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Abstract. This paper is concerned with the initial-boundary value problem
for a nonlinear parabolic equation involving the so-called p(x)-Laplacian. A
subdifferential approach is employed to obtain a well-posedness result as well
as to investigate large-time behaviors of solutions.

1. Introduction. Let Ω ⊂ R
N be a bounded domain with smooth boundary ∂Ω.

The so-called p(x)-Laplacian is given by

∆p(x)φ(x) := ∇ ·
(

|∇φ(x)|p(x)−2∇φ(x)
)

with a function p = p(x) from Ω into (1,∞). In the present paper we study the
well-posedness and asymptotic behaviors of solutions u = u(x, t) as t → ∞ for the
following initial-boundary value problem:

∂tu = ∆p(x)u + f in Ω × (0,∞), (1)

u = 0 on ∂Ω × (0,∞), (2)

u = u0 in Ω, (3)

where ∂tu = ∂u/∂t and f : Ω × (0,∞) → R and u0 : Ω → R are given functions.
The p(x)-Laplacian with a variable exponent p(x) is deeply related to generalized

Lebesgue and Sobolev spaces, Lp(x) and W 1,p(x). There have been many contribu-
tions to nonlinear elliptic problems associated with the p(x)-Laplacian (see, e.g., [23]
for a thorough overview of the recent advantages) from various view points. More-
over, parabolic equations involving the p(x)-Laplacian have been proposed in the
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study of image restoration (see [13]) as well as in some model of electrorheolog-
ical fluids (see [14], [15], [26]). A mathematical analysis was also done for such
problems by Acerbi and Mingione [1, 2] and by Acerbi, Mingione and Seregin [3].
In [22], some nonlinear parabolic problem proposed by [13] was studied in a weak
formulation and an existence result for weak solutions was established. Antontsev
and Shmarev studied parabolic equations with anisotropic p(x, t)-Laplace operators
and proved existence, uniqueness, extinction in finite time, decay and blow-up of
solutions in [5, 6, 7, 8].

Equation (1) was very recently studied by Bendahmane, Wittbold and Zim-
mermann in [10], where the well-posedness of a renormalized solution is proved for
L1-data. Moreover, the existence and uniqueness of entropy solutions and the equiv-
alence between two notions of solutions are also discussed by Zhang and Zhou in [28].
In this paper we treat L2-solutions for (1)–(3), and we prove the well-posedness and
reveal large-time behaviors of solutions by using subdifferential calculus.

This paper is composed of four sections. In Section 2, we recall the definition of
variable exponent Lebesgue spaces, Lp(x)(Ω), as well as Sobolev spaces, W 1,p(x)(Ω).
Moreover, some properties of these spaces will be also exhibited to be used later.
In Section 3, we prove the well-posedness of the Cauchy-Dirichlet problem (1)–
(3) by using a theory of evolution equations governed by subdifferential operators.
Moreover, we also treat the periodic problem for (1). In Section 4, we discuss
asymptotic behaviors of solutions u = u(x, t) for (1)–(3) as t → ∞.

Further results on qualitative properties of solutions for (1)–(3) (e.g., extinc-
tion/decay rates of solutions and limit problems as p(x) → ∞) will be reported in
our forthcoming paper [4].

Notation. We write (s)+ := max{s, 0} for s ∈ R. Let ‖ · ‖q denote the usual norm
of Lq(Ω)-spaces for 1 ≤ q ≤ ∞. Moreover, (·, ·)L2 denotes the usual inner product
of the Hilbert space L2(Ω), i.e., (u, v)L2 =

∫

Ω u(x)v(x)dx.

2. Generalized Lebesgue and Sobolev spaces. This section is devoted to
some preliminary facts on Lebesgue and Sobolev spaces with variable exponents
(see [24], [16, 17], [20] for an introduction to this field). Let Ω be a bounded domain
in R

N . Let p be a measurable function from Ω to [1,∞). We write

p+ := ess sup
x∈Ω

p(x), p− := ess inf
x∈Ω

p(x).

Define a Lebesgue space with a variable exponent p(x), which is a special sort of
Musielak-Orlicz spaces (see [25]), by

Lp(x)(Ω) :=

{

u : Ω → R; measurable in Ω and

∫

Ω

|u(x)|p(x)dx < ∞

}

with a Luxemburg-type norm

‖u‖p(x) := inf

{

λ > 0;

∫

Ω

∣

∣

∣

∣

u(x)

λ

∣

∣

∣

∣

p(x)

dx ≤ 1

}

.

The following proposition plays an important role to establish energy estimates
(see Theorem 1.3 of [20] for a proof).

Proposition 1. It holds that

σ−(‖w‖p(x)) ≤

∫

Ω

|w(x)|p(x)dx ≤ σ+(‖w‖p(x)) for all w ∈ Lp(x)(Ω)



PARABOLIC EQUATIONS INVOLVING p(x)-LAPLACIAN 3

with the strictly increasing functions,

σ−(s) := min{sp−

, sp+

}, σ+(s) := max{sp−

, sp+

} for s ≥ 0.

We next define variable exponent Sobolev spaces W 1,p(x)(Ω) as follows:

W 1,p(x)(Ω) :=

{

u ∈ Lp(x)(Ω);
∂u

∂xi
∈ Lp(x)(Ω) for all i = 1, 2, . . . , N

}

with the norm ‖u‖W 1,p(x)(Ω) := (‖u‖2
p(x) + ‖∇u‖2

p(x))
1/2, where ‖∇u‖p(x) denotes

the Lp(x)(Ω)-norm of |∇u|. Furthermore, let W
1,p(x)
0 (Ω) be the closure of C∞

0 (Ω)

in W 1,p(x)(Ω).
The following proposition is concerned with the uniform convexity of Lp(x) and

W 1,p(x) (see [25] for its proof).

Proposition 2. If p ∈ C(Ω), 1 < p− and p+ < ∞, then Lp(x)(Ω) and W 1,p(x)(Ω)
are uniformly convex. Hence they are reflexive.

Let us exhibit Poincaré and Sobolev inequalities (see [18], [21], [27] and references
therein for more details). To do so, we introduce the Zhikov-Fan condition:

|p(x) − p(x′)| ≤
A

log(1/|x − x′|)
for all x, x′ ∈ Ω with |x − x′| ≤ δ (4)

with some A, δ > 0. This condition follows from a Hölder continuity of p over Ω.

Proposition 3. Let Ω be a bounded domain in R
N with smooth boundary ∂Ω.

(i) If (4) holds, then

‖w‖p(x) ≤ C‖∇w‖p(x) for all w ∈ W
1,p(x)
0 (Ω).

In particular, the space W
1,p(x)
0 (Ω) has a norm ‖ · ‖1,p(x) given by

‖w‖1,p(x) := ‖∇w‖p(x) for w ∈ W
1,p(x)
0 (Ω),

which is equivalent to ‖ · ‖W 1,p(x)(Ω).

(ii) If p ∈ C(Ω), q : Ω → [1,∞) is measurable, and infx∈Ω(p∗(x) − q(x)) > 0 with

p∗(x) := Np(x)/(N − p(x))+, then W 1,p(x)(Ω) is continuously and compactly

embedded in Lq(x)(Ω). Hence it follows that

‖w‖q(x) ≤ C‖w‖W 1,p(x)(Ω) for all w ∈ W 1,p(x)(Ω). (5)

3. Well-posedness. In this section, we prove the well-posedness of (1)–(3) by
using a theory of evolution equations governed by subdifferential operators. Let us
begin with the definition of solutions for (1)–(3).

Definition 3.1. A function u ∈ C([0,∞); L2(Ω)) is said to be a solution of (1)–(3),
if the following conditions are all satisfied:

• u ∈ W 1,2
loc ((0,∞); L2(Ω))∩Cw((0,∞); W

1,p(x)
0 (Ω)), where Cw denotes the class

of weakly continuous functions, and ∆p(x)u ∈ L2
loc((0,∞); L2(Ω)),

• u(0) = u0,
• u satisfies (1) for a.e. x ∈ Ω and t > 0.
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We reduce the initial-boundary value problem (1)–(3) into the Cauchy problem
for an abstract evolution equation. Let H := L2(Ω) and define ϕ : H → [0,∞] by

ϕ(w) =







∫

Ω

1

p(x)
|∇w(x)|p(x)dx if w ∈ W

1,p(x)
0 (Ω),

∞ otherwise

(6)

with D(ϕ) := {w ∈ H ; ϕ(w) < ∞}. In order to prove the well-posedness for (1)–
(3), the most crucial point lies in checking the lower semicontinuity of the functional
ϕ in H = L2(Ω).

Lemma 3.2. In addition to (4), suppose that 1 < p− and p+ < ∞. The function

ϕ is proper, convex and lower semicontinuous in H.

Proof of Lemma 3.2 It is obvious that ϕ is proper and convex in H . Let µ ∈ R

be fixed and set

[ϕ ≤ µ] := {u ∈ H ; ϕ(u) ≤ µ}.

Let (un) be a sequence on [ϕ ≤ µ] such that un → u strongly in H . By Proposition
1, it follows that

1

p+
σ−
(

‖un‖1,p(x)

)

≤
1

p+

∫

Ω

|∇un(x)|p(x)dx ≤ ϕ(un) ≤ µ.

Hence ‖un‖1,p(x) ≤ λ with a constant λ independent of n. Since W
1,p(x)
0 (Ω) is

reflexive by 1 < p− and p+ < ∞, we can take a subsequence of (n) denoted again

by the same letter such that un → u weakly in W
1,p(x)
0 (Ω).

Let ϕ̂ be the restriction of ϕ to W
1,p(x)
0 (Ω). Then ϕ̂ is of class C1 in W

1,p(x)
0 (Ω)∩

L2(Ω) (see Proposition 4 below), and moreover, ϕ̂ is convex. Hence ϕ̂ becomes

weakly lower semicontinuous in W
1,p(x)
0 (Ω). Therefore we have lim infn→∞ ϕ̂(un) ≥

ϕ̂(u) = ϕ(u), which together with the fact that ϕ̂(un) = ϕ(un) ≤ µ implies that
u ∈ [ϕ ≤ µ]. Thus we conclude that [ϕ ≤ µ] is closed in H , and therefore, ϕ is lower
semicontinuous in H .

One can verify the following proposition (see [19]).

Proposition 4. In addition to (4), suppose that 1 < p− and p+ < ∞. The restric-

tion ϕ̂ of ϕ to W
1,p(x)
0 (Ω) ∩ L2(Ω) is of class C1. Moreover, the Fréchet derivative

dϕ̂(u) of ϕ̂ at u coincides with −∆p(x)u furnished with u|∂Ω = 0 in the sense of

distribution.

The subdifferential operator ∂ϕ : H → H of ϕ is given by

∂ϕ(u) := {ξ ∈ H ; ϕ(v) − ϕ(u) ≥ (ξ, v − u)H for all v ∈ D(ϕ)} for u ∈ D(ϕ)

with (·, ·)H = (·, ·)L2 and the domain D(∂ϕ) = {u ∈ D(ϕ); ∂ϕ(u) 6= ∅}. Since
∂ϕ(u) ⊂ dϕ̂(u) for all u ∈ D(∂ϕ), we have ∂ϕ(u) = −∆p(x)u with u|∂Ω = 0 in

H = L2(Ω). Thus the initial-boundary value problem (1)–(3) is reduced into the
following Cauchy problem:

du

dt
(t) + ∂ϕ(u(t)) = f(t) in H for t > 0, (7)

u(0) = u0. (8)

Such an abstract evolution equation was well studied in 1970s and fundamental
results have already been established for Cauchy problem and for periodic problem
mainly by H. Brézis (see Chap. III of [11]). Hence one can immediately assure that
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Theorem 3.3 (Cauchy problem). In addition to (4), suppose that 1 < p− and

p+ < ∞. Then for all f ∈ L2
loc([0,∞); L2(Ω)) and u0 ∈ L2(Ω), there exists a

unique solution u = u(x, t) of the initial-boundary value problem (1)–(3) such that

the function t 7→ ϕ(u(t)) is absolutely continuous in (0,∞).

In particular, if u0 belongs to W
1,p(x)
0 (Ω), then

u ∈ W 1,2
loc ([0,∞); L2(Ω)) ∩ Cw([0,∞); W

1,p(x)
0 (Ω))

and the function t 7→ ϕ(u(t)) is absolutely continuous on [0,∞).
Furthermore, the solution u of (1)–(3) continuously depends on initial data u0

and f in the following sense: Let ui be the unique solution of (1)–(3) with u0 =
u0,i ∈ L2(Ω) and f = fi ∈ L2

loc([0,∞); L2(Ω)) for i = 1, 2. Then it follows that

‖u1(t) − u2(t)‖2 ≤ ‖u0,1 − u0,2‖2 +

∫ t

0

‖f1(τ) − f2(τ)‖2 dτ for all t ≥ 0.

Remark 1. The assertion for the case that u0 ∈ W
1,p(x)
0 (Ω) also follows from

Theorem 6.1 of [6], where the p(x, t)-Laplacian is treated.

In case p− ≥ 2, one can also assure that u is strongly continuous from (0,∞)

(resp., [0,∞)) into W
1,p(x)
0 (Ω) in Theorem 3.3 for u0 ∈ L2(Ω) (resp., u0 ∈ W

1,p(x)
0 (Ω)).

Since ϕ(u(·)) is continuous, this fact immediately follows from the following propo-
sition:

Proposition 5 (Modular convergence and strong convergence). Assume that p− ≥

2. Let (wn) be a sequence in W
1,p(x)
0 (Ω) such that

wn → w weakly in L2(Ω) and ϕ(wn) → ϕ(w)

with some w ∈ W
1,p(x)
0 (Ω). Then wn strongly converges to w in W

1,p(x)
0 (Ω).

Proof. Since p(x) ≥ 2 for a.e. x ∈ Ω, by the following fundamental inequality (see,
e.g., [12]):

∣

∣

∣

∣

a + b

2

∣

∣

∣

∣

q

+

∣

∣

∣

∣

a − b

2

∣

∣

∣

∣

q

≤
1

2
(|a|q + |b|q) for all a,b ∈ R

N when q ≥ 2,

which is used in a proof of Clarkson’s first inequality, we derive
∣

∣

∣

∣

∇wn(x) + ∇w(x)

2

∣

∣

∣

∣

p(x)

+

∣

∣

∣

∣

∇wn(x) −∇w(x)

2

∣

∣

∣

∣

p(x)

≤
1

2

(

|∇wn(x)|p(x) + |∇w(x)|p(x)
)

for a.e. x ∈ Ω,

which gives

ϕ

(

wn + w

2

)

+ ϕ

(

wn − w

2

)

≤
1

2
(ϕ(wn) + ϕ(w)) .

On the other hand, since wn → w weakly in L2(Ω) and ϕ is weakly lower-semicontinuous
in L2(Ω), we observe that

ϕ(w) ≤ lim inf
n→∞

ϕ

(

wn + w

2

)

.

Combining these facts with the assumption that ϕ(wn) → ϕ(w), we deduce that

lim inf
n→∞

ϕ

(

wn − w

2

)

= 0,
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which together with Proposition 1 implies wn → w strongly in W
1,p(x)
0 (Ω). It

completes our proof.

Let us next discuss the existence and the uniqueness of periodic solutions.

Corollary 1 (Periodic problem). In addition to (4), assume that

max{1, 2N/(N + 2)} < p− and p+ < ∞. (9)

Then for any T > 0 and f ∈ L2(0, T ; L2(Ω)), there exists a unique solution u for

(1), (2) such that u(·, 0) = u(·, T ).

Proof. To prove the existence of periodic solutions, it suffices to check the coerciv-
ity of ϕ in L2(Ω). Since 2N/(N + 2) < p− (equivalently, 2 < infx∈Ω p∗(x)), by
Propositions 1 and 3, we observe that

ϕ(v) ≥
1

p+

∫

Ω

|∇v(x)|p(x)dx

≥
1

p+
σ−(‖v‖1,p(x)) ≥

C

p+
min

{

‖v‖p+

2 , ‖v‖p−

2

}

with a constant C ≥ 0. Since p− > 1, the functional ϕ is coercive, that is,

lim
‖v‖2→∞

ϕ(v)

‖v‖2
= ∞.

By Corollary 3.4 of [11], for any T > 0 and f ∈ L2(0, T ; H), there exists a solution
of (7) such that u(0) = u(T ). Moreover, since ϕ is strictly convex, the periodic
solution is unique.

Remark 2. In the proof described above, the Sobolev inequality (5) (i.e., the
continuous embedding W 1,p(x)(Ω) →֒ L2(Ω)) is used, but the compactness of the
embedding is not employed. Hence the continuous embedding is sufficient for this
proof, so one can replace (4) and (9) by the following:

1 < p−,
2N

N + 2
≤ p−, p+ < ∞ and p is Lipschitz continuous on Ω. (10)

We note that the Lipschitz continuity of p is more restrictive than (4) (see [16], [18]).

4. Large-time behaviors of solutions. This section is concerned with large-time
behaviors of solutions.

Theorem 4.1 (Large-time behavior of solutions). Assume (4) and (9). Let f∞ ∈
L2(Ω) and f ∈ L2

loc([0,∞); L2(Ω)) be such that

f(·) − f∞ ∈ L2(0,∞; L2(Ω)), (11)

f(t) → f∞ weakly in L2(Ω) as t → ∞. (12)

Let u = u(x, t) be the unique solution for (1)–(3) with some u0 ∈ W
1,p(x)
0 (Ω). Then

there exists φ ∈ W
1,p(x)
0 (Ω) such that

u(t) → φ strongly in L2(Ω) as t → ∞, (13)

ϕ(u(t)) → ϕ(φ) as t → ∞, (14)

where ϕ is given by (6). Moreover, φ solves

− ∆p(x)φ = f∞ in Ω, φ = 0 on ∂Ω. (15)
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Proof. We recall that (1) is reduced into (7). Multiplying (7) by u′(t) in H = L2(Ω)
and using the chain-rule for subdifferentials, we have

‖u′(t)‖2
2 +

d

dt
ϕ(u(t)) = (f(t) − f∞, u′(t))L2 + (f∞, u′(t))L2

≤
1

2
‖f(t) − f∞‖2

2 +
1

2
‖u′(t)‖2

2 +
d

dt
(f∞, u(t))L2 ,

which yields

1

2
‖u′(t)‖2

2 +
d

dt
{ϕ(u(t)) − (f∞, u(t))L2} ≤

1

2
‖f(t) − f∞‖2

2 for a.e. t > 0.

Here set a function E : [0,∞) → R by

E(t) := ϕ(u(t)) − (f∞, u(t))L2 −
1

2

∫ t

0

‖f(τ) − f∞‖2
2dτ for t > 0.

Then
1

2
‖u′(t)‖2

2 +
d

dt
E(t) ≤ 0 for a.e. t > 0.

Hence the function t 7→ E(t) is non-increasing for t > 0. Moreover, since f − f∞ ∈
L2(0,∞; L2(Ω)) and ϕ is coercive in L2(Ω) by (9), there exists a constant M > 0
such that E(t) ≥ −M for all t ≥ 0. Therefore we find that

∫ ∞

0

‖u′(t)‖2
2dt < ∞. (16)

Now, let (tn) be an arbitrary sequence on [0,∞) such that tn → ∞. Then by
(16) one can take θn ∈ [tn, tn + 1] such that u′(θn) → 0 strongly in L2(Ω). Hence it
follows from (12) that

∂ϕ(u(θn)) = f(θn) − u′(θn) → f∞ weakly in L2(Ω). (17)

On the other hand, observing that

E(t) ≤ E(0) = ϕ(u0) − (f∞, u0)L2

and exploiting the facts that f − f∞ ∈ L2(0,∞; L2(Ω)) and the coercivity of ϕ in
L2(Ω) again, we deduce that supt≥0 ϕ(u(t)) < ∞, which together with Proposition
1 implies

sup
t≥0

‖u(t)‖1,p(x) < ∞.

Hence there exists a subsequence (n′) of (n) such that

u(θn′) → φ weakly in W
1,p(x)
0 (Ω), (18)

which together with (ii) of Proposition 3 by p− > 2N/(N + 2) yields

u(θn′) → φ strongly in L2(Ω). (19)

Combining these facts with (17), one deduce from the demiclosedness of ∂ϕ that

∂ϕ(φ) = f∞, (20)

which is equivalent to an L2-formulation of (15).
Furthermore, from the definition of subdifferentials, we see

ϕ(u(θn′)) ≤ ϕ(φ) + (∂ϕ(u(θn′)), u(θn′) − φ)L2 → ϕ(φ).

Hence since the weak lower-semicontinuity of ϕ also gives

lim inf
n′→∞

ϕ(u(θn′)) ≥ ϕ(φ),



8 GORO AKAGI AND KEI MATSUURA

we obtain
ϕ(u(θn′)) → ϕ(φ).

Since the solution of (20) is unique by the strict convexity of ϕ (equivalently, the
strict monotonicity of ∂ϕ), we can also verify the convergence of u(θn) and ϕ(u(θn))
without taking a subsequence of (n).

We next derive the convergence of u(t) along the prescribed sequence tn → ∞.
Recall (16) to obtain

‖u(tn) − u(θn)‖2 ≤

(

∫ θn

tn

‖u′(τ)‖2
2dτ

)1/2
√

θn − tn

≤

(
∫ ∞

tn

‖u′(τ)‖2
2dτ

)1/2

→ 0.

Thus we have
u(tn) → φ strongly in L2(Ω).

On the other hand, note by (19) that

E(θn) → ϕ(φ) − (f∞, φ)L2 −
1

2

∫ ∞

0

‖f(τ) − f∞‖2
2dτ.

Since E(·) is monotone, E(tn) also converges to the same limit as tn → ∞. Conse-
quently, we conclude that

ϕ(u(tn)) = E(tn) + (f∞, u(tn))L2 +
1

2

∫ tn

0

‖f(τ) − f∞‖2
2dτ → ϕ(φ).

It completes our proof.

By Proposition 5 we can immediately obtain the following corollary for the case
that p− ≥ 2.

Corollary 2. Assume p− ≥ 2. Under the same assumptions as in Theorem 4.1,

u(t) → φ strongly in W
1,p(x)
0 (Ω) as t → ∞. (21)

Let us further discuss the case that f(t) ≡ f∞ with p− ≥ 2.

Theorem 4.2. Assume (4) and (9). Suppose that f(t) ≡ f∞ ∈ L2(Ω) and p− ≥ 2.

(i) If p+ > 2 then there exist constants c1 > 0 and t1 ≥ 0 such that

‖u(t) − φ‖2 ≤ ‖u0 − φ‖2(c1t + 1)−1/(p+−2) for all t ≥ t1. (22)

(ii) If p+ = 2 then there exists a constant c2 > 0 such that

‖u(t) − φ‖2 ≤ ‖u0 − φ‖2e
−c2t for all t ≥ 0. (23)

Proof. Assertion (ii) follows immediately, since p(x) ≡ 2 by assumption. Hence we
prove only (i). Let φ be a solution of (15). Then

∂tu − ∆p(x)u = f∞ = −∆p(x)φ.

Multiply this by u(t) − φ in L2(Ω) to get

1

2

d

dt
‖u(t) − φ‖2

2 +

∫

Ω

(

|∇u|p(x)−2∇u − |∇φ|p(x)−2∇φ
)

· (∇u −∇φ) dx = 0.

Since p(x) ≥ 2 for a.e. x ∈ Ω, by Tartar’s inequality, one can take ω > 0 such that

ω|a − b|p(x) ≤
(

|a|p(x)−2a − |b|p(x)−2b
)

· (a − b)
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for all a,b ∈ R
N and a.e. x ∈ Ω. Thus we obtain

1

2

d

dt
‖u(t) − φ‖2

2 + ω

∫

Ω

|∇u −∇φ|p(x)dx ≤ 0.

By Propositions 1, it follows that

1

2

d

dt
‖u(t) − φ‖2

2 + ωσ−
(

‖∇u −∇φ‖p(x)

)

≤ 0.

Here by assumption that 2N/(N + 2) < p− and Proposition 3, we see

‖w‖2 ≤ C‖w‖1,p(x) for all w ∈ W
1,p(x)
0 (Ω)

with some constant C > 0. Hence setting ρ(t) := ‖u(t) − φ‖2
2, one obtain

ρ′(t) + ασ−
(

ρ(t)1/2
)

≤ 0 for a.e. t > 0

with a constant α > 0 depending only on σ−(·), C and ω.
In case ρ(0) = ‖u0 − φ‖2

2 > 1, one can write

ρ′(t) + αρ(t)p−/2 ≤ 0 for a.e. t ∈ (0, t1)

with t1 := sup{τ > 0; ρ(t) > 1 for all t ∈ [0, τ ]} > 0. Hence

ρ(t) ≤







‖u0 − φ‖2
2

(

1 + p−−2
2 ‖u0 − φ‖p−−2

2 αt
)−2/(p−−2)

if p− > 2,

‖u0 − φ‖2
2e

−αt if p− = 2

for all t ∈ [0, t1]. Hence ρ(t) attains 1 at a finite time. In case ρ(0) ≤ 1, we have

ρ′(t) + αρ(t)p+/2 ≤ 0 for a.e. t > 0,

which yields

ρ(t) ≤ ‖u0 − φ‖2
2

(

1 +
p+ − 2

2
‖u0 − φ‖p+−2

2 αt

)−2/(p+−2)

for all t ≥ 0.

Consequently, we obtain (22) with some constant c1 > 0.

Remark 3. (i) By Theorem 3.11 of [11], one can derive (13) and prove that φ
solves (15) under u0 ∈ L2(Ω) and f ∈ L2

loc([0,∞); L2(Ω)) satisfying f(·) −
f∞ ∈ L1(0,∞; L2(Ω)). However, the convergence of ϕ(u(t)) (equivalently, the

convergence of u(t) in W
1,p(x)
0 (Ω) when p− ≥ 2) does not directly follow.

(ii) From the smoothing effect for (1)–(3) (see Theorem 3.3), one can also assure
the same conclusion as in Theorem 4.1 for the wider class of initial data:
u0 ∈ L2(Ω). Indeed, even if u0 ∈ L2(Ω), then u(τ) belongs to W

1,p(x)
0 (Ω) for

any τ > 0. Hence our proof runs as before by replacing u0 with u(τ).
(iii) In Theorem 4.2, assumptions (4) and (9) can be replaced by (10), since the

compactness of the embedding W
1,p(x)
0 (Ω) →֒ L2(Ω) is not required in a proof.
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