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1 Introduction

Several authors have already studied the convergence of the solutions for the following
initial-boundary value problem as well as generalized ones as p→ +∞.

(P)p





∂u

∂t
(x, t)−∆pu(x, t) = f(x, t), (x, t) ∈ Ω× (0, T ),

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

u(x, 0) = u0(x), x ∈ Ω,

where ∆p denotes the so-called p-Laplacian given by ∆pu := ∇ · (|∇u|p−2∇u) and Ω
denotes a domain in RN with smooth boundary ∂Ω. Their works were motivated by
a couple of physical topics, e.g., sandpile growth [3, 11], Bean’s critical-state model for
type-II superconductivity [6, 12, 13], river networks [11] and so on.

In order to investigate the asymptotic behavior of the solutions for (P)p as p→ +∞,

we point out the variational structure of p-Laplacian in L2(Ω), i.e. define ϕp : L2(Ω) →
[0,+∞] as follows:

ϕp(u) =





1

p

∫

Ω
|∇u(x)|pdx if u ∈ W 1,p

0 (Ω),

+∞ otherwise;

then the subdifferential ∂L2(Ω)ϕp(u) of ϕp at u in L2(Ω) coincides with −∆pu equipped
with the homogeneous Dirichlet boundary condition u|∂Ω = 0 in the sense of distribution
(the definition of subdifferentials will be given in Section 3).

Moreover it is well known that (P)p is reduced to the following Cauchy problem.





du

dt
(t) + ∂L2(Ω)ϕp(u(t)) = f(t) in L2(Ω), 0 < t < T,

u(0) = u0.
(1)

According to [3] and [6], the strong solutions up of (1) converge to u∞ as p → +∞ and
the limit u∞ becomes the unique strong solution of the following Cauchy problem.





du

dt
(t) + ∂L2(Ω)ϕ∞(u(t)) 3 f(t) in L2(Ω), 0 < t < T,

u(0) = u0,

where ϕ∞ : L2(Ω) → [0,+∞] is given by

ϕ∞(u) =





0 if u ∈ K,
+∞ otherwise

with

K :=
{
u ∈ H1

0 (Ω); |∇u(x)| ≤ 1 for a.e. x ∈ Ω
}
.



Then one may conjecture that ϕp converges to ϕ∞ in a sense as p→ +∞; however rigorous
proof of this conjecture has not been provided yet.

In this paper, we prove that ϕp converges to ϕ∞ in the sense of Mosco as p → +∞.
Moreover by employing the abstract theory of Mosco convergence of functionals as well
as evolution equations governed by subdifferentials developed by Attouch (see e.g. [5]),
we also discuss the convergence of the solutions for (1) as p→ +∞. Furthermore we deal
with a couple of other types of quasilinear parabolic equations as well.

2 Mosco Convergence of ϕp as p→ +∞
From now on, we denote by Ψ(X) the set of all proper lower semi-continuous convex
functionals φ from a Hilbert space X into (−∞,+∞], where “proper” means that φ 6≡
+∞. Now Mosco convergence is defined in the following

Definition 2.1. Let (ϕn) be a sequence in Ψ(X) and let ϕ ∈ Ψ(X). Then ϕn → ϕ on X
in the sense of Mosco as n→ +∞ if the following (i) and (ii) are all satisfied :

(i) For all u ∈ D(ϕ), there exists a sequence (un) in X such that un → u

strongly in X and ϕn(un) → ϕ(u).

(ii) Let (uk) be a sequence in X such that uk → u weakly in X as k → +∞ and

let (nk) be a subsequence of (n). Then lim inf
k→+∞

ϕnk
(uk) ≥ ϕ(u).

Our main result is then stated as follows.

Theorem 2.2. Suppose that Ω is bounded and let (pn) be a sequence in (1,+∞) such
that pn → +∞ as n→ +∞. Then it follows that

ϕpn → ϕ∞ on L2(Ω) in the sense of Mosco as pn → +∞.

Proof We first prove that

{
∀u ∈ D(ϕ∞), ∃(un) ⊂ L2(Ω);
un → u strongly in L2(Ω) and ϕpn(un) → ϕ∞(u) as n→ +∞.

(2)

Let u ∈ D(ϕ∞) = K and set un := u for all n ∈ N. Then since K ⊂ W 1,pn
0 (Ω) for all

n ∈ N, it follows immediately that

0 ≤ ϕpn(un) =
1

pn

∫

Ω
|∇u(x)|pndx

≤ 1

pn

|Ω| → 0 = ϕ∞(u) as pn → +∞.

Hence (2) holds.



We next show that



∀(uk) ⊂ L2(Ω) satisfying uk → u weakly in L2(Ω) as k → +∞,
∀(nk) ⊂ (n), lim inf

k→+∞
ϕpnk

(uk) ≥ ϕ∞(u).(3)

For the case where u ∈ D(ϕ∞) = K, it is easily seen that

lim inf
k→+∞

ϕpnk
(uk) ≥ 0 = ϕ∞(u).

For the case where u 6∈ K, we give a proof by contradiction. To do this, suppose that

∃(uk) ⊂ L2(Ω), ∃(nk) ⊂ (n); uk → u weakly in L2(Ω) as k → +∞,

lim inf
k→+∞

ϕpnk
(uk) < ϕ∞(u) = +∞.

Then by taking a subsequence (k′) of (k), we can deduce

ϕpnk′
(uk′) ≤ C ∀k′ ∈ N,

which implies

(∫

Ω
|∇uk′(x)|pnk′ dx

)1/pnk′ ≤
{
pnk′ϕpnk′

(uk′)
}1/pnk′

≤ (pnk′C)1/pnk′ → 1 as k′ → +∞.

For simplicity of notation, we write p and up for pnk′ and uk′ respectively. Moreover it
follows that

(∫

Ω
|∇up(x)|qdx

)1/q

≤
(∫

Ω
|∇up(x)|pdx

)1/p

|Ω|(p−q)/(pq)

→ |Ω|1/q as p→ +∞,

which implies that (∇up) is bounded in (Lq(Ω))N . Thus for each q ∈ (1,+∞), we can
take a subsequence (pq) of (p) such that

∇upq → ∇u weakly in (Lq(Ω))N .

Moreover we can derive u ∈ H1
0 (Ω) from the case where q = 2. In the rest of this proof,

we drop q in pq. Furthermore it follows that

(∫

Ω
|∇u(x)|qdx

)1/q

≤ lim inf
p→+∞

(∫

Ω
|∇up(x)|qdx

)1/q

≤ lim inf
p→+∞

(∫

Ω
|∇up(x)|pdx

)1/p

|Ω|(p−q)/(pq)

≤ lim
p→+∞(pC)1/p|Ω|(p−q)/(pq) = |Ω|1/q.

Hence letting q → +∞, we conclude that

|∇u(x)| ≤ 1 for a.e. x ∈ Ω,



which contradicts the fact that u 6∈ K; therefore (3) holds true. [Q.E.D.]

Remark 2.3. Theorem 2.2 is still valid if ϕp and ϕ∞ are replaced by the following ψp

and ψ∞ respectively:

ψp(u) =





1

p

∫

Ω
|∇u(x)|pdx+

∫

∂Ω
j(u(x))dΓ if u ∈ W 1,p(Ω), j(u(·)) ∈ L1(∂Ω),

+∞ otherwise

and

ψ∞(u) =





∫

∂Ω
j(u(x))dΓ if u ∈ K̃, j(u(·)) ∈ L1(∂Ω),

+∞ otherwise,

where j ∈ Ψ(R) and K̃ is given by

K̃ :=
{
u ∈ L2(Ω); |∇u(x)| ≤ 1 for a.e. x ∈ Ω

}
.

We here note that ψp and ψ∞ belong to Ψ(L2(Ω)) and ∂L2(Ω)ψp(u) coincides with −∆pu
equipped with the following boundary condition:

−|∇u|p−2 ∂u

∂n
(x) ∈ ∂Rj(u(x)), x ∈ ∂Ω(4)

in the distribution sense.

3 Asymptotic Behavior of Solutions as p→ +∞
In order to investigate the convergence of the solutions for (P)p as p→ +∞, we first deal
with the following abstract Cauchy problem denoted by CPH(ϕ, f, u0) in a Hilbert space
H.

CPH(ϕ, f, u0)





du

dt
(t) + ∂Hϕ(u(t)) 3 f(t) in H, 0 < t < T,

u(0) = u0,

where ∂Hϕ denotes the subdifferential of ϕ ∈ Ψ(H), f ∈ L1(0, T ;H) and u0 ∈ H.
We here review the definition of subdifferentials. Let X be a Hilbert space and let

φ ∈ Ψ(X). The subdifferential ∂Xφ(u) of φ at u in X is then defined as follows:

∂Xφ(u) := {ξ ∈ X;φ(v)− φ(u) ≥ (ξ, v − u)X ∀v ∈ D(φ)} ,

where (·, ·)X denotes the inner product of X and D(φ) is the effective domain of φ given
by

D(φ) := {u ∈ X;φ(u) < +∞}.



Moreover the domain D(∂Xφ) of ∂Xφ is defined by

D(∂Xφ) := {u ∈ D(φ); ∂Xφ(u) 6= ∅}.

Now solutions of CPH(ϕ, f, u0) are defined as follows.

Definition 3.1. A function u ∈ C([0, T ];H) is said to be a strong solution of CPH(ϕ, f, u0),
if the following (i)-(iii) are all satisfied :

(i) u is an H-valued absolutely continuous function on [0, T ].

(ii) u(t) ∈ D(∂Hϕ) for a.e. t ∈ (0, T )

and there exists a section g(t) ∈ ∂Hϕ(u(t)) such that

du

dt
(t) + g(t) = f(t) in H for a.e. t ∈ (0, T ).

(iii) u(0) = u0.

Moreover a function u ∈ C([0, T ];H) is said to be a weak solution of CPH(ϕ, f, u0) if
there exist sequences (fn) ⊂ L1(0, T ;H), (u0,n) ⊂ H and (un) ⊂ C([0, T ];H) such that
un is the strong solution of CPH(ϕ, fn, u0,n), fn → f strongly in L1(0, T ;H) and un → u
strongly in C([0, T ];H).

It is well known that CPH(ϕ, f, u0) has a unique strong (resp. unique weak) solution

if u0 ∈ D(ϕ) and f ∈ L2(0, T ;H) (resp. u0 ∈ D(ϕ)
H

and f ∈ L1(0, T ;H)) (see e.g.
Brézis [7], [8], Kenmochi [10]).

We next discuss the convergence of the solutions un for CPH(ϕn, fn, u0,n) when ϕn → ϕ
on H in the sense of Mosco, fn → f strongly in L2(0, T ;H) and u0,n → u0 strongly in H
as n → +∞. To this end, we employ the following theorem, whose proof can be found
in [4] and [5].

Theorem 3.2. Let ϕn, ϕ ∈ Ψ(H) be such that

ϕn → ϕ on H in the sense of Mosco as n→ +∞.

Moreover let fn, f ∈ L2(0, T ;H) be such that

fn → f strongly in L2(0, T ;H)

and let u0,n ∈ D(ϕn)
H

and u0 ∈ D(ϕ)
H

be such that

u0,n → u0 strongly in H.

Then the weak solutions un of CPH(ϕn, fn, u0,n) converge to u as n→ +∞ in the following
sense:

un → u strongly in C([0, T ];H),
√
t
dun

dt
→
√
t
du

dt
strongly in L2(0, T ;H).



Moreover the limit u is the unique weak solution of CPH(ϕ, f, u0).
In particular, if ϕn(u0,n) → ϕ(u0) < +∞ as n → +∞, then the limit u becomes the

strong solution of CPH(ϕ, f, u0) and

dun

dt
→ du

dt
strongly in L2(0, T ;H).

We are now concerned with solutions of (P)p defined as follows.

Definition 3.3. A function u ∈ C([0, T ];L2(Ω)) is said to be a strong solution of (P)p,
if the following (i)-(iii) are all satisfied :

(i) u is an L2(Ω)-valued absolutely continuous function on [0, T ].

(ii) u(t) ∈ W 1,p
0 (Ω) for a.e. t ∈ (0, T ) and the following equality holds:

∫

Ω

∂u

∂t
(x, t)v(x)dx+

∫

Ω
|∇u|p−2∇u(x, t) · ∇v(x)dx =

∫

Ω
f(x, t)v(x)dx

for all v ∈ C∞0 (Ω) and a.e. t ∈ (0, T ).

(iii) u(0) = u0.

Moreover a function u ∈ C([0, T ];L2(Ω)) is said to be a weak solution of (P)p if there

exist sequences (fn) ⊂ L1(0, T ;L2(Ω)), (u0,n) ⊂ L2(Ω) and (un) ⊂ C([0, T ];L2(Ω)) such
that un is the strong solution of (P)p with u0 and f replaced by u0,n and fn respectively,

fn → f strongly in L1(0, T ;L2(Ω)) and un → u strongly in C([0, T ];L2(Ω)).

Then (P)p is reduced to CPL2(Ω)(ϕp, f, u0). Hence we deal with CPL2(Ω)(ϕp, f, u0)
instead of (P)p in the rest of this section. We now discuss the convergence of the solutions

up for CPL2(Ω)(ϕp, fp, u0,p) when fp → f strongly in L2(0, T ;L2(Ω)) and u0,p → u0 strongly
in L2(Ω) as p→ +∞. On account of Theorems 2.2 and 3.2, we have the following

Theorem 3.4. Suppose that Ω is bounded and let (pn) be a sequence in [2,+∞) such
that pn → +∞ as n → +∞. Moreover let fn, f ∈ L2(0, T ;L2(Ω)), u0,n ∈ L2(Ω) and
u0 ∈ K be such that

fn → f strongly in L2(0, T ;L2(Ω)),

u0,n → u0 strongly in L2(Ω).

Then the weak solutions un of CPL2(Ω)(ϕpn , fn, u0,n) converge to u as n → +∞ in the
following sense:

un → u strongly in C([0, T ];L2(Ω)),
√
t
dun

dt
→
√
t
du

dt
strongly in L2(0, T ;L2(Ω)).

Moreover the limit u is the unique weak solution of CPL2(Ω)(ϕ∞, f, u0).
In particular, if (1/pn)

∫
Ω |∇u0,n(x)|pndx → 0 as n → +∞, then the limit u becomes

the strong solution of CPL2(Ω)(ϕ∞, f, u0) and

dun

dt
→ du

dt
strongly in L2(0, T ;L2(Ω)).



Proof By Theorem 2.2, we have already known that ϕpn → ϕ∞ on L2(Ω) in the sense
of Mosco as pn → +∞. Hence Theorem 3.2 completes the proof. [Q.E.D.]

Remark 3.5. (1) In [6], they prove the strong convergence of strong solutions up for
CPL2(Ω)(ϕp, f, u0) in C([0, T ];L2(Ω)) when f ∈ L2(0, T ;L2(Ω)) and u0 ∈ K. On the other
hand, noting that

1

p

∫

Ω
|∇u0(x)|pdx ≤ 1

p
|Ω| → 0 as p→ +∞,

we find that ϕp(u0) → ϕ∞(u0) as p → +∞; hence we can derive the strong convergence
of up in W 1,2(0, T ;L2(Ω)) from Theorem 2.2. From this observation, our approach would
have the advantage over previous studies.

(2) On account of Remark 2.3, the same conclusion as in Theorem 3.4 can be drawn
for (P)p with the boundary condition (4), which is transcribed as CPL2(Ω)(ψp, f, u0). For
this case, CPL2(Ω)(ψ∞, f, u0) corresponds to the limiting problem of CPL2(Ω)(ψp, f, u0) as
p→ +∞.

4 Applications to Other Equations

Our argument in the proofs of Theorems 2.2 and 3.4 is also valid for other types of
quasilinear parabolic equations; in this section, we give a couple of examples. First we
deal with the following parabolic system.

(P)p





∂u

∂t
(x, t) +∇×

{
|∇ × u|p−2∇× u(x, t)

}
= f(x, t), (x, t) ∈ Ω× (0, T ),

∇ · u(x, t) = 0, (x, t) ∈ Ω× (0, T ),

u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ),

u(x, 0) = u0(x), x ∈ Ω,

where u : Ω × (0, T ) → R3 and Ω denotes a simply connected bounded domain in R3

with smooth boundary ∂Ω. In [13], H-M. Yin et al have already studied the asymptotic
behavior of solutions for (P)p with another type of boundary condition as p → +∞.
Their work is motivated by Bean’s critical-state model for type-II superconductivity and
its approximation.

To reformulate (P)p, we introduce

Lp(Ω) := (Lp(Ω))3, 1 < p < +∞, L2
σ(Ω) := C∞

0,σ(Ω)
L2(Ω)

,

H1(Ω) := (H1(Ω))3, H1
0,σ(Ω) := C∞

0,σ(Ω)
H1(Ω)

,

where C∞
0,σ(Ω) := {u ∈ (C∞0 (Ω))3;∇ · u = 0}, with norms

|u|Lp(Ω) :=
(∫

Ω
|u(x)|pdx

)1/p

, |u|L2
σ(Ω) := |u|L2(Ω),



|u|H1
0,σ(Ω) := |u|H1(Ω) :=


|u|2L2(Ω) +

∑

i,j=1,2,3

∣∣∣∣∣
∂uj

∂xi

∣∣∣∣∣
2

L2(Ω)




1/2

,

where u := (u1, u2, u3). Solutions of (P)p are defined in the following

Definition 4.1. A function u ∈ C([0, T ];L2
σ(Ω)) is said to be a strong solution of (P)p,

if the following (i)-(iii) are all satisfied :

(i) u is an L2
σ(Ω)-valued absolutely continuous function on [0, T ].

(ii) u(t) ∈ H1
0,σ(Ω), ∇× u(t) ∈ Lp(Ω) for a.e. t ∈ (0, T )

and the following equality holds:
∫

Ω

∂u

∂t
(x, t) · v(x)dx+

∫

Ω
|∇ × u|p−2∇× u(x, t) · ∇ × v(x)dx

=
∫

Ω
f(x, t) · v(x)dx for all v ∈ C∞

0,σ(Ω) and a.e. t ∈ (0, T ).

(iii) u(0) = u0.

Moreover a function u ∈ C([0, T ];L2
σ(Ω)) is said to be a weak solution of (P)p if there

exist sequences (fn) ⊂ L1(0, T ;L2
σ(Ω)), (u0,n) ⊂ L2

σ(Ω) and (un) ⊂ C([0, T ];L2
σ(Ω)) such

that un is the strong solution of (P)p with f and u0 replaced by fn and u0,n respectively,

fn → f strongly in L1(0, T ;L2
σ(Ω)) and un → u strongly in C([0, T ];L2

σ(Ω)).

Now define the functional Φp on L2
σ(Ω) as follows.

Φp(u) =





1

p

∫

Ω
|∇ × u(x)|pdx if u ∈ H1

0,σ(Ω), ∇× u ∈ Lp(Ω),

+∞ otherwise.

Then by Theorem 6.1 of [9, Chap.7], we find

|u|H1(Ω) ≤ C|∇ × u|L2(Ω) ∀u ∈ H1
0,σ(Ω).(5)

Hence it is easily seen that Φp ∈ Ψ(L2
σ(Ω)) and (P)p is equivalent to CPL2

σ(Ω)(Φp, f ,u0).
Furthermore define

K :=
{
u ∈ H1

0,σ(Ω); |∇ × u(x)| ≤ 1 for a.e. x ∈ Ω
}

and

Φ∞(u) =





0 if u ∈ K,

+∞ if u ∈ L2
σ(Ω) \K.

Then we also find that Φ∞ ∈ Ψ(L2
σ(Ω)). Now repeating the same argument as in the

proof of Theorem 2.2, we can derive the following

Theorem 4.2. Let (pn) be a sequence in [2,+∞) such that pn → +∞ as n→ +∞. Then
we have

Φpn → Φ∞ on L2
σ(Ω) in the sense of Mosco as pn → +∞.



Proof Just as in the proof of Theorem 2.2, we can immediately verify
{
∀u ∈ D(Φ∞), ∃(un) ⊂ L2

σ(Ω);
un → u strongly in L2

σ(Ω) and Φpn(un) → Φ∞(u) as n→ +∞.
(6)

Hence to complete the proof, it suffices to show that



∀(uk) ⊂ L2

σ(Ω) satisfying uk → u weakly in L2
σ(Ω) as k → +∞,

∀(nk) ⊂ (n), lim inf
k→+∞

Φpnk
(uk) ≥ Φ∞(u).(7)

For the case where u ∈ D(Φ∞) = K, it is obvious that lim infk→+∞ Φpnk
(uk) ≥ 0 =

Φ∞(u); for the case where u 6∈ K, conversely suppose that

∃(uk) ⊂ L2
σ(Ω), ∃(nk) ⊂ (n); uk → u weakly in L2

σ(Ω) as k → +∞,

lim inf
k→+∞

Φpnk
(uk) < Φ∞(u) = +∞.

Then we can extract a subsequence (k′) of (k) such that

Φpnk′
(uk′) ≤ C ∀k′ ∈ N.

For simplicity of notation, we write p and up for pnk′ and uk′ respectively. Hence we have

(∫

Ω
|∇ × up(x)|pdx

)1/p

≤ {pΦp(up)}1/p

≤ (pC)1/p → 1 as p→ +∞,

which implies

(∫

Ω
|∇ × up(x)|qdx

)1/q

≤
(∫

Ω
|∇ × up(x)|pdx

)1/p

|Ω|(p−q)/(pq)

→ |Ω|1/2 as p→ +∞.

Therefore for each q ∈ [2,+∞), we can extract a subsequence (pq) of (p) such that

∇× upq → ∇× u weakly in Lq(Ω).

Moreover, by (5), we can also obtain u ∈ H1
0,σ(Ω). From now on, we drop q in pq.

Furthermore it follows that
(∫

Ω
|∇ × u(x)|qdx

)1/q

≤ lim inf
p→+∞

(∫

Ω
|∇ × up(x)|qdx

)1/q

≤ lim inf
p→+∞

(∫

Ω
|∇ × up(x)|pdx

)1/p

|Ω|(p−q)/(pq)

≤ lim
p→+∞(pC)1/p|Ω|(p−q)/(pq) = |Ω|1/q.

Hence passing to the limit q → +∞, we deduce that

|∇ × u(x)| ≤ 1 for a.e. x ∈ Ω,



which implies u ∈ K. However this contradicts our assumption that u 6∈ K. Hence (7)
holds true. [Q.E.D.]

Therefore by Theorems 3.2 and 4.2, we obtain the following

Theorem 4.3. Let (pn) be a sequence in [2,+∞) such that pn → +∞ as n → +∞.
Moreover let fn, f ∈ L2(0, T ;L2

σ(Ω)), u0,n ∈ L2
σ(Ω) and u0 ∈ K be such that

fn → f strongly in L2(0, T ;L2
σ(Ω)),

u0,n → u0 strongly in L2
σ(Ω).

Then the weak solutions un of CPL2
σ(Ω)(Φpn , fn,u0,n) converge to u as n → +∞ in the

following sense:

un → u strongly in C([0, T ];L2
σ(Ω)),

√
t
dun

dt
→
√
t
du

dt
strongly in L2(0, T ;L2

σ(Ω)).

Moreover the limit u is the unique weak solution of CPL2
σ(Ω)(Φ∞, f ,u0).

In particular, if (1/pn)
∫
Ω |∇×u0,n(x)|pndx→ 0 as n→ +∞, then the limit u becomes

a strong solution of CPL2
σ(Ω)(Φ∞, f ,u0) and

dun

dt
→ du

dt
strongly in L2(0, T ;L2

σ(Ω)).

Furthermore we can also investigate the convergence of the solutions for the following
parabolic equations:

(P)t
p

∂u

∂t
(x, t)−∆γ

pu(x, t) = f(x, t), (x, t) ∈ Ω× (0, T ),

where ∆γ
p is defined by

∆γ
pu(x) := ∇ ·

{(
1

γ(x, t)

)p

|∇u(x)|p−2∇u(x)
}

for some function γ : Ω × (0, T ) → R. This generalization is motivated by some macro-
scopic model for type-II superconductivity (see [1] and [2] for more details).

Moreover the porous medium equation (PM)m also falls within the scope of our ap-
proach.

(PM)m

∂u

∂t
(x, t)−∆|u|m−2u(x, t) = f(x, t), (x, t) ∈ Ω× (0, T ).

In [1], the asymptotic behavior of the solutions for (PM)m as m→ +∞ is discussed.
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