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Abstract

Chapter 1 is intended to give basic tools for the classification of nonsingular toric Fano
varieties by means of the notions of primitive collections and primitive relations due to
Batyrev. By using them we can easily deal with equivariant blow-ups and blow-downs,
and obtain an easy criterion to determine whether a given nonsingular toric variety is a
Fano variety or not. As applications of these results, we prove a toric version of a theorem
of Mori, and in principle, can classify all nonsingular toric Fano varieties obtained from a
given nonsingular toric Fano variety by finite successions of equivariant blow-ups and blow-
downs through nonsingular toric Fano varieties. In particular, we obtain a new method
for the classification of nonsingular toric Fano varieties of dimension at most four. This
method is extended to the case of Gorenstein toric Fano varieties endowed with natural
resolutions of singularities, by which we obtain a new method for the classification of
Gorenstein toric Fano surfaces.

In Chapter 2, we investigate whether the 124 nonsingular toric Fano 4-folds admit
totally nondegenerate embeddings from abelian surfaces or not. In consequence, we de-
termine the possibilities of these embeddings, except for the remaining 21 nonsingular
toric Fano 4-folds.

In Chapter 3, we obtain a complete classification of toric weakened Fano 3-folds, that
is, smooth toric weak Fano 3-folds which are not Fano but are deformed to smooth Fano
3-folds. There exist exactly 15 toric weakened Fano 3-folds up to isomorphisms.

Finally, we construct one-parameter complex analytic families whose special fibers are
complete toric varieties in Chapter 4. Under appropriate assumptions, the general fibers
of these families also become toric varieties, and the corresponding fans are explicitly
described by the data of the fans associated to the special fibers. Using these families, we
construct a deformation family for a certain toric weakened Fano 3-fold. Moreover, we

get certain examples of toric weakened Fano 4-folds.
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Chapter 1

Toward the classification of
higher-dimensional toric Fano

varieties

1.1 Introduction

A Gorenstein toric Fano variety is a complete toric variety X with at most Gorenstein
singularities such that the anticanonical divisor —Kx is ample. Gorenstein toric Fano
varieties are very important as ambient spaces of Calabi-Yau varieties, and, for instance,
Batyrev [4] systematically constructed examples of mirror symmetric pairs of Calabi-
Yau varieties as hypersurfaces in Gorenstein toric Fano varieties. The set of isomorphism
classes of Gorenstein toric Fano d-folds is a finite set for any dimension d (see Batyrev [3]).
Nonsingular toric Fano d-folds are classified for d < 4 and Gorenstein toric Fano d-folds
are classified for d < 3 (see Batyrev [6] and Watanabe-Watanabe [36] in the nonsingular
cases, and Koelman [16], Kreuzer-Skarke [17] and [18] in the Gorenstein cases). In this
chapter, we study the classification of higher-dimensional nonsingular or Gorenstein toric
Fano varieties using the notions of primitive collections and primitive relations introduced

by Batyrev [5]. First we consider the nonsingular case.

Definition 1.1.1 Let F; be the set of isomorphism classes of toric Fano d-folds. X; and
X, in Fy are said to be F-equivalent if there exists a sequence of equivariant blow-ups and

blow-downs from X; to X, through nonsingular toric Fano d-folds, namely there exist



nonsingular toric Fano d-folds Yy = X1, Y7, ..., Yy = X5 together with finite successions
Y; = Y;_1 and Y; — Y4, for each odd 1 < j < 20 — 1, of equivariant blow-ups through
nonsingular toric Fano d-folds. We denote the relation by X; X X,. Then “A7 is obviously

an equivalence relation.

Remark 1.1.2 For equivariant birational maps of complete nonsingular toric varieties
which need not be Fano varieties, related factorization conjectures have been proposed by
Oda [27]. The weak version analogous to the factorization in Definition 1.1.1 was proved
by Wiodarczyk [37] and Morelli [22], while the strong version was proved by Morelli [22]
and later supplemented by Abramovich-Matsuki-Rashid [1].

As we see in this chapter, if we get a complete system of representatives for (F, Ef), then
we get the classification of nonsingular toric Fano d-folds. The following conjecture for

nonsingular toric Fano d-folds holds for d < 4 as a consequence of the known classification.

Conjecture 1.1.3 Any nonsingular toric Fano d-fold is either pseudo-symmetric or F-

equivalent to the d-dimensional projective space P?.

In this chapter, we prove this conjecture for d = 3 and d = 4 without using the
classification. As a result, we get a new method for the classification of nonsingular toric
Fano 3-folds and 4-folds. Using this method for the classification, we can show that there
exist 124 nonsingular toric Fano 4-folds up to isomorphism.

On the other hand, Gorenstein toric Fano d-folds are related to nonsingular toric weak
Fano d-folds, where a nonsingular toric weak Fano variety is a nonsingular projective toric
variety X such that the anticanonical divisor — Ky is nef and big, and the methods for
nonsingular toric Fano d-folds are extended to the case of nonsingular weak toric Fano
d-folds. As a result, we get a new method for the classification of Gorenstein toric Fano
surfaces.

The content of this chapter is as follows: In Section 1.2, we study basic concepts on
toric Fano varieties, and recall the correspondence between Gorenstein toric Fano varieties
and reflexive polytopes. In Sections 1.3 and 1.4, we introduce primitive collections and
primitive relations. We can characterize toric Fano varieties using them, and calculate
them before and after an equivariant blow-up. Moreover, we have a criterion for the

possibility of an equivariant blow-down in terms of primitive collections and primitive
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relations. In Section 1.4, we give a new nonsingular toric Fano 4-fold which is missing in
the classification of Batyrev [6]. In Section 1.5, we give a toric version of a theorem of
Mori as an application of Sections 1.3 and 1.4. In Section 1.6, we give a procedure for the
classification which says that we have only to get a complete system of representatives
for the F-equivalence relation for the set of isomorphism classes of nonsingular toric Fano
d-folds. We also study a correspondence between toric weak Fano varieties and Gorenstein
toric Fano varieties. Especially, we get a new method for the classification of Gorenstein
toric Fano surfaces. In Sections 1.7 and 1.8, we prove Conjecture 1.1.3 for d = 3 and
d = 4. We give the table of the 124 nonsingular toric Fano 4-folds in terms of primitive
relations in Section 1.9. In Section 1.10, as an application of Sections 1.3 and 1.4, we
describe all the equivariant blow-up relations among nonsingular toric Fano 4-folds using
the classification of Batyrev [6].

The author wishes to thank Professors Tadao Oda, Yasuhiro Nakagawa and Takeshi

Kajiwara for their advice and encouragement.

1.2 Reflexive polytopes

In this section, we recall some basic notation and facts about toric Fano varieties (see
Batyrev [4], Fulton [9], and Oda [26] for more details). The following notation is used
throughout this chapter.

Let N be a free abelian group of rank d and M := Homgz(NV,Z) the dual group. The
natural pairing (, ) : M x N — Z is extended to a bilinear form (, ) : Mg x Nr — R,
where Mg := M ®z R, Nr := N ®z R.

For a finite complete fan ¥ in N and 0 < i < d, we put X(i) := {0 € ¥ | dimo = i}.
Each 7 € 3(1) determines a unique element e(7) € N which generates the semigroup
TN N. We put

GX):={e(r) e N|TeX(1)}

and G(o) :=o0NG(X) for o € X.

Definition 1.2.1 (Batyrev [4]) A d-dimensional convex lattice polytope A C Ng is

called a reflexive polytope if the origin 0 is in the interior of A and the polar

A" :={ye Mg | (y,z) > —1, YVx € A} C Mg



is also a convex lattice polytope.

For a d-dimensional convex polytope A C Ng and 0 < i < d — 1, we denote by A(z)
the set of i-dimensional faces of A.

Let A C Ngr be a convex lattice polytope such that 0 is in the interior of A. For any
i-dimensional face § C A (0 <i<d—1), let

o(6) :=={rx € Nr | r € Ry, x €0}.

Then o(0) is an (i + 1)-dimensional strongly convex rational polyhedral cone in Ng.
Moreover,

S(A) == {o(8) | § € AQ) (0<i<d—1)}U{0}

is a finite complete fan in N.

Proposition 1.2.2 (Batyrev [4]) IfA C Nr is a reflexive polytope, then Tyemb(3(A))
1s a Gorenstein toric Fano variety. Conversely, if ¥ is a finite complete fan in N such
that Tyemb(X) is a Gorenstein toric Fano variety, then Conv(G(X)) C Ngr is a reflex-
ive polytope, where Conv(G(X)) is the convex hull of G(X) C Nr. Moreover, any two
Gorenstein toric Fano varieties Tyemb(X(A1)) and Tyemb(X(Ag)) corresponding to two
reflezive polytopes A1 C Nr and Ay C Ny are isomorphic if and only if Ay and Ay are

equivalent up to unimodular transformation of the lattice N.

Remark 1.2.3 A reflexive polytope A is called a Fano polytope if ¥(A) is nonsingular.

1.3 Primitive collections and primitive relations

Primitive collections and primitive relations, introduced by Batyrev [5], are very con-
venient in describing higher-dimensional fans. In this section, we recall these concepts

and, by making use of them, characterize toric Fano varieties.

Definition 1.3.1 Let ¥ be a finite complete simplicial fan in N. A nonempty subset
P C G(X) is a primitive collection of 3, if Cone(P) ¢ ¥, while Cone (P \ {z}) € ¥ for
every € P, where Cone(S) := > ,cq R>oz for any subset S C Ng.

We denote by PC(X) the set of primitive collections of ¥.



Remark 1.3.2 By definition, for any subset S C G(X) which does not generate a cone
in ¥, there exists a primitive collection P € PC(X) such that P C S.

Definition 1.3.3 Let 3; and ¥, be finite complete simplicial fans in N. Then PC(3;)
and PC(Xs) are isomorphic if there exists a bijective map ¢ : G(X1) — G(X2) which

induces a well-defined bijective map

0. : PC(X1) 2 P — ¢(P) € PC(X,).

By Definitions 1.3.1 and 1.3.3, we immediately get the following:

Proposition 1.3.4 Let 31 and X5 be finite complete simplicial fans in N. Then ¥ and
Yo are combinatorially equivalent if and only if PC(X;) and PC(Xy) are isomorphic. Here

Y1 and Yo are said to be combinatorially equivalent if there exists a bijective map
V:G(E) — G(2)

such that for any nonempty subset S C G(X1), we have Cone(S) € ¥y when and only
when Cone(1(S)) € Xs.

In the nonsingular case, we have the following additional information:

Definition 1.3.5 Let X be a finite complete nonsingular fan in N and P = {xy,...,2;} €
PC(X). Then there is a unique element o(P) € ¥ such that

1 _|_ . —|— x] (= Rellﬂt(U(P))a

where Relint(S) stands for the relative interior of S for any subset S C Ngr. Hence we

get a linear relation
T+t =ayn o+ @Y (01,5 G € Zsg),

where G(a(P)) = {y1,.-.,Ym}. We call this relation the primitive relation for P.
The integer deg P :=1— (a1 + - - - + a,,) is called the degree of P.

By this definition and Proposition 1.3.4, we get the following characterization of iso-

morphism classes of complete nonsingular toric varieties.
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Proposition 1.3.6 Let ¥y and Y5 be finite complete nonsingular fans in N. Then the
complete nonsingular toric varieties Tyemb(X1) and Txemb(Xs) are isomorphic if and
only if there exists an isomorphism from PC(X;) to PC(X3) which preserves their primitive

relations.

Let ¥ be a finite complete nonsingular fan in N and X := Tyemb(X). Then for any
P € PC(X), we can define an element 7(P) € A;(X) in the following way, where A;(X)

is the Z-module of algebraic 1-cycles modulo numerical equivalence.

Proposition 1.3.7 (e.g., Fulton [9], Oda [26]) Let X be a finite complete nonsingular

fan in N and X := Tyemb(X). Then we have an exact sequence of Z-modules
0 — M -2 ZE® Y5 Pig(X) — 0 (exact).
By the exact sequence in Proposition 1.3.7, we have Pic(X) =2 Z¢*) /M and hence
Ay(X) = Homg(Pic(X), Z) = Homg(Z® /M, Z) = M+ C Homz(Z%®), Z).

Consequently, we have

A(X) = {(ax)xeG(Z) € Homg( ZG®) ,Z)

3 W_o}

z€G(X)

Let P ={zy,...,x;} € PC(X) and let
1+t =ayr+ o+ anlYm
be the primitive relation for P. Then we get a linear relation
r1+ -+ — (ay + -+ anym) = 0.
Thus we can define r(P) = (7(P)z)zeqx) € A1(X) by

1 if e=a; (1<i<l)
r(P)y=3 —a; if z=y; (1<j<m)

0 otherwise.
On the other hand, for any wall 7 € ¥(d — 1), there is a linear relation
bizi + -+ ba—12q-1 + baza + bay12a41 = 0 (b1, ..., bay1 € Z, bg = bgy1 = 1),

8



where G(7) = {z1,...,24-1}, while Cone(G(7) U {24}) and Cone(G(7) U {z4+1}) are the
d-dimensional strongly convex rational polyhedral cones in ¥ which contain 7 as a face.

We define v(7) = (v(7)z)zeam) € A1(X) by

(T)y =
0 otherwise.

Concerning this definition, the following is very useful.

Theorem 1.3.8 (Batyrev [5], [6], Reid [30]) Let ¥ be a finite complete nonsingular
fan in N and X = Tyemb(X). Then we have

NE(X) = Z RZQ’U<T> = Z Ron(P),
rex(d—1) PePC(E)

where NE(X) C A1(X) ®z R is the Mori cone of effective 1-cycles.
The following theorem is the toric Nakai criterion.

Theorem 1.3.9 (Oda [26], Oda-Park [28]) Let X be a finite complete nonsingular fan
in N and X := Tyemb(X). Then a Ty-invariant divisor D € TyDiv(X) is ample if and
only if

(D.W(T)) >0 for all T € X(d—1).

By Theorems 1.3.8 and 1.3.9, we can characterize nonsingular toric Fano varieties in

terms of primitive collections.

Theorem 1.3.10 (Batyrev [6]) Let 3 be a finite complete nonsingular fan in N and
X := Tyemb(X). Then X is a nonsingular toric Fano variety (resp. —Kx is a nef

divisor) if and only if
deg P > 0 (resp. deg P > 0) for all P € PC(X).

Proof.  %(1,1,...,1) € ZG®) corresponds to the anticanonical divisor of X. So for
P e PC(%),
(—Kx.r(P)) = deg P.

Hence by Theorems 1.3.8 and 1.3.9, we are done. q.e.d.



1.4 Equivariant blow-ups and blow-downs

Let ¥ be a finite complete simplicial fan in /N. In this section, we investigate how the
set PC(X) of primitive collections change by star subdivisions. In particular, we deal with
equivariant blow-ups and blow-downs of nonsingular complete toric varieties in terms of

the primitive collections and primitive relations.

Definition 1.4.1 Let X be a finite complete simplicial fan in N and ¢ € ¥ with dimo =
[, 2<1<d. Forzx € (Relint(c))NN with x primitive in N, we define the star subdivision
of ¥ along (o, ) in the following way.

First, we define the strongly convex rational polyhedral cones o; (1 < i <) by
o;:= Cone ({x1, ..., 21,2, 2i1,...,x}) (1 <i<),
where G(0) = {z1,...,2;}. Then for 7 € ¥ such that ¢ < 7, we can write 7 uniquely as
T=o0+7 with7 € X, on7 ={0}.
In this notation, we have a finite complete simplicial fan Z?a,x) in N defined by

Yo =3E\{reX |o <7} U{thefacesof o; +7' | 7€, 0 <7, 1 <i<I[}.

(0,2)

We call 37 the star subdivision of ¥ along (o, x).

(0,7)

Remark 1.4.2 (Fulton [9], Oda [26]) In Definition 1.4.1, if ¥ is nonsingular and z =
1+ - -+, then the equivariant proper birational morphism Tivemb (37, ,)) — Tvemb()

o,T

corresponding to this star subdivision is the equivariant blow-up along orb(o).
The following is one of the main theorems of this chapter.

Theorem 1.4.3 Let X be a finite complete simplicial fan in N, o € ¥ and x a primitive

element in (Relint(o)) N N. Then the primitive collections of X7, ) are
(1) Glo),
(2) P € PC(Y) such that G(o) ¢ P, and

(3) the minimal elements in the set {(P\ G(o))U{z} | P € PC(X), PN G(o) #0}.

10



To prove this theorem, we need the following three lemmas.

Lemma 1.4.4 Let 3 be a finite complete simplicial fan in N, o € X, and x a primitive

element in (Relint(c)) N N. For any 7 € Xf if x € 7%, then there exists 7' € X

(0,2)

such that 7' Mo = {0} and 7 < 0, + 7' € X ) for some i with 1 < ¢ < 1. Moreover,

(0-750

oi+T1 € EZ‘M) forallj (1 <j <), wherel =dimo.
The proof is obvious by Definition 1.4.1.

Lemma 1.4.5 Let X be a finite complete simplicial fan in N, o € X, and x a primitive

element in (Relint(c)) N N. Then P* € PC (E’("U’I)) and x € P* imply G(o) N P* =0.

Proof.  Let P* € PC(X{,,)), * € P*, and suppose G(o) N P* # (. Then P*\ G(0)

generates a cone in ¥ containing z. So, by Lemma 1.4.4, there exists 7" € 3 such that
P*\G(o)CGlos+7) (1 <Fi<l), onT ={0}, o+7 €X.
Since (P*\ G(0)) \ {z} € G(7'), we have an index j (1 < j <) such that
P*C Gloj+ 1), o;+7" € I
which contradicts the assumption. q.e.d.

Lemma 1.4.6 Let X be a finite complete simplicial fan in N, o € X, and x a primitive
element in (Relint(o)) N .N. Then for any P* € PC(X, ,)) which contains x, there exists
P € PC(X) such that

(P\ G(o)) U{z} = P".

Proof.  Let P* € PC(X{,,)), = € P*, and suppose G(o) U (P"\ {z}) generates a

(o,

strongly convex rational polyhedral cone in 3. Then there exists 7/ € ¥ such that
Cone (G(o)U (P*\{z})) =0 +7, on7t ={0}.

Since G(o) N P* = () by Lemma 1.4.5, we have P* C G(o; +7') for all ¢ (1 < i < ). This
contradicts P* € PC(X{, ). Therefore G(o) U (P*\ {z}) contains a primitive collection
of ¥.

11



Let P C G(o)U (P*\ {z}), P € PC(X). For any y € P*\ {z}, P*\ {y} generates a
strongly convex rational polyhedral cone in ¥, ) which contains z. Therefore, by Lemma

1.4.4, there exists 7/ € 3 such that
P \{y}CcGlo; +7) (1 <Fi <), on7t ={0}.
Then P*\ {x,y} C G(7’) because G(o) N P* = () by Lemma 1.4.5. So we have
Cone (G(o) U (P*\ {z,y})) = 0 + Cone(P* \ {z,y}) <o + 7' € 3,

and consequently G(o) U (P*\ {x,y}) generates a strongly convex rational polyhedral
cone in .

On the other hand, suppose P*\ {z} ¢ P. Then there exists y € P*\ {z} such that
P C G(o) U (P*\ {z,y}). This contradicts P € PC(X). Therefore P*\ {z} C P, and
hence clearly (P \ G(o0)) U {z} = P*. q.e.d.

We are now ready to prove Theorem 1.4.3.
Proof of Theorem 1.4.3.  We put
P = {P* € PC(EZ*M)) ‘ T & P*}, P = PC(E?U,:::)) \ P,

S:={PePC(%) | G(o) ¢ P}U{G(0)},

and let 7 be the set of minimal elements of
{(P\G(o))u{z} | PePC(E), PNG(o)#0}.

Then to prove the theorem, we have only to prove P =8 and P’ = 7.

“P =38" Clearly, we have G(0) € P. Let P € PC(X), G(o) ¢ P. Then for any
y € P, P\ {y} generates a strongly convex rational polyhedral cone in X7, ., because
G(o) ¢ P\ {y}. On the other hand, since = ¢ P, P does not generate a strongly convex
rational polyhedral cone in X7, ). So we have P € P. Conversely, let P* € P. If
G(o) C P*, then P* = G(0) € S, since G(o) € P. If G(o) ¢ P*, then for any y € P*,
P*\ {y} generates a strongly convex rational polyhedral cone in ¥ because = ¢ P*.

Clearly, P* does not generate a strongly convex rational polyhedral cone in Y. Therefore

P* € PC(X) and we have P* € S.

12



“P'=T" Let (P\G(o))U{z} € T (P € PC(X)) and suppose that (P \ G(o))U{z}
generates a strongly convex rational polyhedral cone in %7, ). Then there exists T exn

such that

Cone ((P\ G(o))U{z}) <o+ 7 €3}, (1 <Vi<l), ont ={0}.

(0:z)

Since P\ G(¢) C G(7'), we have P C G(o + 7') (0 + 7' € ¥), a contradiction to P €
PC(X). Therefore (P \ G(0)) U {z} contains a primitive collection of X7, ;. So let P* C
(P\G(o))U{z}, P* € PC(X,,)). Then x € P* because P\ G(o) generates a strongly
convex rational polyhedral cone in X7, ). So by Lemma 1.4.6, there exists P € PC(Y)
such that P* = (P'\ G(0)) U{z}. Since (P'\ G(o))U{z} = P* C (P \ G(0))U{x}, we
have (P'\ G(o))U{z} = (P \ G(¢)) U{z} by minimality. Therefore (P \ G(0))U{z} =
pPr e PC(XY, ,)). Conversely, let P* € PC(X(, )), z € P*. Then by Lemma 1.4.6, P* is

clearly expressed in the form as stated. q.e.d.

By using Theorem 1.4.3, we can construct a nonsingular toric Fano 4-fold which is

missing in the table of Batyrev [6].

Example 1.4.7 Let d = 4, ¥ a fan in N corresponding to P? x P? and G(X) =

{z1,...,26}. Then the primitive relations of ¥ are
{L‘1+JI2+ZL‘3 :0, £E4+ZE5+£E6 :O

We get a nonsingular toric Fano 4-fold W by equivariant blow-ups of P? x P? along three

Ty-invariant 2-dimensional irreducible closed subvarieties

orb ({x1,24}), orb ({2, x5}), orb ({x3,z6}).

Let Xy be the fan in N corresponding to W and G(Xw) = G(X) U {x7,xs,29}. Then the

primitive relations of Xy, are
Ty + Xy = Ty, Ty + Ty = Ty, T3+ Tg = Ty,

r1t+ra+2a3=0, x4 +x5+16=0, T7+ 28+ 29 =0,
.CE1+5172—|-£E9:£E6, 5174—|-.CE5+379:333, .’E1+333+£B8:£B5,

Ty + Tg+ Xg = T2, To+ T3+ Ty =Ty, T5+ Te+ T7 = X1,
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X1+ 28+ Tg=2T5+ Tg, Ty +2Tg+ Tg =T+ T3, To+ Ty + Tg= Ty + Tg,
T+ Ty +Tg =21 +23, T3+ Ty +Tg =2y +Ts, Tg+ Ty +Tg= 2T+ To.

This is easily confirmed by Theorem 1.4.3. W is missing in the table of Batyrev [6].

By Theorem 1.4.3, we get a way to calculate PC(X7, ) from PC(X). Conversely, the
following easy lemma enables us to calculate PC(X) from PC(Xf, ).

Lemma 1.4.8 Let ¥ be a complete simplicial fan in N, o € ¥, and x € (Relint(o)) N
N which generates the semigroup (Rsoz) N N. If P € PC(X) and G(o) C P, then
(P\G(o))U{z} € PO, ).

Proof. We have only to prove that (P\ G(o)) U {z} is a minimal element in
{(P’\G(o))u{z} | PP € PC(X), PPNG(c) #0}. Suppose there exists P’ € PC(X)
such that

P'\G(o) c P\ G(0), PPNnG(o) #0.

Since G(o) C P, we have P’ C P, hence P = P’ because P, P’ € PC(X). Therefore P is

a minimal element. q.e.d.

Corollary 1.4.9 Let X be a finite complete simplicial fan in N, o € X, and x € N N
(Relint(c)) which generates the semigroup (Rsox) N N. Then the primitive collections of

Y are
(1) P* € PC(X(, ) such that P* # G(o), x & P*, and

(2) (P*\{z}) U G(o), where P* € PC(X[, ,)) such that x € P* and (P*\{z})US ¢
PC(XY, ) for any subset S C G(o).

This immediately follows from Theorem 1.4.3 and Lemma 1.4.8.
We close this section by giving an easy criterion for the possibility of equivariant

blow-down in the nonsingular case.

Theorem 1.4.10 Let ¥* be a finite complete nonsingular fan in N. Then the following

are equivalent.

(1) There exist a complete nonsingular toric variety X and an equivariant blow-up ¢ :

Tyemb(3*) — X along a Tx-invariant closed irreducible subvariety of X.
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(2) There exists P* € PC(X*) such that the corresponding primitive relation is
r+ -+ =z, PP={xy,...,x}, for some x € G(X¥)
and for any o* € ¥* which contains x, each of
(Gle)uP)\{z:} (1<i<])
generates a strongly convex rational polyhedral cone in 3*.
(3) There exists P* € PC(X*) such that the corresponding primitive relation is
o+t =z, PP={x,...,x}, for some x € G(X¥)
and for any P" € PC(X*) which satisfies the conditions P* N P' # () and P* # P,
(P'\ P*) U {a}
contains a primitive collection of ¥*.

Proof.  We prove (1) = (3) = (2) = (1).
(1) = (3) is trivial by Theorem 1.4.3.
(3) = (2). Suppose that there exists o* € ¥* such that x € o* and

(G(e*)U P*) \ {z;} for some i (1 <i <)

does not generate a strongly convex rational polyhedral cone in ¥*. Then (G(c*) U P*)\
{x;} contains a primitive collection P" € PC(X*). Since P*N P’ # () and P* # P’, by (3),

(P'\ Pr)U{z} C G(o")

contains a primitive collection of ¥*, a contradiction.
(2) = (1). For any o¢* € ¥* which contains x, define a strongly convex rational

polyhedral cone ¢’ in Ny by
o' := Cone ((G(c*) U P*)\ {z}).
Then the finite complete nonsingular fan > in N defined by
Y= (X \{o" € Xz € 0*}) U {0’ and the faces of ¢’ |c* € ¥*, x € 0"}

gives a complete nonsingular toric variety X = Tyemb(X) and an equivariant blow-up

¢ : Tyemb(X) — X. q.e.d.

The equivalence (1) <= (3) is a useful criterion for the possibility of equivariant

blow-down in the nonsingular case.
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1.5 Decomposition of birational morphisms

In this section, we prove a toric version of a theorem of Mori which claims that “a
proper birational morphism between nonsingular Fano 3-folds is always decomposed into
a composite of blow-ups”, and study the higher-dimensional version. In the proof of the

theorem, the results of Sections 1.3 and 1.4 are used.

The following proposition is in essential use in the proof of the main theorem of this

section.

Proposition 1.5.1 Let X := Tyemb(X) be a nonsingular toric Fano d-fold (resp. —Kx
is nef), x1 + -+ x; = x a primitive relation of ¥ and ¢ : X — X' := Tyemb(X') the
equivariant blow-down with respect to xy + -+ + x; = x. Then X' is not a nonsingular

toric Fano d-fold (resp. —Kx: is not nef) if and only if there exists a primitive relation

of ¥ of the form
Y1+t yn=a1z1+ -+ apz, +br+ 1o+ -+ 1
up to change of the indices, such that
(1) ai,...,ap,b>0, ¢c1,...,¢c-1 >0,
2)m—(a1+--+a,+b+c1+---+¢-1) >0 (resp. >0),
B)ym—(a1+-4a,+bl+c1+--+c-1) <0 (resp. <0) and
4 m+n+1<d+1.

Proof.  The sufficiency is trivial by Theorem 1.3.10.
By Corollary 1.4.9, for any new primitive collection P’ € PC(X') added by the equiv-

ariant blow-down with respect to x; 4+ - - - + x; = x, there exists
P={uy,...,u,,z} € PC(X)
such that P' = {uy,...,u,,x1,...,2;}. Let the primitive relation corresponding to P be
U+ -+ u+x = hvg + - + hv,.

Then Cone ({vy,...,vs}) € ¥/ because x & {v1,...,vs}. So the primitive relation corre-

sponding to P’ is
uy A+ U o= hoy -+ b
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Therefore deg P’ =r+1—(hy+---+hy) >r+1—(hy +---+hy) =deg P > 0.

By the above discussion, if X’ is not a nonsingular toric Fano d-fold, then there exists
a primitive collection P in PC(X) such that P is in PC(X'), its primitive relation contains
x on the right-hand side and r(P) is contained in an extremal ray of NE(X’). So we get
the conditions (1) and (4). Since X is a Fano variety while X’ is not a Fano variety, we

get the conditions (2) and (3). q.e.d.

Example 1.5.2 We consider Proposition 1.5.1 in the case of the equivariant blow-down

¢+ X — X’ with respect to the primitive relation of ¥ of the form z; + x5 = z.

(1) “d =27 X' is always a nonsingular toric Fano surface. On the other hand, if

—Kx is nef, then —Kx/ is always nef.

(2) “d=3" X'is not a nonsingular toric Fano 3-fold if and only if there exists the

following primitive relation of .
ity =2 ({y,1r 0 {r,}=10).

(3) “d=4" X’ is not a nonsingular toric Fano 4-fold if and only if there exists one

of the following primitive relations of X..
Vit =2, ity tys =20 ity tys=c+a (YL yst N {z et =0).

Next, let d = 3 and let ¢ : X — X’ be the equivariant blow-down with respect to
the primitive relation of X, 1 4+ x5 + 23 = x. Then X’ is always a nonsingular toric Fano

3-fold by Proposition 1.5.1. We need these facts later.

The following is the toric version of the Mori theory.

Proposition 1.5.3 (Reid [30]) Let X be a finite complete nonsingular fan in N, X =
Tyemb(X) a projective toric variety, and P = {xy,...,x;} € PC(X) with the primitive
relation corresponding to P being x1 + -+« +x; = a1y1 + -+ - + @nYm. If 7(P) is contained
in an extremal ray of NE(X) and m > 1, then there exist a nonsingular projective toric

d-fold X' and an equivariant morphism
Contp : X — X'
such that the following are satisfied:
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(1) For any T € X, the image of orb(7) by Contp is a point if and only if v(T) = r(P) €
A (X).

(2) Let > be a fan in N such that X' = Txemb(X'). If m =1, then ¥/ is simplicial and
o' = Cone ({z1,...,1}) € ¥, G(E) =GE)\ {w}-

Moreover, ¥ = (X'){,/ ), where x = (z1 + -+ + x)/ar. In particular, if a1 = 1,

then X' is nonsingular and Contp is an equivariant blow-up.

To prove the main theorem of this section, we suppose d = 3. Let ¢ : ¥ — X be
an equivariant morphism between nonsingular toric Fano 3-folds, and ¥ and S fans in N
such that X = Tyemb(X) and Y = Tyemb(X). To apply Propositions 1.5.1 and 1.5.3, we
have to investigate the subdivision of a 3-dimensional strongly convex rational polyhedral

cone in . The following lemma is fundamental in classifying subdivisions.

Lemma 1.5.4 Let d = rank N =3, & and 3 finite complete nonsingular fans in N and

¢ : Tyemb(X) — Tyemb(X) an equivariant morphism. For any o € 3(3) for which
G(0) = {x1, 29, 23}, let & be the unique strongly conver rational polyhedral cone in £\ {0}

such that x; + xo + x5 € Relint(c). Then we have the following:
(1) dimé =3 <=0 =05 € .
(2) dime =2 <= G(7) = {z,x3} where x := x1 + x5 up to change of the indices.
(3) dime =1 <= G(7) = {z} where z := 1 + 29 + x3.

Proof.  The sufficiency is trivial. Let s = dim& and G(¢) = {vyi1,...,ys}. Then

o C o, since ¢ is an equivariant morphism, and hence we have
Yi = ;171 + Q202 + Q3373 (1 <1 < S), ai; € ZZO (1 <1<s, 1 S] < 3)

If we put 21 +xo+23 = biy1 +- - +bsys (by,...,bs € Zsy), then by = --- = by = 1 because
a;; (1 <i<s, 1<j<3) are nonnegative. q.e.d.

Now we are ready to classify the subdivisions of a 3-dimensional strongly convex

rational polyhedral cone ¢ € X(3). There are five types of subdivisions for o. Let
G(O—) = {xl,l’g,iﬁg}.
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(1)
(2)

()

“dimé = 3" o =d € ¥(3) by Lemma 1.5.4.

“dime =27 By Lemma 1.5.4, we have x1+x9+23 € Cone ({x3,24}) € 2(2), where
Ty = 1, + 29 € G(X). Then {z1, 25} € PC(X) and r({z1,2,}) is contained in an
extremal ray of NE(Y'), since deg ({1, 22}) = 1. So 0y := Cone ({z1, z3,24}) , 02 :=
Cone ({xy, x5, 4}) are in £(3) and o = o Uc by Theorem 1.4.10 (2) and Proposition
1.5.3.

“dimo = 1 and {z1,2,} € PC(X)" Let 24 := 21 + 2o + 23 € Q(X) and x5 :=
71 + xo. Then z5 € G(i) and the primitive relation corresponding to {z1, x5} is
r1 + w9 = 5. Since x3 + x5 = x4, we have {x3, x5} € PC(ENJ) and x3 + x5 = x4 1S
the corresponding primitive relation. Hence, since r({z1,z2}) and r({x3,x5}) are
contained in an extremal ray of NE(Y'), we see that o1 := Cone ({1, x3,24}), 02 1=
Cone ({x1, 24, 75}), 03 := Cone ({xg, 23,24}, 04 := Cone ({x, 24, 25}) are in 3(3)

and 0 = 01 U oy U 03 U 04 for the same reason as above.

“dima = 1, {x1, 29,23} € PC(X) and r ({1, 22, 23}) is contained in an extremal
ray of NE(Y)” Let x4 := 21 + 23 + x3. Then by Proposition 1.5.3, we have
o1 := Cone ({1, x9,24}), 09 := Cone ({xs,x3,24}), 03 := Cone ({x1,r3,24}) are

in 2(3) and o = 07 U og U 03.

“dima = 1, {1, 5, 23} € PC(X) and r ({1, x2, 23}) is not contained in an extremal
ray of NE(Y)”  Let x4 := x1 + x5+ x3. Then the primitive relation corresponding
to {x1,x9, 23} i 1 + 22 + x3 = x4 and so deg ({x1, z2,x3}) = 2. Therefore there
exist two primitive collections P, P, € PC(fD) such that deg P, = deg P, = 1 and
r ({z1,x2,23}) = r(P1) +7(FP2). On the other hand, there are two types of primitive
relations corresponding to the primitive collection P such that deg P =1 and r(P)

is contained in an extremal ray. The possibilities are
(a) Z1 + Z9 + zZ3 = 224, (b) w1 + W9 = Ws3.

By easy calculation, the combinations ((a), (a)) and ((b), (b)) are impossible. In the
case of the combination ((a), (b)), we have z4 = wy = x4, w3 = 21, We = T, 23 = To
and z3 = x3. Then putting x5 := 2;, we have oy := Cone ({z1,22,25}), 02 =

Cone ({xg, x4, 25}), o3 := Cone ({z1,x3,25}), 04 = Cone ({z3,24,25}), 05 =
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Cone ({xy, x5, 4}) are in 3(3) and ¢ = 01 Uy U3 Uy Uos for the same reason as

in (2).

By the above classification, we get the following main theorem in this section. This is

a toric version of a theorem of Mori.

Theorem 1.5.5 Let X and Y be nonsingular toric Fano 3-folds, and ¢ : Y — X an

equivariant morphism. Then we have a decomposition of
[72) Pr—1 P2 P1
Y =X, LN T_1_>T ...... _>X1_>X0:X,

where X; (0 < i <r) is a nonsingular toric Fano 3-fold, p; (2 < j <r) is an equivariant
blow-up along a Ty-invariant 1-dimensional irreducible closed subvariety of X;_1 and ¢,

1s an equivariant blow-up along some Ty-invariant points of X .

Proof.  In the above classification, carry out equivariant blow-downs in the order
3)= (2) = (1),(2) = (1), (5) = (4) = (1) and (4) = (1). Then by Proposition

1.5.1 and Example 1.5.2, we get a decomposition as in the statement. q.e.d.

If d > 4, the method we employed in the 3-dimensional case is insufficient. For
example, in the case of d = 4, there is a subdivision of a 4-dimensional strongly convex

rational polyhedral cone ¢ € ¥(4) such that the primitive relations corresponding to

{Pe PC(X) | P C 0} C PC(X) are
T1+ T+ XT3 =T5, To+ Ty = Tg and T+ T3+ Tg = Ty + T5,

where G(0) = {z1, 22, 3,24}, 5, T6 € G(X). This does not contradict the fact that Y’
is a nonsingular toric Fano variety, but we cannot decide by Proposition 1.5.1 whether
the equivariant blow-down of Y with respect to the primitive relation xo + x4 = x¢ is
also a nonsingular toric Fano variety or not. However, there is still a possibility of the

decomposition similar to that in Theorem 1.5.5 in the case d > 4.

Conjecture 1.5.6 Let X and Y be nonsingular toric Fano d-folds, and ¢ : Y — X an

equivariant morphism. Then we have a decomposition of
[72) Pr—1 P2 P1
Y:XT_T> T_1T_> ...... —>X1—>X0:X7

where X; (0 <1i <) is a nonsingular toric Fano d-fold, and each of ¢; (1 < j <) is an

equivariant blow-up along a Ty-invariant irreducible closed subvariety of X;_;.
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1.6 Program for the classification of toric Fano vari-

eties

In this section, we describe a program for the classification of nonsingular toric Fano
varieties. This program can be extended to the case of Gorenstein toric Fano varieties
endowed with natural resolution of singularities.

First, we consider the classification of nonsingular toric Fano d-folds. We define the

F-equivalence relation again. Let

Fu := {nonsingular toric Fano d-folds} / = .

Definition 1.6.1 X; and X5 in F, are said to be F-equivalent if there exists a sequence of
equivariant blow-ups and blow-downs from X; to X5 through toric Fano d-folds, namely
there exist nonsingular toric Fano d-folds Yy = X1, Y7, ..., Yy = X, together with finite
successions Y; — Y;_; and Y; — Y, for each odd 1 < j < 2] —1, of equivariant blow-ups
«Fy

through nonsingular toric Fano d-folds. We denote the relation by X, X X5. Then

is obviously an equivalence relation.

In order to classify nonsingular toric Fano d-folds, it follows from Proposition 1.3.6,
Theorems 1.3.10, 1.4.3, 1.4.10 and Corollory 1.4.9 that we have only to solve the following

problem.
Problem 1.6.2 Obtain a complete system of representatives for (F, E»)
In regard to Problem 1.6.2, we propose the following conjecture.

Conjecture 1.6.3 Any nonsingular toric Fano d-fold is either pseudo-symmetric or F-
equivalent to the d-dimensional projective space P, where a nonsingular toric Fano d-fold
Tyemb(X) is said to be pseudo-symmetric if there exist two d-dimensional strongly convex

rational polyhedral cones o, o' € ¥(d) such that 0 = —o' := {—x € Ng |z € ¢'}.

If Conjecture 1.6.3 is true, we obtain a complete system of representatives for (Fy, EJ),

since pseudo-symmetric ones are already completely classified in the following fashion.
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Definition 1.6.4 Let k € Z~, d = 2k and {ey, ..., eq} a basis of N. The 2k-dimensional
del Pezzo variety V?* is the nonsingular toric Fano 2k-fold corresponding to the Fano

polytope in Ngr defined by
Conv ({e1,...,eq,—€1,...,—eg,e1+ - +eq,—(e1+-+eq)}),

while the 2k-dimensional pseudo del Pezzo variety V2 is the nonsingular toric Fano 2k-

fold corresponding to the Fano polytope in Nr defined by

Conv ({e1,...,eq,—€1,...,—eq,e1+ -+ eq}).

Remark 1.6.5 In the table obtained in Section 1.10, (117) is the 4-dimensional pseudo
del Pezzo variety V4, while (118) is the 4-dimensional del Pezzo variety V4.

Theorem 1.6.6 (Ewald [8], Voskresenskij-Klyachko [35]) For any pseudo symmet-

ric toric Fano variety X, there exist s,m,n € Z>o, ki,...,kn,l,... 1, € Zsy such that
X =2 (P x Vi oo x Vs P2 Y2

where Vi s the 2k;-dimensional del Pezzo variety, while V25 is the 21;-dimensional

psudo del Pezzo variety for 1 <i<m, 1 <j<n.

Conjecture 1.6.3 is very hard to deal with in general. So we investigate Conjecture

1.6.3 in a certain special class of nonsingular toric Fano d-folds.
Theorem 1.6.7 Let r,aq,...,a, in Z~g and a1 + --- + a, = d. Then we have
P x - x P L PY,

Proof. ~ We are going to prove this by induction on d.
Let 3 be a fan in N corresponding to the d-dimensional projective space and G(X) =

{z1,...,2441}. Then the primitive relation is
T+ -+ 21 = 0.

By the equivariant blow-up along {x1,..., 241} for 1 < a; < d, we get a fan X1 in N

whose primitive relations are
r1+ -+ Tayp1 = Taro, Tagp2 + 0+ Tag2 =0,
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where G(X1) = G(X) U {z412}. Moreover, by the equivariant blow-up of ¥; along

{1, 24,12, ., Tar1}, we get a fan 3y in N whose primitive relations are
Ti+ Tgiqo + 0+ Tap1 = Tays, Ta+ -+ To41 + Tayz = 0, Tapo + Tagpz = T4,

Ti+ -+ Tay41 = Tdy2, Tayq2 + -+ Tap2 =0,

where G(23) = G(21) U {x4+3}. Then Tyemb(X;) and Tyyemb(X,) are nonsingular toric
Fano d-folds by Theorem 1.3.10. By Theorem 1.4.10, ¥5 can be equivariantly blown-down
to a fan ¥’ in N with respect to the primitive relation z4y9 + 2443 = 1. The primitive

relations of X/ are
$2+"'+$a1+1+xd+3 :07 J}a1+2+-..—|—$d+2 :0,

where G(X') = {z2,...,24+3}. So the toric variety corresponding to ¥’ is isomorphic to
P x P and we have

pd L pu x pla,
Then by the induction assumption, we have

_ F
Pr@ A P2 x ... x P,

Next, we consider more complicated nonsingular toric Fano d-folds.

Definition 1.6.8 (Batyrev [5]) Let X be a finite complete nonsingular fan in N. Then
Y is called a splitting fan if for any two distinct primitive collections P; and P, in PC(X),
we have P N Py = ().

The following is well-known.

Theorem 1.6.9 (Kleinschmidt [15]) Let ¥ be a finite complete nonsingular fan in N
and X := Tyemb(X). If the Picard number of X is two or three, then X is projective.
Moreover, if the Picard number of X s two, then X is a splitting fan.

The nonsingular toric d-folds corresponding to splitting fans are characterized by the

following proposition.
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Proposition 1.6.10 (Batyrev [5]) Let ¥ be a finite complete nonsingular fan in N.
Then ¥ is a splitting fan if and only if there exist toric manifolds Xy, ..., X, such that Xq
is a projective space, X, = Tyemb(X) and for 1 < i <r, X; is an equivariant projective

space bundle over X;_1.

For any splitting fan ¥ in NV, Tyemb(X) is projective by Proposition 1.6.10. So the

assumption in the following lemma is satisfied.

Lemma 1.6.11 (Batyrev [5]) Let X be a finite complete nonsingular fan in N such that
Tyemb(X) is projective. Then there exists a primitive collection P in PC(X) such that
o(P)=0.

Theorem 1.6.12 Let X be a splitting fan in N and let P = {z1,...,x.} be a primitive
collection such that o(P) = 0. If, for any primitive collection P' in PC(X) such that
o(PYNP # 0, there exists y in P’ such that y is not in o(P") for any P" in PC(X), then

there exists a nonsingular toric Fano (d —r + 1)-fold X' in F4= "+ such that
Tyemb(X) X P! x X',

Proof. If o(P")N P = {) for any primitive collection P’ in PC(X), then Tyemb(X)
is isomorphic to the product as in the statement.

So, let P" = {y1,...,ys} be a primitive collection such that o(P’) N P # (), and z; in
o(P")N P. Then by assumption, there exists y; in P’ such that y; is not in o(P”) for any
P" in PC(X). The primitive relations of 3 are

o442, =0, 14+ Fys=ax; +--- (a>0), ...

By the equivariant blow-up along {zi,...,%;—1,Tit1,..., 2, y;}, we get a fan ¥y in N

whose primitive relations are
T+ F Tt Tttty =2, T+ 2 =Y,

ot Yt Yt stz =(a— a4
xl_i_..._i_xrz()? yl_i__'_ys:a/xl_i_, RN

where G(X1) = G(X) U {z} and the first three primitive relations are new. Then
Tyemb(X) is a nonsingular toric Fano d-fold by Theorem 1.3.10. By Theorem 1.4.10, ¥
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can be equivariantly blown-down to a fan ¥’ in N with respect to the primitive relation

z; + z = y;. The primitive relations of ¥’ are
s+ F, =0+ Aty F Yyt s tr=(@@—Da;+---,

where G(X') = (G(2) \ {y;}) U {z}. Then Tyemb(X') is also a nonsingular toric Fano
d-fold by Theorem 1.3.10, and X' satisfies the assumption of the statement. So we can
replace 3 by ¥/ and carry out this operation again. This operation terminates in finite

steps and Tyyemb(X') becomes a product as in the statement. q.e.d.
By Theorems 1.6.7 and 1.6.12, we get the following immediately.

Corollary 1.6.13 Let X be a splitting fan in N and let Tyemb(X) be a nonsingular toric
Fano d-fold. If the Picard number of Tyemb(X) is not greater than three, then Tyemb(X)

15 F-equivalent to the d-dimensional projective space.

Next, we consider the classification of Gorenstein toric Fano varieties.

Let A be a reflexive polytope in Ng. For any § € A(d — 1), subdivide § as
0= S851US52U - US50),
where S5; (1 <1i < k(d)) are (d — 1)-dimensional simplices such that

S5 NN = S5(0) C6NN (1<i<k()).

Then we can define a finite complete fan £(A) in N by

S(A) := {0(Ss,;) and the faces of 0(S5;) |6 € A(d—1), 1< < k(5)}U{0}.
Proposition 1.6.14 (Batyrev [4]) Let A be a reflexive polytope in Ngr. Then there
exists a subdivision of X(A) as above such that Tyemb (E@)) 18 a projective toric variety
with only Gorenstein terminal quotient singularities. Moreover, the equivariant morphism

corresponding to this subdivision ¢ : Temb (E@)) — Tyemb(X(A)) is crepant.

Remark 1.6.15 In Proposition 1.6.14, if Tyemb (Z@)) is nonsingular, then for any
P e PC (ETA)), we have deg P > 0 because Conv (G (Z@))) = A. By Theorem 1.3.10,

this means that the anticanonical divisor of Tyemb (E/(Z)) is nef.
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Definition 1.6.16 Let X be a nonsingular projective algebraic variety. Then X is called

a nonsingular weak Fano variety if the anticanonical divisor —Kx is nef and big.

By the following proposition, the condition “big” is automatic in the case of toric

varieties.

Proposition 1.6.17 Let X be a finite complete nonsingular fan in N such that the cor-
responding toric d-fold X := Tyemb(X) is projective. Then the following are equivalent.

(1) X is a nonsingular toric weak Fano variety.
(2) The anticanonical divisor —Kx is nef.

(3) For any P € PC(X), we have deg P > 0.

Proof.  The equivalence (2) <= (3) follows from Theorem 1.3.10.
Suppose the anticanonical divisor —Kx is nef. Then A = Conv (G(X)) is a reflexive

polytope. So we have (—Kx)? = voly(A*) > 0. Therefore —Kx is big. q.e.d.

For the Gorenstein toric Fano varieties endowed with crepant resolutions of singu-
larities as Proposition 1.6.14, we can consider instead the nonsingular toric weak Fano
varieties by Propositions 1.6.14, 1.6.17 and Remark 1.6.15. In this case, we can apply the
method for nonsingular toric Fano varieties by Theorem 1.3.10 and Proposition 1.6.17. In
particular, in the cases of d = 2 and d = 3, Tyemb (E@)) is always nonsingular.

We introduce the same concepts for nonsingular toric weak Fano d-folds as in the case

of nonsingular toric Fano d-folds. Let
Fy = {nonsingular toric weak Fano d-folds} / = .
First, we define the concept, flop, for nonsingular projective toric d-folds.

Definition 1.6.18 Let X = Tyemb(X) be a nonsingular projective toric d-fold and P a

primitive collection of ¥ with primitive relation
T+t =mn+-+uy.

If r(P) is contained in an extremal ray of NE(X), then we can do the following operation.

First, blow-up X along {y1,...,y} to get the toric variety X’ = Tyemb(X’) and the
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primitive relation of ¥, x; + -+ 4+ 2; = 2z, where G(X') = G(X) U {z}. Next, blow-down
X' with respect to x1 + -+ 4+ 2; = 2z to get the toric variety X* = Tyyemb(X") and the
primitive relation of X,

ittty =T+ o,

where G(X7) = G(X2). We call this operation flop.

Definition 1.6.19 X; and X, in F) are said to be weakly-F-equivalent if there exists a
sequence of equivariant blow-ups, blow-downs and flops from X; to X, through toric weak
Fano d-folds, namely there exist nonsingular toric weak Fano d-folds Yy = X1, Y;,..., Yy =
X, together with finite successions Y3; o — Y3;_3 and Y3;_9 — Y3;_;, for each 1 < 5 </,
of equivariant blow-ups through nonsingular toric Fano d-folds, and finite successions
Y3r_1 < Yz, for each 1 < k < [, of flop through nonsingular toric Fano d-folds. We

denote the relation by X; ;4 X5. Then b i obviously an equivalence relation.

Corresponding to Conjecture 1.6.3, we may propose the following conjecture for non-

singular toric weak Fano d-folds.

Conjecture 1.6.20 Any nonsingular toric weak Fano d-fold is weakly-F-equivalent to the

d-dimensional projective space P¢.

Remark 1.6.21 Since the 4-dimensional pseudo del Pezzo variety and the 4-dimensional
del Pezzo variety can be equivariantly blown-up to nonsingular toric weak Fano 4-folds,

we exclude the pseudo-symmetric toric Fano varieties from Conjecture 1.6.20.
We can easily prove Conjectures 1.6.3 and 1.6.20 for d = 2.

Theorem 1.6.22 Any nonsingular toric del Pezzo surface is F-equivalent to the projec-
tive plane P2, while any nonsingular toric weak Fano surface is weakly-F-equivalent to
P2. In particular, Conjectures 1.6.3 and 1.6.20 are true for d = 2, and we obtain a new

method for the classification of Gorenstein toric Fano surfaces by the above discussion.

Proof.  We prove Theorem 1.6.22 in the case of nonsingular toric weak Fano surfaces.
We can similarly prove Theorem 1.6.22 in the case of nonsingular toric Fano surfaces.
By Proposition 1.5.1 and Example 1.5.2, if a nonsingular toric weak Fano surface X is

not minimal in the sense of equivariant blow-ups, then X can be equivariantly blown-down
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to nonsingular toric weak Fano surface. On the other hand, the minimal complete nonsin-
gular toric surfaces in the sense of equivariant blow-ups are P? and Pp1 (Op: ® Op:1(a))
(a >0 and a # 1) (See Oda [26]). So the minimal nonsingular toric weak Fano surfaces

in the sense of equivariant blow-ups are
P?, P! x P! and Pp:1 (Op1 @ Op1(2)).

These are weakly-F-equivalent to the 2-dimensional projective space P? by easy calcula-

tion. q.e.d.

1.7 The classification of nonsingular toric Fano 3-

folds

We devote this section to proving Conjecture 1.6.3 for d = 3. Throughout this section,

we assume d = 3.

Theorem 1.7.1 FEvery nonsingular toric Fano 3-fold is F-equivalent to the 3-dimensional
projective space P3. In particular, Conjecture 1.6.3 is true for d = 3, and we obtain a

new method for the classification of nonsingular toric Fano 3-folds.

To prove Theorem 1.7.1, we prove the following lemma. For a toric variety X, we

denote by p(X) the Picard number of X.

Lemma 1.7.2 Let X = Tyemb(X) be a nonsingular toric Fano 3-fold and p(X) > 2.
Then, there exists a primitive collection P in PC(X) such that #P = 2.

Proof.  Suppose that there does not exist a primitive collection P in PC(X) such
that #P = 2. Let A(X) be the Fano polytope corresponding to X. Then the f-vector of
A(Y) is

(p(X) +3, (p(X) +2)(p(X) +3)/2, f5)
by assumption. By the Dehn-Sommerville equalities (see Oda [26]), we have p(X) =1
and f3 = 4. q.e.d.
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Remark 1.7.3 The method in the proof of Lemma 1.7.2 is not available for d > 4,

because, for any fy > 0, there always exists a simplicial polytope whose f-vector is

(fo, folfo—1)/2,...... ).

Proof of Theorem 1.7.1.  Let X = Tyemb(X) be a nonsingular toric Fano 3-fold.

If p(X) = 2, then X is a splitting fan by Theorem 1.6.9, and hence X is F-equivalent
to P? by Corollary 1.6.13.

Suppose that p(X) > 3. Then, there exists a primitive collection P in PC(X) such
that #P = 2 by Lemma 1.7.2. According to Theorem 1.3.10, we have two cases.

(1) “ There exists a primitive collection P in PC(X) with primitive relation z; + xo =
r (x1,22,2 € G(X)).” Since deg P = 1, r(P) is contained in an extremal ray of
NE(X). So, X can be equivariantly blown-down with respect to z; + x2 = =.
Let ¢ : X — Y be the equivariant blow-down with respect to x; + zo = z. By
Proposition 1.5.1 and Example 1.5.2, if Y is not a nonsingular toric Fano 3-fold,

then there exists a primitive collection P’ in PC(X) with primitive relation

ity =2 ({rnz) 0 {y,p}=0).

Since deg P' = 1, {z, z1,y1 }, {z, 1,92}, {x, 22,91} and {x, x5, 92} generate strongly
convex rational polyhedral cones of ¥(3) by Theorem 1.4.10. Since p(X) > 3, there
exists z in G(X) \ {x, z1, 22, y1,42}. {x, 2z} is obviously a primitive collection of X.
If the primitive relation of {z,z} is x + z = 2/ (2’ € G(X)), then, obviously, X
can be equivariantly blown-down to a nonsingular toric Fano 3-fold with respect to
r + z = 2/. If the primitive relation of {z,z} is x + z = 0 and p(X) > 4, then
there exists w in G(X) \ {z, x1, Z2, y1, y2, 2}, and hence we can replace z by w. If the
primitive relation of {x, z} is x + z = 0 and p(X) = 3, then the primitive relations
of ¥ are

r1+re=2x, n+yp=xand z+ 2z =0.

Thus, X is a splitting fan, and hence X is F-equivalent to P? by Corollary 1.6.13.

(2) “For any primitive collection P in PC(X) such that #P = 2, its primitive relation

is x1 + 22 =0 (21,22 € G(X)).” There exists a primitive relation x; + xo = 0 by
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Lemma 1.7.2. Let {x,2],2]} generate a 3-dimensional strongly convex rational
polyhedral cone in ¥, where x} and 2z are in G(X). By assumption, there exist
distinct elements y; and yo in G(X) \ {x1, o, 2, 2]} If {y1,y2} is not a primitive
collection, then {xs,y;,y2} generates a 3-dimensional cone in 3. Since {xo9, 1}
and {xs,y} are also not a primitive collection by assumption, the open set Ng \
(Cone ({x2,y1}) U Cone ({z2,y2}) U Cone ({y1, y2})) has two connected components.
If {x9,y1,y2} is a primitive collection, then there exist elements of G(X) in both
connected components, and hence there exists a primitive relation like u; + us =
u. This contradicts the assumption. Therefore, either {z{,y;} or {z],11} is a
primitive collection, because otherwise, both {xs, 41,2} and {z2,y1, 2]} generate
3-dimensional cones in 3. So, we have two primitive relations y; + x; = 0 and

y2 + o = 0 up to change of the indices. Therefore,

Cone ({z1, 2}, 21}) = — Cone ({x2, y1,92}) ,

and hence Tyemb(X) is a pseudo-symmetric toric Fano 3-fold. Conversely, let
{y1,y2} be a primitive collection. Then the corresponding primitive relation is
y1 +y2 = 0 by assumption, and x1, x2, y; and ys are contained in a plane. So, there
exists z in G(X) \ {1, 2o, 2}, 27, y1, 92}, and both {z}, z} and {z/, 2z} are primitive
collections. This contradicts the assumption. On the other hand, by Theorem 1.6.6,

the psudo-symmetric toric Fano 3-folds are
P! x P! x P!, P' x V? and P! x V2.

By Definition 1.6.4 and Theorem 1.6.7, these are F-equivalent to P3. q.e.d.

1.8 The classification of nonsingular toric Fano 4-

folds

In this section, we prove Conjecture 1.6.3 for d = 4. As a result, we obtain a new

method for the classification of nonsingular toric Fano 4-folds. Using this method for the

classification, we obtain the 124 nonsingular toric Fano 4-folds.

Theorem 1.8.1 FEvery nonsingular toric Fano 4-fold other than the 4-dimensional del

Pezzo variety V4 and the 4-dimensional pseudo del Pezzo variety V* is F-equivalent to
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the 4-dimensional projective space P*. In particular, Conjecture 1.6.3 is true for d = 4,

and hence we obtain a new method for the classification of nonsingular toric Fano 4-folds.

We devote the rest of this section to proving Theorem 1.8.1. So, let X = Tyyemb(X)
be a nonsingular toric Fano 4-fold and p = p(X) the Picard number of X.

If p(X) = 2, then X is a splitting fan by Theorem 1.6.9, and hence X is F-equivalent
to P* by Corollary 1.6.13.

The following theorem holds for any nonsingular projective toric d-folds of Picard

number 3.

Theorem 1.8.2 (Batyrev [5]) Let X = Txemb(X) be a nonsingular projective toric
d-fold of Picard number 3. Then, one of the following holds.

(1) X is a splitting fan.
(2) #PC(X) =5.

Moreover, in the case of (2), there exists (po,p1, D2, P3,ps) € (Z=o)® such that the

primitive relations of X are
Vit Uy F YL Yy = CoZa o 2y (b D)t A (b + D),

Y1+ Yy T 2y, = UL A Uy, Z1+"‘+Zp2+t1+"'+tp3:0,
t1_|_..._|_tp3_|_ul_|_...+up4:y1_|_..._|_yp1 and
Ut b U, T UL Uy = Ca2a e Gy it D,

where

G(E) = {01, Upgs Yty ooy Upys Z1y v o vy Zpgs Ty e oo s bpgy Uty = ooy Upy by

and ca, ..., Cpy, b1, ... bpy € Zisy.
The following holds.

Proposition 1.8.3 In Theorem 1.8.2, suppose that X is a nonsingular toric Fano d-fold.
If pr =1 orps =1, then X can be equivariantly blown-down to a nonsingular toric Fano

d-fold.
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Proof.  We prove Proposition 1.8.3 for the case of p; = 1. We can prove the case of
ps = 1 similarly.

By assumption, we have the primitive relation
b+t tur+- -+ up, =
The primitive collections which have common elements with {t1,... ¢, u1,...,up,, } are

{#z1, . 2pgs by oty Fand {ug, -+ up,, U1, oL, Uy

Since {21,...,2p,,y1} and {v1,...,v,,y1} are in PC(X), X can be equivariantly blown-
down to a toric variety X’ by Theorem 1.4.10. X’ is obviously a nonsingular toric Fano

variety by Proposition 1.5.1. q.e.d.

Let p = 3. Since # G(X) = 7, we have (po, p1,p2,p3,04) = (1,1,1,1,3), (1,1,1,2,2) or
their permutations. By Proposition 1.8.3, if (pg, p1, p2, 3, p4) # (1,2,1,1,2), then X can
be equivariantly blown-down to a nonsingular toric Fano 4-fold. So, let (po, p1, p2, ps, p4) =

(1,2,1,1,2). Then the primitive relations of 3 are
vty +ye =01+ Db, g1+ ya+ 21 =ur +ug, 21+t =0,

b1 +ur +us = y1 +y2 and uy + ug + vy = bity,

where by = 0 or 1. If b; = 0, then X can be equivariantly blown-down to a nonsingular
toric Fano 4-fold with respect to v; + y; + yo» = t; by Theorem 1.4.10 and Proposition
1.5.1. On the other hand, if b; = 1, we can show easily that X is F-equivalent to P* (see
(71 in the table of Section 1.10).

Next, we consider the case of p > 4. We need the following proposition.

Proposition 1.8.4 Let X = Txemb(X) be a nonsingular toric Fano 4-fold and p(X) > 3.
Then, there exists a primitive collection P in PC(X) such that #P = 2.

To prove Proposition 1.8.4, we have to prove the following three lemmas.

Lemma 1.8.5 Let X = Tiyemb(X) be a nonsingular toric Fano 4-fold and p(X) > 3. If
there does not exist a primitive collection P in PC(X) such that #P = 2, then there does
not ezist a primitive collection P’ in PC(X) such that # P’ = 4.
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Proof. Suppose that there exists a primitive collection P’ = {1, 29,23, 24} in

PC(X). Then the open set
Ngr \ (Cone ({z3, z3,24}) U Cone ({1, x3,24}) U Cone ({x1, 22, 24}) U Cone ({x1, 22, x3}))

has two connected components. Therefore, since there exist at least two other elements by
the assumption p(X) > 3, there exists a primitive relation P in PC(X) such that #P = 2.

This contradicts the assumption. q.e.d.

Lemma 1.8.6 Let X = Tyemb(X) be a nonsingular toric Fano 4-fold and p(X) > 3. If
there does not exist a primitive collection P in PC(X) such that #P = 2, then there does

not exist a primitive relation of the form
T+ xot+ a3 =axy (a=12).

Proof.  Suppose that there exists a primitive collection P in PC(X) with primitive
relation x1 + x3 + 3 = axy (a = 1,2). If r(P) is contained in an extremal ray of
NE(X), then there exist 21,29 € G(X) \ {z1, 22, x3, x4} such that {z;, z;, x4, 2} generate
4-dimensional strongly convex rational polyhedral conesin ¥ for1 <i < j<3, 1 <k <2.
Since # G(X) = p+4 > 7, there exists w € G(X)\{z1, z2, 3, T4, 21, 22}, and hence {z4, w}
is a primitive collection of ». This contradicts the assumption. So, there does not exists
a primitive relation of the form x; + x5 + x3 = 2x4, since its degree is one. On the other
hand, suppose that the primitive relation x; + x9 + 3 = x4 is represented as the sum of
two primitive relations of degree one. By Lemma 1.8.5 and assumption, for any primitive
collection P’ such that deg P’ = 1, its primitive relation is of the form y; +vy2+vy3 = y4+vs.

Therefore, there exist two primitive relations
ti+ty+xri=x4+sand s+x9+ 23 =1 + 1t
such that
{t1,ta, x4, s}, {t1, 21, 24,8}, {to,x1,24,8}, {s,x2,t1,t2}, {s,23,t1,t2} and {xg, 3,11, 12}

generate 4-dimensional strongly convex rational polyhedral cones in . This is a con-
tradiction, because there exist three 4-dimensional strongly convex rational polyhedral
cones generated by {ti,ts, x4, 8}, {s,22,t1,t2} and {s,x3,t1,t2}, and they contain the

3-dimensional strongly convex rational polyhedral cone generated by {t1, s, s}. q.e.d.
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Lemma 1.8.7 Let X = Tyemb(X) be a nonsingular toric Fano 4-fold and p(X) > 3. If
there does not ezist a primitive collection P in PC(X) such that #P = 2, then there exists
a primitive collection P' = {x1,x9,x3} in PC(X) such that x1 + xo + x5 # 0.

Proof.  Suppose that z; + 23 + 3 = 0 for any primitive collection P’ = {xy, zo, 23}
in PC(X). By Lemmas 1.8.5, 1.8.6, and assumption, for any primitive collection P in
PC(Y), we have #P = 3. If ¥ is a splitting fan, then X is isomorphic to P? x P2,
and hence p(X) = 2. So, there exist two primitive collections P;, P, in PC(X) such that
PiNP,=0. If P, = {x,x9,23} and Py = {x1, 24,25}, that is, #(P, N P) = 1, then we
have x5 + 23 = x4 + x5, and hence {3, x5} or {zy, x5} in PC(X). This contradicts the
assumption. The case P = {x1,x9, x5} and Py = {x1, x5, 24}, that is, #(P1 N Py) = 2, is

also impossible, because x3 = 4. q.e.d.

Proof of Proposition 1.8.4. By Lemmas 1.8.6 and 1.8.7, there exists a primitive
collection P in PC(X) with primitive relation x1 + xo + 3 = x4 + 5. Since deg P =
1, we have three 4-dimensional strongly convex rational polyhedral cones generated by
{zi,xj, x4, x5}, where 1 < i < j < 3. There exist distinct elements y; and y, in G(X) \
{1, 9,23, 24, x5} by the assumption p > 3, and hence we have {x4, x5, y; } and {4, 5,92}
in PC(X). If y; + x4 + 5 = 0, then we have ys + x4 + x5 # 0. Therefore, we have
Y2 + x4 + x5 = x1 + 29 up to change of indices. This is a contradiction, because we have

x3 + yo = 0, and hence {x3,y2} is in PC(X). The case y; + x4 + x5 # 0 is similar. q.e.d.

Let p > 4. Then, there exists a primitive collection of > whose cardinality is two by

Proposition 1.8.4. We divide the proof of Theorem 1.8.1 for p > 4 into two cases.

(1) “There exists a primitive relation x; + x5 = x, where xq, x9, 2 € G(X).”
Let ¢ : X — X’ be the equivariant blow-down with respect to x1 + x5 = z. If X’ is
not a nonsingular toric Fano 4-fold, then, by Proposition 1.5.1 and Example 1.5.2; there

exist one of the following primitive relations:
yit+yetys =20, ity +ys=x+xand y +yp =7,

where Y1, Y2, Y3 n G(Z>

)

(1.1) “yg +y2+ys =2z or y; + Yo + y3 = x + x1.”  Since the degree is one, we have

six 4-dimensional strongly convex rational polyhedral cones generated by {z;,z,y;, yx},
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where 1 < i < 2,1 < j < k < 3. There exist distinct elements z; and zy in G(X) \
{1, 29, 2,91, Y2,y3}, because #G(X) = p+ 4 > 8, and hence we have two primitive
collections {z, z1} and {z,z;} in PC(X). Therefore, we obtain a primitive relation of ¥

of the form
r+z=w (w € {$1,$2,91,y2,y3})

up to change of indices. Let ¢ : X — X" be the equivariant blow-down with respect to
T+ 2z = w.

(1.1.1) “w # x4y or y1+y2+ys = 2z is a primitive relation of ¥.”  Then X" is obviously
a nonsingular toric Fano 4-fold.

(1.1.2) “w =z1 and y; + yo + y3 = x + 1 is a primitive relation of 3.” In this case,
X" is not a nonsingular toric Fano 4-fold by Proposition 1.5.1 and Example 1.5.2. Since
p > 4, there exists t € G(X) \ {z1, 22, T, 91, Y2,Y3, 21}. So, we have one of the following

primitive relations of ¥ up to change of indices:
t+x1 =y, t+xi=20and t +x; = 2.

Let ¢’ : X — X" be the equivariant blow-down with respect to this primitive relation.
Then, X" is obviously a nonsingular toric Fano 4-fold.

(1.2) “y; +y2 = x.” Since the degree is one, there exist two elements z; and 2z
in G(X) \ {x1,22,7,y1,y2}, and we have eight 4-dimensional strongly convex rational
polyhedral cones generated by {z;,z,y;, 2x}, where 1 < 4,5,k < 2. There exist w in
GX) \ {z1, 2, 2, Y1, Y2, 21, 22}, because # G(X) = p+4 > 8, and hence P = {z,w} is a
primitive collection of X.

(1.2.1) “The primitive relation of P is x+w = t, where t in {21, 22}.” Let p : X — X"
be the equivariant blow-down with respect to x + w = t. Then, X" is obviously a
nonsingular toric Fano 4-fold.

(1.2.2) “The primitive relation of P is x + w = t, where t in {x1,29,y1,y2}.” Let
¢ : X — X" be the equivariant blow-down with respect to x +w = t. If X” is not a
nonsingular toric Fano 4-fold, then we obviously have a primitive relation z; 4+ 2o = ¢
by Proposition 1.5.1. We may assume t = x5 without loss of generality. Then, we have
four 4-dimensional strongly convex rational polyhedral cones generated by {xs, y;, v, w},

where 1 <i,7 < 2. {x1,2,41, 21} is a Z-basis of N. Using this basis, we have
Tog = —Qfl—i-l', Yo =T — Y1, 29 = -1 +r—2 and w = —X.
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Since the coefficient of z in none of these relation is negative, there exist u in G(X) \
{1, 29, 2,91, Y2, 21, 20, w} by the completeness of ¥, and hence we have two primitive
collections {z,u} and {zs,u} in PC(X). Therefore, we have a primitive relation either
r+u=Ssorzy+u=s, where s is in {z1,y1, 92, 21, 22, w}. Let ¢ : X — X" be the
equivariant blow-down with respect to x +u = s. Then, X” is obviously a nonsingular
toric Fano 4-fold. The case of the blow-down with respect to xo + u = s is similar.

(1.2.3) “The primitive relation of P is x +w = 0.” If p > 5, then there exist v in
G(X) \ {z1, 22, 2,91, Y2, 21, 22, w, v}, and hence we have the primitive relation = + v # 0.
In this case, we can use the same method as in (1.2.1) or (1.2.2).

So let p =4 and G(X) = {1, %2, T, Y1, Y2, 21, 22, w}. Then, either {z1, 20} or {x, 21, 22}
is a primitive collection of X.

(1.2.3.1) “z; + 22 = 0 is a primitive relation of ¥.” X is obviously a nonsingular toric

Fano 4-fold in this case. The primitive relations of ¥ are
r1+reo=x, 1 +y=x, x+w=0and z; + 25 = 0.

Therefore, Y is a splitting fan, and hence X is F-equivalent to P* by Theorems 1.6.7 and
1.6.12.
(1.2.3.2) “z1 + 29 = x is a primitive relation of ¥.” X is obviously a nonsingular toric

Fano 4-fold in this case. The primitive relations of ¥ are
T+ ro=x, y1+y2=x, t+w=0and z; + 2o = .

Therefore, Y is a splitting fan, and hence X is F-equivalent to P* by Theorems 1.6.7 and
1.6.12.

(1.2.3.3) “z1 + 2o = t is a primitive relation of X, where ¢ in {x, z2,y1,y2, w}.” Let
¢ : X — X" be the equivariant blow-down with respect to z; + 2z = t. Then X" is
obviously a nonsingular toric Fano 4-fold by Proposition 1.5.1 and Example 1.5.2.

(1.2.34) “z; + 25 + = 0 is a primitive relation of ¥..” This is impossible, because
21 + 29 = —x = w, and hence {z1, 23} is a primitive collection of X.

(1.2.3.5) “z1 + 29 + & = ax; is a primitive relation of X, where a = 1 or 2.”  Since
axy+w = 21+ 29, {t,w} is a primitive collection of 3. There exists u in {xs, y1, Y2, 21, 22}
such that the primitive relation of {x;,w} is x; + w = u, because z + w = 0. Since

r1 —x —u = 0, we have u = x5. Because, otherwise, {x1,z,u} is a part of a Z-basis of
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N. However, this contradicts the fact 1 +xo = x. We can replace x1 by s, y; or ys, and
repeat the same argument.

(1.2.3.6) “z1 + 22 + = = aw is a primitive relation of ¥, where a =1 or 2.7 We have
21+ 23 = aw — x = (a+ 1)w. This is a contradiction.

(1.2.3.7) “21 + 20+ = z; + y; is a primitive relation of 3, where 1 <i,5 <2.” X is
obviously a nonsingular toric Fano 4-fold. We can show easily that X is F-equivalent to

P* (See M, in the table of Section 1.10).

(2) “There does not exist a primitive collection P = {x1,z2} in PC(X) with primitive
relation 1 + x9 # 0.7
In this case, we need the following lemma. This lemma can be proved in the same way

as Lemmas 1.8.5 and 1.8.6.

Lemma 1.8.8 Let X = Tiyemb(X) be a nonsingular toric Fano 4-fold and p(X) > 4. If
there does not ezist a primitive collection P = {xq,x2} in PC(X) with primitive relation

x1 + x9 # 0, then the following hold.
(1) There does not exist a primitive collection P in PC(X) such that #P = 4.
(2) There does not exist a primitive relation of X of the form

1+ xot+ a3 =axy (a=1,2).

Since p > 4, there exists a primitive collection P = {x, 25} in PC(X) with primitive
relation x; + x5 = 0, by Proposition 1.8.4. We fix this P.

(2.1) “r(P) is contained in an extremal ray of NE(X).” By toric Mori theory, there
exists a nonsingular projective toric 3-fold Y = Tiyemb(3*) such that X is an equivariant
Pl-bundle over Y, G(X*) C G(X), and if P* is a primitive collection of ¥* then P*
is also a primitive collection of 3. Let # G(X*) = n and ng the number of the primi-
tive collections of X* whose cardinality is two. Then the f-vector of the 3-dimensional
simplicial convex polytope corresponding to ¥* is (n,n(n — 1)/2 — ng, f2). By the Dehn-
Sommerville equalities (see Oda [26]), we have ng = (n — 3)(n —4)/2. So by assumption,
we have ng = (n—3)(n—4)/2 < n/2. Since p > 4, we have n = 6, and hence the primitive

relations of X are
r1+22=0, z34+24 =0, x5+ 25 =0 and x7 + x5 = 0.
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Thus, X is P! x P! x P! x P!, and hence X is F-equivalent to P* by Theorem 1.6.7.
(2.2) “r(P) is not contained in an extremal ray of NE(X).” By Lemma 1.8.8, there

exist two primitive relations of ¥ of the form
T1+y1 +y2 =21+ 22 and Ty + 21 + 20 = Y1 + Yo,

with y1, 9o, 21, 22 in G(22). We have five 4-dimensional strongly convex rational polyhedral

cones of X generated by

{xlaylazlazﬂ’? {$1,y2,21722}7 {91,92721722}, {5172,3/17y2,21} and {9527111,?;1,22}-

By the assumption p > 4, there exists w in G(X) \ {x1, Z2, 1, y2, 21, 22} such that either
{21, z9,w} or {z1, 29, w} is a primitive collection of 3, because there exists at most one
primitive collection among {2, w}, {z2,w}, {y1, w} and {y;,w}, and the others generate
2-dimensional strongly convex rational polyhedral cones of ¥. If w + 21 + 25 = 0 is a
primitive relation, then we have y; + yo + w = x2. So, by assumption, {y;,v2}, {y1, w}
and {yz, w} are not primitive collections. Therefore, {y1,y2, w} is a primitive collection
of 3. This contradicts Lemma 1.8.8.

By the above discussion, we have the primitive relations w + 21 + 2o = t; + t5 and
w + Y1 + Y2 = S$1 + S2, where the possibilities for {t1,t,} are {z1,y1} and {z1,y2}, while
the possibilities for {s1, so} are {xs, 21} and {z2, 20}. So, we have 4 < p <6.

(2.2.1) “p=4" X is obviously a nonsingular toric Fano 4-fold. We can show easily
that X is F-equivalent to P* (See M in the table of Section 1.10).

(2.2.2) “p=5" X is the 4-dimensional pseudo del Pezzo variety. Moreover, X is not
F-equivalent to P* (See (117) in the table of Section 1.10). The primitive relations of &
are

To+24=0, 21 +25=0, z9+24 =0, x3+ 27 =0,
To+x1+To = x7+28, To+T1+x3 = Tg+Tg, To+To+T3 =T5+Tg, T1+To+T3 = T4+ Tg,
Ty+T5+x8 = To+T3, Ty+Te+Ts = T1+2T3, Ty+T7+Ts = T1+T2, Ts+Te+Tg = To+Ts,
ZB5+QZ7+ZB8:ZE0+QZ2, 336+.CE7+5178:370+£E1,

where G(E) = {.fll'o, T1,T2,T3, T4, L5, X6, L7, xS}‘
(2.2.3) “p = 6" X is the 4-dimensional del Pezzo variety. Moreover, X is not F-
equivalent to P* (See (118) in the table of Section 1.10). The primitive relations of ¥
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are

To+24=0, x1+25=0, 2o +26=0, x34+27 =0, 23+ 29 =0,
To+T1+T2 = T7+Tg, To+T1+T3 = Te+Tg, To+T2+T3 =T5+Tg, T1+To+T3 = Ty+Ts,
To+T1+Tg = Tg+T7, To+To+Tg = T5+2T7, To+T3+Tg = T5+Tg, T1+To+Tg = T4+ 27,
T1+T3+Tg = Ty4+Tg, To+T3+T9g = T4+T5, Ty+T5+2Tg = T3+2Tg, Tyg+T5+T7 = To+ Ty,
Ty+x6+T7 = x1+29, T5+Tg+x7 = X9+ T9, Ty+T5+Tg = To+T3, Ty+Tg+Tg = T1+T3,
Ty+T7+Tg = T1+To, Ts+Te+Tg = To+T3, T5s+T7+Tg = To+ T2, Tg+T7+Tg = To+2T1,

where G(X) = {zo, 21, %2, 3, T4, T5, T6, T7, Tg, Tg } .

1.9 124 nonsingular toric Fano 4-folds

In this section, we describe the 124 nonsingular toric Fano 4-folds in terms of primitive

relations. We use the same notation as in Batyrev [6] (see also Section 1.10). Let G(X) =

{.Tl,.TQ, .. }

(1) 4-dimensional projective space P*. The primitive relation is x1 +xy+23+x4+5 =

“type B” The primitive relations are as follows:

Case 2 3 4 | 5| 6
T1+xot+axs+x4=13w5| 225 | x5 | O 0
5+ T = 0 0 0] 0 | x
Notation B, | By | B3| By | Bs

“type C” The primitive relations are x; + x5 + x3 = 0 and

Case 7 8 9 10

Ta+xs5+x6= 1221 | 1 |21 +22| O

Notation Cy | Cy Cs Cy

“type £ The primitive relations are x; + x7; = 0, x1 + 2 = x4, T¢ + T7 = T2 and
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Case 11 | 12 | 13
To+r3+x4+2x5=1 201 | 71 0
Tzt x4 +a5+x6=1| 321 | 221 | 21

Notation E, | By | Es

“type D” The primitive relations are as follows:

Case 14 1 15 16 17 | 18 | 19 | 20 | 21 22 23 | 24
Ti1+xo+a3=1| 206 | 204 | T4+ T | 226 | 224 | g | O | x4 | T4+ 26 | g 0
Ty + x5 = Te | g Tg 1 0 | g | 21 | @6 0 1 1
Te + x7 = 0 0 0 0 0 O [z ] O 0 0 T4
Notation Dy | D, Ds Dy | Ds | Dg | D7 | Dg Dy Dy | D1y

Case 25 | 26 | 27 | 28 29 30 | 31 | 32
T1+ 2o+ x3=| 4 0 0 0 |xg+27| 0 | 227 | 27
Ty + 15 = 0 0 0 0 Tg 1 Te | Te
Te+ T7 = 0 0 T Ty 0 Ty 0 0
Notation Dy | D3 | D1y | Dys Dy Dy7 | Dig | Dig

“type G” The primitive relations are as follows:

Case 33 34 35 36 37 38
T+ T = 0 Ty 0 Ty Ty Ty
To+ X3+ x4 = T Ty 0 Ty x7 x7
T4+ x5+ 26 = 221 2z, T 1 + To 0 T
Ts+ T+ a7 = || xo+ 23| 1 | T2+ 23 T ro+ax3| 0
T1+xeot+axs= x5+ | 0 | x5+ 76 0 0 0
Notation G, Ga Gs Gy G Ge

“type H” The primitive relations are x; + x9 = xs, 7 + vs = 1, T1 + T = 7,

To+ax7 =0, g+ 23 = 0 and
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Case 39 40 41 | 42 | 43 44 45 | 46 | 47 48

T3+ Ty + T = 233'1 T+ Tg 2.%’8 I xrg | o+ Tg 2%2 0 Ty | To + T

Notation H1 H2 H3 H4 H5 H6 H7 Hg Hg H10

“type L” The primitive relations are xy + xg = 0 and

Case 49 | 50 | 51 | 52 | 53 | 54 | 55 | 56 | 5T | 58 | 39 | 60 | 61

Tot+ax3=1| 21 | 21 |21 | 21| O O x| O 0| m 0 T | T
Tot+xs= |21 |23 |21 |23 | 23| 23| 0 | O | O | 23 | 23 | g | 21
Tg + T7 = T T3 T4 Ty T3 T4 Ty 0 T4 i) i) Ty T

Notation L1 L2 Lg L4 L5 L6 L7 Lg Lg LIO LH ng L13

“type I” The primitive relations are x7 + xg = x3, 3 + ¢ = 7, Tg + x3 = 0, and

Case 62 | 63 64 65 | 66 | 67 | 68 69 70| 71
T+ X9 = T3 | Xg g 7 | x4 | 23| O Tg T7 | g
T3+ T4+ x5 = || 208 | 208 | T1 + x5 | 208 | 225 | x5 | 228 | 1 + T3 | x5 | T3
Ty+ x5+ 27 =1 28 | T8 Ty rg | s | 0 | xs Ty 0 0
Notation L | L I3 Iy | I5 | Is| I7 Ig Iy | L

Case 72 73|74 75| 76

T1+ Ty = 0 26 | 0 | x4 | 6

T3+ x4+ x5=| 21+2x8 | Tg | X8 | Ty | 273

Ty + 25+ a7 = 1 0 0 0 | xg

Notation Iy Lo | Iis | Iia | Ii5

“type M” The primitive relations are as follows:
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Case 7 78 79 80 81
T+ x5 = 0 0 0 0 Ts
T4+ x5 = 0 T T T T7
Te + 7 = 0 1 Ts 0 T

X1+ To+Tyg=| Tg+Tg | T4+ Tg | Ty +2Tg | Ty + X Tg
Ty+ x5+ 28 =1 To+2x3 | To+ 23 | T2+ T3 | T2+ T3 0
Xo + X3+ T5 = || Tg + X3 Tg T T Tg + Xy
To+ X3+ 27 = | Tg+ X8 Ty 0 T4 + g 0
Notation M, M, M5 My M5

“type J7 The primitive relations are x3+x¢ = x7, T1+22+Tgs = T4+Ts5, T4+ T5+ T =

r1+ X9, 7 + 3 = 13, Tg + g = 0 and

Case 82 | 83
T3+ x4+ x5 = 0 | xs
Tatars+axr=| ¢ | O
Ti1+xo+ax3=1 x6 | O
T+ 2o+ a7 = || 276 | X6

Notation J1 | Jo

“type Q7 The primitive relations are xg + x9 = 0,27 + 9 = 1, 1 + T2 = Xy,

T+ xrg = X7, l'2+$7:0and

Case 84 | 8 | 86 | 87 [ 88 |89 190 |91 |92 | 93 | 94 | 95

Tz3+xs= | 21 | 1 | X9 | 1 | X9 | O | 29 | O | 9 0 0 T

T4+ Tg = T T3 Tg s T3 T XT7 Tg ) ZIs3 0 T

Notation | Q1 | Q2| Q3 | Q4 | Q5 | Qs | Q7 | Qs | Qo | Q1o | Q11 | Q12

Case 96 | 97 | 98 | 99 | 100

T3+ T5 = T ) 0 Tg i)

T4+ xTg = To T3 X9 s g

Notation || Qi3 | Q1a | Q15 | Q16 | Q17
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“type K” The primitive relations are x7 + 9 = x1, 1 + 23 = 27, 5 + T9 = 0,

To + Ty = Xg, Tg + T7 = Ig, $1+I6:O, Tg + X9 = X2, T1 + To = X9, I2+x7:0and

Case 101 102 103 | 104

T3+ T4 +x5=| 209 | T1 + X9 | Tg 0

Notation K1 KQ Kg K4

“type R” The primitive relations are x5 + 27 = 0, 1 + 29 = 0, 5 + 9 = x5,
T1+xTg = Ts, Tr+Tg = X, To+T3+Tg = Q?4+£IZ’7, To+T3+x5 = $1+£IZ’4, To+ T3 +xg = Xy,

T1+ Ty +T7=2To+ T3 and

Case 105 | 106 107
Ty + X = T8 | X5 0
Tyt+rs+we=| 0 | 1 | z1+ a7
Notation R, | Ry R3

(108) The primitive relations are x7 4+ 9 = 0, x5+ 9 = 1, T3+ T5 = X4, T4+ T = T5,
T1+ a7 =a8, 3+ x5 =0, 1 + To + 5 = Tg + Tg, 1 + To + T4 = Tg, To + T5 + Tz = Xg

and z9 + x4 + 23 = 0.

“type U” The primitive relations are xy + x3 = 9, 9 + 14 = x3, 1 + x4 = 0,

T3+ x5 =Xy, Ty + Tg =5, To+ x5 =0, 1 + x5 = X6, To + Tg = T1, T3 + ¢ = 0 and

Case 109 | 110 | 111 | 112 | 113 | 114 | 115 | 116

Ty + T7 = T T T 0 0 T T T

X9 + T19 = T T T xrs 0 0 Z3 Ty

Notation Ul Ug U3 U4 U5 U6 U7 Ug

(117) 4-dimensional pseudo del Pezzo variety (see Definition 1.6.4 and Remark 1.6.5).
The primitive relations are x4+x9 =0, x14+25 =0, 29+25 =0, x3+27 =0, 1+ 29+ T9 =
Ty + X8, T1 + T3+ Tg = Tg + Ty, T2 + T3 + Tg = Ty + Ty, T1 + Tp + Ty = T4 + Tg,
Ty+2T5+2Tg = To+T3, Ty+Tg+Tg = 21 +T3, Ty+T7+2Tg = 1+ Ta, Ts+Tg+Tg = T3+ Ty,

Ts+ Ty + x5 = o + g9 and xg + T7 + T3 = T1 + Tg.
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(118) 4-dimensional del Pezzo variety (see Definition 1.6.4 and Remark 1.6.5). The
primitive relations are x4 + 210 =0, x1 + 25 =0, 20 + 26 = 0, 23+ 27 = 0, x5 + 19 = 0,
T1+T2+T10 = T7+T8, T1+T3+T10 = Te+Ts, To+T3+Ti0 = T5+Tg, T1+T2+T3 = Ty+Ts,
T1+To+T19 = T+ X7, To+To+2T10 = T5+2T7, Tg+To+T10 = T5+Tg, L1 +T2+2T9 = T4+27,
T1+T3+Tg = Ty+Tg, To+T3+T9g = Ty+2Ts, T4 +T5+Tg = T3+ Tg, Ty+T5+T7 = To+ Ty,
Ta+Teg+Tr = T1+Tg, Ts+Te+T7 = Tg+T10, Ty +T5+Tg = To+2T3, Ty+Tg+Tg = x1+T3,

Ta+T74+T8 = T1+T2, Ts+Te+Ts = T3+T10, Ts+T7+r8 = To+10 and ze+z7+18 = T1+T10.

(119) Sy x Sy. The primitive relations are x; + x3 = 0, x1 + x4 = =5, T3 + T4 = 3,
o+ x5 =0, v3+ x5 = 24, 6 + 18 = 0, 6 + T9g = X109, T7 + X9 = Ty, T7 + 190 = 0 and

Trg + T19 = Tg.

(120) Sy x S3. The primitive relations are x; + x3 = 0, x1 + x4 = =5, T3 + T4 = 3,
£IZ’2+Q?5 = O, £E3+Z'5 = T4, $6+£If8 = X7, l'6+l'9 = O, 513'6+3710 = T11, Q?7+£IZ’9 = Isg,

7+ w10 =0, 7 + T11 = T, Tg + T19 = Tg, Ty + 11 = 0 and w9 + 211 = T10.

(121) S5 x S3. The primitive relations are x; + x3 = 3, 1 + x4 = 0, 71 + 25 = g,
To+ Ty = T3, To+ 25 =0, 29 +26 = 21, T3+ 25 = g, T3+ 26 = 0, 24 + 6 = T5,
T7+ xg = T8, T7 + 10 = 0, T7 + T11 = T12, Ty + T10 = To, T3 + 211 = 0, x5 + T12 = 27,

Tg + T = T10, L9 + T = 0 and T10 + T12 = T11-

“type Z7 The primitive relations are x1+xo+x5 = 0, 1+ 29+ = 7, Lo+ T4+ T5 =

Ty, To + x4 + xg = x7 + 23 and

Case 122 123
T3+ xg + 7 = 0 Ty
T3+ x4+ 26 = || 1+ x5 0
T3+ Ty + X7 = X1 1+ To
T3+ Tg+ Tg = Ts To + Ty

Notation 71 Zo

(124) The primitive relations are x1+x4 = X7, To+T5 = T, T3+Tg = Tg, T1+To+T3 =
0, z4+25+26 =0, 27 +285+79 =0, 11+ 22+ T9 = T, Ty +T5+T9 = T3, T1+2T3+Tg = T3,
I4+ZL’6+JI8 = X9, $2+I3+ZL’7 = Ty, I5+$6+l’7 = T, $1+I8+ZL’9 = I5+ZL’6,
Ty+Tg+Tg = Ta+ XT3, Ta+T7+Tg = Ty +T¢, Ts+T7+T9g = X1+ T3, T3+ T7+Tg = T4+ Ts

and xg + 7 + 13 = 1 + T2 (see Example 1.4.7).
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1.10 Equivariant blow-up relations among nonsingu-

lar toric Fano 4-folds

In this section, we describe all the equivariant blow-up relations among nonsingular
toric Fano 4-folds using the results of Sections 1.3, 1.4, 1.6 and 1.8. In Table 1, we use
the same notation as in Batyrev [6], and i-blow-up means the equivariant blow-up along

a Tn-invariant irreducible closed subvariety of codimension 1.

Table 1: equivariant blow-up relations among nonsingular toric Fano 4-folds

equivariant blow-up notation
(1) | none p*
(2) | none By
(3) || none Bs
(4) | 4-blow-up of P* By
(5) | none B,
(6) | 2-blow-up of P* Bs
(7) || none Gy
(8) | 3-blow-up of P* Cy
(9) || none Cs
(10) | none Cy
(11) || 2-blow-up of By, B E,
(12) || 2-blow-up of By, Bs E,
(13) | 2-blow-up of Bs, By, 4-blow-up of B Esq
(14) | none D,
(15) | 2-blow-up of C4 D,
(16) | none Ds
(17) || 2-blow-up of By D,
(18) || none Ds
(19) || 2-blow-up of Cjs Dg
(20) | none D+
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2-blow-up of C5, 3-blow-up of Bj

none

2-blow-up of Bs, 3-blow-up of Bj

2-blow-up of B, Cy

3-blow-up of By

none

2-blow-up of By

2-blow-up of Cy

2-blow-up of C}

2-blow-up of Bj

2-blow-up of C4

2-blow-up of Cy, 3-blow-up of Bj

none

2-blow-up of C5, 3-blow-up of C}

3-blow-up of C5

2-blow-up of C5, 3-blow-up of C3

2-blow-up of C3, 3-blow-up of Cy

2-blow-up of Cy, 3-blow-up of C5

2-blow-up of Dy

2-blow-up of Dj

2-blow-up of Dy, Ds

2-blow-up of Dg, Dy

2—blow—up of D67 Dlg, D16

2-blow-up of D3, Dy

2—blow—up of DQ, D5, D18

2—blow—up of D13, D15

2-blow-up of Dg, D13, D19, 3-blow-up of Fj

2—b10W—up of Dg, D16

none

2-blow-up of D7

2-blow-up of Dg
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2—b10W—up of Dg, D107 Dll

none

2-blow-up of Dis, D1y

2-blow-up of Dq;

none

2-blow-up of Dj3

2-blow-up of Dyg, D17

2-blow-up of Dy4

2—b10w—up of DH, D17, D19

2-blow-up of D;

2-blow-up of Dy,

2-blow-up of Dy, Dg

2-blow-up of D3, Dg

2-blow-up of Dy

2-blow-up of Ey, D4, D1g

2-blow-up of Dyy, 3-blow-up of Dy;

2-blow-up of Ds, D19

2-blow-up of Dg, Dig, G4

2-blow-up of Dy, 3-blow-up of D;

2-blow-up of Dg, D15, G5

2-blow-up of Dy, D19

2-blow-up of Di5, D19, Gg, 3-blow-up of Dy,

2—blow—up of Dlg, D13, 3—blow—up of D14

2—blow—up of E3, Dl(), D14, 3—b10W—up of D17

2—blow—up of Dlg, Dlg, GQ

none

none

2-blow-up of G3, Gj

2-blow-up of G5

2-blow-up of G4, Gg

2-blow-up of Gy, Gj3
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2-blow-up of G35, 3-blow-up of Gj Jo
2-blow-up of Lo Q1
2-blow-up of Hy, Ly Q2
2-blow-up of Ly, Ls Qs
2-blow-up of L3 Q4
2-blow-up of Hs, L3, Lg Qs
2-blow-up of Lg Qe
2-blow-up of L7 Q7
2-blow-up of L5, Lg Qs
2-blow-up of Ly, Lz, Ii Qo
2-blow-up of Hg, Ly, Lg Q1o
2-blow-up of Lg, Lg Q1
2-blow-up of Lig, Lia, Ig Q12
2-blow-up of Ly, Ly, Li3 Q13
2-blow-up of Hg, L4, Lg, L2, I14 Q14
2-blow-up of Lg, Lg, Li1, Ii3 Q15
2-blow-up of Li1, Li3, Ig Q16
2-blow-up of L7, Lis, 1o Q17
2-blow-up of Hy, Hsz, H; K
2-blow-up of Hy, Hg, Hig K5
2-blow-up of Hy, Hs, Hy K3
2-blow-up of Hg Ky
2-blow-up of Msj Ry
2-blow-up of My, M, Ry
2-blow-up of My, M, Rs
2-blow-up of I1, I3

2-blow-up of Q1, @3, Qi3 %!
2-blow-up of Q2, @5, Qu4, K3 Us
2-blow-up of Q4, Q9 Us
2-blow-up of @19, Ky Uy
2-blow-up of Q1 Us
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(114) || 2-blow-up of Qs, Qs, Q15 Us
(115) || 2-blow-up of Q7, Q12, Q17 U,
(116) || 2-blow-up of Q16 Us
(117) | none (See Definition 1.6.4 and Remark 1.6.5) V4
(118) || none (See Definition 1.6.4 and Remark 1.6.5) %6
(119) | 2-blow-up of Q19, Q11 Sy xSy
(120) || 2-blow-up of Uy, Us, Ss X So Sy X S
(121) || 2-blow-up of Sy x S5 Sg X S
(122) || 2-blow-up of Gg Zy
(123) || 2-blow-up of G4 Zy
(124) || 2-blow-up of Z; (See Example 1.4.7) 44
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Chapter 2

Remarks on abelian surfaces in

nonsingular toric Fano 4-folds

2.1 Introduction

There exist no embeddings from abelian surfaces into nonsingular projective toric 3-
folds over C (see, e.g., Kajiwara [13] and [14]). So, the next problem is to study which
nonsingular projective toric 4-folds admit embeddings from abelian surfaces. This problem
was considered by many people (see Horrocks-Mumford [11], Hulek [12], Kajiwara [13],
[14], Lange [19] and Sankaran [31]). In this chapter, we consider the following problem.

Problem 2.1.1 Which nonsingular toric Fano 4-fold admits a totally nondegenerate em-

bedding from an abelian surface (see Definition 2.2.1)?

There exist exactly 124 nonsingular toric Fano 4-folds up to isomorphism (see Batyrev
[6] and Sato [33]). We give a partial answer to Problem 2.1.1 (see Theorem 2.6.4).

The content of this chapter is as follows: In Section 2.2, we recall the definition of a to-
tally nondegenerate embedding. In Section 2.3, we describe criteria for the non-existence
of totally nondegenerate finite morphisms, and using these criteria, we show the non-
existence for some nonsingular projective toric 4-folds. In Section 2.4, we consider the
relationship between 2-blow-ups of toric 4-folds and totally nondegenerate finite mor-
phisms. As a result, we can derive the main result in Section 2.6. In Section 2.5, we show
the non-existence of totally nondegenerate finite morphisms for some nonsingular toric

Fano 4-folds. In Section 2.6, we obtain the main result.
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2.2 totally nondegenerate embedding

The following notation is used throughout this chapter. For fundamental properties
of the toric geometry, see Oda [26].

Let N :=Z* and M := Homgz(N, Z) the dual group. For a finite complete nonsingular
fan X in N and 0 < ¢ < 4, we put (i) := {o € ¥ | dimo = i}. Each 7 € 3(1) determines

a unique element e(7) € N which generates the semigroup 7 N N. We put
GE):={e(r) e N|Te€X(1)}.

Let X be the complete nonsingular toric 4-fold corresponding to the fan ¥. Let G(X) =
{z1,...,2,} and let {Dy,...,D,} be the corresponding Tx-invariant prime divisors on
X. In particular, the Picard number of X is n — 4.

In this chapter, we study the finite morphisms from abelian surfaces to nonsingular

complete toric 4-folds satisfying the following condition.

Definition 2.2.1 Let X be a 4-dimensional complete nonsingular toric variety and A
an abelian surface. A finite morphism ¢ : A — X is called a totally nondegenerate
finite morphism if D; N p(A) is non-empty on ¢(A) for any Ty-invariant prime divisor D;
(1 <i<n). If ¢ is an embedding, we call ¢ a totally nondegenerate embedding.

Notation 2.2.2 We use the following notation throughout this chapter.

(1) Let ¢ : A — X be a totally nondegenerate finite morphism. For a Ty-invariant

prime divisor D; on X, we put C; := ¢*D;. C; is an effective divisor on A.

(2) The types of nonsingular toric Fano 4-folds are in the sense of Batyrev [6] and Sato
[33]. We use characters B,C,D... instead of B,C, D .... See Table 1 in Section 2.7.

For a basis {x1,xs, 23,24} of N, by computing the divisors of the rational func-
tions e(z7), e(x}), e(x}), e(x}) € C(X), where {x}, x5, 25,25} C M is the dual basis

of {1, 9, 3,24}, we obtain four linear relations
div (e(x})) = 0, div (e(z3)) =0, div (e(z})) = 0 and div (e(x})) =0

51



among Ty-invariant prime divisors in Pic(X'). We often use this argument in the following

sections.

2.3 Criteria for non-existence

In this section, we present criteria for the non-existence of totally nondegenerate finite
morphism from abelian surface A to a projective nonsingular toric 4-fold. We reduce
Kajiwara’s method in [13] and [14] to a more convenient form. For fundamental properties

of primitive collections and primitive relations, see Batyrev [5], [6] and Sato [33].

Lemma 2.3.1 Let A be an abelian surface and D an effective divisor on A. Then we

have D? > 0.

Proof. ~ We may assume that D is an irreducible curve on A. For some point x € A,
we have D(D +z) > 0, where D + x is the translation of D by x. Since D and D + x are
algebraically equivalent, we have D? = D(D + z) > 0. q.e.d.

Lemma 2.3.2 Let X be a complete nonsingular toric 4-fold and p : A — X a totally
nondegenerate finite morphism. If (¢*D;)(¢*D;) = 0 and (¢*D;)(¢*Dy) = 0, where
1 <i,j,k <n, then we have (¢p*D;)(p*Dy) = 0.

Proof. Suppose that (¢*D;)(¢*Dy) > 0. Since (¢*D; + ¢*Dy)* = (¢*D;)? +
(0*Dy)? + 2(¢*D;)(¢*Dy) > 2(¢*D;)(¢*Dy) > 0 by Lemma 2.3.1, *D; + ¢*Dy, is an
ample divisor on A. On the other hand, (¢*D; + ¢*Dy) (¢*D;) = 0 by assumption. This
contradicts the fact that ¢*D; 4+ ¢* Dy, is ample. Therefore, (¢*D;)(¢* D)) = 0. q.e.d.

For a totally nondegenerate finite morphism ¢ : A — X, we define a graph I', as
follows: The vertex set of I',, is {1,...,n}, and {i,j} is an edge of I', if i # j and
(" Di)(¢"D;) = CiCj = 0.

Remark 2.3.3 Lemma 2.3.2 implies that every connected component of I, is complete,
that is, any pair of distinct vertices is connected by an edge. In particular, if I, is

connected, then I', is a complete graph.
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Lemma 2.3.4 Let X be a projective nonsingular toric 4-fold. If there exists a totally
nondegenerate finite morphism ¢ : A — X, then (¢*D;)(p*D;) > 0 for some 1 <i < j <

n.

Proof.  Since X is projective, there exists an ample effective divisor > ;_; ai Dy on
X. Since Y0, app* Dy is also ample on A, we have (X7, age*Di)” > 0. Therefore, we
have (¢*D;)(¢*D;) > 0 for some 1 <7 < j <n. If i = j, then there exists 1 <[ < n such
that [ # i and (¢*D;)(¢*D;) > 0 by Lemma 2.3.2. q.e.d.

Remark 2.3.5 Lemma 2.3.4 implies that I', is not complete. In particular, by Remark

2.3.3, 'y, is not connected.

Remark 2.3.6 For n > 5, the assertion in Remark 2.3.5 is also true if we replace the

vertex set of ', by S C {1,...,n} such that {D;}, ¢ C Pic(X) generates Pic(X).

By using this incompleteness of I',, we can show the non-existence of totally nonde-
generate finite morphisms for some projective nonsingular toric 4-folds. For example, the

following holds.

Example 2.3.7 Let X be the nonsingular projective toric 4-fold corresponding to the

fan > with primitive relations
r1+a7=0, o+ a3+ 134 =021, T4+ 5+ 26 = (@ + 1)27,

T5 + T + Ty = To + 13 and w1 + Ty + T3 = T5 + T,
where G(X) = {z1,...,27} and a is a positive integer. D;D; = 0 on X because {z1, 27}
is a primitive collection of ¥, and by a basis {z1, x5, x4, x5} of N, we have

(].) D1+CLD3+(CL+1)D6—D7:07 (2) DQ—D3:0,

(3) —D3+D4—D6:0and (4) D5—D6:0
in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism
¢ : A — X. By intersecting D; with both sides of (1) and restricting the result to A,
we have C? + aC,Cs + (a + 1)C1Cs — C1C7 = 0. So, we have C,C5 = C1Cs = 0 and
C1Cy, = C1Cy = C1C5 = 0 by (2), (3) and (4). Hence I, is connected, a contradiction to

Remark 2.3.5. Therefore, X admits no totally nondegenerate finite morphism.
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Remark 2.3.8 In Example 2.3.7, if a = 1, then X is the nonsingular toric Fano 4-fold
of type Gi. So there exists no totally nondegenerate finite morphism to the nonsingular

toric Fano 4-fold of type G;.

Proposition 2.3.9 If a nonsingular projective toric 4-fold X has an equivariant projec-
tive birational divisorial contraction to a possibly singular point, then there exist no totally

nondegenerate finite morphism to X.

Proof.  Suppose that there exists a totally nondegenerate finite morphsim ¢ : A —
X. By the Mori theory for projective toric varieties (see Reid [30]), we may assume,
without loss of generality, that we have a primitive relation x1 + x5 + x5+ x4 = axs, where
a is a positive integer. Obviously, DsD; = 0 for 6 < i < n. By a basis {1, xs, z3, 25}
of N, we have aDy + D5 + bgDg + -+ + b,D,, = 0 in Pic(X). So aCyC5 + C2 = 0 on
A. Therefore, C,C5 = 0, and similarly C;Cs = 0 for 1 < i < 4. This means that I', is

connected, a contradiction to Remark 2.3.5. q.e.d.

Remark 2.3.10 By Proposition 2.3.9, there exist no totally nondegenerate finite mor-
phism to the nonsingular toric Fano 4-folds of types By, Bs, B3 and &;.

We now consider the case where X is decomposed into the product of P! and a
projective nonsingular toric 3-fold. Let X = P! x X’ be a projective nonsingular toric 4-
fold, where X' is a projective nonsingular toric 3-fold. Suppose that x; and x5 correspond
to the class of fibers of the first projection X — P! where G(X) = {z1, 22, ..., 2,}. Then
the following holds.

Proposition 2.3.11 Suppose that there exists a totally nondegenerate finite morphism
¢ : A— X. We define a subgraph I" of T'y, as follows: The vertex set of I is {3,...,n},
and {i,j} (3 < i < j < n)is an edge of I if {i,7j} is an edge of I',. Then I" is not

complete.

Proof.  Since each fiber of the second projection py : X — X’ is P!, each fiber of p,
is not contained in the abelian surface A. So ps oy is a finite morphism. Therefore, for an
ample divisor £ = Y7 s a,E; on the projective variety X', where Es, ..., E, are the toric
divisors corresponding to zs, ..., x,, respectively, (p2op)*(E) = Y1 5 a;(pao@)* D; is also
an ample divisor on A. So, there exist 3 <1i < j < n such that ((paop)*D;)((p2o@)*D;) #
0. Since {7, j} is not an edge of I, the graph I" is not complete. q.e.d.
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Example 2.3.12 Let X be the nonsingular projective toric 4-fold corresponding to the

fan ¥ with primitive relations
1+ =0, x0+ 23 =0, x4+ x5 = axz and xg + xr7 = ars,

where G(X) = {z1,..., 28} and a is a positive integer. D1Dg = DyD3 = DyDs = DgD7 =

0 on X, and by a basis {z1, xs, x4, 26} of N, we have
(1) Dl—D8:O7 (2) DQ—Dg—CLD5—CLD7:07 (3) D4—D5:0and (4) DG—D7:0

in Pic(X), respectively. X is isomorphic to P! x X’ where X' is a toric 3-fold, and D,
and Dy are fibers of the first projection X — P1. Suppose that there exists a totally
nondegenerate finite morphism ¢ : A — X. By (2), we have C? + aC5C5 + aC3C; =
CyC3 = 0, and hence C3C5 = C3C7 = 0. Consequently, C5Cy = C35Cs = 0 by (3) and (4).
Thus, the graph I as in Proposition 2.3.11 is connected, a contradiction to Proposition

2.3.11. Therefore, X admits no totally nondegenerate finite morphism.

Remark 2.3.13 In Example 2.3.12, if a = 1, then X is the nonsingular toric Fano 4-fold
of type L5. So there exist no totally nondegenerate finite morphism to the nonsingular

toric Fano 4-fold of type Ls.

For the main theorem of this chapter, we show some results for the non-existence of

totally nondegenerate finite morphisms using Remark 2.3.5 and Proposition 2.3.11.

Proposition 2.3.14 Let X be an F,-bundle over P2, where F, is the Hirzebruch surface
of degree a (a > 0), and G(X) = {x1,...x7}. We introduce a coordinate in N so that the

coordinates of x1,xo,x3, Ty, T5, g and Ty are

1 0 -1 0 0 0 0
0 1 -1 0 0 0 0
) ) ; , , and ,
0 0 s 1 -1 0 0
0 0 t 0 a 1 -1

respectively, where s and t are integers. In this situation, the following hold:
(1) If s=t=0, then X is isomorphic to P? x F,.

(2) In the case s # 0 ort # 0, if one of the following conditions is satisfied, then X

admits no totally nondegenerate finite morphism.
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(a) a=0.
(b) a >0 andt > 0.

(¢c) a>0,5s>0,t<0andas+t>0.

Proof.  Suppose that there exists a totally nondegenerate finite morphism ¢ : A —

X. (i) is obvious. So, let s # 0 or t # 0. By a basis {x1, 22, 24,26} of N, we have
(1) Dl—Dg = O7 (2) DQ—Dg = 0, (3) 8D3+D4—D5 = O and (4) tD3+CLD5+D6—D7 = 0

in Pic(X), respectively. Moreover, we have DyDs = DgD7 = 0 on X, and C} = C? =
C?2=C2=0on A.

(a) Let a = 0. In this case, X is isomorphic to P* x X', where X’ is a toric 3-fold.

If s =0 and t # 0, then Dy and Djy are in the class of fibers of the first projection
X — P!. Since tD3 + Dg — D7 = 0 by (4), we have tC5Cs = —C% + CsC7 = 0. Therefore,
C3Cs = 0, and hence C1Cs = C2Cs = 0 by (1) and (2). This contradicts Proposition
2.3.11.

If s # 0 and t = 0, then Dg and D7 are in the class of fibers of the first projection
X — P! Since sC3Cy = —C3F + C,C5 = 0 by (3), we have C3C; = 0. On the other hand,
C1Cy = C2Cy =0 by (1) and (2). This contradicts Proposition 2.3.11.

(b) Let @ > 0 and ¢ > 0. Since

(5) thC(; + CLC5C6 = —Cg + CﬁC? =0

by (4), we have C5Cg = 0.

If ¢ > 0, then C5Cs = 0 by (5). Moreover C1Cs = C2Cs = 0 by (1) and (2). So I'y, is
connected, a contradiction to Remark 2.3.5.

Let t = 0. Then s # 0 by assumption. So, we have C3Cy = 0 as above, and hence
C1Cy = C5Cy =0 by (1) and (2). So, I, is connected, a contradiction to Remark 2.3.5.

(c) Let a >0,s>0,t<0and as+t > 0. Then we have C3Cy = C1Cy = C2,Cy =0
as above. On the other hand, by (3) and (4), we have

(6) — tD4 —|— (CLS —f- t)D5 —f- SD6 — SD7 = 0

in Pic(X). So, —tC4Cs+ (as+1)C5Cs = —sCg + sCsC7 = 0, and hence we have C4Cg = 0
by the assumptions ¢ < 0 and as +t > 0. Therefore, I';, is connected, a contradiction to

Remark 2.3.5. q.e.d.
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Remark 2.3.15 By Proposition 2.3.14, there exist no totally nondegenerate finite mor-
phism to the nonsingular toric Fano 4-folds of types Dy, Ds, D3, D5, D¢, Ds, Dy, D15 and

Dig. The corresponding a, s and t are as follows:

Dl DZ DB DE) D6 DS DQ D12 D16
afl 1)1 1[0 |1 [1]0|O0]1
s 0/ 212|011 1]1
tff2 0 10| 1]0|1]0]|-1

2.4 2-blow-up

The following is useful for deriving the main result in Section 2.6.

Proposition 2.4.1 Let X and X be nonsingular projective toric 4-folds and ) : XX
a 2-blow-up, where a “2-blow-up” means an equivariant blow-up along a Ty-invariant
subvariety of codimension 2. If X admits no totally nondegenerate finite morphism, then

X admits no totally nondegenerate finite morphism either.

Proof.  If there exists a totally nondegenerate finite morphism ¢ : A — X, then
Yoyp: A— X is also a totally nondegenerate finite morphism (see Mumford [24], p. 88).

This is a contradiction. q.e.d.
In particular, we have the following.

Corollary 2.4.2 Let X| «— Xy «— -+ «— X,,_1 «— X, be a sequence of 2-blow-ups among
nonsingular projective toric 4-folds. If Xy admits no totally nondegenerate finite mor-

phism, then X,, admits no totally nondegenerate finite morphism either.
We close this section by proposing the following conjecture.

Conjecture 2.4.3 Let X and X be nonsingular projective toric 4-folds and 1 : X - X
a 2-blow-up. If X admits no totally nondegenerate embedding, then X admits no totally

nondegenerate embedding either.
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2.5 Certain examples

In this section, to describe the main result in Section 2.6, we show the non-existence

of totally nondegenerate embeddings for certain nonsingular toric Fano 4-folds.

(a) “type Z’s” Let X be the nonsingular projective toric 4-fold corresponding to the
fan ¥ defined as follows: Let G(X) = {z1,...,28} C N such that the coordinates of

T1,...,Tg are
1 | 0 0 0 0 0 0
0 b 1 0 1 0 1 0
ol’ o[ ol 2l =t "ol o] fo]
0 c 0 0 a+1 1 -1 1

respectively, and that the primitive collections of ¥ are {z3, x4, x5}, {x4, z5, 27}, {27, 28},
{3, 26}, {6, xs} and {x1, 25}. For certain values of a, b and ¢, X becomes the nonsingular

toric Fano 4-fold of type Z. The corresponding a, b and c¢ are as follows:

Ly | Lo | La2 | Tis
al 1]0] 0 1
bl 11| 01| 0
cl|-1,0 -1 -1

D;Dg = D3Dg = DgDg = D1Dy = 0 on X, and by a basis {z1, x3, x4, 23} of N, we have
(1) Dy — Dy = 0, (2) bDs + Dy — Ds + Dy = 0,
(3) Dy — Ds =0 and (4) ¢Dy + (a+1)D5 — Dg — D7 + Dg =0
in Pic(X), respectively. Moreover, we have
(5) (b+¢)Ds + D3+ aDs — Dg + Dg =0

by (2) and (4). Suppose that there exists a totally nondegenerate finite morphism ¢ :
A— X.

If b =0 and ¢ = —1, then C5Cs = C3Cs + CsC7 = 0 by (2). On the other hand,
by (4), we have C5C5 = C5Cs + (a + 1)C% — C5Cs — C5C7 = 0. Hence T, is connected,

a contradiction to Remark 2.3.5. Therefore, X admits no totally nondegenerate finite

58



morphism. In particular, the nonsingular toric Fano 4-folds of types Z;5 and Z;5; admit
no totally nondegenerate finite morphism.

In the case b = 1, if a = 1 and b+ ¢ = 0, then C3C5 = —C% + C3Cs — C3Cs = 0
by (5), and CyCs = —C2 + C3C5 —C35C7 = 0 by (2). On the other hand, if a = 0 and
b+ c =1, then C2C5 = 0 by (5), and C5Cs = 0 by (2). In any case, I', is connected,
a contradiction to Remark 2.3.5. Therefore, X admits no totally nondegenerate finite
morphism. In particular, the nonsingular toric Fano 4-folds of types Z, and Zg admit no

totally nondegenerate finite morphism.

(b) “type Jo” Let X be the nonsingular projective toric 4-fold corresponding to the

fan ¥ with primitive relations
I3—|—l’6 = X7, 1’1+$2+$8 :ZE4+ZE5, ZE4+I5+JI6 :$1+$2, l‘7+$8 = T3, $6+ZE8 = 0,

T3+ x4 +ax5=2a8, T4+r5+27=0, x1+ 29+ 23 =0 and x1 + x9 + 7 = 7§,

where G(X) = {x1,...,zs}. X is the nonsingular toric Fano 4-fold of type Jo. D3Dg =
D;Dg = DgDg = 0 on X, and by a basis {z1, xq, 24,25} of N, we have

(1) Dl—D3+D6—D8:0, (2) DQ—D3+D6—D8:O,

(3) D4—D6—D7+Dg:()and (4) D5—D6—D7+D8:O

in Pic(X), respectively. So, we have D; = Dy and Dy = Ds. Suppose that there exists
a totally nondegenerate finite morphism ¢ : A — X. By (1), we have C,C5 = C% —
C3Cs 4+ C3Cs = 0. On the other hand, by (3), we have C5Cy = C3Cs + C3C7 — C3Cs = 0.
Hence I'y, is connected, a contradiction to Remark 2.3.5. Therefore, X admits no totally

nondegenerate finite morphism.

(c) “type L’s” Let X be the nonsingular projective toric 4-fold corresponding to the
fan 3 defined as follows: Let G(X) = {z1,...,28} C N such that the coordinates of

r1,...,Tg are
0 1 1 0 a 0 0
1 1 0 0 b 0 d -1
ol’ o ol 1l =1"fol"of | o]
0 0 0 0 0 1 1 0
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respectively, and that the primitive collections of ¥ are {z1,zs}, {xe, 3}, {z4, 25} and
{z¢, x7}. For certain values of a, b, ¢ and d, X becomes the nonsingular toric Fano 4-fold

of type L. The corresponding a, b, ¢ and d are as follows:

Ly | Ly | Lo
a|l 0|1 1

110 0
cl|l 0] 1/|-1
di 110 1

DyDg = DyD3 = DyDs = DgD7 = 0 on X, and by a basis {z1, x5, 24,26} of N, we have
(1) D1+D2+bD5+dD7—D8:0, (2) —D2+D3+GD5+CD7:0,

(3) D4—D5:0and(4) D6—D7:0

in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism
¢ : A— X. By (1) and (2), we have C,Cy + bC,C5 + dC,C7; = —C? + C1Cs = 0 and
aC3C5 + cC3C7 = —C% + C,C3 = 0, respectively, and hence we have C;Cy = 0.

If either @ > 0 and ¢ > 0 or b > 0 and d > 0, then either C35Cs = C3C5 = 0 or
C1C5 = C1C7 = 0, respectively. In any case, I'y, is connected, a contradiction to Remark
2.3.5. Therefore, X admits no totally nondegenerate finite morphism. In particular, the
nonsingular toric Fano 4-folds of types £; and L5 admit no totally nondegenerate finite
morphism.

Let X be of type L19. Since b > 0 and d > 1, we have C;C; = 0. Moreover, by (2),
we have C1Cs = —C1C5 4+ Cy,C5 + C1C7 = 0. Hence I'y, is connected, a contradiction to
Remark 2.3.5. Therefore, the nonsingular toric Fano 4-fold of type £19 admits no totally

nondegenerate finite morphism.

(d) “type L1327 This case is special. Let X be the nonsingular projective toric 4-fold

corresponding to the fan ¥ with primitive relations
1 +x3 =0, Tog+ 23 =121, T4+ x5 =25 and xg + T7 = Ty,

where G(X) = {z1,...,2s}. X is the nonsingular toric Fano 4-fold of type Li5. D1Dg =
DyD3 = DyDs = DgD7 = 0 on X, and by a basis {x1, z2, 24, 26} of N, we have

(1) Dy + D3 — D5 — Ds =0, (2) Dy — D3 =0,
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(3) D4—D5+D7:Oand (4) DG—D7IO

in Pic(X), respectively. So we have D3 = D3 = D2 = D2 = 0,
(5) D3 = D3Dg — D5Dg and (6) D2 = D5D;

on X. Suppose that there exists a totally nondegenerate embedding ¢ : A < X. Then by
(3), we have DyD7 A = —(D4A)*+ DyDs A = 0. Moreover, since D; A is an effective divisor
on A and D3DgA — DsDgA = 0 by (5), we have (D1 A)?> = (—D3A + DsA + DgA)? =
—2D3DsA — 2D3DgA + 2DsDgA = —2D3DsA > 0. Therefore, we have D3 DsA = 0.
On the other hand, {DsDs, DsD;, D3Dg, D5 D7, DsDg, D;Dg} generates A%(X) by the
equalities (5) and (6). So, we can express the class of A in A%(X) as

A =a1D3Ds5 + ay D3 D7 + a3 D3 Dg + asDs D7 + a5 DsDg + agD7Dg € AZ(X)

Since D3D§D7 = D3(D4 + D7)D5D7 = 0, DngDg = Dg(D4 + D7)D5D8 = 1 and
D2D;Dg = (D4 + D7)DsD7Dg = 0, we have the following:

D3D5A = CL4D3D§D7 + CL5D3D52)D8 + CL6D3D5D7D8 =as + ag = 0,
(7) D3D7A = CL5D3D5D7D8 = a5 = 0 and
D5D7A = a1D3D§D7 + (13D3D5D7D8 + CL5D§D7D8 = a3 = 0.

By these equalities, we have a3 = a5 = ag = 0. So, A?> = a1 D3DsA + aysDsD7A +
ayDsD7A = 0. Therefore, by the following, we have c3(X)A = 0.

Lemma 2.5.1 (Van de Ven [34], Proposition 3) Let A — X be an embedding from
an abelian surface A to a 4-dimensional nonsingular projective toric variety X. Then, we
have co(X)A = A? in the group A*(X) of codimension four cycles on X modulo rational

equivalence.

Since

CQ(X) = Z DZ‘DJ'7

1<i<j<n
', is connected. This contradicts Remark 2.3.5. So, X admits no totally nondegenerate

embedding.

(e) “type M’s” Let X be the nonsingular projective toric 4-fold corresponding to
the fan ¥ defined as follows: Let G(X) = {x1,...,27} C N such that the coordinates of
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X1,...,T7 are

1 0 -1 0 a 0 ac+b -1
0 1 —1 0 0 0 0 0
of o | 1t | (2] (=2 ol | = || O]
0 0 1 0 0 1 ~1 0

respectively, and that the primitive collections of ¥ are {x, x5}, {1, 22, 23}, {24, T6, s},
{4, x5}, {ws, 27}, {2, 3, x5} and {x9, x3,x7}. For certain values of a, b and ¢, X becomes

the nonsingular toric Fano 4-fold of type M. The corresponding a, b and ¢ are as follows:

My | My | M3 | My
a 0 1 1 1
bl O 1 0 0
c| O 0 1 0

D1D8 = D4D5 = D6D7 =0 on X, and by a basis {.Tl,ZEQ, Ty, SL’G} of N, we have
(1) D1 —D3+CLD5+(CLC+I))D7—D8 :0, (2) DQ —D3 :O,

(3) D3+D4—D5—0D7:Oand (4) D3+D6—D7:O

in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism

¢: A— X. By (4), we have C3Cs = —CZ + CsC7 = 0. By (1), (3) and (4), we have
(5) D1+(a—1)D3+aD4—|—bD7—D8 =0 and (6) D1+GD5+D6+(GC+b—1)D7—D8 = 0.

Let a>0,b >0 and ¢ > 0.

If a = 1 and ¢ = 0, then, by (3), we have C3C; = —C% + C4Cs; = 0. On the
other hand, by (5), we have C,Cy + bC,C; = —C? + C1Cs = 0, and hence C,C,; = 0.
Hence I';, is connected, a contradiction to Remark 2.3.5. Therefore, X admits no totally
nondegenerate finite morphism. In particular, the nonsingular toric Fano 4-folds of types
My and M, admit no totally nondegenerate finite morphism.

If a =b=c¢ =0, then C5C; = 0 as above. On the other hand, by (5), we have
C1C5 = Cf — C1Cs = 0, and hence C1C3 = 0. Hence I, is connected, a contradiction
to Remark 2.3.5. Therefore, X admits no totally nondegenerate finite morphism. In
particular, the nonsingular toric Fano 4-fold of type M; admits no totally nondegenerate

finite morphism.
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If a = ¢ =1, then C;C; = 0 as above. On the other hand, by (6), we have
C,C5 + C,Cg + bC,C7 = —C? + C1Cs = 0, and hence C;Cs = 0. Hence I', is con-
nected, a contradiction to Remark 2.3.5. Therefore, X admits no totally nondegenerate
finite morphism. In particular, the nonsingular toric Fano 4-fold of type M3 admits no

totally nondegenerate finite morphism.

(f) “type Mj5” Let X be the nonsingular projective toric 4-fold corresponding to the

fan X with primitive relations
T+ xg = Ts, Ty + Ts = T, $6+JI7:JI1, 1+ Ty + T3 = Tg, To + T3+ Ty = Tg + Tg
To+ax3+x,=0and x4 +x6 + 23 =0,
where G(X2) = {x1,...,23}. X is the nonsingular toric Fano 4-fold of type M5. D;Dg =
DyDs = DgD7; = 0 on X, and by a basis {x1, za, x4, 26} of N, we have
(1) Dy — D3+ D5 + D7 =0, (2) Dy — D3 =0,
(3) D4—D5—D8:Oand (4) Dg—D5+D6—D7—Dg:0

in Pic(X), respectively. Suppose that there exists a totally nondegenerate finite morphism
¢+ A — X. By (1), (3) and (4), we have C5Cy = —CyC5 + C2 = 0 and CsCy =
—C,Cs + C2 = 0. On the other hand, by Lemma 2.3.2, we have C,C5 = C;C7 = 0. So,

by (1), we have C1C3 = C? + C1C5 + C1C7 = 0. Hence T, is connected, a contradiction

to Remark 2.3.5. Therefore, X admits no totally nondegenerate finite morphism.

Remark 2.5.2 Kajiwara [13], [14] showed that the pseudo del Pezzo 4-fold V* admits

no totally nondegenerate finite morphism similarly as above.

2.6 The main results

By Examples 2.3.7 and 2.3.12, Propositions 2.3.9 and 2.3.14, the results (a), (b), (c),
(d), (e) and (f) in Section 2.5, and Remark 2.5.2; the nonsingular toric Fano 4-folds of
types By, Ba, Bz, D1, Do, D3, Ds, Ds, Ds, Do, D12, D16, G1, s, s, T2, 15, T2, L1, Lo,
Ls, L1g, L9, M1, Mo, M3, My, M5 and V* admit no totally nondegenerate embedding.
Moreover, by Corollary 2.4.2, any nonsingular projective toric 4-fold admits no totally
nondegenerate embedding, if it is obtained by finite successions of 2-blow-ups from one

of them.
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Remark 2.6.1 Kajiwara [14] and Sankaran [31] showed that the nonsingular toric Fano
4-folds of types Bs, Dig, G2 and Gg admit no totally nondegenerate embedding using
more complicated methods (see Kajiwara [14] for types Dig, G, and Gg, Sankaran [31] for
type Bs). Since their method differs from ours, we cannot determine whether nonsingular
projective toric 4-folds obtained by finite successions of 2-blow-ups from one of these types

admit a totally nondegenerate embedding or not.
To describe the main result, we need the following proposition.

Proposition 2.6.2 If X is a nonsingular toric Fano 4-fold such that X = X; x Xs,
where Xy and Xy are nonsingular toric del Pezzo surfaces, then there exists a totally

nondegenerate embedding.

Proof. A smooth element E; in | — Kx,| (resp. Es in | — K,|) is an elliptic curve.
By an easy calculation of intersection numbers, E; X FEy — X is obviously a totally

nondegenerate embedding. q.e.d.

Remark 2.6.3 In Proposition 2.6.2, if there exists an abelian surface embedding A — X,
then A is isomorphic to the direct product of two elliptic curves as stated in the proof of

Proposition 2.6.2, by the results of Kajiwara [13] and [14].
By these results and Table 1 in Sato [33], we get the following:

Theorem 2.6.4 Let X be a nonsingular toric Fano 4-fold. Then, one of the following
holds.

(1) X admits no totally nondegenerate embedding.

(2) X 2 P* or X 2 P! x P3. There erists a totally nondegenerate embedding in this
case (see Horrocks-Mumford [11] and Lange [19]).

(3) X =2 X x Xo, where Xy and Xo are nonsingular toric del Pezzo surfaces. There

exists a totally nondegenerate embedding in this case (see Proposition 2.6.2).

(4) X is Of one Of the types Cl; CQ; CS; D7; DlO; D117 D14; Dl?; D18; g3) g47 g57 ‘6117
Liz, Ty, Que, Us, V*, 21, Zy and V.
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Remark 2.6.5 For the nonsingular toric Fano 4-fold X of type C;, Sankaran [31] showed
that there exists a totally nondegenerate embedding A <— X. However, his paper seems
to contain gaps unfortunately. So, we do not yet know whether X admits a totally

nondegenerate embedding or not.

2.7 Table of nonsingular toric Fano 4-folds

In this section, we give the table of nonsingular toric Fano 4-folds classified in Batyrev
[6] and Sato [33] with 2-blow-up relations among them. We describe the results about
totally nondegenerate embeddings obtained in the previous sections. In the third column,
we show whether the nonsingular toric Fano 4-fold admits a totally nondegenerate embed-
ding or not. The symbol “d” means that there exists a totally nondegenerate embedding,
while the symbol “x” means that there does not exist a totally nondegenerate embed-
ding. We omit a reference in the case where the noningular toric Fano 4-fold is obtained
by finite successions of 2-blow-ups from one of the nonsingular toric Fano 4-folds of types
By, By, Bs, D1, Dy, D3, D5, Dg, Dy, Dy, D12, D16, G1, Ls, Ls, L12, 15, Jo, L1, L2, L5, Lo,
L9, My, My, M3, My, M5 and Vi (see Corollary 2.4.2).

Table 1: nonsingular toric Fano 4-folds

2-blow-up of embedding notation
(1) | none 3 (See Horrocks-Mumford [11]) P!
(2) | none X (See Proposition 2.3.9) B
(3) || none X (See Proposition 2.3.9) B
(4) || none X (See Proposition 2.3.9) Bs
(5) | none 3 (See Lange [19]) B,
6) | P4 X (See Sankaran [31]) Bs
(7) | none unknown C1
(8) | none unknown Cy
(9) | none unknown Cs
(10) | none 3 (See Proposition 2.6.2) Cy
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By, B X &
Bs, B3 X &
Bs, By X Es
none X (See Proposition 2.3.14) Dy
Cy X (See Proposition 2.3.14) D,
none X (See Proposition 2.3.14) Dy
B> X Dy,
none X (See Proposition 2.3.14) D5
Cs X (See Proposition 2.3.14) Dg
none unknown D~
Co X (See Proposition 2.3.14) Dy
none X (See Proposition 2.3.14) Dy
Bs unknown Dio
Bs, Co unknown Dy
none X (See Proposition 2.3.14) Dis
none 3 (See Proposition 2.6.2) Dis
B, unknown D1y
Cy 3 (See Proposition 2.6.2) Dis
Cs X (See Proposition 2.3.14) Dis
Bs unknown D7
Cy unknown Dig
Co X (See Kajiwara [14]) D1y
none X (See Example 2.3.7) g
Co X (See Kajiwara [14]) Go
none unknown Gs
Cy unknown G
Cs unknown Gs
Cy X (See Kajiwara [14]) Gs
D, X Hy
Dy X Ho
D, Dy X Hs
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Dg, Dy X Ha
Dg, D12, Die X Hs
D3, Dy X Hg
Dy, Ds, Dig X H
Di3, Dis 3 (See Proposition 2.6.2) Hs
Dg, Dia, Dig X Hy
Dy, Dig X Hio
none X (See (¢) in Section 2.5) L4
D, X (See (¢) in Section 2.5) Lo
D X Ls
Dy, Dyo, Diy X Ly
none X (See Example 2.3.12) L
D12, Dy X Le
Dis 3 (See Proposition 2.6.2) Ly
none 3 (See Proposition 2.6.2) Ly
Dis 3 (See Proposition 2.6.2) Ly
D1y, Di7 X (See (c) in Section 2.5) L1
D1 unknown L1
D11, D7, Dy X (See (d) in Section 2.5) L2
D- unknown L3
Dy X A
Dy, Dy x 7
D3, Dy X Is
Do X (See (a) in Section 2.5) 7,
&, Dy, Dy X Is
Do X (See (a) in Section 2.5) Ts
Ds, Diy x T
Dg, D1, G X 13
D14 unknown Iy
Dg, D15, s X Tho
Dy, Dsa X I

67




D15, Dio, Gs X (See (a) in Section 2.5) Tio
D12, Dy X UAT
&3, Dig, Dy X Ty
Dis, Dig, Go X (See (a) in Section 2.5) Tis
none X (See (e) in Section 2.5) M,
none X (See (e) in Section 2.5) M,
Gs, Gs X (See (e) in Section 2.5) Ms
Gs X (See (e) in Section 2.5) M,y
G4, G X (See (f) in Section 2.5) M;
G1, G3 X T
Gs X (See (b) in Section 2.5) To
Loy X Q1
Ha, L4 X Qs
Ly, Ls X Qs
L3 X Qy
Hs, L3, Lg X Qs
Le X s
L X Q7
Ls, Loy X s
Ls, L7, Tyio X Qo
Hs, L7, Ly 3 (See Proposition 2.6.2) Qo
Ls, Lo 3 (See Proposition 2.6.2) O
Lo, L12, Ls X Q12
Loy, Ls, L3 X Qi3
Ho, Ly, Ls; L12, 14 X Qus
Le, Loy, L11, T13 X Q15
L1, L3, Ly unknown Q16
Lo, L1, T1s X Q17
Hi, Hs, Hr X K1
Ha, He, Hio X Ky
Hy, Hs, Hy X s
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Hs 3 (See Proposition 2.6.2) Ky
Ms X R4
My, My X R
My, My X Rs
T11, T3 X P
Q1, 93, Qi3 X U
Qy, Qs, Qus, K3 X Uy
Q4, Qo X Us
Q10, Ky X U,
Q11 3 (See Proposition 2.6.2) Us
Qs, Qs, Qis X Us
Q7, Qia, Qir X Uy
Q6 unknown Us
none X (See Kajiwara [13] and [14]) V4
none unknown %6
Qi0, 911 3 (See Proposition 2.6.2) Sy X S
Uy, Us, Sy x Sy 3 (See Proposition 2.6.2) Sy X S
So X Ss 3 (See Proposition 2.6.2) Sg X Sy
Gs unknown Z
G4 unknown Z,
Z unknown w
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Chapter 3

The classification of smooth toric

weakened Fano 3-folds

3.1 Introduction

A Fano (resp. weak Fano) variety X is a smooth projective variety whose anti-
canonical divisor —Kx is ample (resp. nef and big). Minagawa [20] introduce the concept
of a weakened Fano variety in connection with “Reid’s Fantasy” for weak Fano 3-folds. A
weak Fano variety X is called a weakened Fano variety if it is not Fano but is deformed
to Fano under a small deformation (see Definition 3.4.1). In this chapter, we consider the
classification problem of weakened Fano 3-folds for the case of toric varieties. As a result,
we can determine the structures of toric weakened Fano 3-folds using a result of Minagawa
[20], [21]. There exist exactly 15 toric weakened Fano 3-folds up to isomorphisms (see
Theorem 3.4.17). There are three cases: (1) P! x X', where X’ is a toric weak del Pezzo
surface but not a del Pezzo surface, (2) toric del Pezzo surface bundles over P! and (3)
toric weakened del Pezzo surface bundles over P!.

The content of this chapter is as follows: Section 3.2 is a section for preparation. We
review the basic concepts such as the toric Mori theory, primitive collections and primitive
relations. In Section 3.3, we give the classification of toric weak del Pezzo surfaces. This
is necessary for the classification of smooth toric weakened Fano 3-folds. In Section 3.4,
we give the classification of smooth toric weakened Fano 3-folds.

The author wishes to thank Professor Tatsuhiro Minagawa for advice and encourage-

70



ment. The problem of the classification of toric weakened Fano 3-folds was posed by

Professor Shihoko Ishii. The author also thanks her for advice.

3.2 Primitive collections and primitive relations

In this section, we review the concepts of smooth complete toric varieties using the
notion of primitive collections and primitive relations. See Batyrev [5], [6] and Sato [33]
more precisely. For fundamental properties of the toric geometry, see Fulton [9] and Oda

[26]. We work over the complex field C throughout this chapter.

Definition 3.2.1 Let X be a smooth complete toric d-fold, ¥ the corresponding fan in
N :=Z* and G(X) C N the set of primitive generators of 1-dimensional cones in X. A
subset P C G(X) is called a primitive collection of ¥ if P does not generate a cone in
Y, while any proper subset of P generates a cone in ¥.. We denote by PC(X) the set of

primitive collections of X.

Let P ={zy,...,z,} be a primitive collection of ¥.. Then, there exists a unique cone
o(P) in ¥ such that x; + -+ - + x,, is contained in the relative interior of o(P), because

X is complete. So, we get an equality
Tyt o+ T = @Y1+ o+ ApYn,

where yi,...,y, are the generators of o(P), that is, o(P) N G(X) = {v1,...,yn} and
ai,...,a, are positive integers. We call this equality the primitive relation of P. Thus,
we get an element r(P) in A;(X) for any primitive collection P € PC(X), where A;(X)
is the group of 1-cycles on X modulo rational equivalences. We define the degree of P as

deg P := (—Kx -r(P)) =m — (a1 + - - - + a,,). The following is important.

Proposition 3.2.2 (Batyrev [5], Reid [30]) Let X be a smooth projective toric vari-
ety and X the corresponding fan. Then

NE(X)= >  Rsor(P),
PePC(%)

where NE(X) is the Mori cone of X.

A primitive collection P is called an eztremal primitive collection when r(P) is con-

tained in an extremal ray of NE(X).
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3.3 Toric weak Fano varieties

In this section, we review the concepts of toric Fano varieties and toric weak Fano

varieties. In particular, we give the classification of toric weak del Pezzo surfaces.

Definition 3.3.1 Let X be a smooth projective algebraic variety. Then, X is called a
Fano variety (resp. weak Fano variety), if its anti-canonical divisor —Kx is ample (resp.

nef and big).
In the toric case, Fano varieties and weak Fano varieties are characterized as follows.

Proposition 3.3.2 (Batyrev [6], Sato [33]) Let X be a smooth projective toric variety
and X the corresponding fan. Then, X is Fano (resp. weak Fano) if and only if deg P > 0
(resp. deg P > 0) for any primitive collection P € PC(X).

By Propositions 3.2.2 and 3.3.2, the following holds. This is very useful in Section 3.4.

Corollary 3.3.3 Let X be a toric weak Fano variety and ¥ the corresponding fan. Then,
for any primitive collection P = {x1, x5} € PC(X), the corresponding primitive relation

1s one of the following.
(1) 21+ 22 =0.
(2) z1+ 23 =ay (y € G(X), and either a =1 or 2).
(3) x1+ 12 =y1 + 12 (11, 12 € G(X)).

There exists a one-to-one correspondence between smooth toric weak del Pezzo sur-
faces, that is, 2-dimensional smooth toric weak Fano varieties and Gorenstein toric del
Pezzo surfaces (see Section 6 in Sato [33]). Since Gorenstein toric del Pezzo surfaces
are classified (see Koelman [16]), we can completely classify smooth toric weak del Pezzo
surfaces. We give all the smooth toric weak del Pezzo surfaces by giving the elements of

G(X) (see Table 1). This classification is necessary in the following section.
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Table 1: Smooth toric weak del Pezzo su
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In Table 1, we denote by F, the Hirzebruch surface

of degree n.
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3.4 Classification

Minagawa defined the following concept in connection with “Reid’s fantasy” for weak

Fano 3-folds.

Definition 3.4.1 (Minagawa [20]) Let X be a weak Fano variety. Then, X is called a

weakened Fano variety if
(1) X is not a Fano variety and

(2) there exists a small deformation ¢ : X — A, := {t € C||t| < e << 1} such that
Xy = ¢ 1(0) & X, while X, := ¢~ !(¢) is a Fano variety for any t € A, \ {0}.

Remark 3.4.2 Let X be a weak del Pezzo surface. If X is not a del Pezzo surface, then

X is a weakened del Pezzo surface.

Remark 3.4.3 Weakened Fano 3-folds of Picard number two are studied in Minagawa

120].

The main purpose of this chapter is to classify toric weakened Fano 3-folds.
Minagawa characterized weakened Fano 3-folds using the notion of primitive contrac-

tions.

Theorem 3.4.4 (Minagawa [20], [21]) Let X be a weak Fano 3-fold and not a Fano 3-
fold. Then, X is a weakened Fano 3-fold if and only if every primitive crepant contraction
f: X — X is a divisorial contraction which contracts a divisor E C X to a curve C C X

such that
(1) flg: E — C is a P-bundle structure,
(2) C > P! and
(3) (~Kx-0)=2.
Such contractions are called (0,2)-type contractions.

We study contractions of (0,2)-type for the case of toric varieties. Let X be a toric

weakened Fano 3-fold and ¥ the corresponding fan in N = Z3. By the assumptions f is
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crepant and f contracts a divisor to a curve, without loss of generalities, we can assume

that X contains four 3-dimensional cones
o1 = REOIO + Rzom_;_ + R20y+, 09 = RZQJIQ + R20[E+ + Rzoy_,

03 = R>070 + R>07_ + Rx>oyy and 04 = R0z + R>07- + Rx>oy-,

where
1 1 1 0 o
xo=|0|,zy=|1|,2-=|—-1],y.=[0] andy_=1| 3
0 0 0 1 -1

for some integers o and (. In this case, F is the toric divisor corresponding to the 1-
dimensional cone R>qxo in ¥. The conditions (1) and (2) are automatically satisfied. On

the other hand, the set of maximal cones of the fan ¥ corresponding to X is
({the maximal cones of ¥} \ {01, 09,03,04}) U{T7 := 01 U 03, 03 := 02Uy}

C is the torus invariant curve corresponding to the 2-dimensional cone R>ozy + Rsoz_
in ¥. Put C be the torus invariant curve corresponding to the cone R>ozo + R>oz4 on

X. Then, we have (—Ky - C) = (~Kx - £.0) = (f*(~Kx) - C) = (—=Kx - C), because
C = f.C in Ai(X), while f*K+% = Kx in Pic(X). Let Dy, Dy, D_, H, and H_ be
the toric divisors on X corresponding to xg, x4, z_, y+ and y_, respectively. Then, the

equalities
Dy+D,+D_+aH +D; =0, Dy —D_+3H_ + Dy =0 and

H —H +Dy=0

hold in Pic(X), where Dy, Dy and Dj are linear combinations of prime toric devisors on
X other than Dy, Dy, D_, Hy and H_. Note (H; -C)=(H_-C)=1and (D_-C) =
(Dy-C) = (Dy-C) = (Ds-C) = 0. By these equalities, we have (D, - C) = —f and
(Do-C) =B —a. Thus, we have (~Ky - C) = (=Kx - C) = (Do - C) + (D4 - C) + (D_ -
C)+(Hy-C)+(H_-C) = (8—a)—B+2 = 2—a. So, by the assumption (—Ky : 6) =2,
we have v = 0 and E is isomorphic to the Hirzebruch surface Fj3 of degree 3. Moreover,
since X is a weak Fano 3-fold, we have —2 < 7 < 2. We may assume 0 < § < 2. As a

result, we get the following.
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Proposition 3.4.5 Let X be a toric weak Fano 3-fold and Y the corresponding fan.
There exists a (0,2)-type contraction f: X — X if and only if, by some automorphism

of N =73, ¥ contains four 3-dimensional cones
01 = Rx>o70 + R>07y + R0y, 02 = Rxomo + Rxory + Ry,

g3 = Rzol’o + RZ()Q?* + R20y+ and g4 = Rzol’o + Rzol'f + Rzoy,,

where
1 1 1 0 0
2o=|0],2.=|1|,2-=|—-1|,y:=10] andy_=| a |,
0 0 0 1 -1

and 0 < a < 2. In particular, the exceptional divisor E' of f corresponds to Rsoxg € X
and B =2 F,.

The following is fundamental to study the classification of toric weakened Fano 3-folds.

Lemma 3.4.6 Let X be a toric weakened Fano 3-fold and 32 the corresponding fan. Then,
for any primitive collection P = {x1, xo} € PC(X) with primitive relation x14+x2 = y1+ya,

where o(P) N G(X) = {y1,y2}, we have R>oz1 + Rsoz2 D Rsoyr + Rsoye.

Proof.  Suppose that zq, 9, y1, Y2 generates a 3-dimensional cone. If P is extremal,
then the corresponding primitive contraction is a small contraction. So, by Theorem 3.4.4,
P is not extremal. Therefore, there exist extremal primitive collections P, ..., P, such

that
r(P) =Y ar(P),
i=1

where ay, ..., a, are positive integers and n > 2. Since deg P = (—Kx -r(P)) = 0, for any
1 <i < n, we have deg P, = (—Kx - r(FP;)) = 0 and the corresponding primitive crepant
contractions are (0,2)-type by Theorem 3.4.4. Let z + 2/ = 2y, be the corresponding
primitive relation of P; for any 1 < ¢ < n. Then, there exist 1 < j,k < n such that
y1 = y; and y, = y;. This is impossible because P; and Py are extremal. Thus, we have

R>o71 + R>om2 D Rxoyr + Rxoye. q.e.d.

Corollary 3.4.7 Let X be a toric weakened Fano 3-fold and 3 the corresponding fan.
For any primitive collecion P = {x1, x5} € PC(X) such that x1 + xo # 0, there exists an

element z € G(X) such that z is contained in the relative interior of Rsox1 + R>oxa.
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Proof.  This is obvious by Corollary 3.3.3 and Lemma 3.4.6. q.e.d.

Now, we can start the classification of toric weakened Fano 3-folds.

Let X be a toric weakened Fano 3-fold and ¥ the corresponding fan. Since X is not
Fano, there exists a (0, 2)-type contraction. We use the notation as in Proposition 3.4.5.
Put

Sy ={azo+pr, € Np = N@zR=R*| 0,8 € R, 3> 0},

S ={arg+pr_ € Nr| o, R, >0},

T, ={axo+ By, € Nr | a,8 € R, 3 >0},

T ={axg+Py- € Nr| o, € R, 3 >0},
S=8S US and7T =7, UT..

S, 8 ,7.,7 ,8 and 7 are connected subsets in Nr. The following holds.
Lemma 3.4.8 [ :=G(X) \ {xo,x4,2_,y4,y_} is contained in either S or T.

Proof.  First, we show G(X) C SU7T. Suppose that there exists z € I such that
z ¢ SUT. Since {xg, 2z} is a primitive collection, there exists 2’ € G(X) such that 2’ is
contained in the relative interior of R>¢z¢ + R>0z by Corollary 3.4.7. We can replace z
by 2’ and do this discussion again. This contradicts the fact G(X) is a finite set. So, we
have G(X) CSUT.

Next, suppose that there exist z; and zy € [ such that xg + 23 # 0, g + 292 # 0,
21 € 84 and 2y € T (the other cases are similar). By the similar discussion as above,
we can choose such z; and 25 as {xy, 21} and {y,, 22} generate 2-dimensional cones in X.
On the other hand, {21, 22} generates a 2-dimensional cone in ¥ by Corollary 3.4.7 and
the above discussion. Therefore, either {z,, 29} or {y,, 2} is a primitive collection. By

Corollary 3.4.7, this contradicts the fact G(X) C SUT. q.e.d.

Lemma 3.4.9 If {y,,y_} (resp. {x4,x_}) is a primitive collection and I C S (resp.
I C T), then, for any primitive collection P € PC(X) such that P # {y.,y_} (resp.
P # {24.2_}), we have PO {ysoy_} = 0 (resp. PO {as,z_} = D).

Proof. = We show this lemma for the case I C §. Another case is similar.
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Let P € PC(X) be a primitive collection such that P # {y,,y_}. By Corollary 3.4.7
and Lemma 3.4.8, we have #P = 3. So, without loss of generalities, we may assume
P ={y., 21,2}, where 21,29 € I. Since y,, z; and 2y are linearly independent over R,
there exists a element of G(X) in the interior of R>¢y4 +R>021 +Rx>022. This contradicts

Lemma 3.4.8. q.e.d.

Remark 3.4.10 In Lemma 3.4.9, the condition {z,,x_} is a primitive collection holds
automatically. Moreover, if £ = P! x P! or £ = F), that is, a = 0 or a = 2, then
the condition {y,,y_} is a primitive collection also holds automatically. In these cases,
yr +y- = 0and y, +y_ = 2z (2 € G(X)) are the corresponding primitive relations,

respectively.

Corollary 3.4.11 Under the assumption in Lemma 3.4.9, if the Picard number of X is
not three, then one of the following holds.

(1) I € 8. Moreover, X is a toric surface bundle over P! such that the fan correspond-
ing to a fiber is in S.

(2) I CT and E = P! x P'. Moreover, X is a toric surface bundle over P! such that

tha fan corresponding to a fiber is in T .
Proof.  See Proposition 4.1, Theorem 4.3 and Corollary 4.4 in Batyrev [5].  q.e.d.

By these results, we can complete the classification of toric weakened Fano 3-folds.
We split the classification into three cases, that is, (I) E = P! x P! (II) E = F} and (III)
E X F,.

(I) E~ P! x P! (a = 0).

If I C S, then X is isomorphic to P! x X’ by (1) in Corollary 3.4.11, where X' is a toric
weak del Pezzo surface but not a toric del Pezzo surface. In this case, by the classification
of toric weak del Pezzo surfaces in Section 3.3, there exist exactly 11 toric weakened Fano
3-folds up to isomorphisms: P! x Fy, P! x W3, P! x W}, P! x W2 P! x W32, P! x W2,
P x W2 P x W}, P! x W, P! x W2 and P x W; (see Table 1 in Section 3.3).

If I C 7, then X is a toric surface bundle over P! by (2) in Corollary 3.4.11. A fiber

X’ of this bundle structure corresponds to the 2-dimensional fan in 7 and X’ is a toric
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weak del Pezzo surface. Therefore, by the classification of toric weak del Pezzo surfaces
in Section 3.3, in this case, we obtain two new toric weakened Fano 3-folds X9 and X9
whose Picard numbers are 3 and 4, respectively. The other cases are impossible because

there exists a crepant contraction which is not of (0, 2)-type. Put

—1 —1

39 the fan corresponding to X9 and X the fan corresponding to XJ. Then G(X9) =
{$0;$+7$—7y+ay—a21}7 while G<EZ> = {‘TOJI-HI—Jy-Hy—aZhZZ}‘ In partiCUIara X‘g Is a

Fi-bundle over P!, while X} is a Sy-bundle over P!. Moreover, we have
(~Kxg) =52 and (~Ky) =38
x9) = X9 ) =90
There exists a sequence of equivariant blow-ups along curves
XE — Xg — Pp1 (Op1 ® Op1 ® Op1 (2)) .
On the other hand, there exists a sequence of blow-ups along curves
}/;10 — }/;30 — PPI (Opl @ Opl(l) @ Opl(l)) R

where Y7 is a toric Fano 3-fold of Picard number 3 and of type no.31 on the table in
Mori-Mukai [23], while Y? is a Fano 3-fold, which is not toric, of Picard number 4 and
of type no.8 on the table in Mori-Mukai [23]. XY and X} are deformed to Yy and Y}
under small deformations, respectively. Moreover, Pp: (Op1 & Op: & Op:1(2)) is deformed
to Pp1 (Opr @ Opi(1) @ Op1(1)), though Pp: (Op1 @ Op:(1) @ Op1(1)) is not Fano (see
Ashikaga-Konno [2], Harris [10] and Nakamura [25]).

Corollary 3.4.12 Let X be a toric weakened Fano 3-fold. If there exists a (0, 2)-type con-
traction whose exceptional divisor is isomorphic to P x P, then the exceptional divisors
of other (0,2)-type contractions are also isomorphic to Pt x PL.

(I) EZF (a=1).

In this case, we have to consider the following (see Remark 3.4.10).

79



Lemma 3.4.13 {y,,y_} is a primitive collection. Moreover, z := y, + y_ is contained

in G(X) and the primitive relation of {yy,y_} sy, +y_ = z.
To prove Lemma 3.4.13, we need the following.

Lemma 3.4.14 Let X be a toric weakened Fano 3-fold and X the corresponding fan.
Any primitive collection P = {x1,x9} such that its primitive relation is x1 + o = 2y

(y € G(X)) and {x1,y} is a part of a Z-basis of N is extremal.

Proof. If P is not extremal, by the same argument as in the proof of Lemma 3.4.6,
there exists an extremal primitive relation z’ + x” = 2y whose corresponding contraction
is (0,2)-type, where 2/, 2" € G(X). By the assumption {x,y} is a part of a Z-basis of
N, R>oz1 + R>oz2 does not contain R>¢z’ + R>z”. This is impossible, because X is a

weak Fano variety and x’ + z” = 2y corresponds to a (0, 2)-type contraction. q.e.d.

Proof of Lemma 3.4.13.  Suppose that {y,,y_} is not a primitive collection. Then,

we have two primitive relations
T- +ys +y- =1z0and xo + Y+ +y- = x4

By the completeness of X, there exists

a
z=\|p el
8

such that aw < 0. Obviously, {z, z} is a primitive collection. If I C S, then, by the same
argument as in the proof of Lemma 3.4.8, the corresponding primitive relation have to be

z. 4+ 2z =0. So, we have

0 0
r_4+z=2| -1, -1]€GX).
0 0
By Lemma 3.4.14, this primitive collection is extremal. However, the corresponding con-
traction is not of (0,2)-type. So, suppose that I C 7. This case is also impossible by
the same argument as in the proof of Lemma 3.4.8. Therefore, {y,,y_} is a primitive

collection. q.e.d.
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Since the Picard number of X is not three, we have I C S, and hence X is a toric sur-
face bundle over P* by (1) in Corollary 3.4.11 and Lemma 3.4.13. The fan corresponding
to a fiber of this bundle structure is in §. By the classification of toric weak del Pezzo
surfaces in Section 3.3, in this case, we obtain two new toric weakened Fano 3-folds X}
and X3 whose Picard numbers are 4 and 5, respectively. The other cases are impossible

since there exists a crepant contraction which is not of (0,2)-type. Put

0 —1 0
21 = 1 y R2 = 0 , R3 = —1 )
0 0 0

¥} the fan corresponding to X; and X! the fan corresponding to X3. Then, G(X}) =
{zo, 00,2, ys,y_, 21, 22}, while G(X}) = {z0, x4, 2, ys,y_, 21, 22, 23}. In particular, X}
is a Ws-bundle over P!, while X} is a W/}-bundle over P! (see Table 1 in Section 3.3).
Moreover, we have

(~Kx;) =46 and (~Ky) =36
xt) = x1) =90
There exists an equivariant blow-up along a curve

On the other hand, there exists a blow-up along a curve

}/51 _ }/:11,

where Y}! is a toric Fano 3-fold of Picard number 4 and of type no.12 on the table in
Mori-Mukai [23], while Y7 is a Fano 3-fold, which is not toric, of Picard number 5 and of
type no.2 on the table in Mori-Mukai [23]. X} and X} are deformed to Y} and YZ' under

small deformations, respectively.

Corollary 3.4.15 Let X be a toric weakened Fano 3-fold. If there exists a (0,2)-type
contraction whose exceptional divisor is isomorphic to Fy, then X s isomorphic to either

1 1
Xy or X;.

(III) E2 F, (a =2).
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We have a primitive relation y; + y_ = 2z, where

0
z=|1]€eG(X).

0
So, the Picard number of X is not three. Therefore, I C §, and hence X is a toric
surface bundle over P! by (1) in Corollary 3.4.11. The fan corresponding to a fiber of
this bundle structure is in S. On the other hand, by Lemma 3.4.14, the primitive relation
Y+ + y_ = 2z is extremal. Therefore, the corresponding contraction is of (0, 2)-type.
Moreover, its exceptional divisor have to be isomorphic to F5 by Corollaries 3.4.12 and
3.4.15. This is impossible. Thus, there exists no (0, 2)-type contraction whose exceptional

divisor is isomorphic to F, on any toric weakened Fano 3-fold.

Remark 3.4.16 There is an example of a general weakened Fano 3-fold which has a

(0, 2)-type contraction whose exceptional divisor is isomorphic to F; (see Minagawa [20]).
Thus, we obtain the classification of toric weakened Fano 3-folds.

Theorem 3.4.17 There exist exactly 15 smooth toric weakened Fano 3-folds up to iso-

morphisms. There are following three cases:

(1) P! x X', where X' is a toric weak del Pezzo surface but not a del Pezzo surface,
that is, toric weakened del Pezzo surface: P' x Fy, P! x W5, P! x W}, P! x W2,
Pl x W2, Pl x Wi, Pl x W2, P! x Wi, P! x W2, P! x W2 and P x Wi.

(2) Toric del Pezzo surface bundles over P! : X9 and X7.

(3) Toric weakened del Pezzo surface bundles over P which are not decomposed into a

direct product of P! and a toric weakened del Pezzo surface: X} and X3.
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Chapter 4

Jumping deformations of complete

toric varieties

4.1 Introduction

It is well-known that the Hirzebruch surface F,, (a > 0) of degree a is deformed in a one-
parameter family to F, o, where k is a positive integer such that a—2k > 0. In particular,
if @ = d’ (mod 2), then F, and F, are homeomorphic. In this chapter, we generalize this
classical result to certain nonsingular complete toric varieties. Namely, for a nonsingular
complete toric d-fold V' which have a toric fibration onto P! such that its general fiber
is isomorphic to either P?~! or a toric bundle over P!, we construct a complex analytic
family {V;}iec such that Vo = V and that {V,},.o are mutually isomorphic. Moreover,
under appropriate assumptions, the general fiber of this family is explicitly described by
the data of the fan corresponding to V.

As an application of this construction of families, we construct a deformation family
for a certain toric weakened Fano variety, that is, a nonsingular toric weak Fano varieties
which is not Fano but is deformed to Fano varieties. Toric weakened Fano d-folds are
classified for d < 3 (see Sato [32]). Moreover, we obtain certain examples of toric weakened
Fano 4-folds.

The content of this chapter is as follows: In Section 4.2, we review the homogeneous
coordinate of a toric varietiy, which is a key to our main result. In Section 4.3, we construct

complex analytic families of nonsingular complete varieties over C as stated above. In
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Section 4.4, as an application of the construction, we study deformations among P?~1-
bundles over P!. In Section 4.5, we give certain examples of toric weakened Fano 3-folds
and 4-folds using the families constructed in Section 4.3.

The author wishes to thank Professors Tadao Oda, Masa-Nori Ishida, Tadashi Ashik-

aga, Takeshi Kajiwara and Yasuhiro Nakagawa for advice and encouragement.

4.2 Homogeneous coordinates of toric varieties

In this section, we recall homogeneous coordinates of toric varieties (see Cox [7] and
Oda [26]).

Let N = Z¢ with elements regarded as column vectors, M := Homg(N,Z), Ng :=
N®R, Mgr :== M ® R and ¥ a fan in N. Throughout this chapter, we mean by a cone a
nonsingular rational cone, and by a fan in /N a nonsingular fan which contains at least one
d-dimensional cone. For 0 < i < d, we put X(i) := {0 € ¥ | dimo =i}. Each 7 € ¥(1)

determines a unique element e(7) € N which generates the semigroup 7 N N. We call
GX):={e(r) e N |t X(1)}

the set of primitive generators of ¥. Put G(o) := ¢ N G(X). We introduce variables
{X, | p € G(¥)} and consider the polynomial ring S := C[X, | p € G(X)], which we call
the homogeneous coordinate ring of the nonsingular toric d-fold V' corresponding to .

Put

Z = {X = (X)) peam) € Cce® H X, =0 for any o € E} c Ce®),
PEG(X)\G()

On the other hand, by the exact sequence
0— M — ZS® - Pic(V) — 0,
we have an exact sequence
. y N\ G(D)
1 — G := Homg (PIC(V),C ) — (C ) — Ty — 1.
Since (C*)%* acts naturally on CE® the subgroup G C (C*)%* acts on CE® as
gt = (g ([DpD tp),)e(;(z) )

where g € G, T = (t)) eym) € CE® and [D,] € Pic(V) is the class of the Ty-invariant

prime divisor D, corresponding to p. In this setting, the following holds.
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Proposition 4.2.1 (Cox [7], Theorem 2.1) The subset CS®)\ Z C C¢®) s invariant
under the action of G, and V is the geometric quotient of C¢®)\ Z by G. We denote
CE®\ Z by U(D).

We need the following proposition for this description.

Proposition 4.2.2 (Cox [7], Theorem 2.1) For any o € X, we have

PEG(ENG(0)

where U, C V' 1is the affine toric subvariety corresponding to o.

U, = (U(E)U - {X = (X,) eqs) € UD)

4.3 Constructions of families

In this section, we construct one-parameter complex analytic families whose fibers
are nonsingular complete varieties. Especially, the special fibers are nonsingular complete
toric varieties. This is a generalization of the classical results on deformations among
Hirzebruch surfaces.

Let N := {n € N |the d-th coordinate of n is 0} and & a complete fan in N. For a

complete fan ¥ in N containing ¥ as a subfan, we define subfans of X as follows:
¥t := {0 € ¥ |the d-th coordinate of n is nonnegative for any n € o}

Y7 := {0 € X|the d-th coordinate of n is nonpositive for any n € o}

Then, we have ¥ = Xt N Y~. We denote by V (resp. VT, V| f/) the nonsingular toric
variety corresponding to the fan ¥ (resp. £, &7, 5).

Remark 4.3.1 V has a toric fibration V — P! whose general fiber is isomorphic to V.
In the above situation, let
G(i) = {el, .o.,€4-1,a1,... ,ap} R G(Z+) = {b17 e 7bm} U G(i),

GX7)={cy,...,c,t U G(i),

{e1,...,e4-1, b1} the standard basis for N, and
(ar,...,a,,ba, ..., by, cq,...,cy) =
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ai1 -t Qpl 52,1 o bmy agn o Can

a1g - Gpa baa  Dma Cla 0 Cnd

Suppose that V is isomorphic to either P?~! or a toric bundle over P'. If V is isomorphic
to a toric bundle over P!, suppose that the Ty-invariant prime divisors on 1% corresponding
to e; and a; correspond to fibers. Suppose further that {e;,...,e4 1,b1} generates a d-
dimensional cone in X7, while {ey,...,e4_1,¢1} generates a d-dimensional cone in X.
For a nonnegative integer k, we construct a complex analytic family.

Since {ay,...,a,} C G(ZNJ), we have a1 4 =--- =a,4 = 0. We have ¢; 4 = —1, by the
assumption that {e;,...,es 1,c1} generates a d-dimensional cone in ¥

Let Dy,...,Dg_1,As,..., A, By,...,By,Cq,...,C, be the Ty-invariant prime divi-
sors corresponding to ey, ...,e;1,a;,...,a,,bi,..., by, c1,..., c,, respectively. Then, by
computing the divisors of the rational functions e(e?), ..., e(e} ;),e(b}) € C(V), where

{e},...,e5_1,bi} C M is the dual basis of {ey,...,e4_1,b1}, we have
Di+ai A+ F+ap1 Ay +beiBo+ - + b1 By, +c11CL+ - 4,10 =0,

D2 + a/LQAl + -+ ap,gAp + bQ’QBQ + -+ meBm + 01’201 + -+ Cn,gcn = 0,

Dy 1+ayqg 1A+ +apg-1A,+byg1Ba+- -+ by g 1Bpn+ciag1Ci+ - +cpa1Cn =0,
Bl + bQ’dBQ + -+ bm,dBm — Ol + CQ@C’Q + -+ cnden =0

in Pic(V'), respectively. Using these equalities, we calculate the homogeneous coordinates
of V,Vt, V- and V.

Let (Xi,...,Xe-10,Y1,...,Y,, Z1, .., Zpy, W, ..., W,,) € U(X) be the homogeneous
coordinate of V' corresponding to ey,...,e4s_1,ai,...,a,bi,... by, ci,...,c,, respec-
tively. Then the action of G := Homgz(Pic(V),C*) on U(X) is as follows: g € G acts

as
(41) (g (— (CL171A1 + -+ (lp71Ap + b271B2 + -+ bm71Bm + 017101 + -+ lecn)) Xl,

o g(—(ma1 A+ 4+ a,q 1A, +bog 1Bo+ - + by g1 B+
c1,a-1C1+ -+ na—1Cn)) X,

g(A)Y1,...,9(A))Y,

P
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g (= (baaBs+ -+ + bpaBy — C1 + c24Co + - - + ¢,.aCh)) Z1,
g(BQ)Zg, . ,g(Bm)Zm, g(C’l)Wl, R ,g(Cn)Wn) .

Let 01 (Xiye oy Xaot, Yooy Yoo Z1y oy Zony Wiy, Wa) e (X XL YL Y

Z¥, ..., Z1) be a surjective morphism from U,cx+ U(X), C U(X) to U(XT) given by
(4.2) (X0 XYY 2 2 ) =

c1,1 c Cl,d—1 Cn.d—
<X1W1 C W Xy W e Wit
Ci,d ”rc
}/17"'7Yp7Z1”1 nn’dJZZJ"'JZm)J

where <X1+, XL Yo, ZF, ..., Z;g) is the homogeneous coordinate of V1 =
U(X%)/G* with G* := Homg/(Pic(V"), C*) corresponding to ey, ..., e4_1,a1,...,a,, by,

.., b, respectively. ¢ is well-defined, since Wy, ..., W, # 0 on U,ex+ U(X),. Moreover,
since ¢ is compartible with the action of G and G by (4.1), ¢ induces the isomorphism ¢ :
(Uges+ U(X),) /G C V — VT, Similarly, the morphism ¢ : (Xy,..., X401, Y1,....,Y,, Z1,
e T Wi W) o (XD X Y Y W W) from Uyes- U(S), ©
U(X) to U(X7) given by

(4.3) (X7 X Yo Y, W W) =
c ba.qc1,1+b2,
(Xlzll,l 22,d 1,1 Lo anm,dcl,l+bm,17 .
€1,d—1 rzb2.dc1,d—1+b2,d—1 bm.dCl.d—1+bm.d—
Xy 2t Z oo Zmacta—1Fbm.d 1,Y1,...,Yp,

2707y 2 Wy, L W)

induces the isomorphism 1 : (Uyexn- U(X),) /G CV — V™ =2 U(X7)/G™, where G~ :=
Homgz(Pic(V ™), C*) and (Xf,...,X;_l,Yf,...,};‘,Wf,...,W‘

n ) is the homogeneous

coordinate of V'~ corresponding to ey, ...,e4_1,a1,...,a,,Cy,...,Cy, respectively.

gt €Gtand g~ € G~ act on U(XT) and U(X7) as
(4.4) (97 (= (@11 Ai + -+ + apiAy, + boy Byt -+ + b1 B)) X',

g (— (@141 A1+ +apa-1A, +byg_1Bs+ -+ bpg-1By)) X7,
g+(A1)}/1+7 <o 7g+<AP>Y:o+7 g+ (_ (b2,d82 + - F bm,dBm)) Zf?

g (Bo)Z5,. ... g7 (Bn)Z})
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and
(97 (= (arads + -+ apu A, + (ca1 + crac2a)Cat - + (ot + c1100)Cn)) X1,
g (= (a1 g1 A1+ +a,01A4, + (c24-1 + c14-1C24)C2 + - - -+
(cna—1+ cra-160,a)Cn)) Xg_1,9~ (A)Y1 ..., 9 (AY,
9 (—(e24C+ -+ + cnaCo)) W, g~ (C)Wy -+, g~ (C) Wy, ),

respectively. So, similarly as (4.2) and (4.3), we have isomorphisms (X;",..., X} |, Yi",
YR ZE 28 e (e, ey, ) 2) from (UaegU(EJF)U) /Gt C VT to
V x C* and (X, X Y, Y W W) e (g, g Y Y, W)

from (Uaei U(Z_)U> /G~ C V™ to V x C* given by
(4.5) (:I;f,...,a;j_l,yfr,...,y;r,z) =

(Xf(Zj)b“ o (ZEYema X (Zh)brar (2 ma

}/1+a SR 7YVp+7 ZY(Z;)Z)ZJ U (Z'r—;)bmyd)

and
(4.6) (a;f,...,x;ﬁl,yf,...,y;,w> =
(Xl_ (W2—>02,1+61,102,d . (Wn—>cn,1+61,1cn,d, s
Xd_ 1(W2—)C2,d—1+01,d—102,d .. (W—)Cn,d_1+01,d—1cn,d Y'l— Y~
— n ) VAR p )
W (Wy )=t (Wn_)_cn’d) ;
respectively, where (z1,..., 25,4, ...,yf) and (27,..., 251,91 ,...,y,) are homoge-

neous coordinates of ‘7, while z,w € C*. These two coordinates are related as follows:

+ _ ,.—,,,C1,1 + Cl,d—1 o + _ .- _
Iy =L w yeees g = Tg W » U1 _y17"'7yp_yp7z_1/w'

We construct a one-parameter family of complete varieties parameterized by ¢t € C by

changing this relation: Let {V}};ec be the family we obtain by patching V't and V'~ along

U ; - - - - + + + +

V' by the automorphism (z7,..., 275 1, y1,-- Y, ,w) = (2],..., 25, Y15, Y, ,2) de-
fined by

(4.7) o) = 27wt - tyrwt oy = agw?, o) = g whe

Yy —yf,...,y::y;,zzl/w.
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This is well-defined, since D; = A; in Pic(V) and the combinatorial structures of the
neighborhoods of e; and a; in S are equivalent by the assumption V is isomorphic to

cither P4~! or a toric bundle over P'. Thus, we have the following.

Theorem 4.3.2 {V,}icc is a complex analytic family whose special fiber Vi is isomorphic

to V.

Next, we calculate the general fibers of this family under appropriate assumptions.
We introduce some notation.

For any q = (q1,...,q4_1) € Z4, we define a complete fan g~ in N as follows:
qX=x"u {q_a | o€ E_},

where q~ o is the image of o under the automorphism of Ng corresponding to the matrix

00 - 1 ga
00 --- 0 1

acting from the left on the elements of N = Z? regarded as column vectors. We denote

by ¢~V the nonsingular toric d-fold corresponding to the fan ¢=3.
Theorem 4.3.3 For anyt in C* := C\ {0}, we have
Vi =2 2k, —kaya,...,—karg-1)" V,
if the following conditions are satisfied:
(1) bp1=---=bp1 =0 and
(2) kcrg+c10>0,...,kepg+cug > 0.

Proof.  Let t # 0.
We can define an automorphism (x7,.... 2} 41 ,... Yy z) = (3

L gF 2) of V x CX by

+ A+ ~+
17"'al’d—17y17

S otk + oAt . ot St ot
(4.8) Ty =al 2t =ty ay =g, g =X,
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At

R + A+ .t At .+ 2
yl '_txlayQ '_y27"'7yp '_ypa

Zi=Z.

In fact, since V is isomorphic to either P?~! or a toric bundle over P!, this is a mor-

phism, and we can easily construct the inverse of this morphism. By the automorphism

- - - - + + .+ + : :
(T g Y15 Y, w) = (o], g, Y, y), 2) given by the relations (4.7),
we have
At —,,C1,1 -k —k - _ —.c11—k
7 = (x7w + ty; wh)w ™" — ty;] = xjw ,
Ty = wy w2 3y = xy qwhet
S 4 (—aCl T A
yl_t(xlw +ty1w)a yQ_y2a'-'7yp_ypaZ_1/w‘
By considering the action of G on z7,...,x} ,, 4, these relations are equivalent to
At o c11—2k o+ _ .—, c12+kal2 A+ - c1,d—1+tkar a1
(4.9) T =zjw , Ty =Tyw ey Xy =Xy W :
A —,,c11—k — A o e S
yl_t(‘rlw +ty1)7 y2_y27"'7yp_yp7z_1/w‘
Let
(4.10) Ty =Ty, Ty g =T,
oy =ty w T D), Gy = vy Ti=y, W= w
Y = Uy Y1) Y2 ' =Yas--0Y, = Y,, WiI=W.
Then (z7,..., 25 1,41 ,---,Yy,,w) = (T1,..., %3 1,91,--,Y,,w) determines an auto-
morphism of V' xC*, and in terms of this new coordinate, the automorphism (z,...,z,_,,
Yi ooy w) = (T) . T, U1, U, 2) given by the relations (4.9) is described as
: \— A e P ot At et S 2 o
the automorphism (Z7,..., %5 1, 91,9, , W) = (27, ..., 24 1,91 ,---, U, ,2) given by
st s—anc1—2k s+ p—nc12tkar A+ A= oneld-1tkar g
(4.11) T =] w , Ty =Ty W ooy Ty =Ty W :
/\+ o~ /\+ o~ s o A
Y1 _y17"'7yp _yp7 Z—]_/U)
We can show that the automorphisms (z7,...,z5 |, v, ... Yy 2) (@, ..., 25,0,
/\+ A~ . — — — — A — A — A — A A .
Yy, 2) in (4.8) and (27,25 1, Y1y, w) = (B, B0 01,58, , W) in

(4.10) of V x C* are extended to automorphisms of V* and V—, respectively as fol-

lows: Put
R i X (0Bt (2 mams — (Y (Z5) 0 (257000,

XF=XF,. . X5, =X, Y =X (2 (2,
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}>2+ = Y;r,...,f/:r ::Y;, Zfr = Zf,...,ZTfL = 7.

By the assumption by; = -+ = by, 1 = 0, this defines an automorphism (X, ..., X},
Vit LY 22— (X XYY 28 2 of VY and, obvi-
ously, the restriction of this automorphism through the isomorphisms (X", ..., X ,, Vi,
...,Y;‘,Zf“,...,Z;;) — (:ET,...,x}_l,yf,...,y;“,z) and (XfL,...,Xj_l,f/f“,...,ff;r,ZAf“,
2y e (BT, 85,07, 9, 2) defined by the equalities (4.5) from U(X)/G* C
V* to V x C* is the automorphism (2, ..., 25, vy, ... YT 2) e (@ T L

g+, 2) corresponding to the equalities (4.8). Similarly, by the assumption kci g+ c11 >
0,...,kchq+ ¢y > 0, by putting
X, =X, X=X,
Y= X (W )Rt (W fenaten,

YQ_ ::Y{,...,Yp_ =Y, Wl_ ::Wf,...,Wn_ =W,

we get an automorphism (X ,..., X 1, Yy ,..., Y, Wi ... W) (Xf, . ,Xg_l,
Y, .. ,}Afp_, Wr, ..., Wn_) of V'~ whose restriction through the isomorphisms (X ,...,
XooYi, Y, Wi W) e (2, 2 g, Y15 Y, s w) and ()A(l_,...,f(d__l,f/l_,
. ,Yp*, Wf, o ,VAV,:) = (27, 8,01+ U, , W) defined by the equalities (4.6) from
U(i)/G_ C V™ to V x C* is the automorphism (z7, . .. ST 1YL Yy, w) (B
Tg 1,151, ,w) corresponding to the equalities (4.10).

Next, to show V; = (2k, —kay o, ..., —kayq—1)" V for any ¢ # 0, we have to investigate
the action of G~ on U(X7). However, the action (4.4) is obviously equivalent to the
following:

(4.12) (g’ (— (a1 A+ +ap1 A, + (—c21 — €1,1024)Co + - - -

+(—=cn1 — €1160.a)Cn)) X1y -,
g (—(arg1 A+ +apa14,+ (—c24-1 — c1,4-1¢2,4)Co + - - +
(=Cna-1 — cra—16n,a)Cn)) Xg_1, 9 (A)Y1 ... 97 (A))Y,,
9 (—(e24C+ -+ + naCo)) W, g (C)Wy -+, g~ (Ca) Wy, ),

because By + by gBs + -+ + by.aBy, — C1 + c24Co + -+ + ¢,4C,, = 0 on V. So, by the

automorphism (Z7,..., &5 1,91 ,...,9,, W) — (&1,..., 27 1,91 ,...,J}, Z) given by the
relations (4.11) and the action (4.12), we have V; = (2k, —kay 2, ..., —kay 4-1)" V for any
t#£0. q.e.d.
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4.4 Projective space bundles over the projective line

The classical results for deformations among Hirzebruch surfaces are well-known. As a

generalization of this results, for P?-bundles over P!, Nakamura [25] showed the following.
Proposition 4.4.1 (Nakamura [25]) For integers a,b,c,a’, b, ¢, let
V =Ppi(O(a) ® O) ® O(c)) and V' = Pp:1(O(d’) & OV') & O(c)).
Then, the following are equivalent.
(1) a+b+c=d +b 4+ (mod 3).

(2) There exist P2-bundles over Pt Vi, ..., V,, such that Vo =V, V,, 2 V', and that
Vi_1 is deformed to V; for any 1 <1 < m.

(3) V and V' are homeomorphic.

We generalize the case (1) = (2) of Proposition 4.4.1 for P~!-bundles over P! using
the one-parameter families constructed in Theorem 4.3.2. Harris [10] studied this case.
For fundamental properties of primitive collections and primitive relations, see Batyrev
[5], [6] and Sato [33]. We use the notation as in Section 4.3.

Let V be a P4~ !-bundle over P!, that is,

V = V(pl, e ,pd_l) = PPI (O D O(pl) D---D O(pd_l)) y

where pq,...,pq_1 are nonnegative integers. Then, the primitive relations of the corre-

sponding fan X are
e+ ---+e;1+a; =0and b; +¢c; =pe; + -+ pg_1€4-1,

where G(X) = {e1,...,e4_1,a1, b1, ¢ }. For a nonnegative integer k such that a; —k > 0,
the conditions in Theorem 4.3.3 are satisfied. Therefore, there exists a one-parameter

complex analytic family {V;},.c such that

V ift t=0

(1) V; = .
2k, k,...,k)"V if t#0.

We show that, for V(pi,...,pa—1) and V(py,...,pg_1), if p1r + -+ +par = p1+ - +

pl_; (mod d), then there exist nonsingular toric d-folds Vg, ..., V,, such that each V; is a
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P Lbundle over P1, Vo =2 V(py,...,04-1), Vi 2 V(p,..., P ,), and V;_; is deformed
by a one-parameter family to V; for any 1 <i < m.

Let £ = 1. Suppose that there exists 1 < ¢ < d — 1 such that p; > 2. So we may
assume p; > py > -2 > pp > pra1 = -+ = pa—1 = 0 by changing the order of the indices,
where p; > 2 . Then by the family (1), V' is deformed to (2,1,...,1)"V. The primitive
relations of (2,1,...,1)”X are

e +---+eq1+a; =0and

p1— 2
p2—1
b, + ¢ — m—1 1 (p1 —1)e; +paes + - + &g+ ay if l<d—1
| = —
pry1— 1 (pr —2)er + (po — Deg+ -+ (m—1)e; if I=d—1,
Pa—1— 1
0

where G ((2,1,...,1)"%) = {ey,...,e4_1,a1,by,c}}. We can replace V by (2,1,...,1)"V
and carry out this operation again. This operation terminates in finite steps and V
becomes V' (p1,...,pq—1) such that p; < 1,...,ps1 < 1. In each step, p; + -+ pg_1 €
Z/dZ does not change. Thus, we have the following.

Proposition 4.4.2 For integers ay,...,aq,a},...,ay, let V=Ppi(O(a;) @ -+ ® O(aq))
and V' =Pp1(O(a}) ®--- @ O(a)y)). Ifar+---+aqg=a) + -+ a) (mod d), then there
exist P 1-bundles over P' V;, ..., V,, such that Vo =V, V,, 2 V' and V;_, is deformed

to Vi for any 1 <i <m. In particular, V and V' are homeomorphic.

4.5 Weakened Fano varieties

The following definition is important for the birational geometry.

Definition 4.5.1 Let V' be a nonsingular projective variety. V is called a Fano (resp.

weak Fano) variety if its anti-canonical divisor — Ky is ample (resp. nef and big).

The following definition was proposed by Minagawa [20] in connection with “Reid’s

fantasy” for weak Fano 3-folds.

93



Definition 4.5.2 (Minagawa [20]) Let V' be a nonsingular weak Fano d-fold over C
and A, := {t € C||t| < ¢} for a sufficiently small real number € > 0. Then, V is called
a weakened Fano d-fold if V' is not a nonsingular Fano d-fold, and there exists a small
deformation ¢ : V — A, such that V, := ¢71(0) 2 V, while V, := ¢~ () is a nonsingular
Fano d-fold for any t € A\ {0}.

In this section, we construct a deformation family for a certain toric weakened Fano
3-fold using the families constructed in Section 4.3. Toric weakened Fano 3-folds are
completely classified by Sato [32]. Moreover, we give certain examples of toric weakened

Fano 4-folds. We use the notation as in Section 4.3.

Example 4.5.3 Let V be the nonsingular toric weakened Fano 3-fold of type X¢ in the

sense of Sato [32], that is, the primitive relations of ¥ are
e +a; =ey, es+ay;=0and b; + ¢c; = 2ey,

where G(X) = {e;, e,a;,a,by,c;}. Vis a Fi-bundle over P!, where Fj is the Hirzebruch
surface of degree 1. Therefore, by Theorems 4.3.2 and 4.3.3, there exists a complex

analytic family {V,},cc such that

Vo =2V, while
Vi (2,-1)"V (t#£0).

The primitive relations of (2, —1)~X are
e +a; =eq, e+ as =0 and b1+C/1 = €9,

where G(X) = {e1,eq,a5,a2,by,c)}. (2,—1)"V is the toric Fano 3-fold we want (see
Section 4 in Sato [32]).

In the same way as in Example 4.5.3, we obtain certain examples of toric weakened
Fano 4-folds which does not decomposed into direct products of lower-dimensional va-
rieties. In the following, put G(X) = {x1,z2,...}, and the fans corresponding to toric
weakened Fano 4-folds are described in terms of primitive relations. We also give the
types of general fibers. The types of nonsingular toric Fano 4-folds are in the sense of

Batyrev [6] and Sato [33].
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T+ Xy = Ta, To+ 3+ x5 =0 and x¢ + x7 = 221 (type D7).

T+ Xy =Ty, To+ 26 =0, x3+ x5 =z and x7 + x5 = 221 (type Ly).
T1+ Ty =Ty, Ty +x6 =0, T3+ x5 = 76 and x7 + x5 = 271 (type Li3).
T+ Xy = To, To+ 5 =3, 3+ 16 = 0 and x7 + x5 = 221 (type Lo).

£IZ’5+Z’6:O, Z'3+Z'7:0, Z'2+$3:Z'5, Z'5+$7_Z'2, Z'2+$6:Z'7, T+ xy =

xo and xg + 9 = 221 (type Q7).

s+ 26 =0, x5+ 27 =0, 20+ 23 = 5, T5 +2T7 = X9, To+ Tg = Ty, T1 + Ty =

x3 and zg + x9 = 2x; (type Q13).

s+ 26 =0, x5+ 27 =0, 290+ 23 = 5, T5 +T7 = X9, To+ Tg = Ty, T1 + Ty =

x5 and zg + x9 = 2x; (type Q).

x5+ 26 =0, x5+ 27 =0, 20+ 23 = T5, T5 + 7

0 and zg + x9 = 2z (type Q11).

To, To+ Te = T7, T1 + Ty =

I5+ZL’8:O, ZL'2+ZL'5:ZL'3, ZL’3+$8:ZE2, ZL’3+$6:ZE5, ZL’3+$7:0, ZL’Q+$6:
0, w6 + 28 = T7, To+ 27 = Ty, Ts + Ty = Tg, T1 + T4 = Ty and g + 19 = 271 (type

0).
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