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CHAPTER 1

Introduction

In this thesis, we study the following nonlinear Schrodinger equations:

i0u = —Au+V(z)u+ g(u), (t,z) € R"™ (1.1)

where V() is a real valued function and g(0) = 0, g(e?2) = e?g(z) for z € C and
0 € R.

When V(z) =0, (1.1) arises in various physical contexts such as nonlinear optics
and plasma physics (see, e.g., [11, 52, 56]). The nonlinearity g(u) enters due to the
effect of changes in the field intensity on the wave propagation characteristics of the
medium. When V(z) = 0 and g(u) = —|u|?u + |u|*u with n = 3, (1.1) appears in
boson gas interaction, and so on (see, e.g., [2] and its references). The potential V' (x)
can be thought of as modeling inhomogeneities in the medium. In [48], Equation
(1.1) with a bounded potential V(z) is studied as a model proposed to describe
the local dynamics at a nucleation site. Equation (1.1) with a harmonic potential
V(z) = |z|* g(u) = —|u/*uv and n = 3 is known as a model for describing the Bose-
Einstein condensate with attractive inter-particle interactions under a magnetic trap

(see, e.g., [3, 27, 53]).

By a standing wave, we mean a solution of (1.1) of the form

u, (t,r) = e“'o,(x),
where w € R, and ¢, () is a ground state of the following stationary problem

—Ap+V(x)p+wop+ g(p) =0, r € R",
¢ e X, ¢ Z 0.

(1.2)



For the terminology “ground state”, see Definition I below. Here, X is a real Hilbert

space defined by
X :={ve H'(R",C);V(x)lv(z)]* € L'(R")}

with the inner product

(v,w)x = Re/ (v(z)w(z) + Vo(z) - Vw(z) + V(z)v(z)w(z))dz.
The norm of X is denoted by || - || x, and from now on, || - ||, stands for the norm of
L™ (R™).

In this thesis, we consider the stability and instability of standing wave solutions
of (1.1). We first recall relevant known results. Many authors have been studying
the problem of stability and instability of standing waves for nonlinear Schrodinger
equations (see, e.g., [4, 8, 9, 13, 16, 18, 25, 28, 29, 31, 39, 40, 41, 42, 43, 44,
48, 50, 54, 55, 57, 58|). First, we consider the case V(z) = 0 and g(u) = —|ulP~ v,

namely,
10 = —Au — |ulPu, (t,z) € R"™, (1.3)

where 1 < p < 2* — 1. Here, we put 2* = oo if n = 1,2, and 2* = 2n/(n — 2) if
n > 3.

For w > 0, there exists a unique positive radial solution ), (x) of

— A+ wip — [Pl = 0, r € R,
v e H'(R), Y #0

(see Strauss [51] and Berestycki and Lions [5] for the existence, and Kwong [34] for

(1.4)

the uniqueness). It is known that a positive solution of (1.4) is a ground state. In
[9] Cazenave and Lions proved that if p < 1+ 4/n, then the standing wave solution
ey, (x) is stable for any w > 0. On the other hand, it is shown that if p > 1+4/n,
then the standing wave solution €', (x) is unstable for any w > 0 (see Berestycki

and Cazenave [4] for p > 14 4/n, and Weinstein [54] for p = 1 +4/n).

Regarding nonlinear Schrodinger equations with other nonlinearities, or other
nonlinear evolution equations such as nonlinear Klein-Gordon equations, Grillakis,

Shatah and Strauss [28, 29] gave a virtually necessary and sufficient condition for
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the stability and instability of stationary states for the Hamiltonian systems under
certain assumptions. By virtue of the abstract theory in Grillakis, Shatah and
Strauss [28, 29|, under some assumptions on the spectrum of linearized operators,
e“1tg,, (r) is stable (resp. unstable) if the function ||¢,||3 is strictly increasing (resp.
decreasing) at w = w;. In the case where V(z) = 0 and g(u) = —|u|"'u, by means
of the scaling v, (z) = w'/ P~V (y/wz), it is easily checked if ||, increases or
decreases. However, it seems difficult to check this property of ||@,||3 for general

V(z) and g(u).

When —A + V(z) has the first eigenvalue \;, Rose and Weinstein [48] claimed
that the standing wave solution !¢, () of (1.1) is stable for w such that w > —\;
and sufficiently close to —\;. To verify the stability condition of Grillakis, Shatah
and Strauss, they investigated the behavior of the function ||¢,||3 of w near —\
using the standard bifurcation theory. However, it seems likely that there remains
a possibility of oscillations of ||@,||3 and that the extraction of a sequence {wy} is
required. For the case of V(z) = |z|? and g(u) = —|u|P"'u, the author [18] proved
that there exists a sequence {wy,} approaching — A1, for which e+t (z) is stable. If
we prove the stability for any w > —\; near —\; without choosing a sequence {wy},
the standard bifurcation theory would require nonlinearity to be regular enough, for

example, p > 3 (see, Remark 4.4 of [18]).

Also, there have been several papers on the stability properties of standing waves
for a nonlinear Schrodinger equation with a potential which has a small parameter
h > 0 (see, Oh [39], Example C of Section 6 in Grillakis, Shatah and Strauss [28]).
However, the argument in [28] and [39] could not be applied to our present case.
Indeed, their perturbation methods require the potential to be bounded at infinity,
because they use the convergence of linearized operators in the strong resolvent

sense.

When V(z) =0, g(u) = —|ulP~'u — bJu|” 'u with b € R and n = 1, Ohta [40]
proved that if 1 < p < 5 < ¢ < oo, the standing wave solution of (1.1) is stable for
sufficiently small w > 0. For the case of n = 1, Equation (1.2) has explicit solutions

and we could analyse ground states easily. For the case where b > 0 and n > 2,



under the assumption that w +— ¢, is a C'!' mapping, Ohta (Remark 1.7 of [41])
showed that if p < 14 4/n, then there exists a sequence {wy} approaching 0, for

which e®“*¢,, is stable.

Before we state our theorems, we give several precise definitions.

DEFINITION I. We define the action functional on X by

n

5.0) = 3190l + S0l + [ V@lt@)Pde+ [ G,

where G(z) = Olz‘ g(s)ds for z € C. We will impose suitable conditions on g(u) in

each chapter in order for the last integral of S, (v) to be well-defined.
We denote the set of solutions for (1.2) by
X, ={ve H'®R"); S (v)=0,v#0}
and the set of the ground states for (1.2) by
Go ={0 € Xy Su(p) < Sy(v) for all v e A}

The stability and instability of standing wave solutions are formulated as follows.

DEFINITION II. Let Ty be the maximal linear subspace of R™ contained in {y €

R"; V(z +vy) =V(z), v € R"}, and for ¢, € G,,, we put
U(¢n) :={ve X ; inf{|lv—e¢,(-+y)llx ; 0€R, y e Ty} <6}.

We say that a standing wave solution e“!¢(z) of (1.1) is stable in X if for any
e > 0 there exists § > 0 such that for each uy € Us(¢,), the solution u(t) of (1.1)
with u(0) = ug satisfies u(t) € U.(¢,,) for all ¢ > 0. Otherwise, @, () is said to
be unstable in X.

In Chapters 2 and 3, we study (1.1) with g(u) = —|u[P"'u. For simplicity,
here we state our results only in the case of V(z) = |z|?. In this case, Tyy = {0} in
Definition II. For the case where V'(x) is more general, see Theorems 2.1, 3.1 and 3.2
in Chapters 2 and 3. For the case where V(z) = |z|?, the time local well-posedness

for the Cauchy problem to (1.1) in X, the conservation of energy and L?(R")-norm,
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and the virial identity hold (see Oh [38] and Section 6.4, Theorem 9.2.5 and Remark

9.2.9 of Cazenave [7]). Namely, we have the following proposition.

PROPOSITION 1. For any ug € X, there exist T = T(||uollx) > 0 and a unique
solution u(t) € C([0,T], X) of (1.1) with u(0) = ug satisfying

E(u(t)) = E(u), Qu(t)) = Q(uo), t€I0,T],

where
1 1 1 )
E(v) = Vel + ool - gt
1
Q) = 3l
In addition, if ug € X satisfies |x|ug € L*(R™), then the virial identity
d> 9
g llzu®)llz = 8P(u(?)) (1.5)
holds for t € [0, T], where
n(p - 1) p+1

P(e) = Vol — vl = 5y el

The existence of ground states is proved by the standard variational argument,
since the embedding X C L?*(R") is compact (see the author [17], Kavian and
Weissler [33]).

PROPOSITION II. Let
A= inf {|| Vo3 + [Jzv]|5 5 v e X, vl =1}. (1.6)
Then G, is not empty for any w € (—A1, 00).
The following three theorems are our main results in Chapters 2 and 3.

THEOREM 1. Assume 1 < p < 1+ 4/n. Let ¢, € G,. Then there exists w, =
w«(n,p) > 0 such that the standing wave solution €“'¢,,(x) of (1.1) is stable in Xyaq
for any w € (W, 00), where Xpq :={v € X ; v(|z|) = v(x), z € R"}.

THEOREM II. Assume 1 < p < 2* — 1. Let ¢, € G,. Then there exists w* =
w*(n,p) > —\; such that the standing wave solution €“'¢,(x) of (1.1) is stable in
X for any w € (—A1,w").



THEOREM III. Assume 1 +4/n < p < 2*—1. Let ¢, € G,. Then there exists
wy = wy(n, p) > 0 such that the standing wave solution ¢“*¢,(z) of (1.1) is unstable

in X for any w € (wy,00).

For a bounded potential V' (z), Rose and Weinstein [48] studied by numerical
simulations that if w is sufficiently large and p > 1+4/n, then ||¢,,||2 would decrease,
while if p < 1+ 4/n, then ||¢,||5 would increase for large w. From Theorems I
and III we can affirm with mathematical precision that this numerical result is
true. Furthermore, Theorem II gives an improvement of the results by Rose and
Weinstein [48] and by the author [18], since we do not need to extract a sequence
{wk}. Moreover, for the nonlinear Schrodinger equation (2.24) with a constant
magnetic field, Gongalves Ribeiro [25] showed that if w > 0 and py(3) = 1 +
4/3 + (4V/10 — 8)/9 < p < 5, then the standing wave solution e**¢,(z) of (2.24)
is unstable in H) ((R*) (see Chapter 2, Section 4). In [18], the author proved for
the case V(x) = |z|? that if w > 0 and p > po(n) = (n? + 4 + 4v/n2 +1)/n?,
then the standing wave solution e“!¢,,(x) of (1.1) is unstable. Here, we note that
1 +4/n < po(n) < 2* — 1, so that Theorem III also gives an improvement of the
results in [18] and [25].

In Chapter 4, we consider (1.1) with V(z) = 0. For simplicity, here we state the
result only in the case of g(u) = —|u|P~"'u—blu|"'u and b € R. For the case of more
general g(u), see Theorem 4.1 in Chapter 4. In the present case, T}y = R™. The time
local well-posedness for the Cauchy problem to (1.1) in X has been established by
Kato [32] (see also, [10, 24]) and we have the conservation of energy and L?*(R")-

norm. Namely, the following proposition holds.

PRrROPOSITION III.  For any ug € X, there exist T = T(||uo|lx) > 0 and a unique
solution u(t) € C([0,T],X) of (1.1) with u(0) = uy satisfying

E(u(t)) = E(uo),  Q(u(t)) = Quo), t€[0,T7,

where

1 1 b 1
E(v) := §HVUH§ - m”ﬂ ?311 - —q+ 1 HUHEL,

1
Q) = 3vll3
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The existence of ground states follows from the result by Berestycki and Lions

[5].
ProrosiTiON IV. Let

1 b
— P — s <0 for some s > O} .

Wp = su {w>0' g32—
0 P T2 p+1 q+1

Then G, is not empty for any w € (0,wyp).
Our main result in Chapter 4 is the following

THEOREM IV. Assumen >3 andl <p < q<2*—1. Let ¢, € G, andp < 1+4/n.
Then there exists w* = w*(n,p,q,b) € (0,wy) such that the standing wave solution

e“to,(z) of (1.1) is stable in H*(R™) for any w € (0,w*).

By Theorem IV, we extend the result of Ohta [40] to higher spatial dimensions
n > 3. We can also prove the same result for the generalized Davey-Stewartson
system, namely g(u) = —|ulP~'u — Ei(|ul*)u with n = 3, where E; is a singular
integral operator with symbol o () = £2/[€]? for £ € R™, although such nonlinearity
is nonlocal. Concerning the Davey-Stewartson system, under the assumption that
w +— @, is a C' mapping, Ohta [41] showed that if p < 1 + 4/n, then there exists
a sequence {wy} approaching 0, for which e™*'@,, is stable. Our proof gives an
improvement of this result in the sense that we have no need to extract a sequence
{wr} and do not assume the regularity of ¢, with respect to w. In Section 5 of

Chapter 4, we state briefly the result for the generalized Davey-Stewartson system.

For the proof of Theorem III, we use the virial identity (1.5) and the following
sufficient condition for instability, which is a modification of Theorem 3 in Ohta [42]

(see also [18, 25, 50]).

PROPOSITION V. Let 1 <p<2*—1and ¢, € G,. If 3E(P))|rx=1 < 0, then the
standing wave solution e**¢,,(x) of (1.1) is unstable in X. Here, v*(z) := \"?v(\x)

for A > 0.



Since |[v*]|3 = ||v]|3, the assumption 93 E(¢))|x=1 < 0 means that ¢, (z) is not a
local minimizer on {v € X ; ||[v|2 = ||¢wl2}

For proving Theorems I, IT and IV, we use the following sufficient condition.
We emphasize that it suffices to prove the coerciveness of the linearized operators
and there is no need to study the spectra of linearized operators, for example, the

simpleness of zero and negative eigenvalues.

ProPOSITION VI. Assume 1 <p < 2*—1 and ¢, € G,. If there exists 6 > 0 such
that

(S5(du)v,v) = dllvl% (1.7)

for any v € X satisfying Re(¢y,,v)r2 = 0 and Re(ig,,v)rz = 0, (for Theorem IV, in
addition, Re(0y¢,,v)2 = 0,1 =1,---  n), then the standing wave solution €', (x)
of (1.1) is stable in X.

In Proposition VI, the condition Re(¢,,v)r2 = 0 is related to the conservation
of the charge @. Indeed, we have (Q'(¢,),v) = Re(¢y,v)r2. Moreover, it follows
from S/ (e"¢,) = 0 for § € R and S (¢(- +y)) = 0 for y € R™ that S" (¢, )id, = 0
and S (¢,)01¢p, = 0 for I =1,--- ,n. Accordingly, the condition (1.7) does not hold
if we do not restrict v € X to satisfy Re(i¢,,v)r2 = 0 and Re(9,¢p,,v)r2 = 0 for

l=1,---,n.

Proposition VI means that if the action S, (v) is minimized at v = ¢, on the
hypersurface {v € X ;||v]|s = ||¢u]|2}, then the standing wave solution e, (x) is

stable.

By applying this sufficient condition, we may avoid such delicate difficulty that
we have to choose a sequence {wy }. Nevertheless, it is not easy to verify the condition
(1.7) directly. Therefore, we first study a limiting problem. We investigate the
rescaling limit of ¢, (x) as w — oo or w — —\y, which is based on the spirit of
the analysis in Esteban and Strauss [16]. They treated the equation (1.1) with
V(z) =0and g(u) = —|u[P~ u for |z] > R > 0 with a Neumann boundary condition
on || = R. Among others, they proved that the instability range of p in the

case of the whole space is still valid for the exterior domains when R is sufficiently



large or small. We show that as w — oo, the rescaled function @, (x) defined by
bo(x) = WYV (\/wz) tends to a unique positive radial solution ty(x) of (1.4)
with w = 1. While, as w — —\1, ¢, (2)/]|Pu |3 converges to the first eigenfunction
® corresponding to the firsteigenvalue A; of (1.6). From known stability properties
of 11 (x) and ®, we are able to prove (1.7) as the limit case. Here, we remark that
if we let w — oo for the case V(z) = |z|> and g(u) = —|u|P~'u, we lose control of
the nullspace of the linearized operator S’ (¢, ), since (1.1) with V(z) = 0 has the
invariance of translations, although (1.1) does not have the corresponding invariance
in general. This is the reason why we assume the functional space to be radial space
Xiaqa in Theorem I. The assumption on the space X,,q can be somewhat weakened

(see Chapter 3 for details).

The assumptions in Proposition VI are slightly different from those in Lemma
4.5 of [29] or Theorem 3.4 of [28]. Indeed, applying Lemma 4.5 of [29] directly to
our case, Re(ig,,v)rz = 0 and Re(9y¢,,,v)r2 = 0 for [ = 1,--- ,n are replaced by
(i¢w,v)x = 0 and (9¢p,,v)x = 0 for [ = 1,--- ,n in Proposition VI. If we apply
Proposition VI with (i¢,,v)x = 0 and (9,¢,,v)x = 0 for [ = 1,--- ,n, we need
more detailed convergence property of ¢, (z) to 1;(x) than those of Lemma 3.3 in
Chapter 3 and Lemma 4.2 in Chapter 4. That is why such weaker restrictions to

v € X as in Proposition VI is more convenient for us.

Lastly, in Appendix, we consider the case where V(z) = 0 and g(u) = —|u[P~ u+
|u|?"'u. In this case, there exists a ground state for any w € (0,wp) by Proposition
IV. We note that wy < co. Anderson [1] and Shatah [51] showed that there are
stable standing waves for w close to wy with p = 3, ¢ = 5 and n = 3. However, it
is not apparent from their proof that the standing wave solution is stable for any
w close to wp. In that point, Ohta [40] proved in one dimensional case that for
1 < p < q < o0, the standing wave solution is stable for any w close to wy. However,
the case n > 2 remains open. We consider the limiting problem corresponding
to this case and prove that ¢, (x) converges to a constant solution of the limiting
problem in a certain sense. We hope that this will be helpful for future study of this

problem.
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CHAPTER 2

Instability of standing waves for nonlinear

Schrodinger equations with potentials

§ 2.1. Introduction

This chapter is devoted to a joint work with Masahito Ohta. In this chapter, we

consider the case g(u) = —|u[P~'u in (1.1), namely,
10 = —Au + V(x)u — [ulPu, (t,x) € RM", (2.1)

where 1 < p < 2* — 1. Here, we put 2* = o0 if n = 1,2, and 2* = 2n/(n — 2) if
n > 3. For potential V(z), we assume the following conditions (V0)—(V2).
(V0) There exist real valued functions V;(x) and Va(x) such that V(z) = Vi(z) +
(V1.1) Vi(x) € C*(R") and there exist positive constants m and C' such that
0 <Vi(x) <C(1+ |z]™) on R™
(V1.2) There exists C, > 0 such that |2*02Vi(z)| < Cu(1 + Vi(z)) on R" for
la| < 2.
(V2) There exists ¢ such that ¢ > 1, ¢ > n/2 and z*0Va(z) € LY(R™) + L>*(R")
for |of < 2.

Examples.
(i) (Harmonic potentials) For ¢1,--- ¢, € R, Z ? satisfies (V1.1) and (V1.2).

(i) For c € R and 0 < a < min{2,n}, c|lz|~* satlsﬁes (V2).
(iii) (V2) is satisfied if U(z) € C?(R") satisfies |02U (z)| < Cy(z)71 for |a| < 2.
(iv) 1+ sinx; satisfies (V1.1), but does not satisfy (V1.2) nor (V2).

We define a real Hilbert space X by

X :={ve H'(R",C) ; Vi(z)lv(z)]* € L'(R")}

11



with the inner product

(v,w)x := Re /n (v(z)w(z) + Vo(z) - Vw(z) + Vi(2)v(z)w(z))dz.

The norm of X is denoted by || - ||x. Let G be a closed subgroup of O(n) such that
Vi(z) and Va(z) are invariant under G, i.e., Vj(gz) = V;(z) for g € G, v € R™ and
j =1, 2. We define a closed subspace X of X by

Xg:={veX;v(gr)=uv(x), ge G, xeR"}.

We note that X¢ = X if G = {Id (identity matrix)}, and X¢ = Xyuq if G = O(n),
where

Xraa = {v € X 5 v(2) = v(|z]), v € R"}.

Moreover, we define the energy functional £ on X by

1 1 1
B(e) = 50l + 5 | V@ll@)Pds - =l

We remark that by the assumptions (V2) and 1 < p < 2* — 1, the functional E is
well-defined on Xg. We assume that the time local well-posedness for the Cauchy
problem to (2.1) in X¢, the conservation of energy and L?(R")-norm, and the virial

identity hold.

Assumption (Al). For any uy € Xg, there exist T' = T'(|jugl|x) > 0 and a
unique solution u(t) € C([0,T], X¢) of (2.1) with u(0) = ug satisfying

E(u(t)) = E(u), [u(®)llz = luoll3, ¢ € [0,7].

In addition, if uy € X¢ satisfies |z|up € L*(R"), then the virial identity

d2
O eu(t) 3 = 8P(u(r) (22
holds for ¢ € [0, T, where
1 n(p—1) 1
R 2 - . 2 A p+
PO) = Vol = [ o VY@l - FEg 0 23

REMARK 2.1. The assumption (A1) is verified, if V(z) satisfies the following
conditions (Al.1)-(A1.2) with (VO) (see Section 6.4, Theorem 9.2.5 and Remark
9.2.9 of [7]).

12



(A1.1) Vi(z) € C*(R™), Vi(x) > 0in R, 99V;(z) € L>=(R") for |a| > 2, and there
exists

C > 0 such that |z - VVi(2)] < C(|z]* + Vi(z)) in R™
(A1.2) Vi(z) € LO(R™) + L>*(R") for some qp > 1, go > n/2 and

z-VVa(x) € L(R™) + L>*(R") for some ¢, > 1, ¢1 > n/2.

Next, we consider the stationary problem (1.2) with g(u) = —|u[P~ u,

~Ap+V(2)p+wd— oo =0, zeR",
gb < XG, gb 7‘é 0.

DEFINITION 1. We define two functionals on Xg:
w 2 .
Su(v) := E(v) + §HUH2 (action),

L) = [Vo[}3 + wllo]3 + / V()lo(@)Pdz — o4

R

Let M% be the set of all minimizers for
inf{S,(v) ; ve Xg\ {0}, L,(v) =0}. (2.5)
REMARK 2.2. (i) We note that
P(v) = 0\S,(1") o, Lu(v) = OnSu (M) azr,

where v () := A\"2v(Az) for A > 0.

(i) Let ¢, € ME. There exists a Lagrange multiplier A € R such that S’ (¢,) =
AIl (¢,). Taking the pairing of this equation with ¢,, we obtain (S’ (¢.), p) =
AL (0), ). Since (S, (), ) = Lu(¢w) = 0 and (I (¢n), ¢u) = —(p— 1)l dulpiy
< 0, we have A = 0. Namely, ¢, satisfies (2.4). Moreover, for any v € X¢ \ {0}
satisfying S’ (v) = 0, we have I,,(v) = 0. Thus, by the definition of M&, we have

S.(¢,) < S, (v). That is, ¢, € MY is a minimal action solution of (2.4) (see more
detailed remark in Remark 3.2 (ii)).

We also assume the existence of minimal action solutions of (2.4) for large w.

Assumption (A2). There exists wy € (0,00) such that MS is not empty and
MG c{ve Xg; |zlv(z) € L2(R™)} for any w € (wp, 00).
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REMARK 2.3. Some examples of V(z) such that M is not empty are remarked
in Chapter 3, Remark 3.3. The assumption MS C {v € X¢ ; |zv(z) € L*(R™)}
is required to make use of the virial identity (2.2) in the proof of Proposition 1.1

below.

DEFINITION 2. Let T} be the maximal linear subspace of R™ contained in {y €

R"; V(z+y) =V(x), x € R}, and for ¢, € ME, we put
Ng(qbw) = {’U € Xg; mf{Hv — €i9¢w(' + y)HX i 0ER, ye Tv} < 5} .

We say that a standing wave solution e, (x) of (2.1) is stable in Xg if for any
e > 0 there exists § > 0 such that for any uy € Ns(¢,,), the solution u(t) of (2.1)
with u(0) = ug satisfies u(t) € N.(¢,,) for any ¢t > 0. Otherwise, e“!¢,(z) is said to

be unstable in Xg.

REMARK 2.4. Let n = 3, ¢ > 0 and V(z) = c(x? + 23). In this case, we have

Ty = {(0,0,z) € R®; z € R}. This example will be used in Section 4.
Our main result in this chapter is the following.

THEOREM 2.1. Assume (V0)—~(V2), (A1) and (A2). Let 1 +4/n <p <2*—1
and ¢, (x) € ME. Then there exists w, = w,(n,p) € (wy,00) such that the standing

wave solution €', (x) of (2.1) is unstable in Xg for any w € (w,, ).

For the proof of Theorem 2.1, the following sufficient condition for instability is

employed, which is a modification of Theorem 3 in [42] (see also [18, 25, 50]).

PROPOSITION 2.1. Assume (V0)—~(V2), (Al) and (A2). Let 1 <p <2*—1 and
b (z) € MG. IfRE(¢))|a=1 < 0, then the standing wave solution e“'¢,(x) of (2.1)
is unstable in Xg. Here, v(x) := \"2v(\z) for A > 0.

This chapter is organized as follows. In Section 2.2, we prove Theorem 2.1
using Proposition 2.1. The variational characterization of ¢,(x) € M% and the
rescaled function ¢, (z) defined by ¢, () = w/® Vg, (v/wz) play an important role
in the proof of Theorem 2.1 (see Lemma 2.1). In Section 2.3, we give the proof of
Proposition 2.1 following that of Theorem 3 in [42]. In Section 2.4, as an application
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of Theorem 2.1, we study the nonlinear Schrédinger equation (2.24) with a constant

magnetic field, and improve the result in Gongalves Ribeiro [25].
§ 2.2. Proof of Theorem 2.1

In this section, we prove Theorem 2.1 using Proposition 2.1, which will be proved

in Section 3. By simple computations, we have

)\npl )/2

A2 1 x
B = 510l +5 [ V(5) le@Pds - el

1
2E(0Y)|aer = || V]2 + 5/ {2:1: VV(z) + Z z;x0; 8kV(x)} |v(x)|*dx
Rn

7,k=1

_n(p — 1) n(p — 1) -1 ||U||p+1
2(p+ 1) 2 Pl
Since P(¢,) = xS, (¢))|r=1 = 0 (see (2.3) and Remark 1.2), if we put

V*(z) =3z -VV(x z:%ma@V() (2.6)

7,k=1

then we have

BB = 5 [ Vi@loudr— 22D oy ot
2 Jre 2(p+1) 2

Thus, we see that the condition 93 E(¢))|ax=1 < 0 is equivalent to

Ly @l o gy 0

<
ol 2(p+1)

We remark that the right hand side of (2.7) is a positive constant by the assumption

(2.7)

p > 14 4/n in Theorem 2.1. In what follows, we will show that the left hand side

of (2.7) converges to 0 as w — oo. To this end, we rescale ¢, (z) € MS as follows:

bo(z) = WP Vo, (Vwr), w e (wy,o0). (2.8)
Then, the rescaled function ¢, (z) satisfies

—A¢+¢+w4v<jl — o' =0, =zeR" (2.9)

\@)“*

Moreover, since we have

/ Vi @loun)Pdr W / V(B ) P

1 C 1
1l 19ullps

Y

15



it suffices to prove

o [ V@Gl

1 =
e oty

= 0. (2.10)

When w — o0, the term w™ 'V (z/y/w) ¢ in (2.9) disappears formally, and we expect
that ngw(x) may converge to the unique positive radial solution ;(z) of (1.4) with
w = 1 in some sense. Since the standing wave solution et (x) of (2.1) with V(z) = 0
is unstable in H*(R™) when p > 1+ 4/n, we expect that the standing wave solution
e“to,(z) of (2.1) may be also unstable in Xg when p > 1+4/n and w is sufficiently
large. This is the reason why we introduce the rescaled function ¢,(z) to prove

(2.10). In what follows, we justify this formal argument. First, we put

I,(v) = 2 2 1/ v 200 — [lp]/P+?
(v) = [[Vollz + [[ollz + w A\ v(@)Pde — [|vl[517,

L (v) = [ Voll3 + [lol3 = [lvll;:h-
The following Lemma 2.1 is a key to show (2.10).

LEMMA 2.1. Let 1 < p < 2* — 1 and ¢, € ME for large w. Assume (V0),
(V1.1) and Va(z) € LYR"™) + L>®(R™) for some q such that ¢ > n/2 and q > 1.
Let ¢, (x) be the rescaled function defined by (2.8), and ¥y (z) be the unique positive
radial solution of (1.4) with w =1 in H'(R™). Then, we have

0) i [l = It () lim £9(J) = O,
i)t 6 = Wl ) tim o [ v () 160 =0

We prepare one lemma to prove Lemma 2.1.

LEMMA 2.2. Let U(z) € LY(R") + L*(R") for some q such that ¢ > n/2 and
q > 1. Then, there exists a constant C' > 0 such that

/ U@)|o(@)Pde| < CIU os=llolZ, v € H'RY).

Lemma 2.2 is easily proved by the Holder and the Gagliardo-Nirenberg inequal-

ities. So, we omit the proof.
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Proof of Lemma 2.1. First of all, we note that ¢, () is a minimizer of

inf {[o]21} v € Xa\ {0}, L(v) <0}, (211)

and 11 (x) is a minimizer of

inf {|[v]|?t] ; v € HY(R™)\ {0}, I?(v) <0},

p+1

(see Lemma 2.3). In order to prove (i), we show that for any g > 1 there exists
w(p) € (wy,o0) such that I,(uty) < 0 and I9(ug,,) < 0 hold for any w € (w(p), o).
If this is true, then the above variational characterizations of @, (x) and ¥, (z) yield

that
1 .
anzii < lgullby < e, w € (w(p), 00).

Since p > 1 is arbitrary, we conclude (i). First, from I9(¢);) = 0, we have

) =~ = Dt e [ V() o)

Since ¢ () has an exponential decay at infinity (see, e.g., [5, Lemma 2]), we have

lim ! / v (%) v (2)|2da = 0. (2.12)

Indeed, from (V1.1) and Lemma 2.2, we have

L) mor

<ot [vi( ) mpde o [ v () le)ias

<wC | (L4 (@) Pdr + Clw™D + 0™ [Vall o 19117,
RTL

where 0(q) := 1 —n/2q. Therefore we obtain (2.12) since |z|™|¢(z)|* € L'(R") and
q > n/2. Thus, for any p > 1, there exists wy (1) € (wg,o0) such that I, (uby) < 0
for any w € (wy(p), 00). Next, from I,(¢,) = 0, we have

W) = et =l -t [ v ()
vl e [ v () 1@

17

IN



where V_(z) = max{—V(x),0}. From the assumptions (V0) and (V1.1), we have
V_ € LYR™) + L*(R™) with ¢ > 1 and ¢ > n/2. Thus, by Lemma 2.2, there exists
C' > 0 such that

o [ V() 1@l < O V- s 6l
Note that 8(q) € (0, 1] since ¢ > n/2. Moreover, from I,(¢,,) = 0, we have
~ ~ 1 _ €T ~
6 < g+t [ v (S5l
< Nullpin + Cw™@ + w0V losre 1Rl
which implies
(1= C@™ + ™)V llgos ) Bl < IGIEL

Thus, we have

- Clw™@ + 0w V|| parre~ -
200udy < — [t -1 — * WP (213
H 1<M¢ ) — H 1— C«(w_g(q) +w_1)||v_||Lq+Loo ||925 ||p+1 ( )
Therefore, for any p > 1, there exists wy(p) € (wp,00) such that I9(ug,) < 0 for
any w € (wa(p),00). Hence, we conclude (i).

Secondly, we show (ii). By (4.20) with p =1 and (i), we have

lim sup I%(¢,,) < 0

Moreover, for any w € (wp,o0) there exists p(w) > 0 such that I9(u(w)g,) = 0

Thus, we have
Iyt < llu(w)dullbiy = p@)? ool

which together with (i) implies that

lim inf ju(w) > i inf [ 1/ [l per = 1

wW—00

From I9(p(w)d,,) = 0 and (i), we have

lim inf Ig(¢~w) = lim inf (p(w)?P™ — 1)H¢w||p+1 > 0.

Hence, we conclude (ii).

Next, from (i), (ii) and I?(¢1) = 0, we have

. ~ . 1 1
(}Lfgo||¢w||%{1:o}1_{go||¢w |§il ||¢1||§J+rl ||¢1||H1a
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which shows (iii).

Finally, from (ii) and I,(¢,) = 0, we have

tm ot [ v () e o,
which shows (iv). O
We are now in a position to give the proof of Theorem 2.1.

Proof of Theorem 2.1. As stated above, we have only to show (2.10). Recall
that V*(x) is defined by (2.6), and we put

Vi'(z) =3z - VVi(x) + Y 22:0;0Vi(z), (1=1,2).

J,k=1

By the assumption (V2) and Lemma 2.2, we have

Wl
n
w_l/

From Lemma 2.1 (iii), (iv) and (2.15), we have

vy (ﬁ) ‘ |Gu(@)Pdr < Clw™ + w0 D) V5| o roo| b | 1 (2:14)

" (ﬁ) ‘ |G (@)Pdz < Clw™ +w D) Vol oy poe Q7 (2:15)

lim ! / Vi (%) |6, (2)|2dz = 0. (2.16)

Now, from the assumption (V1.2), we have

o [ () [lhwre < co [ (14w () atwpa

Thus, from (2.16) and Lemma 2.1 (iii), we have

lim w™!
w—00 n

Since V*(z) = V" (x) + V5 (z), it follows from (2.14) and (2.17) that

Ji—{gow_l /n v <%> ’ |, (z)2dz = 0.

Hence, by lemma 2.1 (i), we obtain (2.10). O

vy (%) ‘ |6, (2)[dz = 0. (2.17)

REMARK 2.5. Let ¢ (x) € MY. Without loss of generality, we may assume that

¢ (x) is positive in R”. By Lemma 2.1 and the concentration compactness principle,
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we see that for any sequence {w; } with w; — 0o, there exist a subsequence {gb;jk ()}

of {gb;J ()} and a sequence {yx} C R™ such that

Jim [lgu, —v1( + )l =0 (2.18)

(see Theorem III.1 in [37]). Although (2.18) may give some information on the
asymptotic behavior of ¢, (z) € MY as w — oo, we do not use (2.18) in the
proof of Theorem 2.1 directly. We also note that Lemma 2.1 holds for any p €
(1,2* — 1). Finally, we remark that, in the case p = 1 + 4/n, it follows from (2.18)

that lim,,_ ||¢w||% = ||¢1||§

§ 2.3. Proof of Proposition 2.1

In this section we give the proof of Proposition 2.1 following that of Theorem 3
in [42].
LEMMA 2.3. Let ¢, € MS. Then, we have
(i) Ipullpis = inf{[lollpLr 5 v € Xe\ {0}, L(v) =0}
= inf{[o[lpi1 5 v e Xa\ {0}, L(v) <0},
(i) Su(9) = f{S,(v) 5 v € Xe, |vlia = loulpi}-
Proof. (i). Since we have
1 p—1

S,(v) = élw(v) + T 1)

||U||Zii’ v e Xg,

we see that
di(w) = inf{S,(v); ve Xg\{0}, L,(v) =0}

: p—1

and di(w) = S,(¢.) = [(p = 1)/2(p + V)]l|¢w 11 We put

da(w) :== inf{ng:—ll) v ZE s ve X\ {0}, L(v) < 0} )

Since it is clear that da(w) < dy(w), we show d;(w) < dy(w). For any v € X¢ \ {0}
satisfying I, (v) < 0, there exists Ao € (0,1) such that I,(Aov) = 0. Thus, we have

p—1 w1 (p—1) 1t p—1 +1
d < )\ p — )\ p+ V4 < p .
1(w) < 20+ 1)H ovlpi 2 1) [Eod ey 20+ 1)H?f|’p+1
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Hence, we have d;(w) < da(w).
(ii). We put
dy(w) = inf{S,(v) ; v € Xe, |[vlpiy = loulpin)

Since d3(w) < S, (¢w), it suffices to prove S, (¢,) < ds(w). By (i), for any v € Xg

satisfying [|v]|?1T = ||do||PtT, we have I,(v) > 0. Thus, we have
p+1 pt1

p—1 p+1 p—1 p+1
> = = .
Sw('U) - 2<p+ 1) ||U||p+1 2(p+ 1) ||¢w||p+1 Sw(gbw)
Therefore, we obtain S, (¢,) < d3(w). O

LEMMA 2.4. If B3E(¢))|x=1 < 0, then there exist positive constants €1 and &,
with the following property: for any v € N5, (¢.,) satisfying ||v||3 = || |3, there exists
A(v) € (1 —e1,1 4 ¢€1) such that E(¢,) < E(v) + (AM(v) — 1)P(v), where Ns, (¢,,) is
the set defined in Definition 2.

Proof. From the assumption 92 E(¢))[x=1 < 0 and the continuity of 92 E(v?) in A
and v, there exist £1,d; > 0 such that 3 E(v*) < 0 for any A € (1 — 1,1+ ¢;) and
v € Ns,(¢,). Since O\E(v})|x=1 = P(v), the Taylor expansion at A = 1 gives

E@) <E@) +(A=1)Pw), Ae(l—e,1+¢), veENs(o). (2.19)

For any v € Ny (du), we put A(w) i= (gul213/|lo]E1)%"@=D. Then, we have

| 0*®) ||§E = Hgbwﬂgﬂ, and we can take 0; small enough to have A\(v) € (1—ey, 1+¢1).

Furthermore, from Lemma 2.3 (ii), if ||v]|3 = ||¢.||3, we have
w w
B@") = S,*) = Z v > Su(6w) = S l0uls = B(0.). (2.20)

Therefore, from (2.19) and (2.20), we have E(¢,) < E(v) + (A(v) — 1)P(v) for any
v € N5, (¢.) satisfying [[v]|3 = [[dul3. m

DEFINITION 3. Let d; be the positive constant in Lemma 2.4. We put
A={v € N5y (¢0) 3 E(v) < E(¢w), vl = ll¢ull2. P(v) <0},
and for any uy € Ny, (¢,), we define the exit time from Ny, (¢,,) by
T(ug) = sup{T > 05 u(t) € Nay(6), 0 <t < T},
where u(t) is a solution of (2.1) with u(0) = wy.
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LEMMA 2.5. If 3E(¢))|x=1 < 0, then for any ug € A, there exists g9 = go(ug) >
0 such that P(u(t)) < —eo for 0 <t < T'(up).

Proof. Take ug € A and put g3 = E(¢,,) — E(up) > 0. From Lemma 2.4 and the

conservation laws in the assumption (A1), we have
go < (A(u(t)) — D)P(u(t)), 0<t<T(up). (2.21)

Thus, we see that P(u(t)) # 0 for 0 < ¢ < T'(up). Since the function t — P(u(t)) is
continuous and P(ug) < 0, we have P(u(t)) < 0 for 0 <t < T'(up). Therefore, from
Lemma 2.4 and (2.21), we have

—P(u(t)) > ﬁ(zu(t)) > i 0<t<T(up).

Hence, putting ey = e2/e1, we have P(u(t)) < —go for 0 <t < T'(uyp). O
Proof of Proposition 2.1. Since 8,\E(¢WA)\,\:1 =0, @iE((bw’\)hzl < 0 and
P(¢.Y) = AMOWE(¢.,"), we have E(¢,") < E(¢,) and P(¢,*) < 0 for A > 1 suffi-
ciently close to 1. Furthermore, since ||¢,*||2 = [|¢.||3 and li_%”(b”/\ — dullx =0, we
have ¢,,* € A for A\ > 1 sufficiently close to 1. Since we assume |z|¢,*(z) € L*(R")
in the assumption (A2), it follows from the virial identity (2.2) in the assumption
(A1) that

02

yrd

where u,(t) is the solution of (2.1) with uy(0) = ¢,*. From Lemma 2.5, there exists

zun(t)[3 = 8P(wA(t)), 0 <t <T(0.), (2.22)

£y > 0 such that
P(uy(t)) < —ey, 0<t<T(e). (2.23)

Hence, from (2.22) and (2.23), we can conclude that T'(¢}) < co. Since }\irq”gzﬁwA —

o.||x = 0, the proof is completed. 0
§ 2.4. NLS with a constant magnetic field

In this section, we consider the nonlinear Schrodinger equation with a constant

magnetic field B = (0,0, b):

i0u = —(V +iA(z))*u — |ul’tu, (t,r) € R, (2.24)
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where 1 < p < 5 and
b
A(xy, w9, 73) = 5(—$27$1,0)7 b e R\ {0}.

Here, we note that B = rot A(x) = (0,0,b), div A(x) = 0 and

2
—(V +iA(2)*u = —Au — 2iA(x) - Vu + |A(z)Pu = —Au — bi% + %02%

where we used the cylindrical coordinates (p, 6, z) in R3:
x1 =pcosh, x9=psinh, x3==z.
As in [25], we consider (2.24) in the closed subspace
Hjo(R?) ={ve H(R?) ; pv e L*(R?), v =1v(p, z) does not depend on 6}

of the energy space H4(R3) = {v € L*(R?) ; (V+iA(z))v € L*(R3)}. We note that
in H) ;(R?), equation (2.24) is equivalent to
2

b
i0u = —Au + ZpQu — JufP~tu, (t,r) € R'2 (2.25)

Let Vi(z) = (b?/4)(z? + 22) = (b*/4)p?, Va(x) = 0, and let G be the group of
rotations around the xs-axis in R3. Then, V(z) = Vj(x) + Va(z) = (b?/4)p? satisfies
the assumptions (V0)—(V2) in Section 2.1, and we have X¢ = H}, ,(R?). For V(z) =
(b*/4)p?, the functionals E, S, and I, on H) ;(R?) are defined as in Section 2.1.
The assumption (A1) is verified by [8, 26]. For the assumption (A2), the existence

of minimal action solution ¢, (p, z) of the stationary problem:
b2
~A¢+wo + ZpZQb — oo =0, reR? (2.26)

in HY ,(R3) was proved by Esteban and Lions [15] for w € (—|b|, 00). More precisely,
A0

we have

LEMMA 2.6. Let 1 <p <5 and w € (—|b|,00). Then, the set MS is not empty,

i.e., there exists a minimizer ¢, (p, z) of
inf{S,(v) ; v e HAO(R‘Q’) \ {0}, I,(v) =0}.

23



Proof. Esteban and Lions [15] proved that for any w € (—|b|,00), there exists a

minimizer ¢, (z) for
a,, = inf{W,(v) ; v € H}x,o(R?))? |v| zﬁ =1},

where

2

b
Woe) = L) + ol = [Vl +wloll+ T [ Aloo)Ps

Here, we put ¢, (z) = o/ Vo,(z). Then, we have ¢, € H} ,(R?) \ {0} and
1,(¢) = 0. Moreover, for any v € H} ((R?) \ {0} satisfying I,,(v) = 0, we have

p—1 -
S, (b)) = ——— aPth/-1)
(p+1)/(p—1)
p—1 < v ) p—1 o
< w,(——— - o||Ph = S, (v).
2(p+1) [0]]p+1 2(p+1)” Ity = 5.0
Hence, we conclude that ¢,, € MY. -

The stability of standing wave solutions of (2.24) was studied by Cazenave and
Esteban [8] for the case 1 < p < 1+ 4/3. For ¢,(p,2) € MY in Lemma 2.6,
Gongalves Ribeiro [25] proved that if 1 +4/3 + (4v/10 — 8)/9 < p < 5, the standing
wave solution ¢, (p, z) of (2.24) is unstable in H} ;(R?) for any w > 0. Here, we
remark that ¢, (p, 2) exists for w € (—|b],00). Applying Theorem 2.1 to (2.25), we
obtain the following theorem, which covers the case 14+4/3 < p < 14+4/3+ (4/10 —

8)/9 and gives an improvement of the above result by Gongalves Ribeiro [25].

THEOREM 2.2. Let 1 +4/3 < p < 5 and ¢,(p,z) € M. Then there exists
wx = wi(p, b) € (0,00) such that the standing wave solution €', (p, z) of (2.24) is

unstable in H) o(R?) for any w € (w.,00).

Proof. We apply Theorem 2.1 to (2.25). As stated above, V (z) = Vi(z)+Va(x) =
(b?/4)p? satisfies (V0)—(V2) and (A1). For (A2), by Lemma 2.6, the set M is not
empty for w € (—|b], 00). Thus, we have only to show that

MSE C {v e H}o(R?) ; |z[v(z) € L* (R}, w € (0,00). (2.27)

For any w > 0, it follows from [45, Theorem 2.5] that the operator —A-+(b*/4)p*+w

is m-accretive in L"(R") for 1 < r < oo. By following the argument of Cazenave [7,
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Theorem 8.1.1], we see that all v € MY decay exponentially. Therefore, we have

(2.27). This completes the proof. O
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CHAPTER 3

Stability of standing waves for nonlinear

Schrodinger equations with potentials
§ 3.1. Introduction

This chapter is a joint work with Masahito Ohta. We consider the same case as

Chapter 2,
10 = —Au + V(x)u — [ulfu, (t,r) € R*™ (3.1)

where 1 < p < 2* — 1. Here, we put 2* = o0 if n = 1,2, and 2* = 2n/(n — 2) if

n > 3. In this chaper, for potential V(z), we assume the following (I).

(I) There exist real valued functions Vj(x) and Vi(x) such that V(z) = Vi(z) +
Va(z), and the following (V1) and (V2) hold.

(V1) Vi(z) € C*(R"), Vi(z) > 0in R™ and 92V;(z) € L*(R"™) for |o| > 2.

(V2) There exists ¢ such that ¢ > n/2, ¢ > 1 and Va(z) € LY(R") + L*(R™).

Here, we define a function space X by
X :={ve H'R",C); Vi(z)|v(z)]* € L'(R™)}.

We regard X as a real Hilbert space with the inner product

(v,w)x := Re /n (v(z)w(z) + Vo(z) - Vw(z) + Vi(2)v(z)w(z))dz.

Moreover, we define an operator H : X — X* by

(Hv,w) = Re / (Volz) - Va(@) + Vizw(@)w@))de, vweX.  (32)

n

By (I), H is well-defined. In fact, by (V2) and the Holder and Sobolev inequalities,

for any € > 0 there exists C. > 0 such that

/ Va(@)|v(@)[* dz| < [|Val|zosze (Cellvllzz + 2 VolZ2), v e HI(R™).  (3.3)
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Furthermore, for a subgroup G of O(n) such that Vj(z) and V5(x) are G-invariant,
we define a closed subspace X of X by

Xg:={veX;v(gr)=uv(x), ge G, xeR"}.

We say that a function v(x) is G-invariant if v(gz) = v(z) holds for any g € G and
r € R™. Note that Xqq = X, Xom) = Xraa == {v € X ; v(z) = v(|z]),z € R"},
and Xg, C Xg, if G; C Gy. Similarly, we define a closed subspace H}(R™) of

H'(R™). In Theorem 3.1, we assume that V(z) is G-invariant, where
Gr={(ax) €O(n); a1, - ,ann € {1, =1}, a;, =0 if j # k}. (3.4)
In Theorem 3.2, we also assume the following (II).

(IT) There exists a subgroup G of O(n) such that V;(z) and V,(z) are G-invariant,
and the following (V3) holds.

(V3) All minimizing sequences for
A =inf {{Hv,v) ; veE Xg, ||v|lgz =1} (3.5)
are relatively compact in L*(R").

REMARK 3.1. By (I), we see that \{ is finite, and it follows from (II) that
there exists a non-negative minimizer ® of (3.5) (see Proof of Lemma 3.6 below).

Moreover, by (I) and (II), we see that ® is positive in R", and we have
A = inf {(Hv,v) ; v e Xg, ||v]|z2 =1, Re(®,v)2 = 0} > A\, (3.6)

In particular, A\{ is simple, and ® is the unique positive minimizer of (3.5) (see

Chapter 8 of [23]).

For w > —\{, we define

(v,W)x@w) = (Hv,w) +wRe(v,w)r2, ||v|xw) = (v,v);/?w), v,we Xg.  (3.7)

Then, we see that || - || x(.) is an equivalent norm on X¢ to || - ||x.
Examples. (i) (Harmonic potentials) For c1,---,¢c, € R, 377, cfa? satisfies
(V1) and is Gg-invariant. Moreover, if ¢; > 0 for 1 < j < n, it satisfies (II) with

G = {1d}.
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(ii)) For 0 < a < min{2,n} and ¢ € R, c|z|~* satisfies (V2) and is Gg-invariant.
Moreover, if ¢ < 0, it satisfies (II) with G = {Id}.

We define the energy E and the charge ) on X by

1 1
E(v) := 5 {Hv,v) - lollpi: Q) = GLGIIER

p+1

We remark that by (I) and 1 < p < 2* — 1, the functional £ is well-defined on
X. The following well-posedness of the Cauchy problem for (3.1) in X is already
established in Section 6.4 and Theorem 9.2.5 of [7].

PROPOSITION 3.1. Assume 1 < p <2*—1 and (I). For any uy € X, there exist
T =T(||uollx) > 0 and a unique solution u(t) € C([0,T],X) of (3.1) with u(0) = uo
satisfying

E(u(t)) = E(uw), Q(u(t)) = Q(uo), t€[0,T].
Next, we consider the stationary problem (1.2) with g(u) = —|ulP"'u.
DEFINITION 4. For w > —/\f, we define two functionals S,, and I, on X by
S(0) = B) + Q) = Sllvlk — —= ol (action)
w(v) = B(v) + wQ(v) = S llvllx) p—i—lUpH action),

L () = vl — vl

Let MS be the set of all non-negative minimizers for
inf{S,(v) ; ve X¢g\ {0}, L,(v) =0}. (3.8)

REMARK 3.2. (i) Note that 1,(v) = xS, (Av)|x=1 = (S, (v),v).
(i) Let ¢, € MY. Then, there exists a Lagrange multiplier A € R such that
S1(6) = ATL(6.). Thus, we have (S,(6), 6u) = MT(6), 6u). Since (S,(6), 6)
= 1,(¢,) = 0 and (I (dw), pu) = —(p — 1)||gbw||§ﬂ < 0, we have A = 0. Namely,
¢, satisfies (1.2). Moreover, for any v € X¢ \ {0} satisfying S/ (v) = 0, we have
I,(v) = 0. Thus, by the definition of MY, we have S,(¢,) < S,(v). Namely,

b, € MY is a ground state (minimal action solution) of (1.2) in Xg. It is easy to

see that a ground state of (1.2) in X¢ is a minimizer of (3.8).
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REMARK 3.3. If V(x) € C(R") satisfies |l‘im V(z) = 400, it is easy to see that
MY is not empty for w > —\¢, since the embedding Xg C L"(R") is compact
for 2 < r < 2*. Thus, MS is not empty for w > —A¢ in the case where V(z) =
> iy cas with ¢, -+ ¢, € R. Moreover, noting the proof of Lemma 4.1 of [20]
(Lemma 2.6 of Chapter 2), it follows from Theorem 1.2 of [37] that M$ is not empty
for w > —A{ in the case where V(z) = c|z|~® with 0 < a < min{2,n} and ¢ < 0.
However, as a general rule, in addition to (I), we may need some more assumptions

related to the concentration compactness principle (see, e.g., [36, 37, 47]).

DEFINITION 5. For ¢, € M& and § > 0, we put
¢ ._ s )
Us' (dw) == {UGXg, ég}fRHv e qwaX<(5}.

We say that a standing wave solution e, (x) of (3.1) is stable in Xg if for any
e > 0 there exists § > 0 such that for any uy € U (¢,,), the solution u(t) of (3.1)
with u(0) = ug satisfies u(t) € U%(¢,,) for any ¢t > 0. Otherwise, e“!¢,(x) is said

to be unstable in Xg.
Our main results in this chapter are the followings.

THEOREM 3.1. Assume 1 < p < 1+ 4/n and (I). Let G be a subgroup of
O(n) such that G C G and that Vi(x) and Va(z) are G-invariant. Here, Gg is
the subgroup of O(n) defined by (3.4). Assume that there exists wy > 0 such that
MY is not empty for any w € (wp,0). Let ¢, (x) € MS. Then, there exists

wy € (wp,00) such that the standing wave solution e**@,,(x) of (3.1) is stable in X¢

for any w € (wy, 00).

THEOREM 3.2. Assume 1 < p < 2*—1, (I), (II) and that there exists w® > —\¢
such that MS is not empty for any w € (—A¢,w°). Let ¢,(x) € ME. Then, there
exists w* € (=\§,wWP) such that the standing wave solution e, (z) of (3.1) is stable

in Xg for any w € (=&, w*).

For the proofs of Theorems 3.1 and 3.2, we use the following sufficient condition

for stability in Xg.
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PROPOSITION 3.2. Assume 1 < p < 2*—1 and (I). Let G be a subgroup of O(n)
such that Vi(z) and Va(z) are G-invariant, and ¢, € MS. If there exists & > 0 such
that

(S5(du)v,v) = dllvl% (3.9)

for any v € X¢g satisfying Re(¢,,,v)2 = 0 and Re(ig,,v)r2 = 0, then the standing

wave solution €“'¢,(x) of (3.1) is stable in Xg.

By applying this sufficient condition, we may avoid such delicate difficulty that
we have to choose a sequence {wy}. However still, it is not easy to verify condition
(3.9) directly. In Section 3.3 and Section 3.4, we first study a limiting problem. We
investigate the rescaling limit of ¢, (z) as w — oo or w — —A¢, which is based on
the spirit of the analysis in Esteban and Strauss [16]. We show that as w — oo, the
rescaled function ¢,(z) defined by ¢, (z) = w/® Vg, (/wr) tends to the unique
positive radial solution 1 (z) of (1.4) with w = 1. While, as w — =\, ¢ (2)/]|d |2
converges to ®, which is the first eigenfunction of the linear eigenvalue problem
(3.5). From known stability properties of 11 (x) and ®, we are able to prove (3.9) in
the limit. Here, we remark that if we let w — 00, we lose control of the nullspace
of the linearized operator S”(¢,), since (3.1) with V(z) = 0 has the invariance of
translations, although (3.1) may not have the corresponding invariance (see Lemmas
3.2 and 3.4). This is the reason why we need to assume that G contains Gy in

Theorem 3.1.

REMARK 3.4. The assumptions in Proposition 3.2 are slightly different from
those in Theorems 3.4 and 3.5 of [28]. In fact, applying Theorems 3.4 and 3.5 of
[28] directly to our case, Re(ig,,, v)2 = 0 is replaced by (i¢,,, v)x = 0 in Proposition
3.2. For the sake of completeness, we give the proof of Proposition 3.2 in Section

3.2.

In Proposition 3.2, the condition Re(¢,,v)rz = 0 is related to the conservation
of charge Q. In fact, we have (Q'(¢,),v) = Re(¢,,v)r2. Moreover, since it follows
from S’ (e?¢,) = 0 for § € R that S”(¢,)ip, = 0, (3.9) does not hold if we do not
restrict v € X¢ to satisfy Re(ig,,v)2 = 0. For v € X with v;(z) = Rev(x) and
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vo(z) = Imwv(x), we have

(S!(pu)v,v) = (L1 yv1,v1) + (La 2, va), (3.10)
(L) = ey = [ o7 @)lo)do. (311)
(Lawvntn) = loali — [ o @)lea(o)l da, (312)
Re(u, 00z = (G 0z, Relig,v)ia = (o mlie (313

This chapter is organized as follows. In Section 3.2, following Grillakis, Shatah
and Strauss [28], we give the proof of Proposition 3.2. In Section 3.3, using a
convergence lemma (see Lemma 3.3) proved in [20] and some properties of the
standing wave solution e, (z) of (3.1) with V(z) = 0 proved in Weinstein [55],
we prove Theorem 3.1. For a bounded potential V'(z), Rose and Weinstein [48]
studied by numerical simulations that if p < 1+4/n, ||¢,||3 would increase for large
w, so that e™'¢,(x) would be stable. We can affirm that this numerical result is

correct by Theorem 3.1. In Section 3.4, we prove Theorem 3.2.
§ 3.2. Proof of Proposition 3.2

In this section, we prove Proposition 3.2. First, following Grillakis, Shatah and
Strauss [28, Theorem 3.4], we prove the following lemma (see also Iliev and Kirchev

[31, Proposition 1]).

LEMMA 3.1. Under the assumptions in Proposition 3.2, there exist C' > 0 and

e > 0 such that
E(u) — E(¢,) > Cinf ||u — e?p,||%
R

foru € US(¢,,) with Q(u) = Q(¢.).

Proof. Let u € U%(¢,) with Q(u) = Q(¢,). By the implicit function theorem, if
e > 0 is small, there exists 6(u) € R such that

_i6(u) 2 — : 10 2 14
lu = e ¢u[% = min flu — "¢ [k (3.14)

—i0(u

Let v:=e Ju — ¢,,. Taylor expansion gives

Su() = Su(e™ M) = Su(¢n) + (SL(u),v) + %<SZ(%)U,'U> +o([[v]I%)-
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Since S (¢,,) = 0 and Q(¢,,) = Q(u), we have
E(u) — E(d,) = %(515(%)0,@ +o(|lvll%)- (3.15)

We decompose v as v = a@, + big, + w with a,b € R, w € Xy satisfying

Re(w, ¢,)r2 = 0 and Re(w, i¢,)r2 = 0. Another expansion gives
Q(¢w) = Qu) = Q(e™"™u) = Q(¢u) + (Q' (), v) + O([[v]%),
<Ql<¢w)7v> = Re(¢W7U>L2 = Re((bwa (Mbw + b2¢w + w>L2 = CLH¢wH§

Thus, we have a = O(||v||%). Moreover, by (3.14) and (¢,,i¢,)x = 0, we have
0= (v,idu)x = bllguk + (w, i) x. Thus, we have [b][|¢o|x < [[w|lx and [lv]lx <

(lal + [BDll¢ullx + lwllx < 2[lwllx + O([[v[%). Therefore, we have
1
lwll% > Zllvl% + O(llvlix). (3.16)
Furthermore, since S”(¢,,)i¢, = 0, we have

(Si(bo)w,w) = (SL(du)v,v) — 2a(SE(w) s v) + a*(SL(D)bs D)
(S5(dw)v,v) + O(|[v[I). (3.17)

Since w € X satisfies Re(w, ¢,) 2 = 0 and Re(w, i¢,) 2 = 0, by (3.9) in Proposition
3.2, there exists 0 > 0 such that

(5(bu)w,w) = dflwllk (3.18)
By (3.15)—(3.18), we have
J J
E(u) = E(¢) = 5llwlx +olllollx) = gllolx +o(llvlx).

Finally, since u € U%(¢,,) and ||v]|x = ||lu—e?®¢,||x < €, we can take e = £(J) > 0
such that

5 0(u
E(u) = E(¢) 2 gllu—e "Woul%.
This completes the proof. d

Proposition 3.2 follows from Lemma 3.1 and the proof of Theorem 3.5 in [28].

§ 3.3. Proof of Theorem 3.1
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In this section, following the idea of Esteban and Strauss [16], we prove the

following Lemma 3.2 to show Theorem 3.1.

LEMMA 3.2. Assume (I). Let G be as in Theorem 3.1 and ¢, € M.
(i) Let1l <p<144/n. There ezists wy > 0 with the following property: for any

w € (wy,00), there exists & > 0 such that
(L1wv,0) = & llol% )

for any v € Xg(R™ R) satisfying (v, ds)r2 = 0.
(i) Let1 < p < 2*—1. There exists wy > 0 with the following property: for any

w € (wg,00), there exists o > 0 such that
(Lyuv,0) > 6|v]1% ()
for any v € Xg(R"™ R) satisfying (v, ¢y,)r2 = 0.

Proof of Theorem 3.1.  Since || - ||x() is equivalent to || - ||x, by (3.10) and
Lemma 3.2, there exists § > 0 such that (3.9) holds for any v € X4 satisfying
Re(¢w,v)r2 = 0 and Re(ig,, v)r2 = 0. Hence, Theorem 3.1 follows from Proposition
3.2. U

To prove Lemma 3.2, we rescale ¢, (x) € MY as follows:

do(z) = WPV, (Vwr), w e (wy,0). (3.19)
The rescaled function ¢, () satisfies
~Ap+w VvV (%) d+¢—|o|P o =0, xcR™ (3.20)

When w — oo, the term w™ 'V (z/y/w) ¢ in (3.20) disappears formally, and we
expect that @, () may converge to the unique positive radial solution 1, (x) of (1.4)
with w = 1 in some sense. Since the standing wave solution et () of (3.1) with
V(z) =0 is stable in H*(R") when p < 1+ 4/n, we expect that the standing wave
solution e“'¢,,(z) of (3.1) may be also stable in Xg when p < 14 4/n and w is
sufficiently large. This is the reason why we introduce the rescaled function gbl,(m)

In fact, we justified this conjecture in [20].
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LEMMA 3.3. Assume 1 < p < 2*—1 and (I). Let G be as in Theorem 3.1,
b, (1) € MG and 1), be the unique positive radial solution of (1.4) withw = 1. Then,
for ¢, (x) defined by (3.19), we have

i [|¢, — ¢l = 0. (3.21)

Proof. By Lemma 2.1 of [20] and the concentration compactness principle, for
any sequence {w;} with w; — oo, there exist a subsequence of {qz;wj (x)} (still denoted

by the same letter) and a sequence {y;} C R™ such that
Jim [l -+ g5) = vl =0 (3:22)

(see Theorem III.1 in [37]). Since gzgwj € Xg C X, and ¢y € H4(R") C HY (R™),
we see that y; = 0 in (3.22), which implies (3.21). O

For w > —\{, we define the rescaled norm || - %) by

/o

and we define the rescaled operators fjlyw and I~/2,w by

xXr
ol = ol + [ o7V () oo de. v X
Rn

(Lrvo) = ol =p [ 32 @lole) o
(Lawro) = ol = [ 2 @t de
Then, for v(z) = W/ ®~V(\/wz), we have

Hv”_zX(w) = wl+2/(p—1)—n/2”,(~)||§~((w)’ (¢wa IU)L2 - w?/(p—l)—n/?(qgw’ 6)L27

(L ov,v) = MTHOD=2(1 58), j=1,2
(see (3.7), (3.11) and (3.12)). Moreover, we define
(L0,0) = ol = | 01 @lole)f da,
(L0.0) = ol = [ 47 @) de

Then, we have
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LEMMA 3.4. (i) Let G be a subgroup of O(n) such that Gg C G. If1 < p <
1+4/n, then there exists §; > 0 such that (LJv,v) > §1||v||32 for any v € HL(R™, R)
satisfying (v, )2 = 0.

(ii) Let1 < p <2 —1. There exists 63 > 0 such that (L3v,v) > d|[v||2, for any
v € HY(R™, R) satisfying (v,¢1)z = 0.

Proof. ~ We begin with (ii). Since Ly = 0 and ¢ (z) > 0 for x € R", ¢ is
the first eigenfunction of Ly corresponding to the eigenvalue 0. Moreover, by Weyl’s
theorem, the essential spectrum of LY are in [1, 00), since 1/, tends to zero at infinity.
These conclude (ii). Next, we show (i). By Propositions 3.3 and 4.4 of Weinstein
55], if 1 < p < 1+ 4/n, then there exists &, > 0 such that (LYv,v) > &||v||7. for
any v € H'(R™, R) satisfying (v,41)2 = 0 and (v,wf‘lajwl)p =0for1<j<n.
Note that Proposition 3.2 of [55] was completely proved by Kwong [34] for any
n > 1. Since ¢y € H\4(R") C H}, (R") and H;(R") C Hf, (R"), we see that
(v, 9?1 0;41) 2 = 0 for any v € H5(R™,R) and 1 < j < n. This concludes (i). [

Proof of Lemma 3.2. We show (i) by contradiction. Suppose that (i) were false.
Then, there would exist {w;} and {v;} C X¢(R",R) such that w; — oo,

lim (L .,,v5,v;) <0, (3.23)
j—o0
lill%e, =1 (v, 0u,)02 = 0. (3.24)

Here, by (3.3), we have

[ e ()

where 0(q) :=1—n/2q > 0. Moreover, since ij|]§~(( )
wj

< Cw; ™" + wi Vel pasre< vl

=1 and Vj(z) > 0, we have
L= fyll ) > {1 = O™ + ) Vall oo } 1.

Thus, we see that {v;} is bounded in H'(R") and

T

li TV | — | |v;(z)* dz = 0. 3.25
i [ w7V (=) o) (329

Since {v;} is bounded in H'(R"), there exists a subsequence of {v;} (still denoted
by {v;}) and vy € H5(R™,R) such that v; — vy weakly in H;(R" R) and v7 — v
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weakly in L®+D/2(R™). Further, by Lemma 3.3, we see that éwj — 1)1 strongly in
H'(R"™) and q@fgl — "7 strongly in L@TD/@=1(R"). Thus, we have

lim . gz~5£'i,]_1(:17)]v](:zc)|2 dx = /Rn Y (@) [ug () [Pda. (3.26)

J—o0

Therefore, by (3.23), (3.24) and (3.26), we have

0 > liminf(L,, v;,0;)

j—00

= liminf (I|vj||§~((wj) —p/Rn ng);l(INUj(ZE)PdZ‘)

= 1-p [ ¢7 (@)luo(x)"da. (3.27)
RTL

Again, by (3.23), (3.25), (3.26) and V;(z) > 0, we have

0 > lim inf<[~/17wj'0j, v;)

Jj—00

= liminf (ijﬂip + /Rn w; 'V (\/%) |v; ()| dx —p/Rn & ()] () dx)

i— :

J
> 2 — -l 2dr = (LY
> lvollzn —p A Ui (@) |vo(z)|"dr = (Ljvo, vo).

Moreover, by (3.24), we have (vg, ¢1)r2 = 0. Therefore, by Lemma 3.4 (i), we have
vo = 0. However, this contradicts (3.27). Hence, we conclude (i). By the analogous

argument, we can also prove (ii). O
§ 3.4. Proof of Theorem 3.2

In this section, we prove Theorem 3.2. Throughout this section, for simplicity,
we assume \{' = 0 in (V3). By considering V (z) — A{ instead of V(z), without loss
of generality, we can assume A\ = 0. As in the proof of Theorem 3.1, Theorem 3.2

follows from Lemma 3.5.

LEMMA 3.5. Assume 1 < p < 2*—1, (I) and (II), and let ¢, € M.
(i)  There exists wy > 0 with the following property: for any w € (0,w;), there

exists 01 > 0 such that
(Liwv,v) 2 &illv]% )
for any v € Xg(R"™ R) satisfying (v, ¢p,)r2 = 0.
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(ii)  There exists woy > 0 with the following property: for any w € (0,ws), there

exists 09 > 0 such that
(Lyuv,0) > 62|v]1% ()
for any v € Xg(R™ R) satisfying (v, dy,)r2 = 0.

To prove Lemma 3.5, as we saw in Section 3.3, we expect formally the following.
When w — 0, if the effect of the nonlinear term [¢|P~'¢ in (1.2) (with g(¢) =
—|¢[P~1$) would disappear, we could have the linear equation —A¢ + V(z)¢ = 0,
which has a solution ®(x) with ||®|/;2 = 1. So, we expect that ¢, (x)/||¢w| 2 may
converge to ®(z) as w — 0 in some sense. Since the linear mode is stable, we expect
that the standing wave solution '@, (x) of (3.1) may be also stable in X when
w is close to 0 for any 1 < p < 2* — 1. In what follows, we justify this intuitive

discussion.
LEMMA 3.6. Let ¢, € MS and ¢, (x) := ¢(2)/||dull2. Then, we have
lim |6, — @[x = 0.

Before we show Lemma 3.6, we need some preparations. For simplifying the
argument, we use the operator H defined by (3.2) and functionals @) and N on Xg

defined by
1 1
Qv) = 5””“37 N(v) = mHUHgﬁ-
Note that (Q'(v),w) = Re(v,w) 2, ((H + Q")(v), w) = (v,w)x(), and

(N'(v), w) = Re . [o(@) [ u(@)w (@) de,
(N (1) = N'(v), w)| < C (llullyry + Toll) lw = vllpeallwlp

The proof of the following Lemma 3.7 is based on Section 4 in [18].

LEMMA 3.7. Let ¢, € M. Then, we have

l@ullps < @O Dy > o, (3.28)

. —2/(p— —2(p+1)/(p—1

lim 20D g, 2 = 02000 3.29)
lgullph

lim

w=0 [lgull5

(3.30)
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Proof. First, we note that ¢, is a minimizer of
inf{|lofpt 5 v e Xo\ {0}, L(v) =0} (3.31)
(see Definition 4), and ® is a minimizer of (3.5) with A{ = 0. For u > 0, we have

1 1
Lo(p®) = 2| @)%y — kIRl = pPw — @151

Thus, we have I, (u(w)®) = 0 for p(w) = (w/]\@]\gﬂ)l/ P=1)_ Since ¢, is a minimizer

_92 _
of (3.31), we have [, ]2} < (@)@ |2} = w@V/G-D)|@ |27 /@=D pamely we

have (3.28). Next, by A{ = 0 and I,(¢,) = 0, we have
0 < [[Voul3 + /Rn V(@)|g(2)Pde = —wl|u 15 + 1615
Combining with (3.28), we obtain
6ol < W @D@f ZEY, - w > 0. (3.32)
Furthermore, by 1,(¢,) = 0, (3.28) and (3.32), we have

loulkay = (1 =w)leull + lloulpi

< (1 _w) 2/(p—-1) H(I>||;-zlp+l /(p—1) +w(p+l) p—1) H(I)||;-zlp+l)/(p_l)

—2(p+1)/(p—1
= WO D) e, (3.33)
Now we show (3.29). We decompose ¢, as ¢, = a,P + y,, where a, € R and
Yo € Xg with (y,, ®)xa) = 0. It follows from (3.33) that
max{|au > @15 ), 19X @} < lawlP1@l5ka) + 1lliq) = 1¢ulkq) < Cw®® Y.
(3.34)

We investigate the asymptotic behavior of y,, and a,, as w — 0 more precisely. Since

¢, is a solution of (1.2), using H, () and N, we have

(H +w@)(¢w) = (H+Q')(ds) — (1 —w)Q'(¢) = N'(¢u). (3.35)
Note that H® = 0 and Re(q)ayw)LQ = <Q/((I>)>yw> = <<H+ Q,)(q))vyw> = (q)vyw)X(l)
= 0. Taking the pairing between (3.35) and y,,, we have
(N'(¢w), y) = {(H + wQ')(¢w), Yoo
= (¢ur ) x(1) — (1 = @) Re(Pu, 90) 12 = [l a) — (1 = w)llywll3. (3.36)
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Furthermore, by (3.6), we have (Hy,,, y.) > AS||y.]|2 with AS > Af = 0. Namely, we
have [y, (1% 1) = (H + Q) (Y), Y) > (A + 1) |lyu||3. Therefore, for any 0 < w < 1,

we have
ol = (= Dl = Tl — = ol >~ [l (357
(1) = M7 311 M =301 (1)

While, we have

[(N'(0): o) | = KN (¢) = N'(00®), ) + (N (0 ®), )|
< C(llullyr + llaw @l lyoll5n + Cllaw®lp Il (3.38)

We summarize (3.36)—(3.38) to obtain
S

sl < O (Nl + laul 1215 ) e +ClasP I oo

By (3.34), if we take w so small that C (H(ﬁwﬂg(’&) + |aw‘p—1H<I>H1)D;(})> <A /(A\G+1),
then we have

1Yol x(1) < Claw P[] (3.39)

Here, we note that a,, # 0. Indeed, if a,, = 0, then it follows from (3.39) that y, = 0,
so we have ¢, = 0, which is a contradiction. Next, taking the pairing between (3.35)
and ®, we have

(Hoo, @) + w(Q'(¢u), ) = (N'(¢n), ©)

= (N'(a,®), ®) + (N'(¢n) — N'(a, D), ®)

= lau[" a5 + (N'(6u) — N'(a.), ®).

Here, by (3.39), we have
(Hou, ®) +w(Q(6,), @) = (HD, 6,) +wRe(a,® + g, ®) 2 = way[|®[3 = wa,
(N'(0) = N'(a.®), @) < C (1ol + oo Il ) vl I @lxa)
< C (Ilyallehy + ool ) llwollcy < Clal .

Since a,, # 0, we have

1
w = la M@l + o (V(00) = N'(a,®), @)
= Jao[" M@l + (I a,[**7Y).
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Since it follows (3.34) that |a,| = O(w?®~), we have

1 1
lauP™t = w]| @[], 5 4+ O(auPPY) = w]| @[, 5T + O().

Therefore, we obtain
lay] = WD @|| V@Y 4 O p/ 1)y, (3.40)
From (3.39) and (3.40), we see that
I6ull3 = lawl® + lyoll3 = ™ @~V @I 4 o(w 07,

which implies (3.29). Finally, (3.30) follows from (3.28) and (3.29). O
We are now in a position to give a proof of Lemma 3.6.

Proof of Lemma 3.6. First, we note that HQEwHQ = 1. Dividing I,(¢,) = 0 by

| b, ]|3 implies
(How, du) +w = || @ull251/ | 0ull3-

By (3.30) in Lemma 3.7, {¢,} is a minimizing sequence of (3.5) with AS = 0 as
w — 0. Moreover, by (3.3), we see that {¢,} is bounded in Xg. Thus, by (V3),

there exist a subsequence {qgwj} and ¢y € X¢ such that w; — 0 and

o, — ¢o weakly in X, (3.41)

b, — ¢y strongly in L*(R"). (3.42)

J

By (3.42), we have 1 = lim;_. ||¢u, |3 = [|¢0|3 and ¢¢ # 0. Moreover, by the lower
semi-continuity of X (1)-norm and (H ¢, ¢o) > 0, we have

1 = liminf (<H§Z§Wj7§£wj> + ||95w1||§> = hjrgglf Hé%‘”g((l)

J—00

> ldollkqy = (Hoo, ¢o) + llgoll3 > 1. (3.43)

Thus, we have (Hgg, ¢g) = 0 and ||¢o]|3 = 1. Since ¢ is non-negative, by Remark
3.1, we have ¢y = ®. Therefore, by (3.41) and (3.43), we see that éw]. — & strongly
in Xg. This completes the proof. O
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Proof of Lemma 3.5.  Suppose that (i) were false. Then, there would exist {w,}
and {v;} C X¢(R™, R) such that w; — 0 and

lim (Ly,,vj,v5) <0, (3.44)
j—?
||Uj||X(wj) = 17 (Uj7QASWj)L2 = 0. (345)

Since ||Uj||§{(wj) = (Hv;,v;) + wjllvj]|3 = 1, we have (Hv;,v;) < 1. We decompose
vj as v; = ¢;® + w; with ¢; € R and w; € X satisfying Re(w;, ®),2 = 0. Then,
by H® = 0 and (3.6) with A\§ > \{ = 0, we have 1 > (Hv;,v;) = (Hwj,w;) >
AS |lw;]|2,. Thus, {w;} is bounded in L*(R™), and there exist a subsequence of {w;}
(still denoted by {w;}) and wy € L*(R") such that w; — wy weakly in L*(R").
Moreover, by (3.45), we have

0 = (vj, du,;) 12 = ¢; Re(®, by, )12 + Re(wj, hu, ) 2 (3.46)
By Lemma 3.6, we have Re(®, ¢,,,)z2 — [|®[|2 = 1 and Re(w;, by, )12 — Re(wy, 2.
Thus, by (3.46), we see that ¢; — — Re(wy, ®)z2 and {c;} is bounded. Since ||v;|| <
||| @|l2 + |Jwj]]2, we see that {v;} is bounded in L*(R™). Since (Hv;,v;) < 1 and
X — H'R"), {v;} is bounded in H'(R™). Therefore, there exists a subsequence

{v;} which converges to some vy weakly in H'(R") and |v;|* — |vg|* weakly in

LP+D/2(R™). Thus, by Lemma 3.6 and (3.29), we have

lim [ g0 () |v;(2)[Pda = .1im/ I, 15702, () v () P
R" j—00 Jgn !

j—00
_ / 71 (2) oo ) P lim ||, 12" = 0. (3.47)
n J—00
From (3.44), (3.45) and (3.47), we obtain
02 tim (L1050 = i (It~ [ o @R ) =1
Jj—o0 Jj— i)

which is a contradiction. Hence, we conclude (i). By the analogous argument, we

can also prove (ii). O
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CHAPTER 4

Stability of standing waves for nonlinear

Schrodinger equations with double power nonlinearity

§ 4.1. Introduction

In this chapter, we consider the case where g(u) = —|u|P " u+ f(u) and V(z) =0
n (1.1), that is,

10 = —Au — [ulP~tu+ f(u), (t,r) € R"™ (4.1)

where 1 < p < 2*—1,2":=2n/(n—2)if n > 3, 2" := o0 if n = 1,2. We always

assume that f(z) = éf1(|z|) for all z € C\ {0}, where f; € C'(R,R) and f1(0) = 0.

The main purpose of this chapter is to show that under suitable assumptions
on f(u), if p < 1+44/n and n > 3, the standing wave solution e“!¢,(x) of (4.1) is

stable for sufficiently small w > 0 (see Theorem 4.1 below).

REMARK 4.1. By a series of Ohta’s papers [41, 42, 43, 44] on the generalized
Davey-Stewartson system, we may have instability or strong instability (blow-up)
results of standing waves of (4.1) for the case where f(u) = —|u|? u, if w > 0 and
14+4/n <p<q<2*—1orsufficiently large w > 0and 1 <p < 14+4/n < g < 2*—1.
We remark that it follows the stability for the case f(u) = —|u|?tu, if n > 3,
1 < p<q<1+4/n and sufficiently large w > 0 from the analog of Theorem 4.1

below.

In this chapter, we assume the followings for f(u). Let F(z) = fozl f(t)dt for
z€ C. For all j =0,1,

(f1) f9(2) = o(|z]P~7), as |2| — 0.
(f2) f9(2) = o(|2

1
(f3) There exists s > 0 such that 382 - ?spﬂ + F(s) < 0.
p

2"=1)=3) as |z| — oo.
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We define the energy E and the charge Q on H'(R"™) by

1

ol + [ F)de, Q)= 3ol

1 1
E(v) = =||Vv|3 —
() = 5IVolz = =

The following well-posedness of the Cauchy problem for (4.1) in H'(R") is already
established (See, for example, [7, 10, 24, 32]).

PROPOSITION 4.1.  For any uy € H'(R"), there exist T > 0 and a unique
solution u(t) € C([0,T), H'(R")) of (4.1) with u(0) = ug such that T = +oo or else,
T < 400 and lti%l |Vu(t)||2 = +o0. Furthermore, u(t) satisfies

E(u(t)) = E(u), Q(u(t)) = Quo), t€l0,T).

Next, we consider the stationary problem (1.2) with V(z) = 0 and g(u) =
—[ul" ™ u+ f(w).

DEFINITION 6. For w > 0, we define a functional called action on H'(R™) by

1 w 1 11
5.(0) = B(w) +wQ(0) = 510l + ol = — ol + | Floyde

The existence of ground states for (1.2) in this case was proved in [5, 37].
PROPOSITION 4.2. Let

W2 1 p+1
= T — _ F .
wo :=sup{w >0 ; 55 Y 78+ (s) <0 for some s> 0}

Then, G, is not empty for any w € (0,wp).

REMARK 4.2. Let ¢, € G,. By the assumptions (f1) and (f2), using the
analogous method in Theorem 8.1.1 of [7] and Theorem 2.4 of [12], we have ¢, €
W3 (R™) for r € [2,00), limp—oo{|Pw ()| + Vo ()|} = 0 and so on. It also follows
from (f1), (f2) and the maximum principle that ¢, (z) > 0 in R™.

DEFINITION 7. For ¢, € G, and § > 0, we put

Us(¢y,) = {v = HI(R”) ;inf v — ewTy(Z)wHHl < (5} ,

HER ycR™
where 7,v(z) = v(z — y). We say that a standing wave solution !¢, (z) of (4.1) is
stable in H'(R") if for any ¢ > 0 there exists 6 > 0 such that for any uy € Us(¢,),
the solution wu(t) of (4.1) with u(0) = wuy satisfies u(t) € U.(¢,) for any ¢t > 0.
Otherwise, !¢, () is said to be unstable in H*(R™).
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Our main result in this chapter is the following.

THEOREM 4.1. Assume n > 3, 1 < p < 1+4/n, (f1), (f2) and (f3). Let
¢u(x) € G,. Then there erists w* € (0,wy) such that the standing wave solution
e“to,(z) of (4.1) is stable in H'(R™) for any w € (0,w*).

For the proof of Theorem 4.1, we use the following sufficient condition for stability

in H(R").

PROPOSITION 4.3. Assume 1 < p < 2*—1, (f1), (f2) and (f3). Let ¢, € G,.
If there exists § > 0 such that

(S5(du)v,v) = dllv]lzn (4.2)

for anyv € HY(R™) satisfying Re(d,,v)r2 = 0, Re(id,,v)r2 = 0 and Re(ydy, v) 2 =
0 for I = 1,--- ,n, then the standing wave solution e**¢,(x) of (4.1) is stable in
H'(R").

REMARK 4.3. Theorem 4.1 does not seem to follow immediately from the ab-
stract scheme in [29] since it would not be easy to compute the spectrum of linearized
operators, especially for the case that the nonlinearity is not monotone. This has
a close relation to the uniqueness problem for (1.2). Moreover, the assumptions in
Proposition 4.3 are slightly different from those in Lemma 4.5 of [29] or Theorem 3.4
of [28]. In fact, applying Lemma 4.5 of [29] directly to our case, Re(i¢,,, v)rz = 0 and
Re(0y¢,,,v)r2 = 0forl =1,---  n are replaced by (i¢,,v) 1 = 0 and (9y¢,,,v)gr =0
for [ =1,--- ,n in Proposition 4.3. If we apply Proposition 4.3 with (i¢,,v)g =0
and (9j¢,,v)gr = 0 for [ = 1,--- ;n, we need more detailed convergence property
of ¢, () to ¥y (z), for instance, strongly in W22(R™). That is why it is more conve-
nient for us to use such weaker restrictions to v € H'(R") as Re(i¢,,v)rz = 0 and
Re(0y¢y,,v)r2 = 0 for [ = 1,---  n. For the sake of completeness, we give the proof

of Proposition 4.3 in Section 4.2.

It does not seem easy to verify condition (4.2) directly. In Section 4.3, we first
study a limiting problem. We show that as w — 0, the rescaled function q?)w(x)

defined by @, (z) = w!/ (p’l)qgw(\/c_ua:) tends to the unique positive radial solution
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() of (1.4) with w = 1 up to translations. From known stability properties of
1 (z), we are able to prove (4.2) in the limit. We remark that the similar idea was

also applied to nonlinear Schrédinger equations with potentials in [21] (Chapter 3).

For v € H'(R") with v;(x) = Rev(z) and vy(x) = Imv(z), we have

<Sx(¢w)vv U) = <L1,wv17vl> + <L2,w'027 UQ), (43)

(Liwvr, o) = [[Vui]l3 +wllonf3 —P/Rn oL (2) o1 (o) dx (4.4)

+ [ P, (1.5

(Lawvnvn) = [Vuall + wluall = [ 617 @luate) o (1.6
f(¢u(2)) 0o ()12 da

+ - ¢w(x) | 2( )’ d ) (47)

Re(¢w7U)L2 = (¢W,U1)L2, Re(i@,,v)Lz = (¢w7v2)L27

Re(01¢w,v)12 = (01, v1) 12, forl=1,--- n.

This chapter is organized as follows. In Section 4.2, following Grillakis, Shatah
and Strauss [28], we give the proof of Proposition 4.3. In Section 4.3, we prove
a convergence lemma which plays the most important role in this chapter. Here,
we briefly note the difficulty in spatial dimension n = 2. We consider a certain
minimization problem in Section 4.3. Using the variational characterization of mini-
mizers, we show the convergence lemma. But, a minimizer is not always a solution of
(1.2) since the Lagrange multiplier is not always determined (see, proof of Lemma
4.3 (ii)). In Section 4.4, we prove Theorem 4.1, using the convergence lemma of
Section 4.3 and some properties of the standing wave solution e, (x) of (4.1)
with f(u) = 0. Lastly, we give a statement for the generalized Davey-Stewartson
system in Section 4.5. Throughout this chapter, different positive constants might

be denoted by the same letter C.

§ 4.2. Proof of Proposition 4.3
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In this section, we prove Proposition 4.3. First, following Grillakis, Shatah and
Strauss [28, Theorem 3.4 and Iliev and Kirchev [31, Proposition 3], we prove the

following lemma.

LEMMA 4.1. Under the assumptions in Proposition 4.3, there exist C' > 0 and

e > 0 such that

E(u) = E(¢y) > C _inf Jlu—e"gu(- —y)|in

0eR,ycR”

for u € U(6) with Q(u) = Q(6.).

Proof. Let u € U (¢,) with Q(u) = Q(¢,). By the implicit function theorem, if
e > 0 is small, there exists 6(u) € R and y(u) € R" such that

0w 4 2 _ : 0 (2
Il — e 0u( =yl =, min, flu—e%du(- = y)ln, (4.8)

(see Lemma 3.4 and Lemma 3.5 of [13] for details). Let v := e “®u(- +y(u)) — ¢,.

Taylor expansion gives

Su(u) = Su(e (- +y(u)) = Su(@u) + (S,(4),v) + %(55(%)%@) +o([[vllzn).

Since S/, (¢,) = 0 and Q(¢,) = Q(u), we have

E(u) — E(¢u) = %(55(%)% v) + o[[vl7n)- (4.9)

We decompose v as v = a@,, + bid, + ;0¢, + w with a,b,¢; € R, w € H'(R",C)
satisfying Re(w, ¢,)r2 = 0, Re(w,i¢,,)rz = 0 and Re(w, 9¢,, )2z = 0forl =1,--- n.

Another expansion gives
Q(dw) = Qu) = Qe u(- +y(u)) = Q(du) + (Q'(¢w), v) + O(|[v]|F),
<Q,(¢w)> U> = Re(¢w7 U)L2 = Re(gbow a¢w + b2¢w + Cl8l¢w + w)L2 = a”@%”%
Thus, we have a = O(||v||3,1). Here, we can have Re(d,, i¢,)m = 0, Re(¢y, 1¢,) m
= 0 and Re(i¢,,01¢0,)g1 = 0 for I = 1,--- ,n. Moreover, by (4.8), we have 0 =

Re(v,ig,)m = b||¢w||%,1 + Re(w,ig,)gr and 0 = Re(v,01¢u)m = cl||3z¢w||%11 +
Re(w, 0,¢,) g1 for I = 1,---  n. Thus, we have |b|||o||lgr < ||w| g1, |a|||0iu||mr <

47



[wl[gr for I =1,---,n and |lo|[gr < ([a] + [b])l[@wllar + alllOpullm + wlla <
3wz + O(||v]|31). Therefore, we have

ol > gleli + O, (1.10)
Furthermore, since S”(¢)ig, = 0 and S"(¢.,)0¢. = 0 for [ =1, -+, n, we have
(S1(0.)w,w) = (SL0u)0,0) — 2008600, ) + a*(SL(6u)b0: 6.)
(8262000} + O(elff). (1.11)

Since w € H'(R") satisfies Re(w, ¢,,) 2 = 0, Re(w, i, )2 = 0 and Re(w, 8;d,,) 2 = 0
for l=1,--- ,n, by (4.2) in Proposition 4.3, there exists 6 > 0 such that

(S2(dw)w, w) > 8wz (4.12)
By (4.9)—(4.12), we have
) )
E(u) = E(¢) = 5wl +ollvllz) = gllvli + odllvllzn)-
Finally, since u € U.(¢,) and |[v]|g = ||[u — @@ ¢, (- — y(u))||m < €, we can take

e =¢(d) > 0 such that

E(w) — B() > 2 flu— e, (- — y(u))|P.

— 36
This completes the proof. [l

Proposition 4.3 follows from Lemma 4.1 and the proof of Theorem 3.5 in [28] or
Theorem 4.1 of [29].

§ 4.3. Proof of convergence lemma

To prove Lemma 4.5 in Section 4, we rescale ¢, € G,, as follows:

du(z) = WYP VG, (Voz), we (0,w). (4.13)
The rescaled function ¢, () satisfies
~A¢y + b — QP P +w PPV fWVPTVG,) =0, 2 eR™ (4.14)
From (f1) and (f2) with j = 0, for any € > 0, there exists C. > 0 such that

WP/ f(w =14 )| <€’¢ |p+0we(p)|¢ -1
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where 0(p) := {(2* — 1) — p}/(p — 1). Since §(p) > 0, when w — 0, the term of
higher degree than the p th power nonlinearity disappears formally. So, we expect
that ¢, (z) may converge to the unique positive radial solution v (z) of (1.4) with
w = 1in some sense. Since the standing wave solution e, (z) of (4.1) with f(u) =0
is stable in H*(R"™) when p < 1+4/n, we also expect that the standing wave solution
e“to,(z) of (4.1) may be stable in H'(R") when p < 1+ 4/n and w is sufficiently
small. This is the reason why we introduce the rescaled function ngw(x) In fact, we

shall justify this observation in this section.

LEMMA 4.2. Assumel <p < 2*—1, (f1), (f2) and (f3). Letn > 3, ¢,(x) € G,
and Yy (x) be the unique positive radial solution of (1.4) with w = 1. Then, for any
sequence {w;} with w; — 0, there exist a subsequence of {ggwj (x)} (still denoted by

the same letter) and a sequence {y;} C R™ such that
Jim 16, (- +95) = Y1l =0 (4.15)

Before we show Lemma 4.2, we need some preparations. We define the following

functionals on H'(R™).
1 2
Valw) = 51Vl ~ S.(0)
1 1 w
= ol = [ Fo)de = S0l
1
Ko(v) = Su0) — ~|[Vol3

1 1 w 1
=== =) Vo2 + 2|2 — ——]|o||PH? /F dz.
<2 n> Vvll3 2”“”2 P 1||”Hp+1 - (v)dx

LEMMA 4.3.  Assume (f1), (f2) and (f3). Let ¢, € G, n > 3 and p, =
(1/2=1/n)[[Veull3.

(i)  The variational problem

inf {%uwu% ve HYRM\ {0}, V() > uw} (4.16)

18 equivalent to

inf{%HVng s ve HY(R™)\ {0}, K,(v) < 0}. (4.17)
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(ii) Let M, be the set of minimizer for (4.17). If ¢ € M,, then ¢ € X,. In
particular, we have ¢ € G, and G, = M,,.

1
REMARK 4.4. (i) Note that K, (v) = —0\S,(v(-/\))|x=1 for v € H'(R™). The
n
functional K, is called the Pohozaev functional.

(ii))  The existence of minimizers for (4.16) was showed in Theorem I1.2 of [37].

Proof of Lemma 4.3.

For the proof of (i), see Lemma 2.1 (4) of [41]. We show (ii). Let ¢ € M,,.
Then, there exists a Lagrange multiplier A € R such that (1/n)(||Ve||3) = AK/(¢).
Thus, we have ((1/n)([|[V9||3), = - ¢) = MK/ (¢), x - ¢), which implies

2 —2 1
(2-"220) (1= ) etz =na { Lot - [ Foras - Sioig)

It follows from K, (¢) = 0 that

2 n—2
(A+— — A) V|2 = 0.
n n

Therefore, we have A = —1 and ¢ € X,. Moreover, for any v € X, we have

K,(v) = 0. Thus, by the definition of (4.17), we have (1/n)||Vé|]3 < (1/n)||Vv|3
and then, S,(6) = K.(6) + (/mIIV6|3 < Ko(v) + (1/m)]|IVell2 = S.(v). Namely,
¢ € G,. Tt is easy to see that a ground state of (1.2) in H'(R™) is a minimizer of
(4.17). 0

We consider

. 11 1 1
Ru(w)i= (5= ) Vel + Sl = 1ol

P/ ) / Fw D) da,

7

1 1 1 1
) i= (5= 3 ) IVolR + 5018 - ol

LEMMA 4.4. Assume (f1), (f2) and (f3). Let ¢, € G, and n > 3. Then we

have,
() lim [Voul3 = [Verll3, (i) lim K9(J) = 0.
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Proof of Lemma 4.4. First of all, we note that ¢, () is a minimizer of

inf {%kug cve H(RY)\ {0}, K,(v) < 0} : (4.18)
and 11 (x) is a minimizer of

inf {%kug v H'RM {0}, K9(v) < 0} | (4.19)

In order to prove (i), we show that for any p > 1 there exists w(u) € (0,wp) such
that K, (1) < 0 and K?(ug,,) < 0 hold for any w € (0,w(y)). If this is true, then

the above variational characterizations of ¢, (z) and 1 (z) yield that

1 ~
EIIWAII% < IVoullz < w2 IVellz,  w € (0,w(u)).

Since p > 1 is arbitrary, we conclude (i). First, from (f1) and (f2) with j = 0, for

any € > 0 there exists C. > 0 such that

1
ol + —||

2*’

/n F(v(x))dx < P

for any v € H'(R"). Using KY(¢1) = 0, we have

PR () = — (7t - )—||@/)1||§E pH)/(p_l)H_Q/ F (M iy )dae
1 +1 N +1 p
< - - )—||¢1||§+1 b1 ||¢1||£+1 tCe—— ®lgy 132,

where 6(p) := {(2* — 1) — p}/(p — 1). We take e = (= —1)/(2uP~1) to get

g 1 /"L 2 *
-2 -1 +1 0 2
P ) < = (2 —1)2(p+1)nwlr£ﬂ+cu 5" Pllal:
2 2C,(p+ 1) |l
= g el § 2 = 1) - P T b (-
< 1) il

Thus, for any g > 1, there exists wy (1) € (0,wp) such that K, (u;) < 0 for any
w € (0,w;(1)). Namely, we have ||V, |12 < 2||Vip1||2, for any w € (0,w;(1)). Next,
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from (f1), (f2) and K, (¢,) = 0, we have

PR (pgy) = — (Pt — >—||¢w| P — WD/ =) / F(wY® D¢, )dx
< (- )l g+ o165
— p_|_ 1 P P
1 O ~ *
—1 —+1 0 2
= _(Mp )2( +1 )||¢w||z+l (p)||v¢w 2
-~ 1 C .
= —(u ' -1 [6ulF1 + —w’ PV, |3 Va5

2(p+1)

We have taken ¢ = (uP~!' — 1)/2 and used the Sobolev embedding. Here, from
Kd(gz;w) = 0 and by the same argument as above, we have

1 -
(5-3) Vil < —||¢w||zﬁ -0/ / P04, )de

C’ _
< || ulPh + = PV 13V l3 2

2( 1)

Since we have already proved that ||V, |2 < 2|V |2 for any w € (0,w;(v/2)), we

have

1 C
(5 2) 19018 < 52 Il + IV BTl

2%—2
)

2

for any w € (0,w;(v/2)). Since n > 3, there exists ws > 0 such that
b (11
2\2 n

- ”p+1
p+1

¢ L@

SVl

for any w € (0,ws). So, we have

. 9%
Vo3 <
VAl < -2
for any w € (0,wy), where wy := min{ws, w;(v/2)}. Thus, we have

O _
Gl + —w? @[V, |13 V|3 2

PR (pgy) < — (Pt — )2( ey

1
{(™! = 1) = 200" @V,

2*—2 1 L ||p+l
<355 T 2 (4.20)

p+1

for any w € (0,w,). Therefore, for any u > 1, there exists wa(u) € (0,wy) such that
K%ué,) < 0 for any w € (0,w,(1t)). Hence we conclude (i).
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Secondly, we show (ii). From K, (¢,) = 0, we have

1 - B -~ ~
R TR e el I L WY

IA

~ 1 ~ *
ﬁ”%”ﬁl + Cw’®) | ¢, 15

2
p+1

2%

IN

+1 .
{p H%M+wa2}+aﬂNW@

Therefore, we have

16,11 < C(L+ W) [ Vo5

Y

16ullp+1 < Clldullan < {CAL+ W)Vl + ClIVaL 5} (4.21)

By (4.20) with p =1, (4.21) and (i), we have

limsup K?(¢,,) <0

w—0

Moreover, for any w € (0,wp) there exists p(w) > 0 such that K%(u(w)é,) = 0

Thus, we have
IVl < [|(w)Vull3 = p(w)* [ Voull3,

which together with (i) implies that

lim inf (@) > liminf [V o/ [V ]lo = 1.

(JJ*)

From K9(u(w)¢,) = 0, we have

w—0

it K9(.) = mnigt { ™! = DI | 20

Hence, we conclude (ii). O

Finally, we are in position to prove Lemma 4.2.
Proof of Lemma 4.2. By Lemma 4.4, for any {w;} — 0, {gb;} is a minimizing
sequence of (4.19). We know from a similar proof to Lemma 4.3 (i) that (4.19) is

equivalent to
inf 1 Vo|%; ve H'(R” 0}, V2(w) > u? 4.22
m n” vll3 5 v (R")N\A{0}, Vi (v) > 1y ¢, (4.22)
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where

1 L1
V() = ——]vlpi = 5lvll.
p+1 2

o= (1/2=1/n)| V3.

Thus, applying the concentration compactness principle (see Theorem 11.2 in [37]) to
(4.22), we obtain a minimum of (4.22) to which a subsequence of {gb;J} converges.
It follows from Lemma 4.3 (ii) that such minimum is a solution of (1.4), namely

(). Therefore we have (4.15). O
§ 4.4. Proof of Theorem 4.1

In this section, following the idea of Esteban and Strauss [16], we prove the

following Lemma 4.5 to show Theorem 4.1.

LEMMA 4.5. Assume (f1), (f2) and (f3). Let ¢, € G,.
(i) Let1<p<1+4/n. There exists wi > 0 with the following property: for any
w € (0,wy), there exists 01 > 0 such that

(L1wv,v) 2 Gilol3

for any v € HY(R™ R) satisfying (v, ¢,)rz =0 and (v,0,¢,)p2 =0 forl=1,--- n.
(ii)  There exists wy > 0 with the following property: for any w € (0,ws), there

exists 09 > 0 such that
(Lawv,v) > 6v]7p
for any v € HY(R™, R) satisfying (v, )12 = 0.

Proof of Theorem 4.1. By (4.3) and Lemma 4.5, there exists § > 0 such that
(4.2) holds for any v € H'(R") satisfying Re(¢,,v)r2 = 0, Re(d;d,,v)r2 = 0 for
I =1,---,n and Re(i¢,,v)r2 = 0. Hence, Theorem 4.1 follows from Proposition

4.3. 0J
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For w € (0,wp), we define the rescaled operators Z?Lw and zgw by
- ~p-1
Law.t) = ol =9 [ 6 @)oo da
Rn

-I—/n wt '(Wl/(p_l)gz;w(x))|v(x)|2 da,

(L) = lolfip = [ 6" (@) o) da
7p/(p71)f(w1/(p_l)¢;w(x>> 2
—i—/nw ) lv(x)| da.

Then, for v(z) = w"/®~V5(\/wz), we have
lollfp = ™ ED 21505, (Lyjwv,v) = OV 5, 6),

(¢w, U>L2 - W2/(p_1)_n/2<¢~w7 fJ)Lz,

(81000, V) 2 = w2/(p—1)—n/2+1/2<am§w7;)L27 l=1,---,n.
(see (4.5) and (4.7)). Moreover, we define
(Lo,0) = ol = [ 01 @lole)f de,
(Lyv,v) = [lvlln — . Ui (@) |u(2)? da.

Then, we have

LEMMA 4.6. (i) If1 < p < 1+4/n, then there exists §; > 0 such that (L{v,v) >
oillv|2, for any v € HYR" R) satisfying (v,91)rz = 0 and (v,01)2 = 0 for

I=1,--,n.

(ii) Let1 < p < 2*—1. There exists 05 > 0 such that (L3v,v) > 6s||v||3, for any

v € HY(R",R) satisfying (v,1)p2 = 0.

Proof.  We begin with (ii). Since L1y = 0 and ¢(z) > 0 for z € R", ¢); is

the first eigenfunction of LY corresponding to the eigenvalue 0. Moreover, by Weyl’s

theorem, the essential spectrum of LY are in [1, 00), since 1, tends to zero at infinity.

These conclude (ii). Next, we show (i). The essential spectrum of L are in [1, 00).

Also, Weinstein proved in Appendix A of [55] (completed by Kwong [34]) that L9

has exactly one simple negative eigenvalue and

ker(LY) := {v € H'(R",R) ; LYv =0} = span{9y(z) ; [ =1,---
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Using these facts and the spectral decomposition, we can have (i) by the argument
of Proposition 1 in Iliev and Kirchev [31], which is based on the method of Grillakis,
Shatah and Strauss [28]. O

Proof of Lemma 4.5. We show (i) by contradiction. Suppose that (i) were false.
Then, there would exist {w;} and {v;} € H'(R",R) such that w; — 0,

lim (Ly .,,v;,v;) <0, (4.23)
Jj—o0

;|3 = 1, (4.24)
(Uja Q;wj)LQ =0, (Uja aléwj)LQ =0, (425)

for l =1,--- ,n. By Lemma 4.2, there exist a subsequence of {(ﬁuj} (still denoted
by {qgwj}) and {y;} € R™ such that (/50,].(- + ;) — ¥1(-) strongly in H'(R") and
~;J__1(- + ;) — ¥77(+) strongly in LD/ =D(R") where 1 < r < 2* — 1. Further,
since {v;(- + y;)} is bounded in H'(R"), there exists a subsequence of {v;(- + y;)}
(still denoted by {v;(- + y;)}) and vo(-) € H'(R™,R) such that v;(- + y;) — vo(*)
weakly in H'(R") and v3(- +y;) — v3(-) weakly in LU*D/2(R™). Thus, we have

J—00

lim | G0 (@ +yy)oj(z + )P de = [ 477 (@) |vo(x) Pda. (4.26)
R™ R~

Here, by (f1) and (f2) with j = 1, we have for any ¢ > 0,

[t (0000, @+ ) es(o + ) da
< wj_l X

/n (E ‘wjl/(p_l)qgwj (z+y;)

—e / P -+ y) oy + ) P
Rﬂ

p—1

+ 0|0 o+

2% -2 9
)bt )

O / G2 + yy) oy (o + ;)| d
RTL

where 6(p) := {(2* = 1) —p}/(p — 1) > 0. Accordingly, using (4.26) with r = p or

2* — 1, we have

lim sup

J—o0

[t (00, 4 ) (o + ) da
<e [ v @)l e
R’I’L
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Since € > 0 is arbitrary, we have

fim [ w7 (w00, (4 ) ) oo+ yp)Pde = 0. (4.27)
J—00 Rn

Therefore, by (4.23), (4.24), (4.26) and (4.27), we have

0o > hmmf(Llwvj,vj)

j—o0
= timint (ol —p [ 8220+ )l + )P )
=1 —p/ WP (@) o ()| Pde. (4.28)
Rn
Again, by (4.23), (4.26) and (4.27), we have

0 > hmmf(Llwv],U])

j—o0
— timint (ol —p [ 8200+l + )P o)
—00 R®
> ool —p / (@)oo ()P = (L3uo, vo).
Rn

Moreover, by (4.25), we have (vg, 1)z = (vo, Ojth1)p2 = 0, for I = 1,--- ,n. There-
fore, by Lemma 4.6 (i), we have vy = 0. However, this contradicts (4.28). Hence,

we conclude (i). By the analogous argument, we can also prove (ii). O
§ 4.5. The generalized Davey-Stewartson System

In this section, we give a remark on the stability of standing waves e™“'¢,,(x) for

10 = —Au — [ulP 'y — By (Jul?)u, (t,x) € R*™, (4.29)

where 1 < p < 2* =1, n = 2, or 3 and F; is the singular integral operator with
symbol o1(§) = &2/[€|? for € = (&, , &) € R™. ¢, (x) is a ground state of

—A¢ +wo — 6" — Ei(|9]*)p =0, xR (4.30)

For w > 0, Cipolatti [12] showed the existence of ground states for (4.30) by studying

the following variational problem:

Eu:mf{nwus; ve HRY\{0}, V() = p}, >0,  (431)
w
where V, (v) i= ——[lul25} + / 0P By o)z — o],
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Equation (4.29) describes the evolution of weakly nonlinear waves that travel
predominantly in one direction (see [14, 22]). The unique local existence of H!
solution to the Cauchy problem of (4.29) has already been established (see [22]).
There were some papers concerned with the stability and instability of standing
waves for (4.29) (see [13, 41, 42, 43, 44]).

By applying the argument of Sections 3 and 4 to the above variational charac-

terization (4.31), we have the following improvement of the result in Ohta [40].

THEOREM 4.2. Assumen =3 and 1 < p < 1+4/3. Let ¢,(x) be a ground state
for (4.30). Then there exists w, > 0 such that the standing wave solution e“'¢,,(z)
of (4.29) is stable in H'(R™) for any w € (0,w,).
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CHAPTER 5

Appendix
In this chapter, we consider (1.1) with V(z) = 0 and g(u) = —|ul|P~ u + |u|? u,
10 = —Au — |[ulP " u 4 |u|  , (t,z) € R, (5.1)

where 1 < p < ¢ < 2* — 1. When we study the stability of standing waves ¢“!¢,, ()

of (5.1), the corresponding stationary problem is the following.

—Ap+wd — [P+ 97T =0, xeR, (5.2)
o H'R"),  §#£0. |
The existence of ground states follows from Proposition IV in Chapter 1 for any
w € (0,wp). In this case, we can explicitly have the expression of wy, that is,

2(g ) {(p —D(g+1) }“’”/W
(p+1lg—1) Llp+1lg—1) '

Wy =

As we mentioned in Chapter 1, this case was numerically studied by Anderson [1]
and Shatah [51] showed that there are stable standing waves for w close to wy with
=3, ¢ =5 and n > 3. Namely, there exists a sequence {wy} approaching wy, for
which e™ktg,, () is stable. In n = 1 case, Ohta [40] proved that for 1 < p < ¢ < oo,
the standing wave solution is stable for any w close to wy. For proving the same
result in n > 2, we study the asymptotic behavior of ¢, (x) as w — wy, which would

be useful to apply this case to Proposition VI.

First, we remark that by the standard elliptic argument, if ¢, € G, we have
du(x) > 0in R, ¢, € C*(R"), limy—oo |¢u(2)| = 0 and ¢, () decays exponentially.
Moreover, it is known that ¢,(x) = ¢,(|z|) and ¢ (r) < 0 for all » > 0, where
r = |z| and a prime denotes the differentiation with respect to r (see, e.g., [35]).

Thus in order to study the properties of a solution ¢, (z) of (5.2), it is important
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to investigate the properties of solutions u € C*([0, 0)) of the corresponding radial

problem
-1
Y L u =h,(u), >0, we 0,w); u>0, r>0,
r (5.3)
uw'(0) =0, lim u(r) =0,
where h,(u) = —wu + |ulP"'u — |u|?"'u. We define for « > 0 and w € (0,wy),

H,(u) = /Ou h(s)ds,
B, =inf{u>0; H,(u) > 0}.

Here, we also define for u > 0,

By (0) := —wou + |u|p_1u — |u|q_1u7

First, we need two basic lemmas in [46] concerning solutions of (5.3).

LEMMA 5.1. Let u be a solution of equation (5.3), non-constant on a finite in-

terval (ro,m1) C RY. Then, the following inequality holds.

1 1 (ro)
Lt r)? = 2t(r)? < — / ho(s)ds. (5.4)
2 2 u(ro)

Proof. Multiply equation (5.3) by v’ and integrate over (rg,71). This yields

1 - u(r1)
[u’(r)Q]:; + (n— 1)/ u'(r)2d— + / hy(s)ds = 0.

1
2 0 T (o)

Since the second term is positive unless u(r) = constant, the desired inequality

follows. O

LEMMA 5.2. Let u be a solution of the problem (5.3) satisfying u'(r) < 0 for all

r > 0. Then, we have

lim u'(r)=0 and u(0)>g,.

r—00
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Proof.  Since v/(r) < 0 on (0,00) and h,(s) < 0 for small s > 0, for r large
enough,

n—1

Therefore there exists lim, ., v/ (r)(< 0). Because u(r) > 0 for all » > 0, it follows
that lim, ., v/ (r) = 0. Now we apply Lemma 5.1 on (0,r) and let » — oo. This

yields H,(u(0)) > 0 and hence u(0) > f,. O

REMARK 5.1. We do not actually need to assume that u'(r) < 0 for all » > 0.

We can prove that a solution u of (5.3) is strictly decreasing (see Lemma 3 of [46]).

Our main purpose in this chapter is to show the following proposition. We prove

it by using ODE method in [6].

PROPOSITION 5.1. Let ¢, € G,,. Then, we have

U}LHJO ¢ — Pollmr @y =0,

loc
where

=

p+1)(g—-1)

REMARK 5.2. (i) ¢y is a nonzero solution of

wWo 1 1
Bl uPtl — It = 0,

u
2 p+1 qg+1
huo(u) = H, (u) = —wou +u? —u? =0, for u>0.

He,,(u) =

(ii)) We note that (3, converges to ¢y a.e. x € R™ as w — wy.

Proof of Proposition 5.1. For any w € (0,wy), —A¢,(z) > 0 at the point z =0
where ¢, (z) achieves its maximum and hence from (5.2), —w¢,, + ¢F — ¢% > 0 at
x = 0. Thus, we have ¢,,(0) < 1 sincew > 0, p < g and ¢, (x) > 0in R™. So, we have
ow(r) < ¢,(0) <1 for any € R". For any fixed R > 0, Bg denote the ball of radius
R centered at the origin, and we have [ Br |, (x)|2dz < C, where C' is independent
of w. By the elliptic regularity theorem, ||, |lw22(p,) is also bounded. For any {w;}

with w; — wp, there exist a subsequence {¢,,} (still denoted by the same letter)
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and v € W??(Bg) such that ¢, converges strongly to v in H'(Bg) N L' (Bg)
for 1 < r < 2* — 1. Particularly, ¢, converges to v a.e. € R” and hence v(x)
is positive, radially symmetric, monotone decreasing, C?(R") function and satisfies

the equation
—Av + wov — [P v + Ju]T e = 0.
From Lemma 5.2, we have ¢,(0) > (,. Therefore,

v(0) = liminf ¢,,,(0) > liminf 3, = ¢.

wj—wo
While, if we suppose that v(0) > ¢g, then we have h,,(v(0)) < 0. But, since v
achieves its maximum at the origin, it follows that —Awv(0) = h,,(v(0)) > 0, which
is a contradiction. Hence, we have v(0) = ¢¢. By applying the following Lemma 5.3

to v, we obtain that v(x) = ¢ for x € R", which concludes the proof. O

LEMMA 5.3. Let u € C?([0,00)) be a positive solution of the initial value problem

, n—1

u = hy,(u), r>0;
u(0) = ¢y, v (0) =0.

Assume that v'(r) <0 for all v > 0. Then, u = ¢ (constant).

(5.5)

Proof. For the case n = 1, by the uniqueness to the IVP, u = ¢, since hy,,(¢o) = 0.
Therefore, from now on, we discuss the case n > 2. Since u(r) > 0 and «/(r) < 0
for any r > 0, there exists [ > 0 such that lim, . u(r) = [. If we show that [ = ¢,
we have u = ¢y because u/(r) < 0 for any r > 0. Multiply (5.5) by u" and integrate
between 0 and r. This yields

FUOP + 1) [ EPT = Halon) = Halu). (659

We remark that there exists M > 0 such that H,, (u(r)) > —M and that H, (¢¢) =
0. Therefore

" ds
lim [ {u/(s)}’— <
r—00 0 S
and hence u/(r) converges as r — oco. Since u is bounded, we deduce that

lim «'(r) = 0.

T—00
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Thus, from (5.5), we deduce that u”(r) converges as r — o0o. Again, since v’ is

bounded,

lim «”(r) = 0.

T—00

If we now let r tend to infinity in (5.5), we obtain
(1) = 0.

Let

=inf{s > 0; hy,(s) > 0}.

The possible value of [ are 0, o and ¢. Let us prove that [ # «. Suppose to the
contrary that [ = a. We set

w(r) = T(”_l)/g{u(r) — a}.

Then w satisfies

rur {ll)_@-Va-9),

u— o Ar?
w(r) >0 forall r>0.

Since u(r) | @ as r — oo and h, (o) > 0, we have

lim L‘)O (1)

u—o U —

> 0.

Therefore, there exist 6 > 0 and R; > 0 such that

huo(u) — (n=1)(n —3)

02 >¢ forall r>R;.
uU— o r

Thus w” < 0 for r > Ry, which implies that for some L > —oo, w'(r) | L as r — 0.
Now, if L < 0, then w(r) — —oo as r — oo, which is impossible. On the other hand,
if L >0, then w(r) > w(Ry) > 0 for r > R;. This implies that —w” > dw(Ry) > 0
for r > Ry. Therefore w'(r) | —oo as r — oo and so w(r) | —oo as r — oo. The
contradiction proves that [ # a. Next, we show that [ # 0 by contradiction. Assume

that [ = 0. Let r tend to oo in (5.6), then we have

n—l/{ }2d8—
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Since n > 2 and v is continuous, we have «' = 0 for any r» > 0. This is impossible
because we have assumed that u(r) | 0 and u(0) = ¢y > 0. Hence, [ # 0 and then

we have proved that [ = ¢y. O

REMARK 5.3. As we proved the stability of standing waves in Chapters 3 and
4, we hope to show that the standing wave solution e*!¢,, is stable for any w close
to wy. However, the difference of topology between the sufficient condition (1.7) in
Proposition VI and the convergence of ¢, (z) as w — wy in Proposition 5.1 makes it

hard to apply the similar method.
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