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ENERGY SOLUTIONS OF THE CAUCHY-NEUMANN PROBLEM
FOR POROUS MEDIUM EQUATIONS
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307 Fukasaku, Minuma-ku, Saitama-shi, Saitama 337-8570, Japan

ABSTRACT. The existence of energy solutions to the Cauchy-Neumann problem
for the porous medium equation of the form vy — A(Jv|™ 2v) = v with m >
2 and o € R is proved, by reducing the equation to an evolution equation
involving two subdifferential operators and exploiting subdifferential calculus
recently developed by the author.

1. Introduction. Let us consider the existence of solutions u = wu(z,t) to the
Cauchy-Neumann problem (CNP) for the porous medium equation,

% —Au=av, u=|" %, (z,t) € 2 x(0,T),
g—z =0, (x,t) € 02 x (0,T),
(-, 0) = v, r € Q,

where o € R, m > 2, T > 0, Q is a bounded domain of RY with smooth boundary
0 and N € N.

As for Cauchy-Dirichlet problems, two major nonlinear semigroup approaches
are widely used to treat porous medium type equations such as

ov
E_AUZO’ u€ B), (x,t)eQx(0,7T) (1)

with a maximal monotone graph 3 in R x R. One is an “L'-framework” based on
the m-accretive operator theory. Brézis and Strauss [6] proved the m-accretivity
in X := LY(Q) of the operator A : X — X given by Au := —Ap(u) equipped
with the homogeneous Dirichlet boundary condition. Hence due to an abstract
theory of Crandall and Liggett, the operator A generates a continuous contraction
semigroup S(¢) in X, and moreover, S(t)vg is the unique generalized solution of the
Cauchy-Dirichlet problem for (1).

The other is an “H ~!-framework” based on the subdifferential operator the-
ory. Let X := H~(2) be a Hilbert space with the inner product (u,v)g-1(0) =
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(u, (=A) ") g1 () and define a function ¢ : X — (o0, o0] by

b(v) = { df&i(v(x))dx if ve LY(Q) and j(v(-)) € LY(Q),

otherwise,

where j is a primitive function of 3, i.e., 8 = dgj. Then the subdifferential operator
Ox¢ : X — X satisfies a representation formula, f € dx¢(u) if and only if f(-) €
—ApB(u(-)). Hence the Cauchy-Dirichlet problem for (1) is reduced to the Cauchy
problem for an evolution equation governed by the subdifferential operator dx ¢ in
the Hilbert space X, and one can prove the well-posedness for the Cauchy problem
by using a general theory due to Brézis (see [5]).

These two approaches have been developed to cover the initial-boundary value
problems for (1) with other boundary conditions. Alikakos and Rostamian [3] found
that the operator A still generates a continuous contraction semigroup in L'()
even for the Neumann boundary condition, and Bénilan et al [4] also dealt with a
wider class of nonlinear boundary conditions. As for the subdifferential approach,
Damlamian [7] and Damlamian-Kenmochi [8] developed an “(H')*-framework” for
the Robin boundary condition with ng > 0,

%4—71011:0 on 00 x (0,T), (2)
and their results enable us to treat (1) with (2) for any maximal monotone graph
B (see also [11]). The (H!)*-framework is also applied to the Neumann boundary
condition by Damlamian [7] (in case § is Lipschitz continuous) and by Kubo-Lu [10]
(in case B(v) = —1/v), however, some restrictions are always imposed on 3, and
there seems to be no contribution of subdifferential approach which can cover the
Cauchy-Neumann problem for the porous medium equation (i.e., B(u) = |u|™2u).

Table 1. Comparison of frameworks for the PM-type equation (1)

Framework | Base space X | Boundary condition | Nonlinearity of 3
Lt LY() D,N, R any for “D”
H-! H71(Q) D any
Yy @@y R any
N restricted

(D = Dirichlet, N = Neumann, R = Robin)

In studies of the asymptotic behavior of solutions for (CNP), energy identities
(or inequalities) play crucial roles. However, the semigroup approaches described
above have not been designed so well that one can directly obtain energy inequalities
sufficient for the analysis.

The purpose of this paper is to prove the existence of weak solutions for (CNP)
and derive energy inequalities even for o # 0 by performing subdifferential cal-
culus. We particularly exploit techniques recently developed by the author [1, 2]
for nonlinear evolution equations involving two subdifferential operators in reflexive
Banach spaces.

2. Reduction to an evolution equation. Set V = H'(Q2) with the norm

1/2
v o= (- Ba 1V - 22)"

b
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and put H = L?(Q) with the norm |- |5 and the inner product (-,-)z. Then
Ve H=H" <V*

with compact densely defined canonical injections. Here, H is identified with its
dual space. Define a mapping A from V into V* by

(Av,w)y = / Vu(z) - Vw(z)dr for v,w e V.
Q

Let us introduce the following Cauchy problem for an evolution equation as a weak
form of (CNP),

ill: (t) + A(Jv|™ 20(t)) = av(t) in V*, 0<t<T, (3)
v(0) = vo. (4)
Furthermore, define functionals ¢ : V' — [0,00) and ¢ : H — [0, 00) by
o(u) = %/ |Vu(z)|? de  for uw eV,
Q
Y(u) = %/du(x)\m/ dx for ue H,
where m’ :=m/(m — 1), and Oy : V — V* and 9y : H — H are given by
Ovp(u) = {geV™ p)—plu) > {g,v—u)y forallveV},
Ou(n) = {g€H; Y(v) —(u) > (g,0—u)y for all ve H}.

Then dy¢(u) and dg1p(u) coincide with Au and |u|™ ~2u(-) respectively (here and
henceforth, we write |r|9r = |r|9Ttsgn(r) for r € R and ¢ > —1). Therefore by

setting u := |v|™2v (hence, v = |u|™ ~2u), we can equivalently rewrite the Cauchy
problem (3), (4) to
d
dit’(t) + Oveu(t)) = av(t) in V¥, 0<t<T, (5)
v(t) = Omb(u(t)), 0<t<T, (6)
v(0) = vo. (7)

We shall treat (5)—(7) to discuss the existence of solutions for (CNP).

3. Main result. Define a function J : H*(2) — R by
1 /
J(u) = f/ IVu(z)|2dz — g/ lu(z)|™ dz  for u € HY(Q).
2 Q m/ Q

We denote by Cy, ([0, T]; H'(2)) the set of all H!(2)-valued weakly continuous func-
tions on [0,7]. We are concerned with solutions of (CNP) given as follows.

Definition 3.1. A pair of functions (u,v) : [0,T] — H'(Q) x L™(Q) is said to be
a weak solution of (CNP) on [0, T] if the following (i)-(iii) hold true:

(i) u e C([0,T); L™ () N Cyw ([0, T); H(Q)) and

v € C([0,T]; L™ (Q)) N WH(0, T (H'(Q))*);

(ii) (5) and (6) hold for a.e. t € (0,T);

(iii) v(0) = vp.
A weak solution (u,v) on [0, T is particularly said to be an energy solution of (CNP)
on [0, 7] if the following (iv), (v) are satisfied:

(iv) |u|™' =22y = |o|(m=2/2y € L2(0,T; H'(Q)) N WL2(0,T; L2(Q));
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(v) J(u(-)) and |o(+) %2(9) are differentiable for a.e. t € (0,7, and the following
two energy inequalities hold for a.e. ¢ € (0,7T):

d ? d
Cm’d7_|v|(m_2)/2v(t) +%J(u(t)) < 0, (8)
L2(Q)
1d i 2
5O +en [V (WD) @], < ahbOfe O

with ¢, :=4/(mm’) > 0.
Our main result reads,

Theorem 3.2. Let m € [2,00) and T > 0 be fized. Then for every vy € L™(Q)
satisfying ug := |vo|™ 2vg € H*(Q), the Cauchy-Neumann problem (CNP) admits
a unique energy solution (u,v) on [0,T).

To prove this theorem, we first recall the notion of the Legendre-Fenchel trans-
form of convex functions. The Legendre-Fenchel transform ¢* : H — [0, 00] of 4 is
defined as follows:

P*(v) :== sup {(v,u)g —¢Y(u)} for ve H.
ueH
We note that 0x* = (0g) 7!, i.e., Og1p*(v) = [v|™ 20, and for any [u,v] € Og,

/

* 1 m’ m m— m’ —
) =l ) = (), oD = D (10)

We next prepare the following proposition.

Proposition 1. There exists a constant C' > 0 such that

lul2, < C (ap(u) + w(u)g/m/> forall weV, (11)
Ovo)|i. < Co(u) forall ueV. (12)
Proof. By Gagliardo-Nirenberg’s inequality,
lulg < |ul$|u 1L;§(Q) for ueV

with some 6 € (0,1). Hence
1
lul?, < §|u|%/ + C\u|2m/(m +|Vul3,  for ueV.

Thus (11) follows from the definitions of ¢ and 1. Moreover, (12) is well known as
the boundedness of —A : H*(2) — (H'(Q2))* equipped with du/dn =0 on Q. [

4. Proof of Theorem 3.2.

4.1. Uniqueness. Let (u,v) and (@, 9) be weak solutions of (CNP) on [0, 7] with
an initial data vg € V*. Subtract (3) with v from that with . Then

d . , p—2 N

- (&) = 8®) + A (o] o(t) — [0 7*0(t)) = a(v(t) —0(t)).

Since (v(t), 1)y = (6(t), 1)y = (v, 1)ye* for all t € [0,T], it follows that v(t) —
0(t) € Vi :=={w € V*; (w,1)y = 0}. Hence multiplying this by F(v(t) —0(t)) with
F := A~! defined on Vj', we have

5 IVE@(E) = () + (A (ol 20(0) ~ [0 20(6)) , F (1) — 6(0),,
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Here we used the fact that

d R A
<dt (v(t) —6(t)), F(v(t) — v(t))>

- <AoF<v<t>—@<t>>7(ﬁF<v<t>—ﬁ<t>>> = L 9B - o)l

Moreover, we notice that

(A (llP2o(t) = [0]P~20(2)) , F (u(t) = 0(1))),,

= (joP"20(t) — 6P~ 20(t), v(t) — (1)), > 0.

Thus
1d
2 dt
Hence integrating both sides over (0,¢) and applying Gronwall’s inequality, we have

IVE((t) —5(t)|% < 2| VF(v(0) — 9(0))|%4 =0 for all t e [0,T],

IVE(u(t) = 0(t))7 < o VF(u(t) — o(t))[7-

which implies v = ¢. Thus every weak solution of (CNP) is unique.

4.2. Approximation. To prove the existence part, let us introduce the following
approximate problems of (5)—(7) for , A € (0,1]:

d

o7 [eus (t) + 05 ()] + O pa(us(t)) = av§(t) in H, 0<t<T, (13)
v5(t) = I (us(t)), 0<t<T, (14)
eu5 (0) + v5(0) = eug + vo, (15)

where ¢ denotes the extension by infinity of ¢ onto H given by

_ o(u) for uev,
pu) =
00 for ue H\V

and Jdg @y denotes the Yosida approximation of 0y @. For abbreviation, we write
uy and vy instead of u§ and v§, respectively, if no confusion arises. Put

zA(t) ;== eup(t) +vr(t) for ¢t€0,T).
Then (13) is written of the form

d

%(t) +Ouoa(ua(t)) = ava(t) inH, 0<t<T. (16)
Here we note that uy(t) = (e + Ogtp) " toa(t) and vy(t) = z(t) — cux(t). Hence
since O Py and (eI + Ox1p)~! are Lipschitz continuous in H, the Cauchy problem
for (16) admits a unique strong solution zy € C*([0,T); H) on [0,T]. Furthermore,
U),Vy € leo"(o, T; H)

4.3. Estimates. Here and henceforth, we denote by Cr (respectively, Ce ) a con-
stant independent of &, A (respectively, A\) and it may vary from line to line.
Let us recall the following inequality:

2
(a—0) (JaP~2a — [pP~2b) > ¢, j|a|<H>/2a B2 for a,beR (17)
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with ¢, = 4/(pp’) > 0 for p € (1,00). Let Jy be the resolvent of dn, i.e.,
Jx = (I +X0x@)~!. Then it follows that

(OuY(u), 0u@r(u)) g > (O (Iau), 0aPa(u)) g
Cm ‘V <|J>\u|(m/_2)/2J>\u(-)) ’j{ forueV (18)

v

with ¢, 1= 4/(mm’) > 0 (see also Appendix of [1]). Hence multiplying (13) by
v (t) and integrating this over (0,t), we get

0(un(0) + 5lonOF + o [ V57 frar

1 t
< (o) + glully +a [ o)l dr (19)
0

where @5 (7) := |Jyu5 | =2/2J3u5 (-, 7). By Gronwall’s inequality,

1 ! 1
SO +en [ V830 < (0tu0) + glunly ) 2l
for all t € [0, 7] and €, A € (0,1]. (20)
Multiplying (13) by ux(t), we derive

= SO + 50 (a(0) + 52 (ur(1) < Aloalt) ur (B = ami* (0r (1)

for a.e. t € (0,T). Integrate both sides over (0,t) and apply Gronwall’s inequality.
It then follows that

1 m * € * a|m
— a5 = " (0a(®) < (Gluolh + v (v0) ) el
for all ¢ €[0,7] and €, X € (0,1], (21)
which also implies
T
sup elua(t)|% +/ oa(ur(t)) dt < Cr. (22)
t€[0,T) 0
Since uy(+,t) = Jva|™"2vx(+, 1), it follows from (17) that
(’U)\(t + h) - U)\(t), U,)\(t + h) - u)\(t))H

2
> e |[oa] T 205(t 4 h) — [ua] D 20, (1) .

for a.e. t € (0,T) and h > 0. Thus |vy|"=2/2vy € WH2(0,T; H) and

d 2 dv du
el (m—2)/2 < [ &5x ks
Cm‘dt|UA| UA(t)‘H < ( at (t), 7t

Therefore multiply (13) by dux(t)/dt to obtain

(t))H for a.e. te€ (0,7).

duy , |? d 24
A (¢ m | — (m—2)/2 t -5 t
el ( )'H +ec dt|’UA| ua(t) . + dtw(w( )
dU)\

Sa U)x(t)v (t)>

( dt H

9 dU)\ 2

< PR futalal )
<Cealor®lf +35 |0 (23)
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Moreover, by integrating both sides over (0,¢) and using (20), we get

t 2 t
€ d _ -
5/ (m)] dr+ Cm/ I|”*|(m D205(7)| dr+ @a(ua(t) < Cor  (24)
0 H 0 |aT H
for all ¢t € [0, 7.

Since (18) implies ¥(Jyu) < ¥P(u) = (m/m')Y*(v) with v = dgip(u) for all
A€ (0,1) and u € V (see also [2]), it follows from (11) and (12) that

2
dU)\

dr

sup |[Jaux(t)|v + sup [Og@a(ux(t))|v- < Cer. (25)
] te[0,7)

te0,1

Moreover, by (16)

sup [2A(t)|w < O,  sup < Cer. (26)

t€[0,T] t€(0,T]

d:L‘)\
)

4.4. Convergence as A — +0. From these a priori estimates, we can derive the
following convergences by taking a sequence A,, — +0.

vn, — v weakly star in L*(0,T; L™(Q)), (27)

uy, — u  weakly star in L>°(0,T; H), (28)

Iy, uxn, (1) — @ weakly star in L>°(0,T;V), (29)

O dx, (ur, () — g weakly star in L>(0,T; V™), (30)

xy, — x  weakly star in W (0,T; V*), (31)

which also gives = eu 4+ v. We note that Og @y, (uy, (1)) € dvp(Jy, un, (t)) and
Ove : V — V*is bounded and linear. Hence g(t) = dyp(u(t)) for a.e. t € (0,T).

Since H is compactly embedded in V*, by Ascoli’s compactness theorem (see,
g., [12]), we can deduce from (26) that

xx, — = strongly in C([0,T]; V™), (32)

which also implies x(0) = eug + vo. Since the resolvent Jy is non-expansive in H,
it follows from (24) that

T 2 T 2
d d
/ = Iaua(t)| dt g/ EX| dt < cor.
o |dt H 0 t H
Hence, by (25), it also holds that
Ix,un, (1) = @ strongly in C([0,T7]; H). (33)

Moreover, noting that
lux(t) — Jaua (D)3 < 22@a(ur(t)) < 2XC.r  for all t € [0,T],
we also obtain v = 4 and
uy, — u  strongly in C([0,T]; H). (34)

Thus the demiclosedness of Oy in H x H ensures that v(t) = dg(u(t)) for all
t € [0,T)]. Since A1) is continuous from L™ (Q) into L™ (), we particularly observe

vy, — v strongly in L*(0,T; H), (35)
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which will be used to derive an energy inequality. Therefore u solves

% [eu®(t) +v°(t)] + Ovp(u®(t) = av®(t) iIn V¥, 0<t<T, (36)
ve(t) =0 (us(t)), O0<t<T, (37)
u(0) +v°(0) = eug + vo. (38)
Let us derive energy inequalities for (u€,v®). From (23) and the fact that

<vf\(t), d;‘ti (t))H = Wp(u;(t)) for a.e. t e (0,7), (39)

2

we have
t 2 t d
/ artem / o5 | D205 (1) dr + Ga(u§ (1) — agp(us(£)
0 H o |dr H
< Paluo) — ap(ug)  (40)

for all t € (0,T). Here, by the definition of subdifferentials, (21) and (34) yield
limsup (3, (8)) < P(u(2)) + lim |05, (¢)]mluy, (@) — v (@] = ()

€
dus

dr (7)

for all ¢ € [0,T]. Thus since 1 is lower semicontinuous in H, we have
Y(us, () — Y(us(t)) forall te[0,T]. (41)
Moreover, (24) yields
w5 [mT2/205 — x© weakly in WH2(0,T; H) (42)

with some x* € W2(0,T; H). From the demiclosedness of maximal monotone
operators and (10), we can verify that y©() = |us|(™ =2)/2ye(t) = |v°|(m=2)/2p%(¢)
for a.e. t € (0,T). Thus passing to the limit in (40) as A — +0, we infer that

dr

t 2 td
6/0 . dT + ¢y, /0 e .
+ (U (1) — ap(u(t)) < p(uo) — arp(uo) (43)

for all t € [0,7]. Here we used (41) and the weak lower semicontinuity of ¢ and
norms. Furthermore, by (19) and (35),

du® 2

- |Ue|(mf2)/2ve(7_)

(1)

e(us(t)) + %|U5(t)ﬁ{ + cm /Ot ‘V (|u5|(m/—2)/2ua) (7_)‘2 dr

H

1 t
< e(ug) + §|v0@{ +a/ |v°(T)|3 dr  for all ¢ € [0,T]. (44)
0

4.5. Convergence as ¢ — +0. We next derive convergences of (u¢,v®) by passing
to the limit as ¢ — +0. To do so, we first derive from (21) and (22) that

tes[up]{Iv MEm + (1) + elu* (D)3} < Cr. (45)

Moreover, combining (43) with this fact, we obtain

t 2 t
d
5/ d’r+cm/ —_—
0 H 0 dT

2
0| D205 (1) dr 4 p(u(t) < Cp (46)
H

du®
dr

(1)
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for all t € [0,T] and € € (0,1]. Therefore by Proposition 1 and (36),

dxz®

)

sup {|U5(t)|v T v O)lv- +
t€[0,T]

+ |x5(t)|H} <Cr. (47
Ve

Then we can take a sequence €, — +0 such that

dus

Cdt
v°" — v weakly star in L>°(0,T; L™ (Q)),
u® — u  weakly star in L*(0,T;V),

— 0 strongly in L?(0,T; H), (48)
(49)
(50)
epu®™ — 0 strongly in C([0,T]; H), (51)
(52)
(53)
(54)

En

Ovp(u()) — ¢ weakly star in L>°(0,T; V™),
fn o weakly star in W0, T; V™),
strongly in C([0,T]; V™).

T

Hence we also have

En

v® — v strongly in C([0,T]; V*), (55)

which gives v(t) = Oy (u(t)) for a.e. t € (0,T) (see Proposition 1.1 of [9]). More-
over, we can also verify that ¢g(t) = Jdyp(u(t)) for a.e. ¢t € (0,T). Therefore u
becomes a strong solution of (5)—(7) on [0, T].
Finally, we establish energy inequalities. Since v € W2(0,7;V*) and u €
L?(0,T; V), the function t — 9*(v(t)) is absolutely continuous on [0, 7]. Note that
PH(0) = 0Oy = a0 gy Torall £ € [0,7]

and recall that L™ (Q) and L™(Q) are uniformly convex. Hence we deduce that
we C([0,T); L™ () and v € C(]0,T]; L™(£2)). On the other hand, it follows from
(50) and (55) that

T T T
/O P(u (1)) dtﬁ/o w(U(t))dH/o (= (), u (1) — u(t))y dt

T
. / blu())dt.
0
From the uniform convexity of L™ (0, T; L™ (Q)) and L™ (0,T; L™ (f2)), we obtain
u®" — u  strongly in Lm,(O, T; L™ (Q)), (56)
v®" — v strongly in L™(0,T; L™()). (57)

Then since u € C([0,T]; L™ (), it follows that u*" () — u(t) strongly in L™ ()
for all [0, T, which gives

P(u(t)) — w(u(t)) for each t € [0,T). (58)
Moreover, since ¢ is lower semicontinuous in the topology of L”L/(Q), we deduce
lim inf e(u(t)) > ¢(u(t)) for each t e [0,T]. (59)
Furthermore, we observe that

2
sup o "2/ 205 ()] = sup [vsn (1)
t€[0,T) H  tefo,1)

Tm(Q) S CT.
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Hence since H is compactly embedded in V*, we get, by (46)
[usn|(Mm=2)/2pn  x weakly in WH2(0,T; H), (60)
[usn|(M=2)/2p5n _ x strongly in C([0,T]; V). (61)

Recalling (10) and (50), we deduce that x(t) = |v|(m=2)/2y(t) for a.e. t € (0,T).
Passing to the limit in (43) and (44) as € — 0 and recalling the uniqueness of weak
solution for (CNP), we can verify

Cm/
S

S8+ e [ |7 (=220 @] dr < Jeto) +a [ dn

for all ¢,s € [0,T] with s < ¢. Dividing both sides of each inequality by ¢ — s and
letting s — ¢ — 0, we obtain (8) and (9) for a.e. t € (0,T).

%\vl(m’z)“v(ﬂ dr + p(u(t)) — ay(u(t)) < p(u(s)) — a(uls)),

H

Remark 1. (i) We can prove the same conclusion as in Theorem 3.2 with H*({2)
replaced by H} () also for the Cauchy-Dirichlet problem in a similar way.

(ii) Our approach presented here can be applied to proving the existence of weak

solutions for doubly nonlinear parabolic equation of the form

v

ot

and moreover, we can also deal with the case that vg € L™(£2) and the fast

diffusion case, m € (1,2). These attempts will appear in a forthcoming paper.

-Apu=av, u= lo|™" 2, (x,t) € Q x (0,T),
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