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Chapter 1

Introduction

This thesis concerns analysis and differential geometry on metric spaces. We shall gen-
eralize several analytic and geometric notions including totally geodesic maps, Sobolev
spaces, and harmonic maps. It is noted that the known facts for the finer objects (Rie-
mannian manifolds, functions etc.) do not always continue to hold in our general setting
(metric spaces, mappings etc.). Completely different phenomena may appear. In the
case where we actually find such a phenomenon, it is probably much more interesting to
investigate why such a difference occurs. We will also answer to this further question in
several cases. This work was first inspired by Margulis’ celebrated superrigidity theorem
([Marl], see also [Mar2] and [Z]), a somewhat weakened version of which is described as
follows:

Let k be a local field. By an algebraic k-group, we mean a Zariski k-closed subgroup
of GL(n; K) for some n > 1 and some algebraically closed field K containing k. We
denote by G} a group which consists of the k-points of an algebraic k-group G, and by
GY its identity component. Typical examples are K = C, k = R, G = SL(n;C), and
Gr = G% = SL(n; R).

Theorem 1.0.1 (Margulis’ superrigidity theorem) Let k and k' be local fields, G and H
be connected algebraic k- and k'-groups, respectively. Let I' C G be an irreducible lattice,
and p : I' — Hjs be a homomorphism. Suppose that G is semi-simple and its k-rank is
greater than one, and that G has no compact factor, H is k'-simple, and p(T') is Zariski
dense in H. Then either one of the following is true:

(i) The homomorphism p extends to a rational homomorphism p: G — H.
(ii) The image p(T') is relatively compact in Hy.

A differential geometric approach to proving Margulis’ superrigidity theorem, which
is established by Corlette [Col, is as follows:

(I) We first show the existence of a p-equivariant harmonic map v : X — Y.
(IT) We next show that u is totally geodesic or constant.

(IIT) We finally show that u is homothetic or constant.
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Here each of X and Y is a symmetric space of noncompact type or a Euclidean building.
Indeed, in the case where X = G/K and Y = H/L are symmetric spaces and p: [ — H
is a homomorphism from a lattice I' C G = Isom(X), (III) above implies that p extends
to a homomorphism p: G — H (g — uo gou™') or the closure of p(T') is compact.

Corlette [Co], Jost and Yau [JY], and Mok, Siu, and Yeung [MSY] each deal with the
case where X is a symmetric space of noncompact type and Y is a Riemannian manifold
of nonpositive sectional curvature. There they prove (I) by Eells and Sampson’s theorem
and need more concrete calculations to show (II). On the other hand, (III) is generally
obtained from the following well-known fact:

Fact 1.0.2 Any totally geodesic map from an irreducible Riemannian manifold into a
Riemannian manifold is homothetic or constant.

Gromov and Schoen [GS] treat the case where X is a symmetric space of noncompact
type and Y is a Euclidean building, and Wang [W] deals with the reverse case (under a
somewhat stronger assumption than that in Margulis’ theorem). The map u is always
a constant map in these cases. We emphasize that the results of Corlette and Gromov-
Schoen are in the rank-one case which is not covered by Margulis’ original proof.

In the case where both X and Y are Euclidean buildings, although u is expected to
be homothetic for some X and Y, even (III), i.e., the homothetic property of a totally
geodesic map, is unknown. Furthermore, there are only a few investigations on totally
geodesic maps for metric spaces. On the other hand, there are many works on the Sobolev
spaces for maps between metric spaces and harmonic maps in these spaces. Our purpose
in this thesis is to study totally geodesic maps, harmonic maps as well as Sobolev spaces
to which they belong, and the relation between them. The thesis is organized as follows:

In Chapter 2, we recall the precise definitions of CAT(K)-spaces and Alexandrov
spaces with an upper curvature bound. We also give the proofs, for completeness, of the
first variation formula (Theorem 2.2.3) and the 1-Lipschitz continuity of the foot-point
map (Proposition 2.3.2).

In Chapter 3, we consider totally geodesic maps between metric spaces. For a smooth
map u : M — N between Riemannian manifolds and for two vector fields V and W on
M, we define V(u,)(V, W) := 'Vyu, (W) —u.(VyW). Here u, : TM — TN denotes the
differential of u, and V and 'V denote the Levi-Civita connection of M and the connection
on u 'TN induced from the Levi-Civita connection of N, respectively. There the totally
geodesic property of u is defined by the differential equation V(u,) = 0, or equivalently,
by the property that it maps any geodesic of M to a geodesic of N. The latter definition
makes sense for a map between metric spaces. Typical examples of totally geodesic maps
are an isometry, a homothety, a Riemannian covering and a projection from the product of
metric spaces to one of its factors, which are all continuous. An example of discontinuous
totally geodesic map is an unbounded linear map from a Hilbert space to a Banach space.

It is intuitively clear that the totally geodesic property is a very strong condition.
Indeed, as we mentioned above, any totally geodesic map from an irreducible Riemannian
manifold into a Riemannian manifold is homothetic or constant (Fact 1.0.2). However,
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if we consider maps between arbitrary metric spaces, then we can derive almost nothing
from this property. This is because the behavior of geodesics varies depending on an
underlying metric space. For instance, in the case where (X,dx) is a metric space in
which any geodesic is constant, e.g., discrete metric spaces or fractals such as the von
Koch curve, any map from X is totally geodesic and, conversely, only constant maps are
totally geodesic maps from a metric space (which has sufficiently many geodesics) into
X. Therefore it is natural and necessary to put some restrictions on the source and the
target spaces.

In this chapter, we treat a totally geodesic map u : M — X from a Riemannian
manifold M to a metric space X whose convex radii are assumed to be positive. We first
prove that M splits locally and isometrically into the vertical and the horizontal parts with
respect to u (Theorem 3.2.1). By using these horizontal parts, we next show that the image
of a sufficiently small open ball in M has a Finslerian structure (Corollary 3.4.4). This
will be globalized in Theorem 3.3.1, which asserts that, if M is geodesically complete, then
u can be represented as the composite of a totally geodesic map from M to a Finslerian
manifold N and a locally isometric embedding from N to X. Intuitively, N is a space
constructed by resolving the singularities of w(M). If X is an Alexandrov space with local
curvature upper bound, then N is a Riemannian manifold. As a corollary, we prove the
homothetic property of a totally geodesic map from an irreducible Riemannian manifold
to an Alexandrov space with local curvature upper bound. This is a generalization of
Fact 1.0.2.

In Chapter 4, we treat the Sobolev spaces for maps between metric spaces. The theory
of Sobolev spaces for maps from or into metric spaces starts from Ambrosio [A] and is
making remarkable progress in these years. There are several definitions of such kind
of Sobolev spaces — for example, by Korevaar and Schoen [KS| (see also [J1], [J3], and
[Ra]), and by Hajlasz [Ha] (see also [HaK], [He], and [K]). In [Ch], Cheeger also defines
the Sobolev spaces for real-valued functions on an arbitrary metric measure space (see also
[S] and [HKST]). He not only treats the usual topics of Sobolev spaces including Dirichlet
problem, but also proves many independently interesting theorems including generalized
Rademacher’s theorems. Moreover, such results are used in [CC] to study the structure of
the Gromov-Hausdorff limit of Riemannian manifolds whose Ricci curvatures are bounded
uniformly from below. For this reason, the author is most interested in Sobolev spaces
defined by Cheeger.

When one intends to generalize Sobolev spaces for functions to those for maps into
an arbitrary metric space, say X, considerably many difficulties arise. One of the most
critical one is that X has no linear structure. One way to bypass this difficulty is to
consider CAT(0)-spaces. There we can take the average of maps by using the center of
mass argument (cf. [KS] and [J3]). However, we do not have the additive operator for
them. The difference between them is not so serious if we treat only LP spaces, but causes
some trouble in the case where we consider Sobolev spaces. Another way is to consider
Banach spaces (cf. [HKST]). This is a useful observation because every metric space can
be isometrically embedded in some Banach space. Nevertheless, it is not yet sufficient
only to consider Banach spaces. Indeed, Cheeger-type Sobolev spaces may change by such
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an embedding of the target space.

In this chapter, we generalize Cheeger’s definition of Sobolev spaces for functions to
that for maps into an arbitrary metric space X and, despite the difficulties above, we
obtain some interesting results.

In §4.1, we define the energy of a map and the Sobolev spaces. However, for completely
general metric spaces, we can prove only a few things.

In §4.2) we treat the case where (X,dx) is a geodesic length space such that dx is
convex, and show the analogues of the bulk of fundamental results proved in [Ch|. For
example, we prove the existence and the uniqueness of the minimal generalized upper
gradient (Theorem 4.2.2).

In §4.3, we deal with mappings into a CAT(0)-space and solve the Dirichlet problem
in accordance with the strategy in [J3] (Theorems 4.3.4 and 4.3.8).

In §4.4, we prove the minimality of the function Lip u (defined in §4.1) for any locally
Lipschitz continuous map u into a locally compact, locally geodesics extendable, and
separable Alexandrov space with local curvature upper bound (Theorem 4.4.8). This is a
generalization of [Ch, Theorem 6.1]. However, our proof is based on a new idea different
from the original one. The first variation formula (Theorem 2.2.3) is essential in our proof.

Finally, in §4.5, we consider what happens to the Sobolev spaces if we isometrically
embed X into a Banach space. By such an embedding, Cheeger-type Sobolev spaces may
change in general (Example 4.5.8). We will prove that this change does not occur in some
cases (Theorem 4.5.9) by studying the relation between several types of Sobolev spaces.

In Chapter 5, we consider the following problem: Are totally geodesic maps harmonic?
The harmonicity of a totally geodesic map is clear for a map between Riemannian man-
ifolds. This is because both the harmonicity and the totally geodesic property of a map
are defined by the differential equation and the one for the totally geodesic property
(V(u.) = 0) is stronger than that for the harmonicity (trace(V(u.)) = 0). However, for a
map between metric spaces, they are defined in the different categories and it is difficult
to compare them generally.

In this chapter, we consider mappings between a Riemannian manifold and a metric
space. Our theorems (Theorems 5.1.4 and 5.1.8) assert that any totally geodesic map into
an Alexandrov space of curvature < 0 is harmonic with respect to both Korevaar-Schoen-
type and Cheeger-type energies. These theorems enable us to construct many examples
of harmonic maps whose images are not manifolds (Example 5.2.1). Namely, we can treat
a map which maps a non-singular point to a singular point. Examples of harmonic maps
of this kind have been scarcely known.

In this connection, we remark that Eells and Fuglede prove the harmonicity of totally
geodesic maps from a Riemannian polyhedron into a Riemannian manifold ([EF]). Their
proof is more differential geometric than ours. In that situation, it is difficult to construct
examples of totally geodesic map except for projections (from the product of a metric
space and a Riemannian manifold). In fact, we can easily prove that totally geodesic
maps from a tripod or a surface of circular cone into a Riemannian manifold must be
constant.

If the source space is not Riemannian, then a totally geodesic map is possibly not
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harmonic. In the last section, we will give an example of such map between CAT(0)-
spaces, or compact, geodesically complete Alexandrov spaces of curvature < 0 (Example
5.2.3 and Claim 5.2.4). We also prove that there exists no continuous harmonic map
which is homotopic to that totally geodesic map. The non-uniformity of the dimension of
the source space is the essential cause of this phenomenon. We note that any Euclidean
building has a uniform dimension.






Chapter 2

CAT(K)-spaces and Alexandrov
spaces

In this chapter, we briefly explain main geometric objects in this thesis, CAT (K )-spaces
and Alexandrov spaces of curvature bounded from above. These are metric spaces with
“curvature bounded from above” in some sense. We shall see some basic facts about them
which will be necessary for this thesis. General references of this chapter are [ABN], [Ba],
[BBI], [BH], and [OT].

2.1 Definitions

Let (X, dx) be a metric space. We denote the open (closed respectively) ball with center
r € X and radius r > 0 by B,.(z) or B,(z;X) (B.(x) or B,(x; X) respectively). For
a,b € R, we define a V b := max{a,b} and a A b := min{a,b}. For a continuous path
v :10,l] — X, we define the length () of v by

)= s S de(rt) (b))

O=to<t1<--<tn=l

where the supremum is taken over all sequences {t;}?, as above and all N € N. A
continuous path « : [0,]] — X is called a geodesic if it has a constant speed and is
locally minimizing, that is, it satisfies

{(Vlay) = (1o = al /1) - 1()

for every 0 < a < b < [ and, for any a € [0,], there exists some ¢ > 0 such that
1(|[@,a) = dx(v(a’),v(a")) holds, where we put ¢’ := (a —¢) V0 and a” := (a +¢) AL
Unlike those on a Riemannian manifold, geodesics on a metric space (e.g., a tree) may
branch.

Fix K € R and let M% be a two-dimensional, complete, and simply connected space
form with constant sectional curvature K.



Definition 2.1.1 A metric space (X,dx) is called a CAT(K)-space if it satisfies the
following;:

(i) For any two points z,y € X (with dx(z,y) < n/VK if K > 0), there exists a
minimal geodesic joining them, that is, a geodesic vy : [0,1] — X which satisfies
7(0) =z, ¥(1) =y, and I(7) = dx(z,y).

(ii) For any three points z,y,z € X (with dx(z,y) + dx(y, 2) + dx(z,z) < 27/VK if
K > 0), any minimal geodesic v : [0,1] — X from z to y and A € [0, 1], we have

Here we denote by AZjz a comparison triangle of Axyz in M% which is defined
as a geodesic triangle in M2 satisfying dx(z,y) = darz. (Z,9), dx(y,z) = Az (7, 2),
and dx(z,2) = dyz (2,7), and we denote by 7 : [0,1] — M the unique minimal
geodesic from Z to 3.

Any two points z and y in a CAT(K)-space (X, dx) (with dx(z,y) < 7/VK if K > 0)
are connected by a unique minimal geodesic v : [0,1] — X from z to y. Indeed, the
existence is guaranteed by (i), and the uniqueness is derived from (ii) in Definition 2.1.1.
Then we set 7,, := 7 and we also use the notation (1 — A\)z + Ay := 7., () for A € [0,1].

If K = 0, then the inequality dx(z,7())) < dpz (% 7(A)) in Definition 2.1.1(ii) is
equivalent to

dx(2,7Y(\)? < (1 = Ndx(2z,2)* + Mx(z,y)? — (1 — N Adx(z,y)*. (2.1)

We know that any CAT(0)-space is contractible. For example, Hadamard manifolds, trees,
Euclidean buildings, and Hilbert spaces are CAT(0)-spaces. Note that a Banach space
is a CAT(0)-space if and only if it is a Hilbert space, i.e., it satisfies the parallelogram
identity.

Definition 2.1.2 A metric space (X, dx) is called an Alexandrov space of curvature < K
if, for any x € X, there exists an open neighborhood D of x such that

(i) any minimal geodesic joining two points in D is contained in D;
(i) (D,dx) is a CAT(K)-space.
We call a set D C X satisfying (i) and (ii) above an Rg-domain.

In fact, any Riemannian manifold whose sectional curvature is not greater than K is an
Alexandrov space of curvature < K. We observe that an Alexandrov space of curvature
< 0 is not necessarily contractible, e.g., a flat torus is an Alexandrov space of curvature
< 0. We call a metric space (X, dx) an Alezandrov space with local curvature upper bound
if, for any z € X, there exists an open neighborhood D of x which is an Rg-domain
for some K = K(z) € R. Any Riemannian manifold is an Alexandrov space with local
curvature upper bound.



In the remainder of this section, let (X, dx) be an Alexandrov space of curvature < K.
For two nonconstant geodesics ~; : [0,/;] — X (i = 1,2) with a common starting point
x :=71(0) = 72(0), we define

Za(n,72) = Jimy 2y (8)zya(t).

Here we set /71 (8)xy(t) := Zy1(sVEy(t), where Avyy (sVE7y2(t)is a comparison triangle of
A (s)zye(t) in Mz-. Tt is not difficult to show that, from Definition 2.1.1(ii), the function
(s,t) — Zv1(s)zy2(t) is monotone non-decreasing in both s and ¢ if they are sufficiently
small. Hence the limit in the definition of Z,(v1,72) always exists. In particular, it holds

that
lm (717 72) < 471 (8)1:’)/2 (t)

for small s,¢ > 0. If one of 7, and 7, is a subarc of the other one, then clearly Z,(v1,72) = 0
holds. However, the converse is not true, that is, Z,(y1,72) = 0 does not imply that
71(s) = 72(as) for some a,e > 0 and all s € [0,¢]. If z,y,z € X are in an Rg-domain
(and dx (y,z) Vdx(y,z) < 7/VK if K > 0), then we put Zzyz := Z,(Vye, Vyz). We prove
some fundamental facts about the angle Z for the later use.

Proposition 2.1.3 (i) For three geodesics v; : [0,l;] — X (i = 1,2,3) emanating
from a point x € X, we have the triangle inequality

Ze(v1,73) < Za(y1,72) + Za(72,73)-

(i) If x4, yi, zi tend to distinct points x,y,z € X in an Rg-domain (with dx(y,z) V
dx(y,z) < w/VK if K > 0) respectively as i — 0o, then we have

Zxyz > limsup Zz;y;2;.

1—00

(iii) For three distinct points x,y,z € X in an Ry-domain (with dx(y,z) V dx(y, z) <
7/VK if K >0), we have

lryz = 15% Lxyyy,(t).

Proof. (i) We may assume Z,(71,72) + Zz(72,73) < 7. Fix a sufficiently small £ > 0 and
take t1,t2,%3 > 0 which are small enough to satisfy

In(t)an(t) < Zo(n, ) +e,  Zr(t)zysts) < Zo(r2,73) + &,
l’yl (tl)ilf’)/g(tg) + 472<t2)$73<t3) <.
Put y; := vi(t;) for i = 1,2,3. Let Ay12y, and AysZys be comparison triangles of Ay;xys

and Aysrys in M3 respectively such that they share the edge vz, and that y; and 3 lie
on the opposite sides of this edge. Taking ¢; and t3 much smaller than ¢,, we can assume
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that vz, and 4 intersect, and we denote the intersection point by p = 7z, (). Then
we have

dx (y1,93) < dx (Y1, Yoy (1)) + dx (Vay, (1), ¥3) < darz (91, p) + dosz (P, ¥a)
= dMi(?Jla Us)-

The second inequality follows from Definition 2.1.1(ii) for Ay;xys and Ayorys. This
implies Zy,zy3 < Z31Zy3. Moreover, it follows from Zy129s + Z922y3 < 7 that Ly, T3 =
291Xy + Ly22y3. Hence we obtain
Zo(n,7s) < Zypays < LGy = L3y + LT
< Zo(71,72) + ZLo(v2,73) + 2¢.
(i) Given € > 0, let 2’ = 7,,(s) and 2’ = 7,.(t) (s,t > 0) satisty Za'yz’ < Zxyz +«.
If we take @} = 7,2, (s;) and 2} = 7, (t;) such that dx(y;, z}) = dx(y,2’) and dx(y;, 2}) =

dx(y,2'), then it follows from Definition 2.1.1(ii) that z} and 2} tend to 2’ and 2’ respec-
tively as ¢ — oco. This implies that

| Za'ys — Zalyz| < e
holds for sufficiently large 7. Thus we obtain
Lryz > Za'yz —e > Lalyzl — 26 > Lagyiz — 2

for large ¢. Letting ¢ tend to infinity, we have the required inequality.
(iii) Fix € > 0. By (ii), for sufficiently small ¢ > 0, it holds that Zzyz > Zzv,.(t)z —e.
Moreover, we also find . .
|4my7yz (t> + Z'T’sz (t>y - 7T| <e

for small ¢ > 0. There we have

Layz < Zayy,.(t) < m— Zay(t)y +e
< Zyvys(t)z — Loy (t)y + €
< Layy,(t)z+ ¢
< Lxyz + 2e.

Here we use the equality Zyv,.(t)z = 7, which holds since ~,, is a geodesic, in the third
inequality. Therefore we obtain

Lryz = %g% Lzyy,.(t).

For x € X, we set

¥, := {geodesics emanating from z}/ ~,

10



where the equivalence relation ~ is defined such that v; ~ v holds if Z,(y1,72) = 0.
Then (2., Z,) is a metric space by Proposition 2.1.3(i). Define the space of directions
(3s, pz) at © € X as the inner metric space induced from (3., Z,), that is, for 71,72 € X,
we define

pz(71,72) == inf{i(c) | ¢ : [0,1] — (2., Z:), continuous, ¢(0) = 1,¢(1) = 12},

and we set p.(71,72) := oo if there exists no such curve. It is not difficult to show
Ze(v1,72) = pz(71,72) A 7. We also define the tangent cone (K,,d,) at x by K, =
Y. x [0,00)/%, x {0} and

do((5,m), (t,72)) := {s* + t* — 2st cos 4m(’)’17’72)}1/2-

If we consider a triangle in R? such that two sides of it have lengths s and ¢ and that the
angle between them is Z,(y1,72), then d,((s,71), (t,72)) is the length of the other side
(see Figure 1).

41:(’717’72) dx((3771)7(t772))

Figure 1

The space of directions and the tangent cone coincide with the unit tangent sphere and
the tangent space for a Riemannian manifold. It is known that each connected component

of the completion of (X, p,) is an Alexandrov space of curvature < 1, and the completion
of (K,,d,) is a CAT(0)-space.

2.2 First variation formula

A metric space (X, dy) is said to be locally geodesics extendable if, for each x € X, there
exists 6 = d(x) > 0 such that any unit speed geodesic v : [—¢,0] — X with v(0) = =
can be extended as a geodesic 7 : [—0,0] — X satisfying v = 7 on [—¢,0]. (We have
called this property locally geodesically complete in [02].) In this section, let (X, dx) be
a locally compact, locally geodesics extendable Alexandrov space of curvature < K.

Lemma 2.2.1 Let D C X be an Rg-domain. Then any geodesic vy : [0,1] — X con-
tained in D (with 1(y) < 7/VK if K > 0) is minimal.
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Proof. Suppose that |4 and v|jetre (0 < a < a+ € < 1) are minimal and |4 is
not minimal. Put z := v(0), y := y(a), and z := y(a + €) and let AZyZ be a comparison
triangle of Azyz in Mz. We observe that, by assumption, it holds that

dx(z,y) + dx(y, 2) + dx(z,z) < 2(y) < 2r/VK

if K > 0. Since dx(z,y) +dx(y, z) > dx(z, z), we have T > Zxyz > Zxyz = w. Thisis a
contradiction, so that v is minimal on [0, ]. 0

For a closed ball B.(z) (with 0 < ¢ < 7/2vK if K > 0) contained in an Rg-domain,
we set

Se(x) :=={y € X |dx(z,y) =€}, Zaly,2) = Lyxz for y,z € S.(=).

We note that Zyzz depends only on ¢ and dx(y,z). We can show that (S.(z),Z,) is a
metric space as in the proof of Proposition 2.1.3(i).

Proposition 2.2.2 For any x € X and a sufficiently small ¢ > 0, the metric space
(Se(z), Zz) is compact. Moreover, (3,,Z;) is compact.

Proof. Let D be an Rg-domain containing x, and choose ¢ € (0,d(z) A 7/2v/K) such
that B.(x) C D and B.(x) is compact. Given a sequence {y;}°, C S.(x), since B.(z) is
compact, we can take a subsequence {y;,} of {y;} which converges to some point y € D.
Then clearly we have y € S.(z) and Zx(yij,y) — 0 as j — oo. Hence (S.(x),Z,) is
compact. By the geodesics extendable property of B.(x), the map

Se(x) DY ¥ Yoy € (Ba, Lo)

is surjective and 1-Lipschitz continuous. Therefore (X, Z,) is also compact. O

The symbols 0,4(¢) and 0, 5(c) denote functions depending only on o and § with
lim. 0 04,5(¢)/e = 0 and lim. o6, 5(¢) = 0. The first variation formula for length below
plays a crucial role in §4.4.

Theorem 2.2.3 ([OT], cf. [OS, Theorem 3.5]) Fiz an Rx-domain D C X and distinct
points x,y € D. Then, for each z € D, it holds that

dX(ya $) - dX(Z7 ZE) = dX(ya Z) COs nyz + Ox,y(dX(ya Z))

Proof. Fix a sufficiently small € > 0. Since the metric space (S:(y), Zy) is compact, we
can take a finite set {z;})¥, C S.(y) satisfying B.({z:}Y,; S:(v)) = S.(y). For each i, we
have limy,_, Zzy7y,.,(t) = Zxyz by Proposition 2.1.3(iii). Hence we find t. € (0,¢) for
which

Luyzi < Zwyyys(t) < Lwyzi+ e

12



holds for all 4 and ¢ € (0,t./¢]. In particular, for every w € By (y) \ {y}, by taking
w' € Sc(y) and i such that w = y,,(s) for some s € (0,%./¢) and that Z,(w', z;) < ¢, we
have Zwyz, = Zw'yz; < Z,(w', z;) < e and

Layw < Zayw < Zay vy (te/€)

< Zx?ﬂ’yzz' (te/e) + Z’YyZi (te/€)yyyw (te/€)
< Layzi e+ Lz
< ZLzyw + 3¢.

We may assume z € B;_(y) \ {y}. In fact, then we have ¢ = 6, ,(dx(y, z)), more precisely,
inf{e > 0|t. > r} = 0,,(r) since inf{e > 0|t. > t.,/2} < &o. Thus we obtain

|Zzyz — Zayz| = 0,,(dx (y, 2)).

On the other hand, we know

dx(z,y) — dx(z, 2)
dX(ya Z)

cos Zayz = +0(dx(y, 2)).

Consequently, we obtain

dx(z,y) — dx(z, ) = dx(y, z) cos Zzyz + o(dx(y, 2))
= dx(y, z) cos Lzyz + 0,4 (dx(y, 2)).

2.3 Foot-points

Throughout this section, let (X,dx) be a CAT(0)-space. A subset A C X is said to
be geodesically conver if any two points in A can be connected by a minimal geodesic
contained in A. For a complete, geodesically convex subset A C X, the foot-point (or the
nearest point projection) of a point x € X to the set A is defined as a point in A which
is closest to x (see [KS, Proposition 2.5.4]). From (2.1), we can easily prove that such a
point exists and is unique, and hence we denote it by F[A|(x). We shall obtain that this
map is distance non-increasing by the sub-embedding property due to Reshetnyak [Re]
(see also [KS, Theorem 2.1.1]). Here we only show a much restricted version of it.

Theorem 2.3.1 For any four points w,x,y,z € X, there exists a convex quadrilateral
wryz C R? (a sub-embedding of {w,x,y, z}) satisfying

g
I
&I

dX (wa .T)
dx Yy

:| |7 dX(xvy)
(w,y) <| ,

=|z—g|, dx(y,2)=y—-2|, dx(z,z)=|z—1Z|,
dx(z,z) < |z — Z|.

£
<
&I

13



Proof. As in the proof of Proposition 2.1.3(i), let AZwy and AgwZ be comparison tri-
angles of Azwy and Aywz in R? respectively such that they share the edge 745 and
that Z and Z lie on the 0pp0s1te sides of this edge If Z:L’yw + Zwyz < 7, then we can
sub-embedding.

Next we consider the case where nyw + Zwyz > 7. We move y and Z until g lies on
7vzz while keeping @, Z, |z — 7|, |y — Z|, and |Z — @| fixed (see Figure 2). We denote the
resulting points by w (= 0), z (= %), g, and Z.

T T

N
IS}
N~
I

w w
Figure 2

Then we have dx(z, z) < dX(a: y)+dX(y, z) = |i: z| and dx (w,y) = |w—g| < |w—7|.

If wzyz C R? is a sub-embedding of {w, x,y,z} C X, then we have
dx(w, (1 = t)z +ty)* < (1 —t)dx(w, 2)* + tdx(w,y)* — (1 - t)tdx(z,y)*
< (1 —t)|w -z +tlw—g)* - (1 - )tz -y
= o —{(1 - )z +tg}|’
for each t € [0, 1].

Proposition 2.3.2 For any complete, geodesically convex set A C X, the map F[A] is
1-Lipschitz continuous.

Proof. For two points z,y € X, put 2’ := F[A](z) and ¢’ := F[A](y), and set z, :=
(1—t)x' +ty € Afort € [0,1. Let zZ'y'y C R? be a sub-embedding of {z,z’,vy',y}.
Then we have

TP +lg-yP+2tl -y 2@ -2 - - 9) 7 - 7).
Here we denote the canonical inner product on R? by (-, ). It holds that

2(z =) = (W —9), 7 -¥) =2z —9) - (@ - ¥), 7 —¥)
=tz -9 @ -9 - @ -7 -1z - 7"}
<t{lz - gl -z’ - 7"}

dx(z,2)* + dx(y, z1-1)*

<l|lz {1 -t +ty}!2+\y {tz' + (1 - t)g'}?

=@ —2) +t(@ - )P+ 17— 7))+t )
|z
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Hence we obtain

dx(w,2)* + dx(y, z1-¢)?
<dx(z,2)? +dx(y,y')* + 28%dx (2, y)* + t{dx (2, y)* — dx(2',y)*}.

On the other hand, the definitions of 2’ and y' imply dx(z,z') < dx(z, z;) and dx(y,y’) <
dx(y,z1-¢). Therefore we have

0 < 2t%dx (2, y)? + t{dx(z,y)* — dx(z',y')*}.

Dividing this inequality by ¢ and letting ¢ tend to zero, we obtain dx(z',vy") < dx(z,y).
O
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Chapter 3

Totally geodesic maps

In this chapter, we study totally geodesic maps from a Riemannian manifold to a metric
space, and will obtain a kind of rigidity. The main results of this chapter are Theorems
3.2.1 and 3.3.1, and Corollaries 3.4.4 and 3.4.5. This chapter is based on [O1].

3.1 Basic properties

Let (M, g) be an n-dimensional C*°-Riemannian manifold and (X, dx) be a metric space.
We denote by dy; the distance function on M induced from g. We define OM := M \ M,
where M is the completion of M with respect to dy;. For p € M, the convezity radius at
p, denoted by 7y/(p), is defined by

Any geodesic contained in Bj(p) is minimal and }

>
P {5 =0 any ball B, (q) with dy(p,q) < d — 7 is strongly convex

where a subset U C M is said to be strongly convex if, for any q,r € U, a minimal geodesic
from ¢ to r uniquely exists and is contained in U. The same definition makes sense for
x € X and we denote it by rx(z). Note that rx(z) = 0 may happen (e.g., at a singular
point of an Alexandrov space of curvature bounded from below), while 73/(p) > 0 holds
for any p € M. For q,r € B,,,(»)(p), we denote the unique minimal geodesic from ¢ to r
by Y4 : [0,1] — M as in the previous chapter, and denote the image of 7, by ¢r. For
Y,2 € B, (z)(x), we define ,, and yz in the same manner.

We assume, throughout this chapter, that there exists a totally geodesic map u :
M — X, that is, u maps any geodesic in M to a geodesic in X. For such u, we define a
function |du| : TM — R as, for v € T, M,

|du|(v) := the speed of the geodesic u o 7,

_ dX (u(p), u(’)/v(t)))
t

for sufficiently small ¢ > 0,
where 7, (t) := exp, tv.

Proposition 3.1.1 The map u is continuous on M.
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Proof. Take any p € M and let {e;}?; be an orthonormal basis of T,M. Then, for
e € (0,ry(p) A dist(p,OM)), we set

a; =", (£e) fori=1,2,...,n

Vi :={a;|i==+1,%£2,... £n},

Ve ={reaua;li<ji#=xj},

Vi ={r € qjajay i <j < k,i# +j,j # £k, k # *i},

where a;a;a; := {a;q|q € ajai},

10 <+ < lp_i

€ R n I

Vn—l = {7’ (= a’io"'ain,1 N 7
)

{£i}  {ip,...,ip—1} foranyi=1,...

where we inductively define a;, - --a;, , = {a;,q|q € a;, -+~ a;, . }.
Then, for any r € a;,q C a;, ---a;,, CV,;, with 1 <m <n — 1, we have

dx(u(p),u(r)) < 3 {dx(u(p), u(a,)) + dx(u(p) u

(
< dx(u(p),ulay,)) + dx(u(p), u(q))
< 2max{dx (u(p), u(ai,)), dx (u(p), u(q))}-

q)) + dx (u(q), u(ai,))}

Therefore we obtain

sup{dx (u(p),u(r)) |7 € V71 } < 2sup{dx(u(p),u(r)) |7 € V7 ,}

< 2" max{dx (u(p), u(r)) |r € V5}

< 00.
We put
a. = inf{dy(p,7) |7 €V} >0, b :=2""Tmax{dx(u(p),u(r))|r €V}
Then lim. g a./e = 1/4/n and
be = 2" temax{|du|(e;) |i=1,...,n}

for sufficiently small € > 0. Since any geodesic emanating from p intersects V,;_,, we have

be
sup |dul(v) < lin(l)— = 2" '/nmax{|du|(e;) |i =1,...,n} < o0,

veUpM e=0 Qe
where we define U,M := {v € T,M ||v| = 1}. Hence u is continuous at p. O
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If supy 5 |du| = 0 at some p € M, then u is a constant map. So without loss of
generality, we may assume that supy; |du| > 0 for any p € M. Define

ay(p) == sup |du| (= the local dilatation of u at p),

e
’f’u(p) T M(p) A au(p)

o(p) := ru(p) A dist(p, OM).
The function r, has a useful property:

Br.)(P) C Bryy)(@),  w(Bru)()) C Bryuoy) (u(p)).

Fix p € M and put z = u(p). We assume rx(z) > 0 in this and the next sections, so
that r,(p),o(p) > 0. Then, by the property of r,(p) we noted above, the continuity of u
immediately implies that the function |du| is continuous on T'B, ) (p). Hence u is locally
Lipschitz continuous, and a,,r,, and ¢ are continuous on B, ) (p).

Definition 3.1.2 We define V,, := {v € T, M | |du|(v) = 0} and call it the vertical part at
P.

Lemma 3.1.3 The set V, is a subspace of T, M.

Proof. It suffices to show that v +w € V,, for any v,w € V,,. We may assume |v|, |w| <1
and v +w # 0. For € € (0,0(p)), we put

G 7= Yr(enu(e)(1/2), v = exp,” ¢/ |exp,” .| € UpM.
Since Bs(p) - BrM(p) (p) and U(Bg(p)) C BTX(QE)(J:), we have u(qe) = 'Yu(%(a))u(mu(s))ﬂ/z)
= z. Hence v, € V,,. On the other hand, lim._,ov. = (v+w)/|v+w|. Therefore v+w € V,,

since V}, is closed. O

Lemma 3.1.4 Each connected component of u='(x) is a totally geodesic submanifold of
M whose tangent space coincides with the vertical part at each point.

Proof. For any p' € u~!(x), we have

B (@) Nut(z) = exp, (B (0; Ty M) N Vp/).
Here we have 7,(p’) > 0 since rx(u(p’)) = rx(x) > 0. Hence the function ¢ — dimV, is
constant on any connected component S of u™!(x), and S is a totally geodesic submanifold

of M which is coordinated by {(Uy, ¢q)}qes, Where we set Uy := exp, (By(q)(0; T,M)NV,)
and Pq = (equ |Bg(q)(0;TqM)ﬁVq)_1‘ O

Definition 3.1.5 We define H, := VpL and call it the horizontal part at p.
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For x € X, we set
¥ := {unit speed geodesics emanating from z}/ ~,

where the equivalence relation ~ is defined such that v, ~ 75 holds if 3 = 75 on [0, ¢] for
some € > 0. This set is slightly different from the space of directions ¥, defined in §2.1.
In fact, geodesics ; and v, emanating from the same point x can branch while satisfying
Zz(71,72) = 0 in the case where (X,dx) is an Alexandrov space of curvature bounded
from above. We define (du), : U,M \ 'V, — X/ as

@) = [t worn( e )|

where [-] indicates the equivalence class.

Lemma 3.1.6 The map (du)p|u,mnm, : UpM N H, — (du),(U,M \ V,) is bijective.

Proof. We first show the surjectivity. Take any v € U,M \ V,. For sufficiently small
e € (0,0(p)), we can choose two vectors w € V, and w' € H, such that |w|, |w'| < o(p)
and 7, (g) € 7w (1)vw (1) because the set

{g € W)y () [w e Vy,w' € Hy, [w| = || = e}

is connected and of (n — 1)-dimensional. Since u(7,(0)) = u(7,(1)) = u(1wr(0)) = z, we
have u(y[j0.e) C w(Yo (1) 7w (1)) = u(yw|p,y)- Hence (du)y(w'/w']) = (du)y(v).

Next, we show the injectivity. If there exist two distinct vectors v,w € U,M N H,
satisfying (du),(v) = (du),(w), then wo~y, =uo~, oa on [0, d] for some a >0 and 6 > 0
(where a is a multiplication function). We may assume 0 < a < 1. For 0 < e < d A o(p),

we have u(yy(e)yw(ag)) = {u(y(€))} = {u(vw(ac))}. Hence

‘du‘( eXD. - (o) (10(€)) ) _

We notice that v,(g) # vw(ae) since v # w. Letting ¢ tend to zero, we obtain |du|((v —
aw)/|lv—aw|) = 0. Therefore v—aw € V,NH,, so that v—aw = 0, which is a contradiction.
l

Corollary 3.1.7 Any geodesic contained in u(Bru(p) (p)) does not branch. Namely, if two
geodesics 1,79 : [—6,0] — u(B,,u(p) (p)) satisfy y1 = 2 on [—6,0], then 3 = o holds on
[_5a 5] .

Proof. Assume that there exist two unit speed geodesics v1,72 : [—6, 8] — u(By, ) (p))
with § > 0 such that ; = 75 on [—9,0] and 7 (¢) # 2(t) for some ¢ € (0,]. Then, since
u(BM(p) (p)) C By x)(x), we have v1(s) # 72(s) for any s € (t,0]. Hence, without loss of
generality, we may assume 7, (t) # »(t) for all ¢ € (0, J].
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Choose a point p’ € u~ (1(0)) N By, »)(p) (= v 1(12(0)) N B,,)(p)). Note that

rx(u(p) = rx(z) — dx(z,u(p')) > rx(x) — au(p)ra(p) = 0.

By Lemma 3.1.6, there exist three vectors wy, ws,v € Uy M N Hy satisfying

(du)y (wi) = [vilpg]  fori=1,2,
(du)y (v) = [(m o (=D)lpg] (= 1020 (=1))l0.0])-

Since 7 (t) # 72(t) for any t € (0, 6], we obtain [y1](,5]] 7# [V2][0,6], S0 that w; # w,. Hence
we may assume v # —w;. However, for sufficiently small € > 0, we have

U( Voo e/l (0)) vy (/i )) (1/2)) = Vop (e () (1/2) = 71(0) = u(p).

Hence exp;,1 [V (e 1dul (0)) v, (e/Idul (wy)) (1/2)] is contained in V,, \ {0}, and we denote it by v..
Letting € tend to zero, we have v./e — (v/|du|(v) + w1 /|du|(w1))/2 € V}y, which implies
v/|du|(v) + wq/|du|(w;) = 0. This contradicts the hypothesis v # —w;. O

3.2 Local isometric splitting

This section is devoted to proving a local isometric splitting property of M. The precise
statement of our result is as follows:

Theorem 3.2.1 For any p € M with rx(u(p)) > 0, there exists a natural isometric
embedding
Bru(p)(p) — M1 X MQ.

Here we define

M, := B, ,»(p)/ ~, where q ~ r holds if equ_1 re Hy,
M, := B,,»)(p)/ ~, where ¢ ~ r holds if equ_lr eV,

It is sufficient to show that the vertical parts, and hence also the horizontal parts, are
invariant under the parallel translation along any geodesic whose initial vector belongs
to the vertical or horizontal part. The invariance along a geodesic whose initial vector is
contained in the vertical part is easily obtained by Lemma 3.1.4. Thus it suffices to show
the invariance along the horizontal parts.

We first show the following:

Lemma 3.2.2 If w is the projection to H, of w' € T,M, then u(v,(t)) = u(vw(t)) for
any t € [=o(p)/[w'],a(p)/Iw'].

Proof. Take any w' € By)(0;7,M) and let v € V, and w € H, be the vertical and
horizontal projections of w’ respectively. For any € € (0,1), we put (see Figure 3)
|w’| -1
e = 1 2 y B = £
G = Yo (1/2),  w oxp, T q] O
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By Corollary 3.1.7, we have

) =u((3)): ulexn,u) - u(v(%g))

On the other hand, we find that w. — w" and |exp,' ¢.|/e = |w'|/2 as ¢ — 0, so that
u(Ywr (1)) = u(yw(1)). Moreover, we have u(v,(t)) = u(y,(t)) for any ¢t € [—1,1]. This

completes the proof. O
Vo
(0(p)/|v|)v—\

Wy L

S . C expy, ! (u™ [u(yw(1))])

4 W
1))
exp, " (¢:) —
0 N Hy
Ew W (o(p)/|wl)w

Figure 3

Corollary 3.2.3 Let w',w be as in Lemma 3.2.2. Then
(i) (du)p(w'/w']) = (du)p(w/|w]) if w # 0,
(ii) |du|(w’) = |du|(w) cos Z(w', w).

In particular, for any w € U,M N H,, the geodesic v, is perpendicular to u™*[u(y,(t))]
for each t € (—o(p),o(p)).

Take any v € U,M NV, and w € U,M N H,. For each s € (0,0(p)), we put g5 :=
Yu(8). Since u 0 Vg v (o(p)/2)(t) = w0 V(o (p)t/2) for any t € [0, 1], we have (du),(w) €
(du)g, (UM \'V,,). Hence, by Lemma 3.1.6 and its corollary, there exist a unique unit
vector wy € U,,M N H,, and a number ¢, > 0 such that u(v,(¢)) = u(yw,(cst)) for any
t € [0,ts] (see Figure 4), where we put

ts :=sup{t > 0] ([0,¢]) Uy, ([0, cst]) C Boy)(p)}-

By Lemma 3.1.4, we have 7, (t)vw, (cst) C u™u(7,(t))], so that this geodesic is perpen-
dicular to both v, and ~,,. It follows from the first variation formula that

d(Yw(t), Yw (cst)) = s for 0 <t < .
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Similarly, for any 0 < s; < s3 < o(p), we have
d('yws1 (€s,1), Yaws, (csyt)) =52 — 51 for 0 <t <ty Ats,.

It implies that

d(’)/w <t>7 Yws, <631t)) + d(’yw31 <051t)7 TYwsy (Cszt)) =51+ (82 - 81) 52

= d(Yw(t), Yaws, (Cs1))

80 that Y, (cot) € Yw(t)Vw,,(Csyt). Therefore, by the first variation formula, it holds
that ¢s = 1 for s € (0,0(p)). Consequently, we obtain t; > /o(p)? — s? and the surface
S = {Vw.(t) | Vs? +t? < o(p)} is flat with respect to the metric induced from g.

Yo(o(p))

,sz2 (032t>
W, ws Yy (8)/ [, (2)]
qS2 QS T4
w/
Y’ (5) fg .
w,
ds, e Yws, (csit
p Yolt)  Yuwlo(p)) p Yo (t€)
Figure 4 Figure 5

Furthermore, we shall prove that S is totally geodesic in M. Choose r = 7, (t) € S
and put w' = exp, Ly (see Figure 5). Since S is flat with respect to the induced metric,

we obtain
lw'| < Vs? + 2. (3.1)

On the other hand, since (du),(w'/[w'|) = (du)q, (ws) = (du),(w) and u(y, (1)) = u(r) =
u(Yw(t)), together with Lemma 3.2.2 and Lemma 3.1.6, we have w’ = v' 4 tw for some
v' €V, Foreach 0 < e <1, let wl. € U,, M N H, , be the unique unit vector

satistying (du),,,e)(w)) = (du)y,, ) Cur(€)/ ot (£)]) = (60 0 (Gus(te)). Note that we
do not know whether 7,/ () € S or not. By Corollary 3.2.3(ii) and the discussion in the

previous paragraph, we have
|dul (wg) cos Z (Y (€), wl) = |dul(w'/|w']) = |du|(w) cos Z(w', w)

and |du|(wl) = |du|(Yw(te)) = |du|(w). Hence we have Z(§u(¢),wl) = Z(w',w). There-

£
fore we obtain

bo| 3

. — . ﬂ- /
£Giur(e), = 0y ulte)) 2> T = ZLGw(e),we) = 7 = L(u!,w)

[\]
w



for any 0 < ¢ < 1. By the first variation formula, it holds that

s = d(r, u(t))
eXp;j, (e) Tw (te)

: /olg(%’(g)’ Jexpy! nw<te>|> *

Yo (€

< |w'|sin Z(w', w)
— VWP .

The last equality is easily derived from g(w',w) = g(v' + tw,w) = t. Thus we obtain
|w'| > +/s? + t2. Combining this with (3.1), we have |w'| = v/s? + 2 and hence S is totally
geodesic. Therefore S is flat also with respect to the original metric g. In particular, the
vector field £(t) := exp;i(t) (Yaw, (£)) is'parallel along Yw OB (—v/o(p)2 — s2,y/o(p)? — 32)
Consequently, we obtain that the vertical parts are invariant under the parallel translation
along 7u|(-o(p),0(p))-

This argument is also true for any ball B;(p') C B, (p) with 0 < 6 < o(p’). Recall
that a,(q) = supy,y |dul, and define b,(q) := infy,mnm, [du| (> 0) for ¢ € M. As a
consequence, we obtain the following lemma and Theorem 3.2.1.

Lemma 3.2.4 (i) dimV; and dim H, are independent of the choice of q € B, ) (p).

(ii) The functions a, and b, are constant on u™'(y) N B, (p) for eachy € u(B,, ;) (p))-

3.3 Differentiable structure
In the last two sections of the present chapter, we shall prove the following.

Theorem 3.3.1 Let (M, g) be a geodesically complete Riemannian manifold and (X, dx)
be a metric space. Suppose that there exists a totally geodesic map u : M — X and that
the convezity radius at any point of u(M) is positive. Then we have the following:

(i) There exist a C>-differentiable and C°-Finslerian manifold (N,|-|) and maps u; :
M — N and us : N — X satisfying that
(a) u=ugouy,
(b) uy is C* and totally geodesic (as a map between metric spaces),
(¢) ug is a locally isometric embedding.
(ii) If, in addition, (X,dx) is an Alexandrov space with local curvature upper bound,

then N is a C*°-Riemannian manifold, and then u, is totally geodesic as a map
between Riemannian manifolds.

Namely, u; has all data of the “metric part” of u with no singularity, and wuy has all
data of the “singular part” (or “branching part”) of u. The assumption, the positivity of
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the convexity radius at any point of u(M/), is not a strong one. In fact, any Alexandrov
space with local curvature upper bound satisfies this condition.

If (M, g) is not geodesically complete, then, in general, we can not construct N satis-
fying the condition above. In fact, we see a counter-example in the following:

Example 3.3.2 Let M := R?\ {(0,9)|q > 0} with the standard metric, and X be a
tripod with the infinite length. In other words, X is the union of three copies of the
half-line [0, 00) identified at 0, and the distance is defined as the length distance. We
denote the half-lines of X by [y, [s, and I3 (see Figure 6).

Figure 6

Define the map v : M — X as follows:
e For (p,0) € M with p # 0, u(p,0) := 0.

e For (p,q) € M with ¢ < 0, we define u(p, q) as the point on l; whose distance from
0 is |q|.

e For (p,q) € M with p > 0 (p < 0 respectively) and ¢ > 0, we define u(p, q) as the
point on Iy (I3 respectively) whose distance from 0 is |g|.

Clearly u is totally geodesic. If a Finslerian manifold N with the property stated in
Theorem 3.3.1 exists, then, since N is of one-dimensional, it is a line segment or a circle.
However, there exists no surjective, locally isometric embedding us : N — X for such
N.

We assume that (M, g) is geodesically complete and that rx(z) > 0 for any = € u(M)
in this and the next sections. Hence we have o(p) = r,(p). Then |du| is continuous on
TM, so that a,,b,, and r, are continuous on M. Moreover, by Lemma 3.2.4, dimV,
and dim H), are independent of p € M, and a, and b, are constant on each connected
component of u™!(z) for any z € u(M). So that we put m = dim H,,.

Definition 3.3.3 (i) Define N := M/ ~, where p ~ ¢ holds if

inf{l(uo~)|v is a path from p to ¢} = 0.
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(ii) For any P,Q € N, we define
dy(P,Q) := inf{l(u o) | is a path from p to g},
where p € P and q € Q).

The function dy is independent of the choice of p € P and ¢ € @, and defines a
distance function on N. By definition, we have

dy(P,Q) > dx(u(p),u(q)) forany pe P and q € Q. (3.2)

Define u; : M — N as the projection and uy : N — X by uy(P) := u(p) for p € P,
which is well-defined by the inequality (3.2). Clearly u = ug o u;.

From now on, for convenience, we put P = uy(p), @ = u1(q), and R = wuy(r) respec-
tively, and x = ua(P), y = u2(Q), and z = us(R) respectively.

Lemma 3.3.4 The map u, is totally geodesic. Moreover, we have

Xp, ' q
| exp, ! q|

(P, Q) = lul (L Yy )

for any q € By, »)(p) \ {p}-

Proof. For any q € B,,»)(p) \ {p}, we have

dX(x7y) S dN(P7Q> S Z(UO’}/pq) = dX('CC?y)
Hence

-1
dn(P.Q) — dx(a,y) — |du (M)dw, 2,

| exp, ™ g

and u; o 7,, is a minimal geodesic from P to Q. O

The following lemma and proposition are the keys to showing that N is a C°°-
differentiable manifold.

Lemma 3.3.5 Let y : [0,1] — M be a path contained in u=*(x) for some x € u(M),
and put . := infyeoq7u(y(t)) > 0. Then the set B, (v) Nu~'(y) is connected for each

y € u(B,,(7)).

Proof. By splitting B, () along 7, there exists a linear isometry F} : H,q) — Hyq
such that
U O eXP. (4 oFy =wuo €XP, () on BH(O; Tyo0yM) N Hy )

for any ¢ € [0,1], and that F; is continuous in ¢. Fix a point y € u(B, (7)) and put
V= exp;(lo) [exp., 0y (Br, (0) N Hy(0)) Nu™ ()] € Br, (0) N Hy).
For any ¢1 € B, (v(s)) Nu™'(y) and g2 € B, (v(t)) Nu~'(y) with s < ¢, we put
¢ = exp(o) (Fas(v)), g5 = exp. ) (Fy(v)).
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Then ¢; and gy are connected by the path /(1) := exp, ;) oF:(v), T € [s,t], which is a
translation of v|;;4 by F. Indeed, if v = 0, then we find 4" = . Therefore ¢; and ¢, are
connected by the path which consists of 7,4, 7', and 74,,. This path is clearly contained
in B, (v) Nu~'(y), and hence B, (y) Nu'(y) is connected. O

We observe that 4/ in the proof above can be defined by the assumption that (M, g)
is geodesically complete.

Proposition 3.3.6 For any two points p,p’ € P € N, p and p' can be connected by
a path contained in P. In particular, N coincides with the set of all arcwise connected
components of u=t(z) for all x € u(M) as sets.

Proof. Put ¢ := r,(p) infp, @ bu > 0. Since p,p’ € P, there exists a unit speed
curve 7 : [0,1(y)] — M satistying v(0) = p,v(l(y)) = p/, and l(uoy) < e. Set ¢ :=
u u(y(t)] Nexp, (B, (0; T,M) N H,) for t € [0,1(7)]. Note that this set consists of at
most a single point. Let I C [0,1(7)] be the set of all ¢’s which satisfies the following:

(*) ~(t) and ¢; can be connected by a path & which is contained in u™![u(y(t))] and
satisfies (&) < t.

It suffices to show I = [0,I(y)]. By the local isometric splitting property for u around p,
sufficiently small ¢ > 0 belongs to I. Applying Lemma 3.3.5 to & for any t € I, we obtain
that ¢t 4+ ¢ € I holds for any § € (0,inf, r,) N (0,1(y) —t]. In fact, g:+s is not empty since,
if it is, then we have

l(uo~y) >r, inf b, =¢,

(wovy) = ru(p) sl
which is a contradiction. We also note that the curve &5 which is obtained from &
as in the proof of Lemma 3.3.5 satisfies {(§45) < t + 6. Indeed, then we find ¢; = ¢f,
1) = l(Vjsg) = &) < t, and dp(ge,q3) < 9. Since the closure of B, py4i(y)(p) is
compact, we have infyy _,_, ¢ ry > 0. Thus we obtain I = [0,(7)], which completes the
proof. O

By the proposition above, a, and b, are constant on each P € N. We denote them by
a,(P) and b, (P) respectively, and put 7,(P) := suppr, € (0,7x(x)/a.(P)].

Corollary 3.3.7 (1) [f Q S Bbu(P)ru(p)(P§ N), then Bm(p) (p; M) N Q 7é @
(ii) The map usy is a locally isometric embedding.

(iii) The convezity radius ry(P) is positive at any point P € N. Moreover, we have

TN(P) = bu(P)ry(P).

Proof. (i) Take any p’ € P. By Proposition 3.3.6 and the local isometric splitting prop-
erty for u, there exists a linear isometry F': H, — H,, satisfying that

uy 0 exp,, oF' = uy o exp, on B.(0;T,M)N H,
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for sufficiently small € > 0. For any v € U,M N H,, we put
I, = {t € R|uy(exp, oF (tv)) = ui(exp,(tv))}.

Clearly the set I, is closed and not empty. On the other hand, by applying Proposition
3.3.6 to exp, (F(tv)) and exp,(tv) for t € I,, there exists a path joining them contained
in v~ [u(exp,(tv))]. Splitting the neighborhood of this path like in the proof of Lemma
3.3.5, we obtain that I, is open. Hence I, = R, i.e., u; o exp, oF = u; o exp, holds
on Hy,. Therefore B, ) (p; M) N Q = 0 implies B, )(P; M) N Q = 0, and then we find
Ay (P.Q) > bu(P)ru(p)

(ii) By (i), for any Q, R € By, (p)r,(p)(P; N), there exists a point p € P such that

By M)NQ #0 and B, (p; M)NR #0.

Take q € B,,»)(p; M) NQ and r € B,, ) (p; M) N R. Then

dx(y,2) < dn(Q, R) < l(uong) = dx(y, 2).

Hence us| By, (pye (P (P5N) DTESETVES the distance.
(iii) Since

U (Byy(Pyra(P)(P; N)) C Bpy(Pyru(p) (@3 X) C Bry () (; X),

for any geodesic 7 contained in By, (p),,(p)(P; N), ug o 7y is minimal. Combining this
with the isometric property of uy|p, (Pyru(p) (P;N); WE Obtain that + is minimal. We next
show the strong convexity of the ball Bs(S; N) with dy (P, S) < by(P)r,(P)— 4. For any
Q, R € Bs(S; N), by virtue of the proof of (ii), a minimal geodesic v from @ to R exists.
Then l(ug 0 y) = I(y) = dy(Q, R) = dx(y, 2), i.e., uz oy is a minimal geodesic from y to
z. On the other hand, since y, z € us(Bs(S; N)) C Bs(ua(S); X) and

dx(z,uz(S)) = dn(P,S) < by(P)ry(P) — 6 <rx(z)—4,

we obtain that us o v is a unique minimal geodesic from y to z, and is contained in
Bs(uz(S); X). Therefore 7 is a unique minimal geodesic from @ to R, and is contained in
B;(S; N) since B;(S; N) is a connected component of u, '[Bs(us(S); X)]. Consequently,
Bs(S; N) is strongly convex, and hence rn(P) > b, (P)r,(P). O

By Lemma 3.3.4 and Corollary 3.3.7(iii), we can apply all the discussions for u also to
uy. In particular, we have the following:

uy and |duy| are continuous, |du;| = |dul, a,, = a,, and b,, = b,.

H, and V), with respect to u; coincide with H, and V,, with respect to u respectively.

(dur)plu,mnm, : UpM N H, — X’ is injective (see Lemma 3.1.6).

Any geodesic in N does not branch (see Corollary 3.1.7).
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Corollary 3.3.8 (i) The map (du1)plu,mnm, : UpM N H, — ¥ is surjective (and
hence bijective). Moreover, uy is an open map.

(ii) The map uy o exp, : By (0; T, M) N H, — uy 0 exp,, (Byy)(0; T,M) N H,) is home-
omorphic, where p(p) := bu(p)ru(p)/au(p)-

Proof. (i) For any Q € By, (p)r,(p)(P; N), by Corollary 3.3.7(i), there exists a point p € P
satisfying
By.i)(p) N Q Nexp, (B, (0) N Hy) # 0.
Take a point ¢ in this set. Then vpg = u1 0y € (duy),(UpM N H,). Hence (dus)p|u,vmnm,
is surjective. Moreover, combining this with the continuity of |du, | and infy, yng, |dui| =
b.(p) > 0, we obtain that u; is open.
(ii) The bijectivity is clear by (i), p(p) < ru(p),

U © exp,, (Bp(p)(()) N Hp> C Bbu(p)ru(p)(P; N) C BrN(P)(P; N),

and by the fact that any geodesic in N does not branch. The continuity of the inverse
map is clear since u; is open. O

For each p € M, we set
Up = uy © exp, (Bp(p)(O; T,M)nN Hp) C N,
pp = (w10 eXPp ’Bp(p)(O;TpM)ﬂHp)il : Up — By (0;R™).

Then {(Up, ¢p) }pem gives a C°°-differentiable structure on N. Indeed, if U, N U, # 0,
then Proposition 3.3.6 shows that, for any R € U, N U,, the points r; := exp, op,(R)
and ry 1= exp, 0@y (R) can be connected by a path y contained in (u1)~'(R). By splitting
the neighborhood of v along «y, the map ¢, o go;l is C* in a neighborhood of ¢,(R).
Therefore g 0@, : 0, (U, NU,) — 04(U, NU,) is C*. Clearly uy is C*° with respect to
this structure.

Remark 3.3.9 By Theorem 3.2.1, the distribution V obtained from {V} },cu is regular.
Hence the set of all leaves of V, say M/V, with the quotient topology is a differentiable
manifold ([P, Theorem VIII]). However, it is not a Hausdorff space in general. On the
other hand, N is always Hausdorff but does not always coincide with M/V (see Example
3.3.2). Proposition 3.3.6 implies M/V = N as sets, and the continuity and the open
property of u; together imply that they are homeomorphic.

3.4 Finslerian and Riemannian structures
Next, we define a Finslerian structure on N. For any vector £ € TpN (P € N), we define
€] := |dui|(v) = |dul(v),

where v € H, such that (u1).(v) = £ and (u;). is the differential of u; (such v exists
uniquely for each p € P). Namely, |£| is the speed of the geodesic of direction £. This is
independent of the choice of p € P by virtue of the proof of Corollary 3.3.7(i).
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Proposition 3.4.1 (i) |- | satisfies the triangle inequality on each TpN.

(i) If (X,dx) is an Alexandrov space with local curvature upper bound, then |-| satisfies
the parallelogram identity on each TpN.

Proof. (i) By the continuity of |du;|, we obtain that lim._,o(B.(P; N),dy/¢) is isometric
to (B1(0;TpN),| - |). Therefore the triangle inequality for | - | is shown by that for dy.
(ii) If (X,dx) is an Alexandrov space with local curvature upper bound, then so is
(N,dy) since us is a locally isometric embedding. Combining this with the isometric
property between (B1(0;TpN),|-|) and lim._,o(B:(P; N),dn/c), we prove that (TpN,|-|)
is a CAT(0)-space. On the other hand, since (TpN, |-|) is a Banach space, it is a Hilbert
space. O

By this proposition, (NV,|-|) is a Finslerian manifold. Moreover, if (X,dx) is an
Alexandrov space with local curvature upper bound, then (N, h) is a Riemannian mani-
fold, where we set

1
h(&m) = S{IE+ 0l =€ = P} for &,n € TpN.

Clearly these Finslerian and Riemannian structures are C° and compatible with dy. Thus
we have Theorem 3.3.1 except the smoothness of the Riemannian structure. There exists
an example of u for which N is not a Riemannian but a Finslerian manifold.

Example 3.4.2 Fix anorm ||-|| on R™ and let || - ||eua be the standard norm on R™. Since
any line segment in (R™, ||-]|) is a (not necessarily unique) minimal path, the identity map
w: (R || |lewa) — (R™, || -||) is totally geodesic. Then (N, dy) coincides with (R™, || - ||)
and, needless to say, there exist many norms not satisfying the parallelogram identity.

By the example above, since there exist many norms on R™ which are not C*, we can
also say that C? is sharp in the Finslerian case even if u is a diffeomorphism. However, we
shall prove that h is C'"° in the Riemannian case. Before beginning the proof, we define a
map which will be proved to coincide with the exponential map. We definee : TN — N
as, for £ € TpN,

e(&) = w1 o exp, o((w)s]m,) 7' (€),
where p € P. The map e is C*° and independent of the choice of p € P by virtue of the
proof of Corollary 3.3.7(i).

Proposition 3.4.3 Assume that (X, dx) is an Alexandrov space with local curvature up-
per bound. Then the Riemannian manifold (N, h) satisfies the following:

(i) Two definitions of a geodesic in N (i.e., as a curve in a metric space and as a curve
in a Riemannian manifold) coincide, equivalently, e = exp holds.

(ii) The map uy is totally geodesic as a map between Riemannian manifolds.

(iii) The metric h is C*°.
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Proof. (i) We first show that h is at least C'. It is sufficient to show this locally, so that
we consider sufficiently small neighborhoods U of P € N and D of 0 € TpN respectively
instead of N and T'N. It follows from dn(Q, R) = |(e|z,n) ' (R)| and the smoothness of
e that the function R — dy(Q, R)? is C* on U for an arbitrarily fixed Q € U. This
implies that d3 is C' on U x U, and hence the function Q — dn(Q, f(Q))? is C* for
any Cl-map f : U — U. For a C'-vector field V C D, by putting f(Q) := e(V(Q)),
we find that A(V,V) is C'. Thus h is C'. In particular, the Christoffel symbols and the
exponential map of (N, h) can be defined and C°.

Let v be any geodesic in N as a curve in a metric space. Then, since ~ is locally the
image of a geodesic in M, v is C* and V¥ is a C%vector field along . For small € > 0,
let V. be a C™-vector field along v with sup |V. — V| < e. Define f(¢,s) := e(sV.(t)).
Then f is C*° and

%(t,O) = (u1)« 0 ((w1)slp,) " (Vz(t)) = Vo(t) for any t¢.

By the first variation formula for energy and the minimality of v, we have

o= g5l o3 [3reo] )

. / R(VL(1), Vi) di
- [U9A0F + 10 - V0, V) a

Hence

[1vsPa = [ 150 - Vo, viite) d
< [194() - Vo) Vo]

—0 ase—0.

Thus V¥ = 0, and hence v is a geodesic as a curve in a Riemannian manifold. The
converse is clear by the definition of a geodesic in a metric space.

(ii) Easily obtained from (i).

(iii) By (i), 'V, (u1)«(W2) = (u1)«(Vw, Wa) for any C'*-vector fields W, and W, on
N. In particular, the Christoffel symbols of (N, h) are C*°, and hence h is C*°. O

Thus we complete the proof of Theorem 3.3.1. By applying this theorem locally, we
obtain two corollaries below. We notice that, since the geodesically completeness of (M, g)
is necessary only for Lemma 3.3.5 and Proposition 3.3.6, Theorem 3.3.1 is applicable to
ulp, - The following local version of Theorem 3.3.1 will be used in the final chapter of
this thesis as a key tool.

Corollary 3.4.4 Let (M, g) be a Riemannian manifold, (X,dx) be an Alexandrov space
with local curvature upper bound, and uw : M — X be a totally geodesic map. Then,
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for any p € M, the set uw(B,p)(p)) has a C*-Riemannian structure compatible with dx.
Moreover, “|Bp(p)(p) 1s C° and totally geodesic with respect to this structure.

Corollary 3.4.5 Let (M,g), (X,dx), and u be as in Corollary 3.4.4. If (M,g) is irre-
ducible, then u is a locally homothetic embedding as a map between metric spaces or a
constant map. If, in addition, u is injective, then u(M) is a C*-Riemannian manifold
and u is homothetic as a map between Riemannian manifolds.

Proof. Fix a parallel vector field ¢ along a unit speed curve ¢ : [0,l]] — M, and put
p = ¢(0). By applying Theorem 3.3.1(ii) to u|g, (), the map u; derived from u|g,, )
is totally geodesic as a map between Riemannian manifolds, so that ((u1)«()|j0,0(p) 15 &
parallel vector field. In particular, |(u1).(¢(¢))| = |(u1)«(¢(0))| for any ¢ € [0,0(p)]. Hence
|dul(¢(t)) = [du[(¢(0)) for ¢ € [0,0(p)]. Consequently, we have |du[(¢(0)) = [dul(¢(I)).
Since (M, g) is irreducible, |du| is a constant function on UM. This is equivalent to the
local homothetic property of u. The second part is clear since N = u(M) if u is injective.
|

This is a generalization of a well-known fact (Fact 1.0.2) for a totally geodesic map
between Riemannian manifolds, which is needed in the proof of Margulis’ superrigidity
theorem by using a harmonic map. See (III) in Chapter 1.

Remark 3.4.6 Note that the local homothetic property as a map between metric spaces
is equivalent to the homothetic property as a map between Riemannian (or Finslerian)
manifolds.
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Chapter 4

Sobolev spaces

The theory of Sobolev spaces for maps from or into metric spaces is making remarkable
progress in these years. There are several definitions of such kind of Sobolev spaces.
Among them, we study Cheeger’s definition [Ch] most deeply. Although he treats only
a Sobolev space for functions, we can naturally generalize his definition to that for maps
into an arbitrary metric space. In the first four sections, we treat several topics, including
Dirichlet problem, of this type of Sobolev space. In the last section, we recall some other
definitions of Sobolev spaces and, by studying the relation between them, will prove some
results on what happens to a Sobolev space if we embed its target space into a Banach
space isometrically. This chapter is based on [02].

4.1 Upper gradients

Throughout this chapter, without otherwise indicated, let (Z,dz) and (X,dx) be met-
ric spaces, U C Z be an open set, and p be a Borel regular measure on Z such that
any ball with finite positive radius is of finite positive measure. We define U, := {z €

U | dist(z,0U) > ¢} for € > 0.

Definition 4.1.1 A Borel measurable function g : U — [0, 00] is called an upper gradi-
ent for a map u : U — X if, for any unit speed curve c: [0,{] — U, we have

I
e (u(c(0)),u(c0) < [ g(e(s))ds.
0
Remark 4.1.2 (i) The function g = oo is an upper gradient for any u.
(ii) If (Z,dz) and (X, dx) are Riemannian manifolds and if u is smooth, then the function
z —> the operator norm of the differential (u,), : T,Z — Ty X

on U is an upper gradient for u.

(iii) If fol g(c(s))ds < oo, then u o ¢ is uniformly continuous on [0, [].
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Lemma 4.1.3 (cf. [Ch, Proposition 1.6]) Let U; and Uy be open sets in Z, u : UyUUsy —
X be a map, and g; : U; — [0, 00] be an upper gradient for u|y, fori=1,2. Then g,V gs
is an upper gradient for u, where each g; is extended to Uy U Us by 0.

Proof. Fix a unit speed curve ¢ : [0,]] — U; U Us. Since U; and U, are open and [0, ]
is compact, there exists a sequence {I;}17, C [0,{] (1 < N < c0) such that lp = 0, Iy =

and, for any 0 < j < NV, there exists i; € {1, 2} satisfying c([l;,;11]) C U;;. Therefore we
obtain

N-1 L
dx (u(c(O ZdX (lj+1)) Z/ gi,(c(s)) ds
7=0

< / (91 V g2)(c(s)) ds.

For a continuous map u : U — X and a point z € U, we define

d
boue) i ap AuGLu()
’r‘—>00<dZ(z w)<r dZ(Z,w)

and we put Lipu(z) = 0 if z is an isolated point. If u is Lipschitz continuous, then this
function is not greater than the Lipschitz constant of u.

Lemma 4.1.4 For any continuous map u : U — X, the function Lipu is Borel mea-
surable.

Proof. For fixed r > 0, the continuity of v implies that the function

e u(w)
0<dz (z,w)<r dZ(Z7 w)

is lower semi-continuous. Moreover, this function is monotone non-increasing as r tends
to 0 for fixed z € U. Thus the limit function Lip u is Borel measurable. 0

By using Rademacher’s theorem, Cheeger proved the following.

Proposition 4.1.5 ([Ch, Proposition 1.11]) If a function f : U — R is locally Lipschitz
continuous, then Lip f is an upper gradient for f.

Proof. Fix a unit speed curve c¢: [0,l] — U. Since f o c is Lipschitz continuous, f o c is
differentiable a.e. on [0,] by Rademacher’s theorem, and it satisfies

£(e(0)) — Fle)] < / (f 0.6)'(s)] ds.



Thus it suffices to show that |(foc)'(s)| < (Lip f)(c(s)) holds for any s € (0,1) for which

(f oc)(s) exists. At such s, since ¢ has the unit speed, we have

|[f(c(s + ) — f(e(s))] ¢ Lf(els +9)) — fe(s)]

(foc)(s)] = lim 5 < B G+ ), e(5))
< (Lip f)(c(s))-
This completes the proof. O

We next define the Cheeger-type Sobolev spaces. Take any point zy € X and fix it as
a base point. In the remainder of this section, let 1 < p < co. For two measurable maps

u,v: U — X, we define dr»(u,v) := ([, dx(u,v)? dp) P We also define
LP(U; X) :={u: U — X | measurable, dr»(u, zq) < 0o}/ ~,

where zy denotes the constant map to xg, and u; ~ us holds if u; = uy a.e. on U. The
function dr» defines a distance on LP(U; X). We remark that, if u(U) < oo, then the set
LP(U; X) is independent of the choice of the base point x.

Definition 4.1.6 For v € LP(U; X), we define the Cheeger-type p-energy of u as

E¢w):= inf liminflg ,
p ( ) {(ngz)}z 300 |g |LP U)
where the infimum is taken over all sequences {(u;, g;)}$2, such that u; — u in LP(U; X)
as i — oo and g; is an upper gradient for u; for each i. We next define the Cheeger-type
(1,p)-Sobolev space by

H"(U; X) :={u € L’(U; X) | E (u) < oo}

Since we consider only the Cheeger-type energy in this and following three sections,
we write this energy E,(u) for simplicity. By definition, if u = v a.e. on U, then we have
E,(u) = E,(v). Hence H"?(U; X) is naturally embedded in L?(U; X'). We also note that
the p-energy E,(u) is independent of the choice of the base point .

Remark 4.1.7 If (Z, g) and (X, h) are Riemannian manifolds and u : U — X is smooth,
then the energy E,(u) does not necessarily coincide with the usually defined one (see also

Chapter 5 of this thesis). This is caused by the difference between the operator norm of
(us), and the Hilbert-Schmidt norm |u.|(z), which is defined by

“ou Bouy
Wl = 33 e haplu() DL () 2o )

1,j=1 a,f=1

where n = dim Z, m = dim X, (2',...,2") and (y',...,y™) are local coordinate systems
on some neighborhoods of z and u(z) respectively,

B G WS
gz] =g 6:6“6:63' ) af +— ayavayﬁ )

and (g*) denotes the inverse matrix of (g;;).

35



Theorem 4.1.8 (cf. [Ch, Theorem 2.5]) If a sequence {u;}32, converges tou in L*(U; X),
then we have E,(u) < liminf; . E,(u;).

Proof. Easily derived from the diagonal processes. O

We end this section with two more definitions.

Definition 4.1.9 A function g € LP(U) is called a generalized upper gradient for u €
H'?(U; X) if there exists a sequence {(u;, g;)}52; such that g; is an upper gradient for u;,
and u; — w in LP?(U; X) and ¢g; — ¢ in LP(U) respectively as i — oo.

By the definition of the p-energy, it holds that |g|¥, > E,(u) for any generalized upper
gradient g for u.

Definition 4.1.10 A generalized upper gradient g € LP(U) for a map u € H'"?(U; X) is
said to be minimal if it satisfies |g|}, = E,(u).

4.2 Minimal generalized upper gradients

In this section, let (X,dx) be a geodesic length space such that dx is convez, that is,
any two points in X can be connected by a minimal geodesic and, for any two minimal
geodesics 71,72 : [0,1] — X, the function t — dx(71(t),72(t)) is convex. In particular,
every minimal geodesic is unique. Note that all CAT(0)-spaces satisfy this property. On
the other hand, there are some metric spaces which is not a CAT(0)-space, but whose
distance function is convex, e.g., LP(U) with p € (1,00) \ {2}. By definition, for any
z,y, 2,y € X and 0 < A < 1, it holds that

dx (1 =Nz + Ay, (1= Nz’ + X) < (1= Ndx(z,2') + Mx(y,9). (4.1)

Lemma 4.2.1 Let uj,us : U — X be maps. For any upper gradients g; for uy and g
for ug, and for 0 < \ <1, the function g := (1 — X\)g1 + Ag2 is an upper gradient for the
map v := (1 — XN)uy + Aus. In particular, for any ui,us € H*?(U; X) with 1 < p < oo and
for any 0 < XA <1, we have

3=

Ep((l — )\)Ul + )\Ug) S (1 — )\)Ep(ul)5 + )\EP(UQ);.
Namely, E,*? (and hence also E,) is a conver function on H*?(U; X).

Proof. Fix a unit speed curve c: [0,]] — U. By (4.1), we obtain

dx (v(c(0)),v(e(1)))
< (1= Ndx (u(c(0)), ur(c(1))) + Adx (u2(c(0)), uz(e(1)))

!
< [ stets)as
0
Hence g is an upper gradient for v. The second part is clear since, by (4.1), if uy; — g

and ug; — ug in LP(U; X)) respectively as ¢ — oo, then (1 —X)uy;+Aug; — vin LP(U; X)
as 1 — 00. O
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Theorem 4.2.2 (cf. [Ch, Theorem 2.10]) Let 1 < p < co. Then, for anyu € H**(U; X),
there exists a unique minimal generalized upper gradient g, for u.

Proof. Take a minimizing sequence {(u;, g;) }5°;, i.e., it satisfies that u; — u in LP?(U; X)
as i — 00, g; is an upper gradient for u;, and that lim,; . |g;|7, = E,(u). We shall
show that {g;} is a Cauchy sequence in LP(U). If {g;} is not a Cauchy sequence, then
E,(u) > 0 and there exist ¢ > 0 and sequences {i, }2° ; and {j,}22; such that lim,,_, i, =
lim,, o0 jn = 00 and |g;, — g;,.|» > € for any n. By the uniform convexity of LP(U), it
implies

o1 1
< lim §(|gz‘n!m + 195, r) = Ep(u)?.

1
lim |~ (g, + 9;
Jim |50+ B

On the other hand, since (1/2)w;, + (1/2)u;, — w in LP(U; X), we have

1 1 P
E,(u) <liminf E, (—uin + —an) < lim inf
n—o0

1
§(gz‘n + 9j,.)

Lr

by Theorem 4.1.8 and Lemma 4.2.1. This is a contradiction. Hence {g¢;} is a Cauchy
sequence, so that it converges to some minimal generalized upper gradient g € LP(U) for
u. The uniqueness also follows from the uniform convexity of LP(U). O

Lemma 4.2.3 (cf. [Ch, Lemma 1.7]) Let uy,uy : U — X be maps and ¢ : U — R be a
function. For any upper gradients g1, g2, and gz for uy,us, and ¢ respectively and for any
e > 0, the function

g:=g3 (dx(u,u2) +e) + (L —d+e)gi + (& +¢)ge

is an upper gradient for the map v := (1 — ¢)u; + Pug, where dx(uy,us) denotes the
function defined by dx(u1,us)(z) := dx(ui(2), uz(2)).

If, in addition, ¢ is Lipschitz continuous, then, for any generalized upper gradients
g1, 92 € LP(U) for uy,us € HYP(U; X) respectively and € > 0, the function

g = (Lip¢) - dx(us,uz) + (1 — ¢+ €)g1 + (¢ +€)g2

is a generalized upper gradient for v.

Proof. Fix a unit speed curve ¢ : [0,l]] — U. If fol gi o cds = oo for some 7, then

fol gocds = co. Hence we may assume fol giocds < oo for all 4, and then u; oc, us0c, and
¢ o ¢ are uniformly continuous (see Remark 4.1.2). Take a sufficiently large n > 1 such
that we have [¢(c(s)) — @(c(t))| < € and dx (u;(c(s)), wi(c(t))) < /2 for any s,t € [0,]
with |s—t| < [/n and for i = 1,2. Put z; := ¢(l;), where we set [; := (j/n)l for 0 < j < n.
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Then, by (4.1), we have
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< 3 {dx(0(), (1= B(1)r() + 651 )ua(2))
+dx (1= ¢(zj41))ua () + d(zj41)ua(2), v(2541)) }

) — o(211)| dx (ui(25), ua(z5))

IA
L IM
(i)
PSS
b2\2

—
[u—
|

&(2j11))dx (wr(25), wr(2541)) + D(2j41)dx (ua(25), ua(241)) }

n-t lit1
< {(/ ggocds) dx (u1(z5), ua(z;))
7=0 I
li+1 liv1
+ (1 —¢(Zj+1))/ g1 00d8+¢(2j+1)/ ggocds}
l; l;

n
j:

:/ gocds.
0

Therefore ¢ is an upper gradient for v.

Let ¢ be Lipschitz continuous, and ¢g; and g, be generalized upper gradients for
uy and uy respectively. Then, by definition, there exist sequences {(u1;,91,;)}52; and
{(u2,925)}52, such that uw;; — u; in LP(U; X) and g;; — g; in LP(U) respectively as
Jj — o0, and that g; ; is an upper gradient for u,; for any j and ¢« = 1,2. Let L be the
Lipschitz constant of ¢. By (4.1), we obtain v; := (1 — @) u1; + ¢pus; — v in LP(U; X)
as j — 0o0. Moreover, by Proposition 4.1.5 and the first part of this lemma,

1 i
< Zo/l {93 (dx(ur,u2) +e)+(1—p+e)g + (¢+5)92} ocds
!

g; = (Lip @) - dx (u1,5,uz;) + (1 — ¢+ €)gu; + (¢ +€) g2,

is an upper gradient for v;. Note that, since fOI(Lip ¢)ocds < oo, we can let ¢ — 0 in the
term (Lip ¢) - (dx (w1, us;) +€). Then we have

|9§' - 9/|LP <L |dX(U’1,j7 Ul) + dX(U2,j7U2)|LP
+ (1 +e)lgr; — gile + (1 +€)[925 — g2|rv
— 0 asj— oo.

Hence ¢’ is a generalized upper gradient for v. O
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Proposition 4.2.4 (cf. [Ch, Proposition 2.17]) Let 1 < p < oo, W C U be an open
set, and u € H"(U; X). If gv and gw are generalized upper gradients for uly and u|w
respectively, then the function g defined by g :== gy on U\ W and g :== gw on W is a
generalized upper gradient for u. In particular, if 1 < p < oo, then we have gulw = Gu|yy
a.e. on W.

Proof. We may assume that the set W is bounded. Take two sequences {uy;, v},
and {uw, gw,i}2, such that uy; — u|y in LP(U; X), uw,; — ulw in LP(W; X), gui — gu
in LP(U), and gw,; — gw in LP(W) respectively as i — oo, and that gy, and gw; are
upper gradients for uy; and uw,; respectively. Take any n > 0 and let ¢ : U — [0, 1] be
a Lipschitz continuous function such that ¢ =1 on W,, ¢ =0 on U\ W, and its Lipschitz
constant is not greater than n~!. Recall that W, = {z € W | dist(z,0W) > n}. Put
u; := (1 — ¢)uy; + ¢ uw, for each i. Then, by (4.1), we have

dx (u,w;) < (1= @)dx (v, uy;) + ¢ dx (u, uw,;) — 0
in LP(U) as i — oco. Fix € > 0 and put

Gi = xw - {(Lip @) - dx(uvz,uw;) + (1 — ¢+ €)gu; + (¢ + €)gw,i |

where yp denotes the characteristic function on W. By Lemma 4.2.3, G;|y is an upper
gradient for u;|w. On the other hand, gu;|i\supp ¢ is an upper gradient for w;|in\supp - Put
Jui = XU\supp¢ * ui- By Lemma 4.1.3, g; := G, V gy;; is an upper gradient for u;, and

\gb,i — gulwr@w\w) = l9u; — guleraw\wy — 0 asi— oo,
|9;in — gwlLrwsupp¢) = 190 — gwlLr(w\suppe) — 0 asm — 0,
G — gwlrrowy < |(Lip @) - dx (v, uw,) | Leowy + |(1 — & + €)gui| o ow)
+ ‘(Qb + 5)(9W,i - gW)’Lp(W) + ‘(¢ +e— 1)gW’Lp(W)
< dx (up;, uw,) | Lo \w) + €9l Lew,) + lgw | e ows))
+ (L +&)(lgvilce o) + lgw oo\ + 9w — 9w |Leow))
— 0 asi— 00,6 = 0,7 — 0 in this order.

Hence g; — g in LP(U) as i — 00,e — 0 and then n — 0. O

Corollary 4.2.5 (cf. [Ch, Theorem 2.18]) Let 1 <p < oo. If g € LP(U) is a generalized
upper gradient for u € H"P(U; X), then g, < g holds a.e. on U.

Proof. Assume that there exists a bounded measurable set A C U such that u(A) > 0
and, for some ¢ > 0, we have g(2)? < g.(z)? — ¢ for any z € A. Take a sequence of open
sets {W;}5°, such that W; D A for all ¢ and lim; ,, u(W; \ A) = 0. By Proposition 4.2.4,
for each ¢, the function g; defined by g; := g on W; and g; := g, on U \ W} is a generalized
upper gradient for u. Then, by assumption, we obtain

}H?O |9 Izp(U) = |9u|12p(U\A) + |9|]zp(,4) < [9u Izp(U) — ep(A).

Hence there exists i satisfying |g;|rr < |gu|rr, Which contradicts the minimality of g,.
Thus we have g, < g a.e. on U. O
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Corollary 4.2.6 (cf. [Ch, Corollary 2.25]) Let 1 < p < co. For u,v € H*”?(U;X), if
u =1 a.e. on an open set W C U, then we have g, = g, a.e. on W.

Proof. Similar to the proof of Corollary 4.2.5. We remark that we can let W; C W since
W is open. O

Lemma 4.2.7 Fiz three points x,y;,y2 € X and € > 0, put d; :== dx(z,y;), and set

L €T Zfdz <eg,
Yi = (e/di)z+ (1= (e/d))y; ifdi>e

for each i =1,2. Then we have dx(y},v5) < dx(y1,Y2).

Proof. (a) If dy < € and dy < ¢, then clearly dx (v}, vy5) = dx(z,x) = 0.
(b) If d; < € and dy > ¢, then we have

dx (Y1, v5) = dx(x,y5) = do — € < dy — dy < dx(y1,%2)-

(c) If dy > dy > €, then we put 2’ = (dy/dy)z + (1 — (dg/dl))yl. There we have
dx(z,2") = dy — ds < dx(y1,y2). Combining this with (4.1), we obtain

dx (v, y5) < dx(2',2) Vdx(y1,v2) = dx(v1,y2),
for y; = (¢/da)a’ + (1 — (¢/d2))y1- O

Proposition 4.2.8 (cf. [Ch, Proposition 2.22]) Let 1 < p < oo and g € LP(U) be a
generalized upper gradient for v € H"(U; X). Take any x € X and put A := u ().
Then the function ¢' defined by ¢’ == g on U\ A and ¢’ :== 0 on A is a generalized upper
gradient for u. In particular, if 1 < p < oo, then g, = 0 holds a.e. on A.

Proof. 'We may suppose p(A) > 0. Furthermore, by Proposition 4.2.4, we can also
assume that U is bounded. Take a sequence {(u;,¢g;)}s2; such that u; — w in L?(U; X)
and g; — g in LP(U) respectively as i — oo, and that g; is an upper gradient for ;. For
each ¢ > 0 and z € U, we set

ge(2) ;:{ ’ lde(“l“ o)

<eg,
(e/dx(ui(z),z))z + (1 — (g/dx (ui(2),2)))wi(z) if dx(ui(2),z) > e.

Then, since dx(u;c(2),u;(z)) < € for any z € U, we have

de(U@E,U) S de(UZ',E, Uz) -+ de(UZ‘,U) S 8/,6(U)% + de(UZ', U)
—0 asi— 00,6 = 0.

Since 1 is Borel regular, we can take a sequence of closed sets {Cf,}32, such that CF; C
u; () and lim; p(CF;) = p(u; ! (x)) for each i and e. Put g” = XU\CE - g;. We shall

1,e
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show that g7 ; is an upper gradient for u;.. Fix a unit speed curve c : 0,/]] — U. If
¢ 1(C5;) = 0, then we have g7 ;0 c = g;oc. If ¢7'(C5;) # 0, then we put

to :=inf{t € [0,] | c(t) € CF;}, t1:=sup{t € [0,]]|c(t) € CF,;}.

Since C5; is closed, we have to,t; € ¢ (C5;), so that u;c(c(to)) = uic(c(t1)) = z. Hence
we obtain

dx (uie(c(0)), uie(e(l))) < dix (i (c(0)), wie(e(to))) + (wie(e(tr)), wic(c(l))-

Thus it suffices to show that g; is an upper gradient for ;.. For any 21, 2, € U, we know
dx (uie(21), Uie(22)) < dx(ui(21), ui(22)) by Lemma 4.2.7, so that g5 ; is an upper gradient
for u; . for any j.

For each € > 0, it holds that

AN\ u;(2) = p({z € Ulu(z) = z,dx (ui(2), ) > e})
< dpp(us, u)? /e?
— 0 as?— oo.

Moreover, we have

limsup p(u; () \ A) = limsup p({z € U | dx (u;(2),z) < e} \ A)

1—00 1—00
< p({z € Uldx(u(z),z) < 2e}\ A)
—0 ase—0.

Therefore we obtain

5 P p p
‘gz,] - g’LP(U\A) S ’gl - g‘LP(U) + ‘g‘LP(UZEI(I)\A)
— 0 asi— 00, — 0 in this order,
|95 i |Lr(a) = \gi\Lp(A\gisj) — 0 asj — 00,7 — 0o in this order.

Hence g;; — ¢' in LP(U) as j — 00,4 — oo and then € — 0. a

We finally observe that all the discussions in this section are applicable to the case
where X is a convex subset of a Banach space. For the later convenience, we only state
the following:

Theorem 4.2.9 Let1 < p < oo and X be a convex subset of some Banach space. Then,
for any w € H"(U; X), there exists a unique minimal generalized upper gradient g, for
u.

We remark that a convex subset of a Banach space is not always a CAT(0)-space, and
vice versa. Indeed, minimal geodesics are not unique in some Banach spaces, and even a
tripod, which is a typical example of CAT(0)-space, can not be isometrically embedded
in any Banach space with a convex image.
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4.3 Dirichlet problem

In this section, let (X, dx) be a complete CAT(0)-space. Then LP(U; X) is complete for
any 1 < p < oo and, in particular, L?(U; X) is a complete CAT(0)-space.
For 1 < p < oo, we define the distance dgi» on H*P(U; X) by

A (u,v) = dpe(u,v) + |gu — Go|r

for u,v € H"?(U; X). There, forv € H'?(U; X), we define HP(U; X) as the d.,-closure
of the set {u € H'*?(U; X) | supp dx(u,v) C U}. Note that H}P(U; X) is a convex subset
in H'?(U; X) and that

inf{E,(u) |u € H"”(U; X),suppdx(u,v) CU} = inf  E,(u).
ueHy?(U;X)

Definition 4.3.1 A map v € HY*(U; X) is said to be E€-harmonic if it satisfies

ES(w)= inf  ES(u).
weHIA(U;X)

If OU = (), then H}*(U; X) = HY*(U; X) and hence any constant map is E“-harmonic.
In the remainder of this section, we assume OU # ) and fix a map v € H"*(U; X). For

A > 0, we put
E* = inf{\Ey(u) + dr2(u, z0)? |u € HY*(U; X)}.

Lemma 4.3.2 For any A > 0, there exists a unique map uy € HM*(U; X) which satisfies
E)\ = )\EQ(U,\) + Cle (U,/\, xo)z.

Proof. Take a sequence {u;}22, C HM?(U; X) such that AEy(u;) + drz2(u;, 79)* — E* as
i — o0o. By the uniform convexity of L?*(U), as in the proof of Theorem 4.2.2, we obtain
that {g,,} is a Cauchy sequence, so that it converges to some g € L*(U). On the other
hand, it follows from (2.1), Lemma 4.2.1, and the convexity of the set H}?(U; X) that

1 1 1 1 1 2
ZdLQ(UZ', Uj)2 S §dL2(Ui, .CC()>2 —+ §dL2(Uj, 1’0)2 — dLQ (§U1 -+ §Uj, .CC()>
1 1 1 1 2
S §dL2(’LLi, CL'())2 + §dL2(’LLj, 1‘0)2 — dL2 (§UZ + E’LL]', CL'())

1 1 1 1

1 1
S 5{)\E2(UZ) + sz(’U/Z‘, I’0>2} + 5{)\E2(UJ) + sz(Uj,.I'())Q} — EA
—0 ast,j— oo.

Hence {u;} is also a Cauchy sequence in L?(U; X), so that it converges to some u €
L*(U; X).

Note that g is a generalized upper gradient for u. Therefore we have u € HY?(U; X)
and Ey(u) < |g|3.. If Ex(u) = |g|3., then g = g, a.e. on U by Theorem 4.2.2, and
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hence u; — u as i — oo with respect to dgi.2, so that v € HY*(U; X). Assume Es(u) <
lg|3. and take a sequence {(u},g;)}32; such that u; — v in L*(U;X) and g; — ¢, in
L?(U) respectively as i — oo, and that g; is an upper gradient for u;. We may assume
dr2(ui,u) <372 and dpz(u},u) < i~2 for all i. Let ¢; be a Lipschitz continuous function on
U such that ¢; =1 on Uy;-1, ¢; =0 on U \ U;-1, and its Lipschitz constant is not greater
than 7. Put v := (1 — ¢;)u; + ¢sul. Since v/ = u; on U \ U;-1, we have u € HY?(U; X).
Moreover,
drz(u),u) < |dx(ui,uw) Vdx(u,u)gz2 =0 asi— oo.

By Lemma 4.2.3, for any € > 0, we have
|Guy |2 < [(Lip ¢4) - dx (uss wi) + (1 — i + €)gu, + (¢ + €)gil 12
<'i-dr2(ui, u;) + (|gu; |2 + |gil22) + |9ui|L2(U\U2i,1) + |gi|L2(Ui,1)-

Letting ¢ tend to zero, we obtain

|guylze < 207" + [gu 20w, ) + 9il2w, o) = gulz2w)  as i — oo

Since |gu|7: = Ea(u) < |g|32, for sufficiently large 4, it holds that
AEs(uf) + dpz(uf, 20)* < A|g|Z2 + dpz(u, )* = B,
This contradicts u] € HY?(U; X). Therefore u € HY*(U; X) and it attains E*. The

uniqueness is easily proved by the strong convexity of drz2(-,7¢)? together with the con-
vexity of Fs. O

Theorem 4.3.3 If there exists a sequence {\,}°° satisfying that lim,_,,, A\, = 0o and
that {dr2(uy,, )}, is bounded, then uy, converges to a minimizer of Eo in HY*(U; X)
with respect to dgi2 as n — oo.

Proof. By lim,, . A\, = oo and the boundedness of {dyz(uy,,zo)}, the sequence {u,,}
minimizes Ey in H}?(U; X). By the proof of [J3, Theorem 3.1.1], the sequence {uy, } is
a Cauchy sequence. Hence it converges to some u € L?(U; X) and satisfies

Es(u) < liminf Ey(uy,) = inf  Es.
=300 Hy*(UsX)

By a discussion similar to the proof of Lemma 4.3.2, we see that {g., } is a Cauchy
sequence and g,, — g, in L?(U), and hence uy, — u with respect to dg12. Consequently,
we have u € H?(U; X). O

We do not know whether the assumption of Theorem 4.3.3 holds or not in general.
We see two cases where it holds. Compare these with [Ch, §7] and [KS, §2.2].

Theorem 4.3.4 If there exists a constant C' > 0 such that, for any f € Hy*(U), it holds

that ) )
</|f|2du> SC(/IgfIQdu) :
U U

then there exists an E€-harmonic map in HY*(U; X).
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Proof. Fix A > 0 and take a sequence of maps {u;}32, C H"?(U; X) satisfying that
suppdx(u;,v) C U and u; — uy with respect to dgi2 as i — oo. It follows from the
triangle inequality that the function g,, + g, is a generalized upper gradient for dx (u;,v),
50 that gay(uv) < Gu; + go holds a.e. on U by Corollary 4.2.5. Since dx (u;,v) € Hy*(U),
by assumption, we have

d2(ui; v) < Clgay(uw)lrz < C(lgulr2 +[90l22)-
Letting 7 tend to infinity, we obtain dr2(ux,v) < C(|gu, |2 + |gu|r2). Thus we have

drz (UA, 170)2
< A{dp2(uy,v) + dpz (v, 7))}
< 2C%(|guy |22 + |90l 22)? 4 2d 2 (v, 20)?
< 4C*(|guy |72 + 190]72) + 2dL2 (v, 20)°
= AC° N [{A B2 (un) + dr2(un, 20)°} — dr2(un, 20)?] + 4C?E(v) + 2dr2(v, x9)?
< ACPAT {AE(v) 4 dr2 (v, 30)*} — dr2(un, 20)?] + 4C? By (v) 4 2dr2(v, 20)?
< 8C%Ey(v) + (4C° A1 4 2) dp2 (v, 29)*.
Hence the theorem follows from Theorem 4.3.3. O

The inequality assumed in the theorem above is a type of Poincaré inequality which
is actually used in the proof of [KS, Theorem 2.2].

Remark 4.3.5 If (Z,dz, u) is complete and satisfies the doubling condition and the weak
Poincaré inequality of type (2,2) (see Definitions 4.4.5 and 4.4.6 below), then, for R €
(0,(1/3) diam Z), there exists a constant C' = C(k,Cp, R) > 1 such that, for any ball
B = B,(z) C Z with 0 < r < R and any function f € Hy*(B), we have

(/[ |f\2du>%§Cr( IR0

(see [KiSh] and [Bj, Proposition 3.1]). Hence the assumption in Theorem 4.3.4 is satisfied
in this case.

N

Lemma 4.3.6 Fix three points z,y1,y» € X and R > 0, put d; := dx(z,y;), and set
Y= (1= (R/d))x + (R/di)y; ifd; > R
for each i = 1,2. Then we have dx(Ryy, Rys) < dx(y1,y2)-

Proof. (a) If d; < R and dy < R, then Ry; = y; for i = 1,2.
(b) If dy < R and dy > R, then, by Ry; = y; and (2.1), we have

R R

R R
dx(Ryy, Rys)* < (1 — —) 4 + =dx(y1,v2)* — (1 — —)

—d?

d2 d2 d2 d2 2

R R

— (1= (d% — Rdz) + —dX(y17y2)2
ds da

< dx(y1,v2)*
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(¢) If d; > dy > R, then we put 2’ := doy; = (1 — (dg/dl))x + (d2/d1)y;. By a
discussion similar to (b), we know dx (2',y2) < dx(y1,y2). Thus we obtain dx (Ry1, Ry2) <
dx (2, y2) < dx(y1,92) by (4.1), for Ryy = (1 — (R/dy))x + (R/d2)2’. O
Lemma 4.3.7 (cf. [Ch, Proposition 2.20]) Let 1 < p < co. For u € H"*(U;X) and
R > 0, if we define u' := Ru as in Lemma 4.3.6 with x = xo, then E,(u') < E,(u) and,
in particular, v € HY(U; X). Moreover, if 1 < p < oo, then we have g, < g, a.e. on U.

[e.e]

Proof. Take any sequence {(u;, g;)}:2; such that u; — u in LP(U; X) as i — oo and g;
is an upper gradient for u;. Set u, := Ru,; as in Lemma 4.3.6 with x = xy. Then, for
any z € U, we have dx(u}(z),u'(2)) < dx(u;(2),u(z)) by Lemma 4.3.6. Hence we have
w, — v’ in LP(U; X). Similarly, it holds that dx (u}(z1), u;(22)) < dx(ui(z1), ui(22)) for any
21,22 € U. Hence g; is also an upper gradient for v}, so that we obtain E,(u') < E,(u).
The second part follows from Corollary 4.2.5. O

Theorem 4.3.8 If u(U) < oo and if there exists a constant € > 0 such that dx (v, xg) is
essentially bounded on U \ U., then there exists an E€-harmonic map in HY*(U; X).

Proof. Put R := |dx(v,%o)|r@\v.) < 00. Take any A > 0 and a sequence {u;}2, such
that suppdx(u;,v) C U and u; — wuy with respect to dy12 as i — 0o. Set u; := Ru; as
in Lemma 4.3.6 with = = ¢ for each i. Then suppdx(u;,v) C U and, by Lemmas 4.3.6
and 4.3.7, we obtain that dx(u;(z),z¢) < dx(u;(z), o) for any z € U and E(u}) < E(u;).
If |dx (ux, xo)|L~ > R+ § for some § > 0, then, since

ligglfu({z € Uldx(ui(z),z0) > R+6/2}) > p({z € Uldx(ur(2),z0) > R+ 0}) > 0,

we have AEs(u}) + dr2(u}, 20)? < AE(uy) + dr2(uy, xo)? for sufficiently large i. This is
a contradiction. Thus we obtain |dx(uy,z¢)|z~ < R, so that dpz(uy,z¢) < Ru(U)Y2.
Hence the theorem follows from Theorem 4.3.3. O

4.4 Minimality of Lip u

In this section, we show that Lip u is a minimal generalized upper gradient for any locally
Lipschitz continuous map u € HY?(U; X) with 1 < p < oo. We first prove that Lipu
is at least an upper gradient for u. In the case of X = R, we have already seen this in
Proposition 4.1.5. In that proof, we used Rademacher’s theorem, so that we can not use
the same technique in the general case. However, by the following easily proved lemma
(which is a special version of [HKST, Theorem 3.17]), we can directly apply Proposition
4.1.5 to the general case.

Lemma 4.4.1 A function g : U — [0, 00| is an upper gradient for a map v : U — X
if and only if g is an upper gradient for the function dx(u,z) for any x € X.
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Proof. The only if part is clear by the triangle inequality. If g is an upper gradient for
dx(u,x) for any z € X, then, for any unit speed curve ¢ : [0,l] — U, we have

dx (u(c(0), u(c(1)) = |dx (u(c(0)), u(c(l))) — dx (u(c(D)), ulc(l)))| < /0 g(c(s)) ds.
Hence g is an upper gradient for w. O

Proposition 4.4.2 Ifu: U — X is locally Lipschitz continuous, then Lipu is an upper
gradient for u.

Proof. For any x € X, since dx(u,x) is locally Lipschitz continuous, Lip dx (u, x) is an
upper gradient for dx (u, x) by Proposition 4.1.5. It follows from Lipwu > Lip dx (u, z) that
Lipu is an upper gradient for dx(u,z) for any x € X. Hence Lipu is an upper gradient
for u by Lemma 4.4.1. O

Let (X, dx) be a locally compact, locally geodesics extendable Alexandrov space with
local curvature upper bound. Recall that the space ¥, at any x € X is compact with
respect to the angle metric Z, in this situation by Proposition 2.2.2.

For a constant map u : U — X, it is clear that Lipu = 0 and is a minimal generalized
upper gradient for u. Take any nonconstant locally Lipschitz continuous map v : U — X
and fix it.

Lemma 4.4.3 For any z € U, there exists a point x € X \ {u(2)} in an Rx-domain
containing u(z) which satisfies

Lipu(z) = Lipdx(u, z)(z).
Proof. If Lipu(z) = 0, then Lipdx(u,z)(z) = 0 for any z € X. So without loss of

generality, we can assume Lipu(z) > 0, in particular, z is not an isolated point. Take a
sequence {z;}°, C U\ {z} such that z; — z as i — oo and

dx(u(z),u(z)
llgg P R Lip u(z).
Since the metric space (Xy(.), Zu(z)) is compact and Lip u(z) > 0, there exist a nonconstant
geodesic v : [0,e] — X with v(0) = u(z) and a subsequence {z,} of {z;} satisfying
limy, o0 Zu() (Y, Yux)u(zn)) = 0. Since X is locally geodesics extendable, there exists a
geodesic 7 : [—t,e] — X such that 7 = v on [0,¢] for sufficiently small ¢ > 0. Put
x :=7J(—t). Note that

™ 2 Zzu(z)u(zn) = LY(—t)u(2)v(e) — Ly(@)u(2)ulzn) = T — Zu) (V; Yu(u(n))-

46



Combining this with Theorem 2.2.3 and the local Lipschitz continuity of u, we have
|dx (u(z), z) — dx (u(zn), )|
dZ(ZJ Zn)

dx (u(z), u(z,))| cos Zzu(z)u(z,)| + 0pu() (dx (u(z), u(z,)))
B dZ(ZJ ZTL)

dx(u(z),u(z,
= X(dz<(z), zn() D cos 246 (11 tututon) + Bt (A 2)
— Lipu(z) asn — 0.

This implies Lip dx (u, z)(z) > Lipu(z), so that we obtain Lipu(z) = Lipdx(u,z)(z). O

Lemma 4.4.4 Let z and x be as in Lemma 4.4.3. Then, for each y € X near x, it holds
that

Proof. By a discussion similar to the proof of Lemma 4.4.3, we find
Lip dx (u,y)(2) = Lipu(2) + 0y u(x) (Lau(2)y).

Since = # u(z), it follows from Zzu(z)y > Zzu(z)y that LZzu(z)y = Oy (zu(z) (dx (2, y))
holds. a

To recall Cheeger’s theorem for locally Lipschitz continuous functions, we need two
terminologies.

Definition 4.4.5 A metric measure space (Z,dz, ) is said to satisfy the doubling con-
dition if, for any r > 0, there exists k = k(r) > 0 such that

(B (2)) < 2°(Byjal2))
holds for any z € Z and 0 <7’ < r.

If a metric measure space (Z,dz, 1) satisfies the doubling condition, then it satisfies
the Vitali and the Besicovitch covering theorems and then, moreover, the set of Lebesgue
points of f is dense in Z for any function f € L'(Z). See, for example, [F, §2.8], [EG],
[Mat, §2], and [He, §1]. In particular, by the Besicovitch covering theorem, any bounded
subset of Z is totally bounded. Hence Z is separable, and is complete if and only if it is
proper, i.e., any bounded closed subset is compact.

Definition 4.4.6 Let 1 < p,q < co. A metric measure space (Z,dz, p) is said to satisfy
the weak Poincaré inequality of type (q,p) if, for any r > 0, there exist constants Cp =
Cp(p,q,7) > 1 and A = A(p,q,r) > 1 such that, for any open ball B,.(z) with 0 <7’ <,
any function f € L(By,(z)) and upper gradient g : By, (z2) — [0,00] for f, it holds

that ) )
<][ If = fBT/(z)‘qdﬂ) <Cp 7”(][ q° du) , (4.2)
B,/ (2) By, (2)

where we set fBT,(Z) = fBr,(z) fdp= H(Br'(z))_l fBT/(z) fdp.
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There are some works on the relationship between the doubling condition, the (weak)
Poincaré inequality, and the other inequalities. See, for instance, [BM1], [BM2]|, [BM3],
and [HaK].

Theorem 4.4.7 ([Ch, Theorem 6.1]) Let (Z,dz, 1) be a complete metric measure space
satisfying the doubling condition and the weak Poincaré inequality of type (1,p) for some
1 < p < oo. Then, for any locally Lipschitz continuous function f € H'"P(U), Lip f is the
unique minimal generalized upper gradient for f.

The existence and the uniqueness of the minimal generalized upper gradient for f follows
from Theorem 4.2.2 since R is a CAT(0)-space.

Theorem 4.4.8 Let (Z,dz,u) and p be as in Theorem 4.4.7 and (X,dx) be a locally
compact, locally geodesics extendable, and separable Alexandrov space with local curvature
upper bound. Then, for any locally Lipschitz continuous map v € H"P(U; X), Lipu is a
minimal generalized upper gradient for u.

Proof. Take a countable dense set {x;}2;, C X. By Lemmas 4.4.3, 4.4.4, and Theorem
4.4.7, we know that

Lipu = sup Lip dx (u, ) = sup Lip dx (u, ;) = SUD Jay (u,z:)
zeX 7 7

a.e. on U. Thus we obtain E,(u) < |Lipul}, = |sup; gay (uz:|7s-

Fix a sequence {(ug, gr)}32>; such that uy — w in LP(U; X) as k — oo and g is an
upper gradient for u;, for each k. By Corollary 4.2.5, it holds that gr > gqy (uy,2:) a-€. on
U for any ¢ and k, and hence we have

lim inf |ge|z» > lim inf | SUP Gt (20| -

It suffices to show |sup; gay (ue)|zr < Hminfy_, o | SUDP; Gay (up,z:)| L7
Fix a point zp € U and a number n > 1. For each j > 1, we let B; be the family of
closed balls B,.(z) C U N B,(2p) which satisfies

n~'u(B,(z))
D p r

i (ws duZ/ SUP Gy (uu) AL — ;
/BT(Z) A (i) Bu(s) i X 1(U N Bn(20))

and B := |J; B;. Then we have inf{r > 0| B, (2) € B} =0 for a.e. z € UN B,(2). Hence,

by the Vitali covering theorem, there exists a subfamily {B;};Y, C B (1 < N < o) with
B, € Bj, which consists of mutually disjoint closed balls such that p((UNB,(20))\U, B:) =
0. For each [, by applying Theorem 4.1.8 to {dx (u, z;)|5 }3,, we have

| Gaxe (ues) Lo (By) < li;gglf | Gax (u ) | L2 (By) < li;gg.}f | SUD Gatxc k)| o 3,
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We notice that gdx(u,wjl)|Bz = Jdx (uz;,)|, holds a.e. on B; by Proposition 4.2.4. Therefore
we obtain

. . p .. p
tiinf | 1D G0 [ 1ar) 2 BILIE | SUD Gt 20 [ 20, o

N
. . p
> > Hminf [ SU G w105,
=1

D
/Bl i (u,zy,) W
n”'u(B1) }

sup g~ du —
{/— ;P Iaxwe) BT A B ()

p -1
SUD Gy (ya) AL — 1 .
UﬁBn(Zo) i dX( ’ 7.)

WE

=1

] =

=1

Letting n tend to infinity, we have

lim inf | SUp Gac ez o 2 [ SUP g ([ -

Consequently, we obtain

. p . p ..
EP(”) S |L1pu|1£p = ‘Sgp ng(Uﬂzi) Lp S h]?l\lorolf | Sl:p gdx(uk,fl?i) Lr S h&g}f ‘gk|gp~

Taking the infimum over all such sequences {(u, g)}, we have E,(u) = |Lipul},, so that
Lipu is a minimal generalized upper gradient for w. O

Combining this theorem with Theorem 4.2.2, we immediately have the following:

Corollary 4.4.9 Let (Z,dz,u) and p be as in Theorem 4.4.7 and (X,dx) be a locally
compact, locally geodesics extendable, and separable CAT(0)-space. Then, for any locally
Lipschitz continuous map u € H'?(U; X), it holds that g, = Lipu a.e. on U.

4.5 Comparison of Sobolev spaces and its application
In this final section of the present chapter, we consider the relation between the Cheeger-
type Sobolev space for maps into a Banach space V' and that for maps into a subset of V.

We first recall the several types of Sobolev spaces (cf. [KS] and [Ra]; [Ha] and [K]; [KM]).

Definition 4.5.1 For 1 <p < oo, u € LP(U;X), e >0, and z € U, we define

N NUC R
er (2) .—][s(z) dp(w).

gp
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The Korevaar-Schoen-type p-energy of u and the (1, p)-Sobolev space are defined by

E';(S(u) = sup lim sup/ fey . du,
feC(U), 0<f<1 e—0 U

KS'"(U; X) :={u € LP(U; X) | EX*(u) < oo},

where C.(U) denotes the set of all continuous functions on U with compact support. We
also define £5°(u) by replacing C.(U) in EX®(u) with the set

{feCU)| supp f C U, for some n > 0}.

Clearly, EXS(u) < EJ°(u) holds for any u € LP(U;X) and they coincide if Z is
proper. As we mentioned in the paragraph after Definition 4.4.5, the proper property of
Z is equivalent to the completeness if (Z,dy, 1) satisfies the doubling condition.

We should remark the relation between K SY!'(U; X) and BV (U; X) defined in [A] in
the case where Z is a Euclidean space. It is easily proved by the definition of BV (U; X)
and [KS, Theorem 1.6.2] that KSY'(U; X) C BV (U; X) holds.

Definition 4.5.2 Let 1 < p < oo. For u € LP(U; X), we define the Hajtasz-type p-energy
of u by inf, |g|Lr, where the infimum is taken over all functions g € LP(U) such that there
exist an open covering {U;}5°; of U and a full measure subset A C U (i.e., u(U \ A) = 0)
satisfying that

dx (u(2),u(w)) < dz(z,w)(g(2) + g(w)) (4.3)

holds for any ¢ and z,w € U; N A. We define the Hajlasz-type (1,p)-Sobolev space
MY (U; X) as the set of all maps in LP(U; X) with finite Hajtasz-type p-energy.

We define one more type of Sobolev space for maps into a Banach space.

Definition 4.5.3 Let 1 < p < oo and V be a Banach space. We define PP(U;V) as
the set of all maps u € LP(U; V') such that there exist an open covering {U;}2, of U, a
function g € LP(U), and constants Cp > 1 and A > 1 satisfying (4.2) with ¢ = 1 for any
ball B,(z) with Ba,(z) C U; for some i.

Let (Z,dz, 1) be a complete metric measure space satisfying the doubling condition,
and V be a Banach space. Then, for the relation between the Sobolev spaces above, it
has been already known that

M (U;V) C P*(U;V) € KS¥(U;V) € HY(U;V)

holds for any 1 < p < oco. Note that M'P(U;V) C P"(U;V) is clear by definition.
Indeed, if (u,g) satisfies (4.3), then it satisfies (4.2) with ¢ = 1, A = 1, and Cp = 4.
The second inclusion PY?(U;V) c KSY(U;V) follows from [KM, Theorem 4.1]. The
third implication K.S*?(U; V) C H"?(U;V) is essentially proved in a discussion in [KM,
Theorem 4.5]. We give a precise proof of this implication for completeness. We need

to recall a well-known covering lemma (see, for example, [He, Theorem 1.2]). For a ball
B = B,(z) and a > 0, we denote B,,(z) by aB.
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Lemma 4.5.4 FEvery family B of open balls of uniformly bounded diameter in a separable
metric space contains an at most countable, mutually disjoint subfamily {B;}¥, (1 < N <
o0) satisfying

N
U BclsB:
=1

BeB

From now on, we denote by C(«, 3) a constant depending only on « and g.

Theorem 4.5.5 Let 1 < p < oo, (Z,dz, 1) be a metric measure space satisfying the
doubling condition, and X be a convexr subset of a Banach space V. Then, for any u €
KS'P(U; X) with £F°(u) < oo, we have

ES (u) < C(k, p)EX (u).

In particular, if Z is complete, then KS"(U; X) C H"(U; X).

Proof. For each 6 > 0, by Lemma 4.5.4 together with the separability of Z, there exists
a family of open balls {Bs(zx) 1, (1 < N < 00) such that z, € U, U C |J, Bs2(2k), and
that {Bg/lo(zk)}ff:l is disjoint. Put By, := Bj(2x). For any z € U, we have

n(Bys(e)) 2 30 w(Bstan)) 2 cl) 3 u(Byola)

k:z€By, k:z€By,

> c(x) (k| = € Bibu(By,(2)).

Thus we obtain #{k |z € By} < c¢(k)™*. Put M := ¢(x)~!. We can take a partition of unity
{¢r}_, of U which is subordinate to {Byj}i_, such that every ¢y, is C}Md~*-Lipschitz
continuous, where (' is a universal constant.

Fix a map u € KS"(U; X) satisfying £°(u) < oo and define us := SN | drup, .
Since up, € X for any k, the image of u; is contained in X.

Claim 4.5.6 us — u in LP(Uy; X) as 6 — 0 for any n > 0. In particular, us|y, €
LP(U,; X).

Proof. Take any z € U,, and § < n/2. For any k with ¢5(z) > 0, since dz(z, z;) < d, we
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have By C Bgs(z) C Bss(z). Hence it follows from the doubling condition that

u(z) — up,| < Ji () — w(w)| dps(w)

1
</ | lule) — )l duw)
e / | lute) )l duw)

<c ]é ) )] due)

<uc( £, B a)

=20Cey 45(2)7.

Since the cardinality of the set of all such k’s is not greater than M, we obtain

p

< }M(?éC’)(ez,za)% \ip(un

N
0= sl = | D 0 (= up,) :
k=1

LP(Uy)

= (QMC(S)”/ €p 25 Al

Un
Therefore, since £ (u) < 0o, we have

lim sup |u — u(;|’£p(Un) < (2MC)?lim sup 57’/ €pas dit = 0.

6—0 6—0 n

Claim 4.5.7 (cf. [KM, Lemma 4.6]) For z € Uzs and 2’ € Bs(z), it holds that

|us(2) — us(2)| < Ca(k)dz(z, Z’)(J{B €p,56 du> %-

25(2)

In particular, the map us is locally Lipschitz continuous on Urs and, for any z € Urs, we
have

Lip us(z) < 02<][ €p 55 d#) .
Bas(2)

Proof. Let z € By,. For k with ¢p(2) # ¢r(2'), we have {z,2'} N By # (). Then, since
Bko C ng(z) C B35(Zk0) and

B, C B%(Z) U BQ(‘;(Z,) C 335(2) C B55(w) C B75(2’) C ng(zk)
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for any w € Bys(2), we have

PI— ]lB ]i w)| dp(w') du(w)
< C(r) ][ ][ u(w) — u(w)| dp(w’) du(w)

( ]{3 ]{3 “"')‘p dﬂ(w’)d#(w)>%
505( ][B p,W) |

[us(2) = us(2)| = |

| /\

D=

Hence we obtain

WE

(0n(2) = ¢x(2")) (up, —uspy,)

1

|¢k(z) - ¢k(zl)| |U'Bk - uBk0|

INA
M= 7

B
Il

1

<2M - (CiMtdz(z,2")) .505<][ €p 56 du) "’
Bas(2)
|

Combining the claims above with Theorems 4.1.8, 4.2.9, and Fubini’s theorem, we

obtain
/ Pdu < hmlnf/ gn. d
U"]
< lim inf/ (Lipus)? du
6—0 U,
< liminf/ <C’§][ €p 55 d,u> du(z)
=0 Ju, Bas(z)
C(x)
< CPliminf (7/ el du) du(z
P8 o, \iBa) S 70 )
€p55(W)
<C’Chm1nf/ (/ Lduw)duz
=0 Ju, Bas(2) p(Bas(w)) (w) =)
€p55(W)
<Y C’hmlnf/ (/ S LA Y z)> du(w)
§—0 U(n_25) ng(w)ﬂUn /_L(BQ(S(’LU)) (
< PO Tim u
< C’2C’hr5n_)1§1f /U(n%) €p 56 du
< C’gC’Efs(u)
for any 7 > 0. Letting 7 tend to zero, we have ES (u) < C(k,p)EF5 (u). 0
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If, in addition, (Z,dz, u) satisfies the weak Poincaré inequality of type (1, p) for some
1 < p < oo (in the sense of Definition 4.4.6), then we have H?(U; V) C PY"?(U;V) by the
existence of a generalized upper gradient for every u € H'?(U; V) together with [HKST,
Theorem 4.3|. Hence it holds that

MY (U;V) C PY?(U;V) = KS"(U; V) = H"P(U; V).

If, moreover, (Z,dz, i) satisfies the weak Poincaré inequality of type (1,¢) for some 1 <
q < p, then we have KS*(U; V) C M'?(U;V) by [KM, Theorem 4.5]. Thus these four
spaces coincide for such (Z,dz, u).

We next consider the case where a metric space (X, dx) is isometrically embedded in
a Banach space V' and the base point xyg € X corresponds to the origin 0 € V, e.g., the
Kuratowski embedding;:

Xs>z — {y — dx(zo,y) —dx(z,y)} € L7(X)

(see [He, p. 99]). Then we have H"P(U; X) C H"?(U;V) N LP(U; X) while it is clear
that KS'?(U; X) = KSY(U; V)N LP(U; X) and M (U; X) = M*?(U; V) N LP(U; X)
hold (and even energies coincide) by definition. Indeed, if we denote by i : X — V an
isometric embedding and u € LP(U; X), then, since a generalized upper gradient for i o u
is not always one for u, we know only ES (i o u) < ES(u) in general.

Example 4.5.8 Let Z = [—1, 1] with the standard metric and measure, V' = R with the
standard metric, and X = {0,1} C V. We define a map u : Z — X by u(t) := 0 for
t € [-1,0] and u(t) := 1 for ¢ € (0,1]. It is easily proved that u is in H"(Z;V) (and
KSY(Z;V)), but not in H"(Z; X) (nor MYY(Z;V)).

This is, so to speak, the “p = n” case, where p is of H'?(U; X) and n is the dimension
of U. We can prove that H'"?(U; X) = H"(U;V) N LP(U; X) holds (as sets) in the

“p>mn” case.

Theorem 4.5.9 Let (X,dx) be a metric space isometrically embedded in a Banach space
V', and the point xo € X corresponding to the origin 0 € V be the base point of X. Assume
that there exist constants Cp, > 1, s > 1, and R > 0 such that

u(Bo(2) _ . (T
W(B() = C() (44

holds for any z € Z and 0 < r < v < R. If (Z,dz,u) is complete and satisfies the
doubling condition and the weak Poincaré inequality of type (1,s), then HY?(U; X) =
HY(U; V)N LP(U; X) holds for any p € (s,00).

Proof. We already know that
H"(U; X)) c H**(U; V)N LP(U; X) = M"?(U; V)N LP(U; X) = M"?(U; X).

By [HaK, Theorem 5.1] and [HKST, Theorem 6.2, any u € P'*(U;V) has a continuous
representative, and hence so does any u € M'P(U; X). Then we have u € H'?(U; X) as
in the proof of [S, Lemma 4.7]. O
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We observe that the inequality (4.4) holds with s = k(R) and C, = 2° if (Z,dz, p)
satisfies the doubling condition. We can apply the strategy of proving M'?(U; X) C
H'?(U; X) to the case of p = s = 1, although H"(U;V) c M“*(U;V) does not hold in
general as we saw in Example 4.5.8.

Theorem 4.5.10 Let (Z,dz, ) be a geodesic length space satisfying (4.4) with s = 1,
and (V,|-]) be a Banach space. Then, for any (u,g) € PY(U;V) x LY(U) satisfying (4.2)
with p = q =1 and any ball B,,(zy) with Arg < R and with By, (z0) C U; for some i, we
have

[u(2) — up, (z)| < C(Cy, Cp, A) 7‘0][ gdpu

Barg(20)

for any Lebesque point z € B, (20) of u.

Proof. We first assume that A = 1. Put r := dz(z, %) and let v : [0,1] — U be
a minimal geodesic from z to z5. We set By := B,/4(7(1)) (= B,ja(%)) and By :=
BT<;€+3)T(7((8 - l)2*(’“+3))) for each ¥k > 0 and 1 < [ < 4. Since z is a Lebesgue
point of u, it follows from the doubling condition and Byg; C By-#,(2) C 16Byx4, that
lim,, o up, = u(z). Hence we have

[u(2) = up,(z0)| = lim [up, —up, ()
0o 3
< Z { Z ’uB4k+l - U’B4k+l+1’ + ’uBM - U’B4k+l‘} + |up, — uBT(ZO)"
k=0 =1

Fix any £ > 0 and 1 <[ < 3, and put

B := By rn, (v({(15/2) — 1327 *9)).

Then we have

]u—u3B|du+][ |u — usp|dp

Bygti+1

|uB4k+l - uB4k+l+1‘ < ][B
PP

<L/ lu — usp| du
~ w(B) Jsp -

< 6Cb][ lu — usgp| dp
3B

< 6C,Cp-(3- 2_(]“'4)7") ][ gdpu
3B

(k43) 2 2k+5/3
<9.27 C’C’pr—/ gdu
k /‘L(2k+53) 2B4k+l

12020p7“ /
< b gdp.
/’L(BT(ZO)) 2B4k+l
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Similarly, we obtain that

|uB4k - uB4k+1| < ][ |u - U’B4k| d,u
Byk+1
S 3Cb][ ‘U—UB‘lk’d,u
By
< 3C,Chp - (2_(k+2)r)][ gdu
By

(k+2) 2 k3
<3-2° C:Cpr —/ gd
T M(2k+334k) Buk s

6050137‘ /
< —F gdu
1(Br(20)) J g,y

for any k£ > 0, and that
|uBy — B, ()| < ][ U — up, (z0) dpp < 4Cb][ |u — B, ()| dpe
By Br

(20)
< 4CbCP7”][ gdu.

By (20)

Therefore we have
[u(2) — uB, (20)]
< C(Cb, Cp)?‘
— w(B:(20))

o) 3
Z{Z/ gdwr/ gdu}+/ gdu].
k=0 © 1=1 Y 2Bak+i Bug Br(20)

Since the multiplicity of the family {2Buxi;}r>01<i<3 U {Bak}k>0 1S at most nine, we
consequently obtain

[u(2) — up, (z)| < 1007“][

By (20)

gdu < 1OCCbro][ gdp,

BTO (ZO)

where C = C(Cy, Cp).
A proof in the case of A > 1 is done by a discussion similar to that above by setting

Bukmt = By-teen 1, (7((8 — 1/m)2”+9))
for K > 0 and 1 <[ < 4m, where m denotes the smallest integer not smaller than A. O

Corollary 4.5.11 Let (Z,dz, p) be as in Theorem 4.5.10. If (X, dx) is complete and can
be isometrically embedded in some Banach space V' such that (U;V') has the Lipschitz
extension property in the sense of [HKST), then any v € MY (U; X) has a continuous
representative. In particular, we have M (U; X) ¢ HY(U; X).
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Proof. Take any u € MY(U; X). Since (U;V) has the Lipschitz extension property,
the set of continuous maps is dense in MY (U; V) (see [Ha, Theorem 5]). Let {u;}3°; C
MY (U;V) be a sequence of continuous maps which converges to v in M (U;V). By
Theorem 4.5.10, we obtain that u; converges to v uniformly on any compact set, so that
its limit is a continuous representative of u. O

Remark 4.5.12 The Newtonian space N*(U; V') defined in [S] coincides with H'*(U; V')
for any 1 < p < oo and any Banach space V' ([S, Theorem 4.10]). The Newtonian space for
maps into an arbitrary metric space X is also defined in [HKST] through the Kuratowski
embedding of X, but we do not know whether H'?(U; X) = N'?(U; X) or not any more.
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Chapter 5

Harmonicity of totally geodesic maps

In this last chapter, by using the results proved in the preceding chapters, we shall obtain
results on the relationship between the harmonicity and the totally geodesic property of
maps, that is, the harmonicity of totally geodesic maps. This chapter is based on [O3].

5.1 Harmonicity

Let (M, g) be a Riemannian manifold such that M is compact, p1, be its volume element,

and (X,dx) be a connected, complete Alexandrov space of curvature < 0. We write
EXS = EES and EY = EY in this chapter for short.

Definition 5.1.1 A continuous map u : M — X is said to be E&-continuously har-
monic if EXS(u) < EX9(a;) holds for any continuous variation o : M x [0,1] — X
which satisfies the following boundary condition:

(i) ap = u,
(i) there exists € > 0 such that oy|yn\a. = u|anas for any ¢ € [0,1],

where we denote a(-,t) by a;. We define the E¢-continuous harmonicity in the same
manner.

If OM (= M\ M) =0, i.e., if M itself is compact, then (ii) above places no restriction
on .

Remark 5.1.2 It is not so unnatural that we assume the continuity of u in Definition
5.1.1. In fact, Korevaar and Schoen prove (the existence and) the local Lipschitz continuity
of an energy minimizing map in the class

{fue KSY2(M; X) | dx(u,ug) € WS (M)}

for an arbitrarily fixed ug € K.S?(M; X) in the case where (M, g) is a Lipschitz Rieman-
nian domain and (X, dx) is a complete CAT(0)-space ([KS, Theorem 2.4.6]). Here, as
usual, VVO1 *(M) denotes the closure of C§° (M) with respect to the Sobolev norm. There
are also some works on the Holder continuity of harmonic maps (e.g., [BM2], [J2], and
[KiSh]).
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For z € X, we define
ra(x) :=sup{r > 0| (B,(z),dx) is an Rg-domain}.

By definition, it clearly holds that r4(z) < rx(z). Recall that rx(z) is the convex radius
at . We also note that both functions are 1-Lipschitz continuous.

We first consider the harmonicity for the Korevaar-Schoen-type energy. Note that, if
(X,dx) is a Riemannian manifold and v is smooth, then

E®5(u) = (dim M + 2)—1/ | |? dpag-
M

The following lemma allows us to consider only the variations which are close to .

Lemma 5.1.3 Fiz a continuous variation o : M x [0, 1] — X which satisfies ou|pnm. =
ao|a\ar. for any t € [0,1]. Then there exists a continuous variation 3 : M x [0,1] — X
such that By = g, Bi = oa, Belsnm. = ol holds for any t € [0,1], and that the
function [0,1] > t — EX5(8,) is convex.

Proof. This lemma is easily deduced from the fact that a universal covering space ()N( dz)
of (X, dx) with the induced length metric is a complete CAT(0)-space (cf. [BH, Chapter
I1.4]). We give a proof for completeness.

Let (M, §) be a Riemannian universal covering space of (M, g) and & : M x[0,1] — X
be a £-equivariant lift of a.. Here & : m (M) — m1(X) denotes the homomorphism induced
from «g. Set R

Bt = (]. - t)éé() + t0~41

for t € [0,1] and let §; : M — X be its projection. It is clear that (3 satisfies Fy = av,
Br = aq, and B¢|anar. = aolanas for any t € [0,1]. Take any to, 21, A € [0, 1] with ¢y < ¢4,
and put ¢y := (1 — A)tg + Mty. Since M x [0,1] is compact and [ and 74 are uniformly
continuous, for sufficiently small § > 0, we have

dx (Be, (p), Ber (0)) = d5 (B, (), s () ]

< (L= N)dg(Beo (p); Bio () + A (B (p), B (0))
(1 ) ( (p>7/6t0(Q)) + )‘dX(ﬁm (p)7ﬁt1 (q)>
3 1

for every p,q € M with dy(p,q) < §. Therefore we obtain EX5(3,,) < (1—\)EE5(8,,) +
AEXS(B,)). O

Before giving the proof of the harmonicity of a totally geodesic map, we recall some
facts for totally geodesic maps (see Chapter 3 of this thesis). For a totally geodesic map
u: M — X, we put

= sup |du, b:= inf |dul.

UM U, MNH,
By Corollary 3.4.4, they are independent of the choice of p € M. In particular, w is
a-Lipschitz continuous. If a = 0, then u is a constant map. So that, without loss of
generality, we assume a > 0 from now on, and then b > 0.
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Theorem 5.1.4 Any totally geodesic map u: M — X is EXS-continuously harmonic.

Proof. Let o : M x [0,1] — X be a continuous variation as in Definition 5.1.1. If
E%S(a;) < EX5(u), and if we denote by B the continuous variation constructed from
a by Lemma 5.1.3, then we have EX5(8;,) < EX5(u) for all t € (0,1]. Thus we need
only to show that, for every a as in Definition 5.1.1, there exists some ¢ > 0 satisfying
EXS(u) < EXS(qy).

Since wu is a-Lipschitz continuous and M. is compact, « is uniformly continuous on
M x [0,1]. Hence we can take § > 0 such that dx(a:(p),u(p)) < ra(u(p)) holds for any
p € M, and t € [0,0]. We remark that, by assumption, we know a;(p) = u(p) for all
p€ M\ M, and t € [0,1]. Put

p(p) = S{TM(])) A M}, = —{p ) A dist(p, OM) }

for p € M. Note that r is (1/3)-Lipschitz continuous. For each ¢t € [0,4] and p € M,
we define §;(p) := Fu(B,@)(p))](a:(p)), where the foot-point is taken as an element in
B, (up))(w(p)). This makes sense. Indeed, we have a;(p) € B, ,(u@p)) (u(p)),

w(B,(p) () C w(Byp) (D)) C Bap () (u(p)) C Bryuiey) (u(p)),

and u(B,)(p)) is compact and geodesically convex since u is totally geodesic.
For each n > 0, we can take d, € (0,9 A infy, 7] such that dx(a:(p),u(p)) < br(p)
holds for any p € M, and ¢ € [0, 0,)].

Claim 5.1.5 For everyt € [0,,] and p,q € M, with dy(p,q) < 6,/2, we have
dx (B¢(p), Be(q)) < dx(ou(p), cu(q)).

Proof. By assumption, we know

u(By)(p)) C u(Bypyto,/2(0)) C u(Barg)(q)) C Byyu(a) (u(q)).
Here the second inclusion is derived from
r(p) + 0,/2 < {r(q) +6,/6} +6,/2 < 2r(q).
Moreover, we have
as(p) € Burp)(u(p)) C Bor(p)ras,/2(w(q)) C By u(q))(w(q))
since
br(p) + ad,/2 < b{r(q) +6,/6} + ad,/2 < 2ar(q) < ra(u(q)).

By Lemma 3.2.2, for any v € Bj,(;,(0) C T, M and its projection to H,, say v' € Hp,
we find u(exp, v) = u(expp v'). It follows from By, (q)(q) C Bsy(p)(p) that

dist (u(Bar()(9)) \ u(Brp) (1)), u(p))

> dist (u(Bsrp)(p)) \ u ( v (P)), u(p))

— dist (u 0 exp, ({Banp) (0; TyM) \ By (0; T, M)} N H,), u(p))
> br(p) > dx(ay(p), u(p))

> dx (Fu(Barg)(9))(t(p)), u(p)),
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where the foot-point is taken as an element in B, ,(u(q))(u(g)). This implies that

Fu(Bar()(0))(e1(p) € u(Br) (p)),

so that it coincides with 3;(p). Putting p = ¢, we also have F[u(Bay(g)(q))](cu(q)) = Bi(q).
Consequently, we obtain

dx (B(p), 6i(q)) = dx (F[u(Bar()(9))]((p)), Fu(Bar(g)(9))](cu(q)))
< dx(ai(p), a:(q))

by Proposition 2.3.2 with A = u(Bay)(q)). 0

Combining this claim with (ii) in Definition 5.1.1, we have EX5(8,) < EX%(qy) for
any t € [0,6-] with &’ € (0,¢). Fix ¢’ € (0,¢) and put ¢’ := d. Note that

B51(q) € u(Brg)(9)) C u(Barp)(p)) C u(Byp)(p))
holds for every p € M. and q € By/2(p). Hence we may assume that

55/!35,/2(;;) t Bsyya(p) — u(Byg) (p))

is smooth for all p € M with respect to the Riemannian structure derived from Corollary
3.4.4. We know that u is smooth with respect to that structure, and hence so is G|\ -

Put . .
/62 = (1 — 5)” —f- 5/651

for t € [0,8']. Then £, is smooth and the function [0,0'] > t — EX9(3.) is convex.
Applying the first variation formula for energy (cf., for example, [N, §3.3]), by the totally
geodesic property of u and the boundary condition, we immediately obtain

d

et EKS " — 0.

dt lt=o+ (B) =0
Here we denote by (d/dt)|i—o+ f the right derivative of a function f at ¢ = 0. Therefore
we have FX5(u) < EX9(3},) = EX9(8y) < EX9(as). This completes the proof. O

Almost all discussions above for the Korevaar-Schoen-type energy are also valid if we
consider the Cheeger-type energy. The only one obstruction is that we do not have the
first variation formula for this energy. We will overcome this difficulty by considering a
representation of E¢(u) for a map u between Riemannian manifolds.

Let (N, h) be a Riemannian manifold and u : M — N be a smooth map. For p € M,
we denote the operator norm of the differential operator at p, (u,), : T,M — Ty, N, by
|Us|op(p). Clearly Lipu = |u.|op holds. By Theorem 4.4.8, we find

/U s 2, djig = E(uly) < E(u) < /M a2, g

for any relatively compact domain U C M with smooth boundary. Letting U — M, we
obtain E(u) = [, [u.|2, dp.
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Lemma 5.1.6 For a smooth map u: M — N, we have
EC(”) = Sup/ ’u*(W)P dlu’gﬂ
w Jum

where the supremum is taken over all smooth vector fields W on M satisfying |W (p)| < 1
for everyp € M.

Proof. Note that

:/ |u*|§pdugzsup/ [ue (W) |? dpag.
M W JMm

We prove the reverse inequality.
For each p € M, we can take a smooth vector field W, on M such that |[IW,(g)| <1
holds for all ¢ € M and that |u.|ep(p) = |u.(W,(p))|. Take any € > 0. Since

lim [ (W) * dptg = [tlop(p)* = lim [wfop dig,

the Vitali covering theorem yields a family of at most countably many mutually disjoint
balls {B,,(p;)}i C M which satisfies p,(M \ |, By, (p;)) = 0 and

bl = f ol du, e
T (pi) By, (p:)

For each i, we take r} € (0,r;) such that
;/ |un (W),,) | dps >][ w2 dpg — 2e.
/’LQ(B’M' (pl)) B,/ (ps:) m 7= BTi(pi) op I

Let W, be a smooth vector field satisfying |[W.(p)| < 1 for all p € M and W, = W, on
B,/(p;) for all i. Then we have

JREUCIRZED Y ARNTE U

B’pz

= Z{/B( )|“* op Aty — 25Mg(Bri(pi))}

= /M|U*|gp dyig — 2ep1g(M)

= E(u) — 2epy(M).

Since € > 0 is arbitrary, this completes the proof. O

Proposition 5.1.7 If N is an Alexandrov space of curvature < 0, then any harmonic
map u : M — N (in the classical sense) with finite energy is E -continuously harmonic.
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Proof. Fix a continuous variation « satisfying the condition in Definition 5.1.1 and take
B as in the proof of Lemma 5.1.3. We may assume that 3 : M x [0,1] — N is smooth.
It is easily proved that the function [0,1] 5 ¢ — [}, [(B)«(W)|*> dpg is convex for any
smooth vector field W on M. Moreover, by the same calculation as that deriving the
usual first variation formula, we obtain

t:0+/M |(B1)«(W))? dpg, = 0.

Hence we have [, |u.(W)|*du, < [,,1(61)«(W)[*dpuy. By Lemma 5.1.6, this implies
E¢(u) < E°(31) = E(ay). Therefore u is E¢-continuously harmonic. O

d
dt

We remark that the nonpositivity of the sectional curvature of N does not always
imply that N is an Alexandrov space of curvature < 0. For instance, the completion of
R? \ B;(0) is not an Alexandrov space of curvature < 0. Now we show the latter half
of our main theorem in this chapter. Recall that we consider a Riemannian manifold
(M, g) such that M is compact, and a connected, complete Alexandrov space (X, dx) of
curvature < 0.

Theorem 5.1.8 Any totally geodesic map u : M — X is E€-continuously harmonic.

Proof. All discussions in the proof of Theorem 5.1.4 before using the first variation
formula are also applicable to this case. Using Proposition 5.1.7 in place of that formula,
we have E¢(u) < EY(8}), which completes the proof. O

5.2 Examples

We can construct many examples of harmonic maps whose images are not manifolds by
applying Theorems 5.1.4 and 5.1.8.

Example 5.2.1 Let (M, g) be a Riemannian manifold with nonpositive sectional curva-
ture such that M is an Alexandrov space of curvature < 0. Take two totally geodesic
submanifolds S; and Sy of M with dist(S7,S2) > 0 such that there exists an isometry
i: S, — Sy between them. Let i : S; — Sy be the canonical extension and set
X := M/i. Then X is a complete Alexandrov space of curvature < 0 by Reshetnyak’s
gluing theorem ([Re], see also [BBI, Theorem 9.1.21}), and the projection P : M — X
is totally geodesic. Thus P is EXS- and E¢-continuously harmonic.

We finally give two examples of totally geodesic maps which are not harmonic.
Example 5.2.2 Let (X,dx) = (R?,| - ||), where we set, for (z1,91), (T2, 2) € R?,

||(51717?/1) - ($2;y2)|| = |9€1 — Za| + |y1 — 12|

This is not a CAT(0)-space, but the conclusion of Lemma 5.1.3 remains true by setting
By = (1—t)ag+tay. However, there exist nonconstant closed geodesics in X (e.g., squares)
and they are not minimal.
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Example 5.2.3 Let B, (po; R?) and B,(p1;R?) be open disks in R? and set
X = B,(po; R*) U [0,1]U B,(p;; R?)/ ~,

where 0 ~ py and 1 ~ p;. Intuitively, X is in the shape of a barbell. Let dx be the induced
length metric on X, then (X, dx) is a CAT(0)-space. Define a measure p on X by p = £2
on B,(py;R?) U B,(p1;R?) and p = L' on [0,1], where £" denotes the n-dimensional
Lebesgue measure. We shall prove that the identity map idy : (X, dx,n) — (X, dx) is
not EXS- nor E%-continuously harmonic although idy is clearly totally geodesic. Here
we consider 0X = 0B, (po; R?) U OB, (p1; R?).

Claim 5.2.4 The map idx is not EX5- nor EC-continuously harmonic. Furthermore,
there exists no EX5- nor E¢-continuous harmonic map in the homotopy class fizing
boundary values to which idx belongs.

Proof. Fix a small € € (0,7) and set
X" := B.(po; R*) U[0,1] U B-(p; R?)/ ~ C X.
For (a,b) € [0,1) x (0,1) U{1} x [0,1), we define a map u,p : X — X by (see Figure 7)

1 _
(i) wap(t) := at + —— € [0,1] fort € [0, 1];

. l—a 1-a
(ii) Uap(po+v) = 5 T b lv| € 0,1] for v € By.(0;R?);
1 1-—
Ugp(p1 +v) == —ga + 2b€a]v] € [0,1] for v € By.(0;R?);

(ii-1) wap(p; +v) = p; + {g - 51_ ‘Z‘ }ﬁ € B.(p;;R?) for v € B.(0;R?) \ By(0;R?),
— v
J=0,1

(ili-2) ugp :=1idx on X \ X'

1—a

Figure 7
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Note that u; o = idx and the map [0,1] > s —— U1—(1—a)s,bs Eives a homotopy between

idx and u,; fixing boundary values. It holds that
1 1 1
ERS(idx |x) = 3 + 1 2. 2me? = 3 + 7e?

and F°(idx |x/) = 1 + 2me?. On the other hand,

EXS (g, )<1a2+1 1—ay 2 (b5)2+l L2+1 2me?(1 — b?)
ablX1) =30 T\ Tope m A\1 50 T

1 2(1+0
= —a2+i(1—a)2+ﬁ{l—i_b+(l—b2)},

3 8 2
E ) =+ (20 anger 4 () - 2me2(1 - )
Ugp|x') = a 2T — | - 27 —
X 2be 1—b
1+b
:a2+g(1—a)2+2ﬂs2li—b.
Putting u = uy/91/2, we have, for sufficiently small € > 0,
1 T 15 1 1 =«
EX¥S(u|x) < =4 — 4+ —me? < =, E%ulx) ==+ = +6me? < 1.
(u\X)_12—|—32—|—87r5 3 (u|x) 4—|—8—|— e

Thus idx is not EXS- nor E¢-continuously harmonic.

We suppose that there exists a continuous harmonic map v : X — X which is
homotopic to idy fixing boundary values, and will derive a contradiction. The following
discussion is common to both EX% and E¢, so that we write E simply. By the harmonicity
of idp, (p,;:r2) (and Proposition 5.1.7), E(u|p,(,r2)) takes its minimum if u|p (,:r2) =
idp, (p,;r2). This implies that u([0,1]) € [0,1]. Let A; := w~'([0,1]) N B,(p;; R?) for
7 =0,1 and divide u into five parts:

up : (0,1) — (0,1), wgy:A; — [0,1], wus;: Br(p;; R*)\ A; — B,.(p;; R?).

Note that uy,us;, and ug; correspond to (i), (ii), and (iii) respectively in the first part
of this proof. For b € (0,1), we set bA; := {p; + bv|p; + v € A;}, and u} ;(p; + v) :=
Uy ;(p; + v/b) for p; +v € bA;. Then we have E(ug;|a,) = E(ublpa,). (Recall that
E(uqp|B,. (p;;r2)) is independent of b.) On the other hand, if we put

/ ._{ us; on Br(p; R?)\ 4,
Usj = . A.
p; on Aj,
then we find E(u;;) = E(us;). Hence E(us;) is minimal if A; = {p;} and uz; =
idp, (o, w20\ p,}- (Recall that E(uqp|p,(p,2)\B,. (p;r2)) is minimal at b = 0.) Combining
this with E(us;]a,) = E(u ;]54,), we conclude that A; = {p;} and us; = idp, (»,r2)\(p,}-
However, then v must be idy. This is a contradiction. O

The second part of the claim above asserts that a harmonic map in a class containing
idx does not have a continuous representation. This should be compared to the works on
the regularity of harmonic maps (see Remark 5.1.2). If we consider B, (p;; R?) as an open
ball in a flat torus, then (X, dyx) is a compact, geodesically complete Alexandrov space of
curvature < 0.
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