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Abstract. A new framework is proposed to deal with degenerate parabolic equations such
as u(x, t)—Apu(z, t)—|u|"2u(z, t) = f(z,t),x € Q,t >0, where 1 < p,q < +oo and A, is
the so-called p-Laplacian given by A,u := V - (|[Vu[P~?Vu). Such a degenerate parabolic
equation can be reduced to an abstract evolution equation governed by subdifferential
operators in an appropriate reflexive Banach space. However, the most of studies on
evolution equations governed by subdifferential operators have been done so far only in
Hilbert space settings.

Let V and V* be a reflexive Banach space and its dual space, respectively, and suppose
that there exists a Hilbert space H such that V' C H = H* C V* continuously and
densely. In this paper, sufficient conditions for the existence of local or global (in time)
solutions of Cauchy problems for evolution equations of the form: du(t)/dt+ dy ' (u(t)) —
Ov*(u(t)) > f(t) in V¥, 0 <t < T, where Oy’ (i = 1,2) are subdifferential operators
of proper lower semicontinuous convex functionals ¢’ : V' — (—o0, +00], are provided

for the case ug € D(¢') (resp. ug € D(¢!) ) by using the theory of subdifferential
operators. Moreover, these results are also applied to the initial-boundary value problem
for the degenerate parabolic equation described above, and in particular, if p < ¢ and
uy € WyP(Q) (resp. ug € L*(2)), then the initial-boundary value problem admits a
time-local solution under ¢ < p* (resp. ¢ < (N 4 2)p/2), where p* denotes the so-called
Sobolev’s critical exponent.
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1 Introduction

Subdifferential operator theory is often utilized for constructing a solution of degenerate
parabolic equations, because it enables us to take account of energy structures of equations
as well as to employ useful properties of maximal monotone operators. In particular,
energy structures play an important role in studies on degenerate parabolic equations.

We introduce a new framework to deal with initial-boundary value problems of degen-
erate parabolic equations such as

g?(x,t) — Aju(z,t) — lu|"%u(z,t) = f(z,t), (x,t) € Qx(0,T),
(NHE) u(z,t) =0, (x,t) € 02 x (0,T),
U(JZ,O) = Uo(@» T €1,

where Q denotes a bounded domain in RY with smooth boundary 99, 1 < ¢ < 400 and
A, is the so-called p-Laplacian given by

Ayp(z) = V- (|Vo(z)[P2Vo(z)), 1<p<+oo.

More precisely, we reduce (NHE) to Cauchy problem of an abstract evolution equation in
the dual space V* of a reflexive Banach space V' of the form:

(1. 1) Ccl;:(t) + Ovt(u(t)) — Ov®(u(t)) 3 f(t) in V¥, 0<t<T,

where Oy ' : V — 27 (i = 1,2) denote subdifferential operators of functionals ¢’ : V —
(—o0,+o0] and f : (0,7) — V* is given, in Section 3; moreover, we provide sufficient
conditions for the existence of solutions of Cauchy problem for (1. 1) in Section 4. To
do this, we also recall various properties of subdifferential operators (see Sect. 2), which
will be employed in major 3 steps, i.e., approximation of equations, establishing a priori
estimates and convergence of approximate solutions, to construct a solution of (1. 1).

The existence of solutions for (NHE) has already been studied by several authors.
Tsutsumi [12] provided sufficient conditions for the existence of local or global (in time)
solutions for (NHE) by using Galerkin’s method and energy method. On the other hand,
Otani [9, 10] and Ishii [6] developed abstract theories of (1. 1) in the Hilbert space setting,
where V' must be a Hilbert space whose dual space is identified with V', and applied their
abstract theories to (NHE). However, it has been an open problem for a long time whether
there exists a time-local solution of (NHE) with ug € W,y (Q) under ¢ < p*, where p*
denotes the so-called Sobolev’s critical exponent given by p* := Np/(N — p) if p < N;
p* = 400 if p > N, because of the restriction on the choice of base spaces in [9, 10]
and [6] (see [2] for more details).

In Section 5, we apply our abstract theory developed in Section 4 to (NHE) for both
cases: 1y € Wy?(Q) and ug € L*(Q), and derive sufficient conditions for the existence of
local or global (in time) solutions of (NHE). Particularly, if p < ¢, then we can assure
that (NHE) with uy € Wy () (resp. up € L*(R2)) admits a local solution under ¢ < p*

(resp. ¢ < (N +2)p/N).



2 Subdifferential Operators in Reflexive Banach Spaces

The theory of subdifferential operators has been developed by many mathematicians (see
e.g. [4], [5], [3], [8]), and in this section, some of their results will be reviewed to be used
later.

Let X be a reflexive Banach space and let ®(X) denote the set of all lower semi-
continuous convex functions ¢ from X into (—oo,+o0] satisfying ¢ # +o00. Then the
subdifferential Ox¢(u) of ¢ € (X)) at u is defined by

Ox¢(u) = {£€ X%0(v) —¢(u) = ({v—u)x YveD(9)}

where (-,-)x denotes the natural duality between X and X* and the effective domain

D(¢) of ¢ is given by
D(g) = {u€X;(u) < +oo}.
Then the subdifferential operator 0x¢ of ¢ can be defined by
Oxd: X — 257w Oxo(u)

with the domain D(0x¢) = {u € D(¢);0x¢p(u) # 0}. It is well known that every
subdifferential operator forms a maximal monotone graph in X x X*.

In particular, if X is a Hilbert space H whose dual space H* is identified with H, then
the subdifferential Oy ¢(u) of ¢ € ®(H) at u can be written by

Ong(u) = {§€ H;o(v) —o(u) = (§,v—uw)n Vv e D)},

where (+,-)y denotes the inner product in H, and furthermore the subdifferential dy¢
also becomes a maximal monotone operator from H into itself. Hence we can define
the resolvent J{ and the Yosida approximation (dg¢)s of Oy ¢, which become Lipschitz
continuous in A with Lipschitz constants 1 and 2/, respectively. Moreover, the Moreau-
Yosida regularization ¢, of ¢ is defined by

ox(u) = inf {21)\|u—v|§{+¢(v)} Yu € H,

veEH
and the following proposition holds true:

Proposition 2.1 Let ¢ € ®(H). Then ¢y is a Fréchet differentiable convex function
from H into R. Moreover, it follows that

62(u) = g — Fully + 6(J5w) = SN @Ol + o).
Furthermore, the following (1)-(3) hold.
(1) D1 (dr) = (Oud)x, where By (¢y) is the subdifferential (Fréchet derivative) of ¢y.
(2) o(JPu) < oa(u) < d(u) for allu € H and X > 0.



(3) oa(u) — ¢(u) as A — +0 for allu € H.

As for evolution problems generated by subdifferential operators, we often use the
following chain rule for subdifferential operators.
Proposition 2.2 Let ¢ € ®(X) and let u € W'(0,T; X) with p € (1,400). Suppose
that there exists g € LY (0,T; X*) such that g(t) € Ox¢(u(t)) for a.e. t € (0,T). Then
the function t — ¢(u(t)) is differentiable for a.e. t € (0,T) and the following holds true.

d du
%gb(u(t)) = <h(t), dt(t)>X Vh(t) € Oxp(u(t)), for a.e. t € (0,T).

Furthermore, for all ¢ € ®(X), we can define the functional ¥ on X' := L*(0,7T; X)
with p € (1, 400):

[ otua it otu()) € L'0.T),
+00 otherwise.

Then we note that for all u € X and f € X™, it follows that f € Jx¥(u) if and only if
f(z) € Oxo(u(x)) for a.e. z € Q.

Finally, we recall the closedness of graphs of maximal monotone operators. Through-
out this paper, we use the same letter A for the graph of A.

U(u) =

Proposition 2.3 Let A be a mazimal monotone operator from X into X* and let [u,, &,] €
A. Moreover, suppose that
U, — u weakly in X, &, — & weakly in X, limsup(&,, u,)x < (§,u)x.

n—-4o0o

Then [u,&] € A and (§n, un)x — (&, u)x.

3 Reduction of (NHE) to an Evolution Equation

In order to employ nice properties of subdifferential operators described in the last section
and construct a solution of (NHE), we reduce (NHE) to an evolution equation governed
by the difference of two subdifferential operators in an appropriate reflexive Banach space.
Now suppose that 2N/(N 4 2) < p and ¢ < p*. Then it is easily seen that W,7(Q) C
L2(Q) ¢ W=H(Q), WoP(Q) C L) with continuous and densely defined canonical
injections.
Moreover, we define the functionals @, 1, : Wy (Q) — [0, +00) in the following;:

! P - u(x)|%dx Vu 1P
pplw) = [ IVu@)Pde, yw) = [ fu()lfde Vu e Wi?(0),

Then ¢, and 1, belong to ®(W,*(Q)), and furthermore Oy ¢p(u) and 8W3,pwq(u) coin-
cide with —A,u equipped with homogeneous Dirichlet boundary condition u|gsq = 0 and
|u|72u, respectively, in the sense of distribution. Thus putting u(t) := u(-,t) € Wy*(Q),
we can reduce (NHE) to the following Cauchy problem:

(cP),, { 1) + 020 (ul1)) — Bypotiult)) = (1) i W(Q), 0<t<T,



4 Abstract Theory

In this section, we establish an abstract theory on evolution equations governed by the
difference of two subdifferential operators in reflexive Banach spaces to verify the existence
of solutions for (CP) .

Let V and let V* be a reflexive Banach space and its dual space, respectively, and
suppose that there exists a Hilbert space H whose dual space H* is identified with H
such that V C H = H* C V* with continuous and densely defined canonical injections.

Now we consider the following Cauchy problem:

(CP) Cf;(@ + vt (u(t)) = dv*(u(t)) 3 f(8) I V7, 0<t<T,

u(0) = uyp,

where dy¢" (i = 1,2) denote the subdifferential operators of ' € ®(V) and f: (0,T) —
V*. Solutions of (CP) are defined in the following;:

Definition 4.1 A function v € C([0,S]; H) is said to be a strong solution of (CP) on
0, 5], if the following conditions are satisfied:

(i)  w(t) is a V*-valued absolutely continuous function on [0, S].

(i) wu(t) — wg strongly in H as t — +0.

(iii) u(t) € D(Oye") N D(Oyvy?) for a.e. t € (0,9)

and there exist sections g'(t) € dy¢'(u(t)) (i = 1,2) such that
d

(4. 1) d—?(t) + gl (t) — g3(t) = f(t) in V* for ace. t € (0,9).
Furthermore, a function u € C([0,5); H) is said to be a strong solution of (CP) on [0,.5),
if u is a strong solution of (CP) on [0, 7] for any 7 < S.

Throughout the present paper, we denote by C' a non-negative constant, which may
vary from line to line, and £ denotes the set of all non-decreasing functions from [0, +00)
into itself.

First, we treat the case where ug € D(p'). To state results on the existence of solutions
for (CP), we introduce the following assumptions: Let p € (1,+00) be fixed.

(A1) |ulfy — Cilul?} — Cy < Csp'(u) Yu € D(¢!) for some Cy, Cy, Cy > 0.

(A2) D(p') C D(9yp?). Furthermore, if {u,} is a sequence such that
S 10 (un(t))|dt + SUPyeio.7) [Un(t) | + i |du, (t) /dt|y-dt is bounded, then for
every gn() € Ovp?(un(+)), {gn} becomes a precompact subset in L¥ (0, T; V*).

(A3) There exists an extension @ € ®(H) of p?, ie., p*(u) = p*(u) YVu €V,
such that ¢! (Jyu) < €1 (o' (u) + €a(Julm)) YA € (0,1], Yu € D(p'),
where ¢; € L (i = 1,2) and Jy denotes the resolvent of dy@?*.

(Ad) ©*(u) < kpl(u) + Cylul} + Cs Yu € D(p') for some k € [0,1), Cy,C5 > 0.



Theorem 4.2 (Akagi-Otani [2]) Assume that (A1), (A2), (A3) and (A4) hold. Then
for all ug € D(¢") and f € W' (0,T;V*), (CP) has a strong solution u on [0,T)] satis-
fying:

u € Cu([0,T; V)N WL2(0,T; H),
u(t) € D(Ove') N D(Ovy?)  for ae. t € (0,T),
g' € L*(0,T; V™), g¢* € C([0,T]; V™)

s P(0) < oo, @ul) € c(0,17),

(4. 2)

where g* (i = 1,2) are the sections of Oy @' (u(-)) satisfying (4. 1) and C,([0,T]; V') denotes
the set of all V-valued weakly continuous functions on [0,T].

In order to prove Theorem 4.2, we introduce the following approximate problems:

(CP), { d;?(t) + 0ol (ua(t)) — g @i (ua(t)) 2 fr(t) in H, 0<t<T,
ux(0) = uy,

where ¢k is the extension of ' given by

1 .
1 o o'(u) if ueV,
¢W)"{+m if ue H\V,

and @3 denotes the Moreau-Yosida regularization of @2, and f, € C*([0,T]; H) satisfies
fr — f strongly in W' (0,7;V*). By Proposition 2.1, dy@3 is Lipschitz continuous
in H, so (CP), admits a unique strong solution uy on [0,7]. Moreover, multiplying
(CP), by dux(t)/dt and integrating this over (0,t), by virtue of Proposition 2.2, we can
deduce from (A4) that [ |dux(t)/dt|?, dt + supco7 ¢ (ua(t)) < C, which together with
(A1) and (A3) implies that uy and Jyuy are bounded in L>(0,7; V). Furthermore, we
can derive the convergence of uy as A — +0; moreover, Proposition 2.3 ensures that
the limit becomes a strong solution of (CP) on [0, 7], where we also used the fact that
Or @5 (ua(t)) € Ou@*(Jyux(t)) (see [2] for more details).

Moreover, we can verify the existence of local (in time) solutions of (CP) without
assuming (A4), which seems to be somewhat restrictive from the aspect of applications
to (NHE).

Theorem 4.3 (Akagi-Otani [2]) Assume that (A1), (A2) and (A3) hold. Then for all
ug € D(¢') and f € WY(0,T;V*), there exists a number Ty € (0,T] such that (CP) has
a strong solution u on [0, Ty] satisfying (4. 2) with T replaced by Ty.

As for the global (in time) existence, we introduce the following.
(AB)  ap'(u) < (§—n,u) +L3(¢*(w) - @' (u) V[u,&] € Ovep', V[u,n] € vy,

where o > 0 and ¢3 denotes a non-decreasing continuous function from [0,4+00) to R
satisfying ¢3(0) = 0. Then we have:



Theorem 4.4 (Akagi-Otani [2]) In addition to all the assumptions in Theorem 4.3,
assume that C; = Cy = 0 in (A1), p? > 0 and (AbD) is satisfied. Let &y be a positive
number such that l3(5g) < a. Then, for all R > 0, there exists a positive number égr such
that for all T > 0 and (ug, f) belonging to

Xg};’R = {(uo,f) € D(gpl) X Wl’p,(O,T; V*);

p/
dr S R7 (,02<U0) < 507
Vo

1/p
17T} < 5R}7

df

o) + [ 1Edr+ [

p/
V*

|uol s + {max (1, ;) II£¢)

where

v dr if T < 1,

NG

= t

i sup [ 1f(7)
te[1,T] /t—1

p/
V*

I1£¢)

vdr if T >1,

(CP) has a strong solution u on [0,T] satisfying (4. 2).

Secondly, we also deal with the case where u € D((pl)H. To this end, let us introduce
the following.

(A6) There exists ¢4 € L such that

€. < Callulm) {&' (w) + 1} V]u, ] € e,

(A7) For all € > 0, there exists a constant C. > 0 such that

0. < ep'(u) + Culs(uly) Vu,n) € Oye?, where U5 € L.

As for time-local existence, we have:

Theorem 4.5 Suppose that (A1), (A2), (A3), (A6) and (A7) are satisfied. Moreover,

assume that dg@*(0) 0, where ¢* is given by (A3). Then for all uy € D(gpl)H and
f e Lr(0,T;V*) with p > p/, there exists a number Ty = To(|uo|m, || fl|Leo.r;v+)) € (0, 7]
such that (CP) admits at least one strong solution u on [0, To] satisfying

4. 3) { u € LP(0,Ty; V) N C([0, Tp): H) n WH'(0, Ty; V*),

gla 92 € Lp'(()’ T07 V*>7 ()01<u())7 ¢2<u()) € Ll(()? TO)?
where g' (i = 1,2) are the sections of Oy ' (u(-)) satisfying (4. 1).
Proof of Theorem 4.5 Let us introduce the following Cauchy problems:

du,

(cp) {dgw+m¢ww»mwwm»ah®HW¢ 0<t<T,

U,n(O) = UQ,n,



where ! : V — (—o00, +00] is defined as follows

1 .
1 o ¢! (u) if |ulg <,
() = { +00 otherwise

for an enough large number r € R satisfying |ug|g < r and D(p}) # 0, and f, €
W0, T; V*) and ug,, € D(¢") satisfy
(4. 4) fo— f  strongly in L¥ (0, T; V*) and weakly in L°(0,T; V™),
(4. 5) U — Ug strongly in H.

In the rest of this proof, we denote by C). a constant depending on r but independent
of n, which may vary from line to line.

It is easily seen that (A1) and (A2) hold with ¢! replaced by o!. Since dx@*(0) 3 0, we
note that J,0 = 0, where Jy denotes the resolvent of dg@? (see (A3)); hence it follows that
| Jyulg < |ulg for all w € H. Therefore, by (A3), it follows that p:(Jyu) = o' (Jyu) <

01 () + (Julw)) = €1 (@ (u) + l(Julg)) for all u € D(p)). Hence (A3) is satisfied
with ¢! replaced by ¢!. Moreover, we can deduce from (A7) that

1 1
©*(u) < @*(0) + (n,u) < iwl(U) +C, = 5#(@0 +C, Yue D(g,),

where n € dyp?(u). Thus Theorem 4.2 ensures the existence of strong solutions w,, for
(CP),,, on [0,T]. Since un(t) € D(p;) for all t € [0,T7, it follows immediately that

(4. 6) sup |u,(t)|lg < 1
te[0,T

Now multiplying (CP), , by u,(t) — v, for some vy € D(i}), we get by (A1) and (A7),

1d
5&’%(75) — vol3r + op (un(t))

< (w0) + 12D lun®) — voly + [fal®)ly-ua(®) — voly
< ho) + 5 () + Gt C (IFulE- + ool

V*

where g2 (t) denotes the section of dyp?(u,(t)) as in (4. 1). Hence

d
;dtlun(t)—vo!%+;sol(un(t>) < @p(v0) + G+ C (1falt)

for a.e. t € (0,T). Moreover, integrating this over (0,t), we obtain

7. + [volt)

@1 gl —wly 4y [ (s

1

t /
< Sluon = vl + { e wo) + Clooly + G}t +C [ 1fu(r)-dr.

Since {ug,} and {f,} are bounded in H and L (0,T;V*), respectively, by Proposition
2.1 of [3, Chap. II], we have

(@ 8 [ e el < .,



which together with (A1) yields
T
(4. 9) / un(W)dt < O,
0
Moreover, by (A1), it follows from (4. 7) that

1 1
lual®) =l + 5o [ () r

1 4 Cy
< luon = vofl + {oh(uo) + Clunft + 5517+ 52+ C, e
T p'/p /
C ( / | £(7) Pv*d7> o=/,
0
Now determine r such that
1 9 2
(4. 10) §|uo—U0|H < 1(7"— |vol 1)

and take a positive number 7 € (0,7 depending on r and || f||ze(,r;v+) such that
4 C
{0 + Cluolf + 51+ 22+ G T

2C’ 2CY5
ve ([ 1o

Hence there exists No € N such that sup,cp ) |
(u

p'/p () 1 )
'€/*d7'+1> Top piie < Z(T_|'UO‘H> .

U, (t)|g < r for all n > Nj.
Iyt (u) if u € D(Ovy,) and |ulg < r
o(t)) for all t € [0,Tp] and n > Ny.

Noting that u € D(dye') and dypl(u) =
(see [5]), we deduce that Ay ! (u,(t)) = Oy
Furthermore, by (A6), we have

T /
(4. 11) [ lakwlae < ¢,
0

where gl (t) := f,.(t) — du,(t)/dt + g>(t). By (A7), it follows from (4. 6) and (4. 8) that

T /
(4. 12) | lgk@r.a < c..
0
From the fact that du,(t)/dt := f,.(t) — g}(t) + g2(t), we also find that
To | du v
4.1 [M5mw] a < o
(4. 13) "G @< c

By grace of these a priori estimates, we can take a subsequence {n’} of {n} such that
(4. 14) uy — uw  weakly in LP(0,T; V) N Wl’p/(O,TO;V*),

(4. 15) gt — ¢g'  weakly in LF'(0,Ty; V*),
(4. 16) g% — ¢* weakly in LF'(0,Ty; V*).



Hence u € C([0,Ty]; H). Moreover, we claim that
(4. 17) up(t) — w(t) weakly in V* for all t € [0, Tp].

Indeed, for any ¢ € (1,+00), we can take a subsequence {n;} of {n'} such that u,, — u
weakly in L7(0,¢; V*) for all t € [0, Ty]; therefore we see

lu = wollzooivy < liminf fum, — o lzooeve)

ng—+00

t| rm dugy q 1/q / 1/q
lim inf / / Wi yds| arl <o (P Ap+i/a
ni—+oo | Jo |Jo ds e p+q

Thus letting ¢ — +00, we obtain sup, ¢ [u(7) — uglv- < CYP' /P which implies that
u(t) — wp strongly in V* as t — +0. Moreover, we find that

(U () —u(t),¢) = /Ot <d§:, (1) — ;h;(T), ¢>> dr + (ug — ug, ¢)

— 0 asn' —+oc0 forall g €V,

which implies (4. 17). Furthermore, by (4. 6), for every ¢t € [0,Tp], we can extract a
subsequence {n}} of {n'} such that

(4. 18) U (t) — u(t) weakly in H.
Now, by (A2), it follows that
(4. 19) g2 — ¢* strongly in L (0, Ty; V*).

Therefore, by Proposition 2.3, it follows from (4. 14) and (4. 19) that ¢*(t) € v ¢*(u(t))
for a.e. t € (0,Tp).
We next claim that g'(t) € dyp'(u(t)) for a.e. t € (0,Tp). Indeed, calculating

[ 00, w0
= /()T()(fn’(t),un/(t»dt— /0 " <ds;/ (t),un,(t)>dt+ /0 PR (1), (1))t

7o 1 2 1 2 o,
S A R ) Y P8 P A R Y O s

we infer
To
limsup [ (g5 (), u. (t))dt
0

n’—-+o0

< [~ ST+ ol + [ g0, u(e)de

0

= [ {0 G+ #oa )



Hence, by Proposition 2.3, it follows from (4. 14) and (4. 15) that

du

_ E(t) + g*(t) € Oy (u(t)) for a.e. t € (0,Tp).

g'(t) = f(t)
Finally, we prove that the limit u satisfies the initial condition, i.e., u(t) — ug strongly
in H as t — +0. To this end, we employ the following auxiliary problem:

d
(CP), di;(t) Fovetw®) 3 fO) i VE, 0<t<T, v(0)=up.
By (A1) and (A6), the existence of a unique strong solution v is ensured by Theorem 3.2
of [1]; moreover, v belongs to v € LP(0,T; V)N C([0,T); H) N W' (0,T;V*).
Now multiplying (CP),. . —(CP)o by wn(t) := un(t)—v(t) and noting that dy; (un(t)) =
Ot (u,(t)) for all ¢ € [0,Ty] and n > Ny, we find that

1d

§%|wn(t)|?{ < ga(t)|v- Ve

wn )y + [fn(t) = f(2)

wa(t)|v

for a.e. t € (0,7y). Therefore, by (A1) and (A7), for any € > 0, there exists a constant
C. depending on ¢ such that

1d

5ol < e {@! (wa®) + lun O + @O} + C{|£alt) = £(1)

T.+1}.
Hence integrating this over (0,t), we get

1 1 T T T
SO < gluon =l + e { [ 1l + [+ [ o]

+C. {/OT|fn(T) — f(r) {’/'*dfqtt}.

Thus (4. 8) and (4. 9) yield

T /
nf < Tu =l +2C +26 [ 10 - SOt 44},

Since wyy (t) — u(t) — v(t) weakly in H, it follows from (4. 4) and (4. 5) that

lu(t) —v(®)h < liminf|w, (6)[F < eC + 2C:t.

ny—+0o

Hence u(t) — wug strongly in H as t — +0. Consequently, u becomes a strong solution of
(CP) on [0, Tp]. y

Before describing the results on the global (in time) existence, we prepare the following
lemma concerned with the maximal existence time of solutions for (CP) defined by

Tinae = sup{Tp € (0,7]; (CP) has a strong solution on [0, Tp]} .

By virtue of Theorem 4.5, we can verify the following lemma.



Lemma 4.6 Let T4, be the mazimal existence time of solutions for (CP) and suppose
that Tpyee < T. Then it follows that limy_ 7, . ¢ |u(t)|g = +oc.

As for the global existence, our result is stated as follows.

Theorem 4.7 In addition to the same assumptions as in Theorem 4.5, suppose that

(A8) There exist constants o > 0 and Cg > 0 such that
ap'(u) < (€ —n,u) +Cs (Julfy + 1) VIu, & € dve', Vn € dv’(u).

Then (CP) has a strong solution u on [0,T] satisfying (4. 3) with Ty = T.

Proof of Theorem 4.7 Let T,,,, be the maximal existence time of solutions for (CP)
and suppose that T,., < T. Moreover, let u be a strong solution of (CP) on [0, T}uuz)-
Then multiplying (CP) by u(t), we get by (AS8),

S u®)f + ap' () < F@)vlu®)lv + Co (Jult)} +1)

for a.e. t € (0, Trnaz). Moreover, (A1) implies

1d Q /
SO+ S wn) < C (TR + Ol + 1)
Hence integrating this over (0,t), by Proposition 2.1 of [3, Chap. II] and Gronwall’s
inequality, we have sup,eior,...) [u(t)|lr < C, which contradicts Lemma 4.6; therefore,
(CP) admits a strong solution on [0, 77]. g

Furthermore, we can also derive the global existence by assuming an additional growth
condition on 0y ¢? and the smallness of 1y and f in an appropriate sense.

Theorem 4.8 In addition to the same assumptions as in Theorem 4.5, suppose that
©*0) =0, l5(z) = o(z?) as x — 0 in (A7), and C; = Cy =0 in (Al). Then there exists
a constant § > 0 independent of T such that for any f € L (0,T;V*) and uy € D(cpl)H
satisfying |uolg + H]f()]’{;]ﬁ/; < &, where |||f()|0-|l.r is given in Theorem 4.4, (CP)
admits a strong solution u on [0,T) satisfying (4. 3) with Ty =T.

Proof of Theorem 4.8 Let T),,, be the maximal existence time of solutions for (CP)
and let u be a strong solution of (CP) on [0, T},4.). Now suppose that T, < T. By
Lemma 4.6, it then follows that |u(t)|g — +o00 as t — Tpez — 0.

Multiply (CP) by u(t). By (A1) with C; = Cy = 0 and (A6), we have

S @ + e () < 0 (0)+ /(1) u(t)lv

w(®)ly + lg*(1)
< M) + C{IFO]- + (]}

Since V' is continuously embedded in H, by (Al) with C; = Cy = 0, it follows that

% %

1d

(4. 20) S U+l < {17

Ve + 6(|u(t)|n) }



for some positive constant v independent of T'.
From the fact that ¢5(x) = o(z”) as © — 0, there exists a constant dp > 0 such that
(4. 21) 0s(z) < %x” Vz € [0, ).
Now, if |uglg < 0¢/2, then there exists T, € (0,Tna,) such that |u(t)|y < dp for all
t €10,Ty) and |u(T.)|g = do. Hence combining (4. 20) and (4. 21), we obtain
d Y /

SO+ Tl < CLWR-
for a.e. t € (0,7.), where v and C are independent of T,. Hence, by Lemma 4.4 of [1],
there exists a positive constant § < dy/2 independent of T, such that if

/p

ol + |1 () 5,

then sup;ep 1, [u(t)|r < 3d0/4, which contradlcts the definition of 7. Thus Tye. =T g

V*

5 Applications to (NHE)

Now we apply the preceding abstract theory to (NHE) and derive sufficient conditions for
the existence of local or global (in time) solutions of (NHE).

5.1 The Case: uy € W,”(Q)

By grace of Theorems 4.2-4.4, we obtain the followings (see [2] for their proofs).
Theorem 5.1 (Akagi-Otani [2]) Assume that p < q and

(5. 1) 2N/(N+2)<p, q<p"

Then, for all ug € WyP(Q) and f € WY (0,T; W1 (Q)), there exists a number T €
(0,T] such that (NHE) has a weak solution u on [0, Ty] satisfying:

(5. 2) u € Cy([0, ToJ; W "(€2)) N C([0, Tol; L)) N WH(0, To; L*(€2)).

Theorem 5.2 (Akagi-Otani [2]) Assume (5. 1) holds and p < q. Let R be an arbitrary
positive number, and let § be a positive number such that § < C(p,q)~?/@P) where C(p, q)
denotes the best possible constant for the Sobolev-Poincaré-type inequality: |u|peq) <
C(p,q)|ulv. Then there exists a positive number ég independent of T' such that if ug and

f satisfy
Chualp -+ [ £

tolzsce) < 6, Juolzz(o) + {max (1, =) o

df

7_

dTSR,

V*

1/p
. )
v 1,T} < OR;

then (NHE) has a weak solution w on [0,T] satisfying (5. 2) with Ty replaced by T

Theorem 5.3 (Akagi-Otani [2]) Assume (5. 1) holds and p > q. Then, for all uy €
WyP(Q) and f € WY (0,T; W= (Q)), (NHE) has a weak solution u on [0,T] satisfying
(5. 2) with Ty replaced by T




5.2 The Case: uy € L*(Q)

As for the case where ug € L*(f2), we employ Theorems 4.5, 4.7 and 4.8.

Lemma 5.4 Assume that

(5. 3) 2N/(N+2)<p< N, q¢q<(N+2)p/N.

Then (A1), (A2), (A3), (A6) and (AT) hold true with p* = ¢,, ©* =1, and C; = Cy = 0.

Proof of Lemma 5.4. Since ¢,(u) = |[ul},/p, (Al) with C; = Cy = 0 and Cs =p
follows at once. Moreover, just as in [2], we can also verify (A3) with ¢! and ¢? replaced
by ¢, and 1), respectively.

Let [u, n] € Oy, be fixed. Then since (¢ — 1) < r(p* — 1) = p*, where r denotes the
Holder conjugate of the Sobolev critical exponent p*, i.e., r := (p*)’, we find that

|l u(@o(@de < Jult o lols Vo€ V.

Now, if (¢ — 1) > 2, then

1 1 1 1
(5-4)  Julpen < Clulpluly™, 0= <<_>/ (2‘>,

r(g—1) p* p*

r.< C|u|%q_l)p/gpp(u)(lf(’)(qfl)p//p. Since ¢ < (N + 2)p/N, it is easily

which implies |n
seen that

(5. 5) (1-0)(¢—1) < p—1=p/p.

Hence, for any € > 0, there exists a constant C. such that |n
where £4(-) is given by

(5. 6) le(x) = 2%V /o4 (1-0)(q—1)p/p=1.

Hence (A7) is satisfied with ¢5, ¢! and ? replaced by £, ¢, and 1,, respectively. On the
other hand, if r(q — 1) < 2, then |n[f. < Cluf5@™Y.
Let 4 € R and let u,, be such that

Ve < epp(u) + Colo(|uln),

T dun
[ eptuanae+ sup a0l + [ |5 <

te[0,7

Then since V' is compactly embedded in L%(£2), Theorem 5 of [11] ensures that {u,}
becomes precompact in LP(0,T; LI(S2)).
For the case where ¢ > 2, note that

519725 — |5'"25'| < (g—1) (Is|" >+ s/ |s = &

for all s,s" € R. Hence, if r(q¢ — 1) > 2, then recalling (5. 4), we obtain

[l 21, — ul %0

LY (0,T;V*)

1 9 2
< Cha (lunllSoony + Tull oot ) ltm =l §oo.oan 1 — ullSoo rery,



where C), o denotes a constant depending on 4, ¢, 0, a and sup,¢(o 7y [u(t)[z but not on n
and ¢, and a € (0,0] is given by a + (1 —0)(¢ —2) + (1 — 6) < p/p’. On the other hand,
if r(¢ — 1) < 2, then we have

™21, — ul "0

LP' (0,T;V*)
1 1
< C (lunll o mom) + el =20 7o) i = wll 2 o) 1t — wll o )
Now since ¢ > 2 and {u,} is precompact in LP(0,7; H); therefore we can verify that
{|un|?"u, } becomes precompact in L (0, T; V*).

For the case where ¢ < 2, we note that u, belongs to C([0,T]; L9(£2)); hence we can
easily derive the precompactness of {|u,|9 %u,} in L (0,T;V*). Consequently, (A2) is
satisfied with ¢! and ¢? replaced by ¢, and v, respectively.

Moreover, it is easily seen that (A6) is satisfied with ' replaced by ¢,. 1

Theorem 5.5 Suppose that (5. 3) is satisfied. Then for all ug € L*(Q) and f €
LP(0,T; W=HP'(Q)) with p > o, there exists a number Ty = Ty(|uo] L2, £l oo rm-10r)) €
(0,T] such that (NHE) has a weak solution u on [0, Ty] satisfying:

(5. 7) u € LP(0, Ty; Wy P(Q)) N C([0, Tp); LA(Q)) N WP (0, To; WP (Q)).

Proof of Theorem 5.5 Lemma 5.4 and Theorem 4.5 ensure the existence of weak
solutions for (NHE) on [0, Tp] for some T > 0. g

Theorem 5.6 Suppose that (5. 3) is satisfied and p < q. Then there exists a positive
number § independent of T such that if ug € L*(Q ) and f € LP(0,T; W=17(Q)) satisfy

/p

(5. 8) [uol 2oy + |IF -, <8

then (NHE) has a weak solution u on [0,T] satzsfymg (5. 7) with Ty replaced by T.

Proof of Theorem 5.6 We claim that (5. 6) implies {4(z) = o(2?) as x — 0; indeed,
since p < gq, it follows that d0(q — 1)p’ > p, where @ is given in (5. 4). Moreover, we also
note that p'(¢ — 1) > op’6(q¢ — 1). Furthermore, it is obvious that ¢,(0) = 0. Hence, by
Theorem 4.8, (NHE) admits a weak solution on [0, T'| for uy and f satisfying (5. 8). y

Theorem 5.7 Assume (5. 1) and g < p. Then for allug € L*(Q) and f € LP(0,T; W5 (Q))
with p > p', (NHE) has a weak solution u on [0,T] satisfying (5. 7) with Ty replaced by
T.

V*

Proof of Theorem 5.7 We here employ Theorem 4.7 to derive the global existence of
weak solutions on [0, 7] for (NHE). To this end, it suffices to show that (A8) holds with
o' and ¢? replaced by ¢, and v, respectively. Let [u,&] € dyp, and n = dy1),(u) be
fixed. Since g < p, it then follows that

1
_ — P _/ a4 >7/ Pdr —
€= = [ IVu()Pdo— [ ful)de = 5 [ [Vu@)Pde - ©
which implies the desired conclusion. g

Remark 5.8 We can also discuss the case where p > N by establishing further a priori
estimates for t(du,/dt) and t¢'(u,(t)) and using Gagliardo-Nirenberg’s inequality in the
proof of Theorem 4.5.
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