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Abstract. Sufficient conditions for the existence of strong solutions to the Cauchy
problem are given for the evolution equation du(t)/dt+ 0 (u(t)) — 0p2 (u(t)) > f(t)
in V*, where 8p" is the so-called subdifferential operator from a Banach space V
into its dual space V* (i = 1,2).

Studies for this equation in the Hilbert space framework has been done by several
authors. However the study in the V-V™* setting is not pursued yet.

Our method of proof relies on some approximation arguments in a Hilbert space.
To carry out this procedure, it is assumed that there exists a Hilbert space H satis-
fying V C H = H* C V* with densely defined continuous injections.

As an application of our abstract theory, the initial-boundary value problem is
discussed for the nonlinear heat equation: u(x,t)—Apu(z, t)—|u|T2u(z, t) = f(z,t),
x €Q, ulpgg =0, t > 0, where Q is a bounded domain in RY. In particular, the
local existence of solutions is assured under the so-called subcritical condition, i.e.,
q < p*, where p* denotes Sobolev’s critical exponent, provided that the initial data
uo belongs to Wol’p(Q).

1. Introduction. Let V' be a real reflexive Banach space and let H be a real
Hilbert space whose dual space H* is identified with H such that

VCH=H"CV*, (1)

where V* denotes the dual space of V' and each injection is densely defined and
continuous.

In this paper, we investigate sufficient conditions for the existence of strong
solutions of the following Cauchy problem:

du . *
(CP) — () + Dt (ult)) = 9¢*(u(t)) 3 f(t) in V*,  u(0) = uo,
where 9! (resp. dp?) is the subdifferential of a proper lower semicontinuous convex
function ¢! (resp. p?) from V into (—o0, +00].
The theory of evolution equations governed by subdifferentials was first studied
by Brézis (see [4], [5]) and its generalization in various directions has been vigorously

studied by many people. Among them, Otani [11] (see also [6], [8] and [12]) studied
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(CP) in the Hilbert space framework (i.e., V* = H) and applied his abstract results
to the following initial-boundary value problem:

%(x,t) — Apu(z,t) — lu|9"2u(x,t) = f(z,t), (z,t) € Qx][0,T],

(NHE) ¢ w(z,t) =0, (x,t) € Q% [0,T],
w(z,0) = uo(z), =€,

where A, is the so-called p-Laplacian given by Apu(z) := div(|Vu(x)|P~2Vu(z))
and ©Q is a bounded domain in R with smooth boundary 99.

The existence of weak solutions of (NHE) is also studied by using Faedo-Galerkin’s
method in [9] and [13]. The theory of perturbations in the Hilbert space framework
(such as in [6], [8], [11], [12]) has an advantage over Faedo-Galerkin’s method in
that it can assure a better regularity of solutions. At the same time, however, it
needs a stronger restriction on the growth order ¢ of the perturbed term |u|?2u
when p # 2, which is caused by the loss of the elliptic estimate for the p-Laplacian
with p # 2.

It is readily suggested from the study of nonlinear elliptic equations that the
perturbation theory for subdifferentials in the V-V* setting should remedy the
deficiency mentioned above. However the study in this direction is not fully pursued
even for the non-perturbed case where dp? = 0, whose study can be founded in [2]
and [7]. The main purpose of this paper is to present an abstract setting which can
cover the deficiency of the Hilbert space setting. In fact, as an application of our
abstract results, we can assure the local existence of solutions of (NHE) under the
so-called subcritical growth conditions, ¢ < p*, (i.e., WO1 P is compactly embedded
in L9), for all ug € Wol’p(Q). This fact has been conjectured but left as an open
problem for a long time.

2. Main results. Let ®(X) be the set of all proper lower semicontinuous convex
functions ¢ from X into (—oo, +00], where “proper” means that the effective domain
D(p) of ¢ defined by D(p) := {u € X;p(u) < 400} is not empty. Define the
subdifferential dx ¢ of ¢ by

Oxep(u) = {f € X"50(v) — ¢(u) 2 x+(f,v —u)x for all v € D(p)}

with domain D(9x¢) = {u € X;9x¢(u) # 0}, where x~(-,)x denotes the natural
duality between X and X*.
Let o1, ©? € ®(V) be such that D(¢') N D(¢?) # 0. For simplicity of notation,
we write Jp and (-, -) instead of dy  and v~ (-, -)y respectively if no confusion arises.
Here and henceforth, we are concerned with strong solutions of (CP) in the
following sense.

Definition 1. A function u € C([0,T]; V*) is said to be a strong solution of (CP)
on [0,T7, if the following conditions are satisfied:

(1) w(t) is a V*-valued absolutely continuous function on (0,77,
(2)  u(+0) = uo,
)

(3) u(t) € D(0p') N D(9¢?) for ae. t € (0,T)
and there exist sections g'(t) € dp' (u(t)) and g*(t) € O (u(t)) satisfying:
By 1 g () — 2(8) = (1) in V*, ae. on (0,T). @)

dt
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Throughout the present paper, we denote by C, C; (i € N) positive constants
which do not depend on the elements of the corresponding space or set. Moreover let
us denote by L the set of all monotone non-decreasing functions from [0, +00) into
itself. For p € (1, +00), p’ designates the Holder conjugate of p, i.e., p" =p/(p—1).

Our basic assumptions are the following.

(AD) |ulf, = Cilulf; — C2 < C39'(u)  Vu € D(¢?),

(A2) nggal) C D(9p?). Furthermore, if supte[O’T]{cpl(un(t)) + |un ()|}
Jo |dun(t)/dt|7;dt is bounded, then for every g, (-) € dp*(un(-)),
{gn} forms a precompact subset in C(]0, T]; V),

(A3) There exists an extension ¢? € ®(H) of 92, ie., *(u) = *(u) Yu eV,
such that ¢! (Jau) <11 (¢*(v) + lo(Jula)) VA >0, Vu e D(cpl) where
l; € L (i =1,2), Jy denotes the resolvent of 9y @?, that is, Jy = (I + A
Ong®) ",

(A4)  ©*(u) < kp(u) + Calul? + C5 Yu e D(p), 0 <k <1

We note that the continuity of ¢? can be derived from (A2).

Proposition 1. Assume that (A2) is satisfied. Letu, € D(p') be such that u, — u
weakly in'V and o' (u,,) is bounded. Then there exists a subsequence u,: of u, such
that ©2 (U, ) — ©?(u).

Proof of Proposition 1. Let u, € D(p') be such that u,, — u weakly in V as

n — +oo and ¢!(uy,) is bounded. Then from the fact that ¢? € ®(V), it follows
that

2

Pu) < limint *(u). 3)

On the other hand, let g, € 9p?(u,) and set vn(t) n and h,(t) = g, for
all t € [0,T]. Then we see that supte[O,T]{tp (vn (1)) + | (t |H} = @' (un) + |un|u
is bounded, dv,/dt = 0 and h,(-) € d¢*(v,(-)). By (A2), We can extract a sub-
sequence n’ of n such that h, — h strongly in C([O,T] ), which implies g,

becomes a strongly convergent sequence in V*.
Hence since ©?(u,/) < @2 (u) + {gn/, U — u), we get

lim sup 902 (un/) < 502 (u) + 11111 <gn/7 Up — u> = 502 (u) (4)
n’ —+o00 n’—+o0
Therefore it follows from (3) and (4) that lim,— oo 2 (un’) = ©?(u). O

Our main results are stated as follows.

Theorem 1. Assume that (A1), (A2), (A3) and (A4) hold. Then for all ug € D(p')
and f € WY (0,T;V*), (CP) has a strong solution u on [0,T)] satisfying:
u € Cyu([0,T]; V)N W2(0,T; H),
u(t) € D(OY) N D(0p?)  for a.e. t € (0,T),

gl € L2(0,T; V%), g% e C([0,T]; V™), (5)
o el (u(t) < +oo,  @*(u()) € C([0,T)),

where g* (i = 1,2) are the sections of d¢* satisfying (2) and Cy,([0,T]; V) denotes
the set of all V-valued weakly continuous functions on [0,T].
Theorem 2. Assume that (A1), (A2) and (A3) hold. Then for all ug € D(p') and

f e WhP'(0,T;V*), there exists a number Ty € (0,T] such that (CP) has a strong
solution u on [0,Ty] satisfying (5) with T replaced by Tp.
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Remark 1. We can give another type of sufficient conditions for the global existence
when (A4) is not satisfied. Moreover the asymptotic behavior of solutions and

the smoothing effect for the solution of (CP) with the initial data ug € D(¢p!)
falls within the scope of our V-V* setting. These topics will be discussed in our
forthcoming papers.

3. Proof of Main results.

3.1. Proof of Theorem 1. One of key steps of our proof is to introduce approxi-
mation problems for (CP) in the Hilbert space H. To this end, we first define the
extension of ¢! on H by

olu) ifueV,
(u) = ,
+oo  ifue H/V.

Then, by virtue of (A1), we can verify that ¢} € ®(H) (see [2]).
Now our approximation problems for (CP) are given by

(CP)x %A(t) +0m ey (ua(t) — 0n@X (ur(t)) > fra(t) in H, ux(0) = uo,
where fy belongs to C1([0,T]; H) such that fy — f strongly in W (0,T;V*) as
A — 0, ¢? is the extension of ¢? on H given in (A3) and 9y @3 denotes the Yosida
approximation of dg@*. We note by Proposition 2.11 of [4] that Oy @3 = O ($3).

Since Oy @3 is Lipschitz continuous in H, Proposition 3.12 of [4] assures the
existence of a unique strong solution uy of (CP), on [0, 7] satisfying:

uy € WH2(0,T; H), wux(t) € D(0mpl;) ae. on (0,7),
t — ok (ux(t)), ¢3(ux(t)) are absolutely continuous on [0, 7.

Here and henceforth, we can assume that ¢! > 0 without any loss of generality.
We are going to establish a priori estimates in the following Lemmas 1-3.

Lemma 1. There exists a constant M7 such that

sup |ur(t)lm < M, (6)
te[0,T)

sup @' (ux(t)) < M, (7)
t€[0,T]

T 2

d
/ T dat < My, (8)
o | dt "y

sup |ua(t)], < M. 9)
t€[0,T]

Proof of Lemma 1. Multiply (CP), by dux(t)/dt. Then, by Lemma 3.3 of [4],
we obtain

dux
dt

d duy

4o tun®) — L& ua(e) = <fA(t), —(t))H, (10)

2
<t>\ n
L dt dt
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where (-, )iy denotes the inner product of H. Hence, integrating (10) over (0, t), we

have
f o),
= o (uo) + &3 (ur(t) + (fa(t), ux(t)) — (f2(0), uo)
b/ dfx
_/0 <E(T),u,\(7‘)> dr.
By (A1) and (A4), it follows that
/ dr + (1= k)¢ (ua (1)) (12)
0 H
< ¢! (uo) — @X(uo) + Calua()[3r + Cs
+H{Cs0" (ua(t)) + Crlur() |3 + C2} 71 fA(B) v+ + [uolv]£2(0)

+/0 {03(;01(10\(7‘)) +Cl|u,\(7')|%[+c2}1/p df_)‘

2
dU)\

S| dr ol (ua(t) + B (o) (1)

du,\
@ 7

Vo

dr.

dr (7) v

From the fact that < |u,(¢)|y < |‘7lgl‘—t*(t)|H, Young’s inequality and Gronwall’s in-
equality imply

lux(®ff + @' (ua(t)) < C{IUoI?{wl(uO)JrI@i(uO)l+IUO|§’/+C2+C5

T '
' dfx
Lo —|—/ ==(r)| dry,
v o |dr v
where C depends on C;, Cs, Cy, k and T. Since fy is bounded in W#' (0, T;V*)

and @3 (up) is bounded, it follows that (6) and (7) hold. Moreover, (6), (7) and (12)
imply (8). Furthermore, by (A1), we get

@ < Cilux(®)ff + Ca + Ca (ua(1)).

+ sup |fa(7)
T€[0,T]

Hence, (6) and (7) imply (9). O
Lemma 2. There exists a constant My such that
sup |[Lur(t)|y < My, (13)
te[0,T)
sup @' (Syua(t)) < Mo, (14)
te[0,T]
sup |Lua(t)y < Mo, (15)
te[0,T]
T d 2
/ —Jhua(t)| dt < M. (16)
o |dt H

Proof of Lemma 2. Since J) is non-expansive in H (see [5, P102]), we can derive
(13) from (6). By (A3), (6) and (7) yield (14), which together with (A1) and (13)
implies (15). Moreover since |Jyux(t + h) — Jyux(@)|a/h < |ua(t + k) — ux(t)|a/h
for all h € R with t + h € [0,T], we have

T d 2 T
/ —J,\U)\(t) dt < / dt,
o |dt H 0 H

which together with (8) implies (16). O

du
— (1)
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Lemma 3. There exists a constant M3 such that

A

Ms, (17)

sup [ @3 (ua(t)),. <
te[0,T)

S dt

where gy (-) = fa(") = dux(-)/dt + O @3 (u(")) € Omeir(ua(-)).

Proof of Lemma 3. Since Jyux(t) € D(Og@?) NV for all t € [0,T], we get
Or@*(Jaun(t)) C 0p?(Jyux(t)) for all t € [0, T]. Furthermore, since Oy @3 (ux(+)) €
O (Jyux()) (see [5, p104]), it follows from (A2), (13), (14) and (16) that

{0y @3 (ur(-))} forms a precompact subset of C([0,T]; V*), (19)
which yields (17).
Since fy is bounded in W' (0, T; V*) and gl (t) = fa(t)—dux(t)/dt-+0u @3 (ur(t))
for a.e. t € (0,7), (8) and (17) imply (18). O
From Lemmas 1-3, we can extract a sequence A, such that A\, — 0 and the
following lemma hold.

IN

Ms, (18)

Lemma 4. There exists u € Cy, ([0, T); V)N WH2(0,T; H) such that

uy, — u weakly in L*(0,T;V)NWY2(0,T; H), (20)
ux, (t) — w(t) weakly in H for allt € [0,T), (21)
Iy, uyn, — u  weakly in L*(0,T; V)N WY2(0,T; H). (22)

Moreover we have u(t) — ug strongly in H as t — 40.

Proof of Lemma 4. Since H and V are reflexive, (8) and (9) imply (20). More-
over, let ¢ € [1,400). Then by (6), we can extract a subsequence A% of \,, depending
on ¢ such that uye —ug — u — ug weakly in L9(0,7; H). Hence since uyq (0) = uo,
it follows from (8) that

_ o < limi _ .
tAd] ) - n tAd]
lu —wollLaco,t:1 liminf [[uxe — uollLa(o,1;m)
AL —0

¢ T | duya 2 ar o
< liminf / / —2u(5)| ds 792 dr
M—0 | Jo \Jo | ds H
1/q
< M11/2 (i) +(1/2+1/9)
q+2
Thus we have
[u(t) —uolm < sup |u(7) —uolu = qEI}»loo llu — woll Laqo,emy < My ?tY/2,

T€[0,t]

which implies u(t) — wug strongly in H as t — 40.
Now let ¢t € [0,T] be fixed. Since uy,(0) = u(0) = ug, (20) shows that

trd d
(un, () —u(t), )y = / ( B (1) — _u(r),qﬁ) dr — 0 for any ¢ € H,
0 dr dr "
which yields (21).
By (9) and (21), we can take a subsequence X, of \,, depending on ¢ such that
uye (t) — u(t) weakly in V. (23)
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Hence, by (9), it follows that |u(t)|y < liminfye o |uxe (t)|y < My, where M,
is independent of ¢. Therefore we conclude that sup,cjo 7 lu(t)ly < My < +oo.
Moreover, since u € L>(0,T;V)NC([0,T]; H), by Lemma 8.1 of [10, Chap.3, §8.4],
we can deduce that u € Cy, ([0, T]; V).

By (14) and (16), we find that Jy, uy, — v weakly in L?(0,T;V)NWH2(0,T; H).
Here, by (17), we notice that

|’U,,\n (t) — J,\nuAn (t)|v* = An|8H¢?\n (’(,L)\n (t)) ve < Ay M3

for all ¢ € [0, T]. Hence since uy, — Jx, uy, — 0 strongly in C([0,T];V*) as A\, — 0,
it follows that v = u. (|

Lemma 5. There exists g> € C([0,T]; V*) such that
Ou@s, (ux, (1)) — g* strongly in C([0,T];V*) (24)
and  g*(t) € 0p*(u(t)) for a.e. t € (0,T).

Proof of Lemma 5. By (19), there exists g> € C([0,T];V*) such that 9r@3
(ux, (+)) — g* strongly in C([0,T]; V*). Hence Lemma 1.3 of [3, Chap.II] and Propo-

sition 1.1 of [7] imply ¢*(t) € 9p?(u(t)) for a.e. t € (0,T). O
Lemma 6. There exists gt € L?(0,T;V*) such that
gr, — g' weakly in L*(0,T;V*) (25)
du

and  g'(t) = f(t) + ¢*(t) — o (t) € D' (u(t)) for a.e. t € (0,T).

Proof of Lemma 6. By (18), it is obvious that g} — g' weakly in L*(0,T; V*).
Moreover, by (CP), , it follows from (20) and (24) that gt = f+g*—du/dt.

Hence it remains to prove that f(t) + ¢2(t) — du(t)/dt € 8 (u(t)) for a.e. t €
(0,7). Multiplying g} (t) by ua, (t) and integrating over (0,T), we get

/ (b (D) ux, (D)dt = / (Fan (£),un, () + / OB (ux, (1), ux, (1)) dt
0 0 0

1 1
*§|U/\TL(T)|§{ + §|U0|%1-

Since fy, — f strongly in W#'(0,T; V*), it follows from (20), (21) and (24) that

limsup / (g (O),un, (O)dt < / (), u(t))dt + / (@ (), u(t)dt (26)

An—0
1 1
—§|U(T)|%1 + §|U0|%1

- /OT <f(t) + g2 () — %(t), u(t)> dt.

By Lemma 1.3 of [3, Chap.II] and Proposition 1.1 of [7], we conclude that g'(¢) =
f(t) + g%(t) — du(t)/dt € Op*(u(t)) for a.e. t € (0,T). O

Now, let t € [0, 7] be fixed. Then since ! € ®(V), (7) and (23) imply ¢*(u(t)) <
liminfye o @' (uxe (£)) < My, where M; is independent of t. Hence we conclude
that sup,co 7 @' (u(t)) < My < +o0o. Moreover let t, € [0,T] be such that t, — t.
From the fact that u € C,, ([0, T]; V), it follows that u(t,) — u(t) weakly in V. Since
@ (u(tn)) < supejor) ' (u(t)) < My, where M, is independent of n, Proposition

1 assures that there exists a subsequence t, of t,, such that ©?(u(t,)) — ©?(u(t)).
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Hence, since this argument does not depend on the choice of subsequence t,,/, we
deduce that ¢?(u(-)) € C([0,T)).

3.2. Proof of Theorem 2. We first introduce an auxiliary problem. Let r € R be
such that 7 > ¢?(ug) and define the cut off function of ! by

X o' (u) if 9*(u) <,
" (u) =
+00 otherwise.

Then, it follows that 1" € ®(V) and D(p'7") = D(¢!) N {u € V;¢*(u) < r}. Let
us consider the following Cauchy problem:
W)+ 01 (ult) — 02w(t) 3 f(1) m V", u(0) = o

We then easily find that (A1) and (A2) with ¢! replaced by ¢ hold. Moreover
since p?(u) < r for all u € D(p>"), (A4) is satisfied with k =0, Cy =0, C5 =7
and ! = @7,

Let u € D(p'7"). Then since Proposition of [4] says that ¢?(Jyu) < ¢?*(u) < r
and (A3) implies Jyu € D(p!), it follows that o1"(Jyu) = p'(Jyu). Hence (A3)
with ¢! replaced by o!" holds true. Therefore, since the fact that ¢?(ug) < r and
up € D(¢h) yields ug € D(¢>"), Theorem 1 assures the existence of strong solutions
of (CP)" as follows:

Lemma 7. Assume that (A1), (A2) and (A3) are satisfied. Then for all ug €
D(pY), fe WH'(0,T;V*) and r € R with 1 > ¢2(ug), (CP)" has a strong solution
u on [0,T] satisfying (5) with o' replaced by o> .

(CP)’

In order to show that wu(t) becomes a strong solution of (CP) time-locally, it is
sufficient to prove that there exists a number Ty € (0,7 such that dpb" (u(t)) =
Ot (u(t)) for all t € [0,Tp). To this end, we prepare a couple of lemma.

Lemma 8. There exists a number Ty € (0,T] such that ?(u(t)) < r for all t €
[0,T0).

Proof of Lemma 8. We here remark that ¢?(u(-)) € C([0,T]). Hence, for the

case where maxeo,7]¢?(u(t)) < r, we can take Ty = T. For the case where
maxye[o,7] ©*(u(t)) > r, since ?(ug) < r, there exists a number Ty € (0, 7] such
that ¢2(u(t)) attains r at t = Ty for the first time. O

Lemma 9. If u € D(0p"") and ¢*(u) < r, then b (u) = dp'(u).
Proof of Lemma 9. It is obvious that d¢!(u) C 9" (u) for all u € D(Op").
Hence it suffices to show that 9" (u) C 9! (u) when u € D(dp™") and p?(u) < r.
Let [u,&] € O¢"" be such that ¢*(u) < r and take an arbitrary element v €
D(p'). Then since us := (1 — s)u + sv — u strongly in V as s — 0 and ¢! (us) <
(1 — 8)pt(u) + spt(v) < pl(u) + p'(v), where p!(u) + ¢!(v) is independent of s,
for all s € [0,1], Proposition 1 assures that there exists a sequence s, such that
©*(us,) — ¢*(u) as s, — 0. Hence from the fact that ¢?(u) < r, it follows that
there exists a number so € (0,1) such that p?(us,) < 7. Since us, € D(¢>"), we
get o (ug,) — ot (u) = b (us,) — b (u) > (€, us, —u). Hence, by the convexity of
o1, we have so(p!(v) — ! (u)) > (&, so(v—u)). By dividing both sides by sg > 0, we
deduce ! (v) —@!(u) > (£,v —u) for all v € D(p'), whence follows £ € dp!(u). O
By Lemmas 7, 8 and 9, there exists a number Ty € (0,77 such that u(t) € D(dp')
and 9ol (u(t)) = ! (u(t)) for a.e. t € (0,Tp). Consequently we deduce that u
becomes a strong solution of (CP) on [0, Tp].
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4. Application. In this section, we apply the preceding abstract theory to (NHE)
and give sufficient conditions for the existence of solutions.

The sufficient conditions for the existence of solutions in [11] are weaker than
those in [13] except for the case where p < ¢ and p < N. For this case, [13]
requires ¢ < 2p/(N + p) for the local existence and that ¢ < p* for the global
existence for small data, where p* is the so-called Sobolev’s critical exponent given
by p* = Np/(N —p) if p < N; and p* = +c0 if p > N. The latter condition is
called subcritical growth condition. On the other hand, [11] requires ¢ < p*/2 +
1 for the local existence and the global existence for small data. Moreover, [12]
succeeded in relaxing the sufficient condition for the local existence to subcritical
growth condition when p = 2.

Thus the sufficient conditions for the local existence in [11] and [12] are strictly
weaker than those in [13]. However, as for the global existence, the sufficient con-
ditions in [11] and [12] are more restrictive than those in [13] when p # 2.

Moreover when p # 2, there still exists a considerable gap between the subcrit-
ical growth condition and the sufficient conditions for local existence in [13], [11]
and [12]. It is remarkable to note that our abstract theory enables us to relax the
sufficient condition for the local existence of weak solutions to the subcritical growth
condition. This fact has been conjectured but left as an open problem for long time.

To apply our abstract theory, we set V = VVO1 P(Q) and H = L?(2) with norms
| - [v:=1IV - | and | - |g =] - |p2(q) respectively. Here we assume that
2N/(N+2) <p < +ooand 1 < ¢ < p*. We then find that V, V* and H satisfy (1).
Moreover, by Sobolev’s embedding theorem, the injection V' C L9(Q) is compact
(see [1]). Now let ¢, ¢y € ®(V) be given by

! p _1 w(x)|dx Yu
sop<u>=;/9|w<w>| dz, wq<u>—q/9| @) de VueV.

Then it is obvious that d¢p, and 9y, coincide with —Ayu and |u|?"?u in the distri-
bution sense, where D(¢,) = D(d¢,) =V and D(¢,) = D(0¢,) = V respectively.
Therefore (NHE) can be reduced to (CP) with d¢! and d¢? replaced by d¢p, and
01q respectively.

Lemma 10. (A1), (A2) and (A3) with o' and ¢ replaced by p, and 1, hold.

Proof of Lemma 10. We see that ¢,(u) = (1/p)|ul},, which implies (A1) with
Cy = Cy =0, C5 = p. From the definition of ¢, and vy, it is obvious that D(yp,) C
D(9¢q). Let up, be such that sup,c(o 71{@p(un(t)) + [un () a} + fOT |du, (t)/dt|%dt
is bounded. Now since V' is embedded in L?(Q2) with compact injection, it follows
that {u,(t)} is compact in LI(Q2) for all ¢ € [0,7]. Moreover since ¢ € (1,p*)
and Q is bounded, we observe that there exists a number 6 € (0,1] such that
[u|La(0) < Clul% |uly? for all u € V, whence follows that wu,(-) is equi-continuous
in C([0,77; L9(2)). Hence, by Ascoli’s lemma, there exists a subsequence n’ of n
such that u,, — u strongly in C([0,T]; L%(Q2)). Then we can easily check that

g |20 (+) — [u?2u(-)  strongly in C([0,T]; LY (52)).

Therefore we deduce that 0¢q(un (-)) — 0vq(u(-)) strongly in C([0,T]; V*). More-
over (A3) also holds true (see [5, Proof of Corollary 16]). O

4.1. The case where p < ¢ and uy € W, (Q).
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Theorem 3. (Local existence) Suppose thatp < g < p*. Then, for all ug € WOI’p(Q)
and f € W' (0,T; W12 (Q)), there exists a number Ty € (0,T] such that (NHE)
has a solution u on [0,Ty] satisfying:

u € Cy ([0, ToJ; Wy P (2)) N C([0, ToJ; LU(Q)) N WH2(0, To; L*(92)).

Proof of Theorem 3. By Lemma 10, we infer that (A1), (A2) and (A3) hold.
Hence, by Theorem 2, there exists a number Ty € (0,7] such that (NHE) has a
solution u on [0, Tp]. Moreover since ¥q(u(-)) € C([0,Tp]), the uniformly convexity
of L1(£2) implies u € C([0, To]; L1(2)). O

4.2. The case where p > g and ug € Wol’p(Q).

Theorem 4. (Global existence) Suppose that p > q. Then, for all ug € WOI’p(Q)
and f € WH' (0, T; W=7 (Q)), (NHE) has a solution u on [0,T] satisfying:

u € Cy([0,T]); Wy () N C([0,T); LI(Q)) N W20, T; LA(Q)).

Proof of Theorem 4. By Lemma 10, we see that (A1), (A2) and (A3) hold.
Moreover, since p > ¢, we find

1 1
ta(w) = 2 fulfuq) < Cluly < 5ep(w) + O VueV,

which implies (A4). Therefore, by Theorem 1, (NHE) has a global solution on
[0,T]. O

Remark 2. In Theorem 3, if we assume the smallness of given data, we can assure
the global existence of solutions.
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