagi, G. and Otani, M., Evolution inclusions governed by the difference of two
subdifferentials in reflexive Banach spaces, J. Differential Equations 209 (2005),
392-415.

Akagi, G. and Otani, M., Time-dependent constraint problems arising from macro-
scopic critical-state models for type-II superconductivity and their approximations,
Advances in Mathematical Sciences and Applications 14 (2004), 683-712.

34



[7]

Ambrosio, L., Gigli, N. and Savaré, G., Gradient flows in metric spaces and in
the space of probability measures, Lectures in Mathematics ETH Ziirich, Birkh&user
Verlag, Basel, 2005.

Arai, T.,  On the existence of the solution for Jdp(u'(t)) + oY (u(t)) > f,
J. Fac. Sci. Univ. Tokyo Sec. IA Math. 26 (1979), 75-96.

Aso, M., Frémond, M. and Kenmochi, N., Phase change problems with tempera-
ture dependent constraints for the volume fraction velocities, Nonlinear Analysis 60
(2005), 1003-1023.

Aso, M., Fukao, T. and Kenmochi, N., A new class of doubly nonlinear evolution
equations, Proceedings of Third East Asia Partial Differential Equation Conference.
Taiwanese J. Math. 8 (2004), 103-124.

Ball, J.M., Continuity properties and global attractors of generalized semiflows and
the Navier-Stokes equations, J. Nonlinear Science 7 (1997), 475-502.

Barbu, V., Existence theorems for a class of two point boundary problems, J. Dif-
ferential Equations 17 (1975), 236-257.

Barbu, V., Nonlinear Semigroups and Differential Equations in Banach spaces, No-
ordhoff, 1976.

Barbu, V., Existence for nonlinear Volterra equations in Hilbert spaces, STAM
J. Math. Anal. 10 (1979), 552-569.

Brézis, H., Operateurs Mazimaux Monotones et Semi-Groupes de Contractions dans
les Espaces de Hilbert, Math Studies, Vol.5 North-Holland, Amsterdam/New York,
1973.

Brézis, H., Probléemes unilatéraux, J. Math. Pures Appl. 51 (1972), 1-168.

Browder, F.E., Nonlinear operators and nonlinear equations of evolution in Banach
spaces, Nonlinear functional analysis (Proc. Sympos. Pure Math., Vol. XVIII, Part
2, Chicago, Ill., 1968), pp.1-308. Amer. Math. Soc., Providence, R. 1., 1976.

Colli, P., On some doubly nonlinear evolution equations in Banach spaces, Japan
J. Indust. Appl. Math. 9 (1992), 181-203.

Colli, P. and Visintin, A., On a class of doubly nonlinear evolution equations,
Comm. Partial Differential Equations 15 (1990), 737-756.

DiBenedetto, E. and Showalter, R.E., Implicit degenerate evolution equations and
applications, STAM J. Math. Anal. 12 (1981), 731-751.

Fan, K., A generalization of Tychonoff’s fixed point theorem, Math. Ann. 142
(1960/1961), 305-310.

35



[22]

[23]

[24]

[25]

[26]

[27]

[28]

[34]

[35]

[36]

Kenmochi, N., Some nonlinear parabolic variational inequalities, Israel J. Math. 22
(1975), 304-331.

Kenmochi, N.; Solvability of nonlinear evolution equations with time-dependent
constraints and applications, Bull. Fac. Education, Chiba Univ. 30 (1981), 1-87.

Kenmochi, N., Niezgédka, M. and Pawlow, 1., Subdifferential operator approach to
the Cahn-Hilliard equation with constraint, J. Differential Equations 117 (1995),
320-356.

Kenmochi, N. and Pawlow, I., A class of nonlinear elliptic-parabolic equations with
time-dependent constraints, Nonlinear Analysis 10 (1986), 1181-1202.

Komura, Y., Nonlinear semi-groups in Hilbert space, J. Math. Soc. Japan 19 (1967),
493-507.

Maitre, E. and Witomski, P., A pseudo-monotonicity adapted to doubly nonlinear
elliptic-parabolic equations, Nonlinear Analysis 50 (2002), 223-250.

Otani, M., Nonmonotone perturbations for nonlinear parabolic equations associated
with subdifferential operators, Cauchy problems, J. Differential Equations 46 (1982),
268-299.

Otani, M., Nonmonotone perturbations for nonlinear parabolic equations associated
with subdifferential operators, Periodic problems, J. Differential Equations 54 (1984),
248-273.

Otani, M. and Yamada, Y., On the Navier-Stokes equations in noncylindrical do-
mains: an approach by the subdifferential operator theory, J. Fac. Sci. Univ. Tokyo
Sect. IA Math. 25 (1978), 185-204.

Roubicek, T., Nonlinear partial differential equations with applications, International
Series of Numerical Mathematics, 153. Birkhduser Verlag, Basel, 2005.

Segatti, A., Global attractor for a class of doubly nonlinear abstract evolution equa-
tions, Discrete and Continuous Dynamical Systems 14 (2006), 801-820.

Senba, T., On some nonlinear evolution equation, Funkcial Ekvac. 29 (1986), 243—
257.

Shirakawa, K., Large time behavior for doubly nonlinear systems generated by sub-
differentials, Adv. Math. Sci. Appl. 10 (2000), 417-442.

Yamada, Y., On evolution equations generated by subdifferential operators,
J. Fac. Sci. Univ. Tokyo 23 (1976), 491-515.

Yamazaki, N.; Doubly nonlinear evolution equations associated with elliptic-
parabolic free boundary problems, Discrete and Continuous Dynamical Systems
2005, suppl., 920-929.

36



