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Abstract

We study a pair of commuting difference operators arising from the elliptic solution of
the dynamical Yang-Baxter equation of type C5. The operators act on the space of
meromorphic functions on the weight space of sp,(C). We show that these operators
can be identified with the system obtained by van Diejen and by Komori-Hikami with
special parameters. It turns out that our case can be related to a pair of difference Lamé
operators (two-body Ruijsenaars operators) and thereby we diagonalize the system on
the finite dimensional space spanned by the level one characters of the C’él)—afﬁne Lie
algebra.
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Introduction

0.1 Calogero-Moser systems and Lax pair

The Calogero-Moser dynamical systems are widely studied Hamiltonian systems with
amazingly rich structure. In the simplest case, it is the classical one-dimensional n-
body system given by the Hamiltonian

1 n
H:§;p§+922v(xj—xk), (0.1)

j<k
where x; are coordinates, p; are momenta and g is the coupling constant. Here the
mass is set to be 1. The potential v(z) is given by the following:

1 a? a?

=t IT. v(x) = sntZ(az)’ ITI. v(x) =
IV.v(z) = p(x),

I v(x)= (0.2)

sin®(ax)’

where () denotes the Weierstrass p-function. The p-function potential IV is the
most general case of these potentials and the other three can be obtained by letting
one or two of the double periods of p-function tend to infinity. Incidentally, the systems
with potential I is called the Calogero model and III the Sutherland model. Putting
pj = &, the equations of motion are given by

ij=A{z;,H}, p;={p;, H}, (0.3)

where { | } is the Poisson bracket.

A Hamiltonian system with a 2n-dimensional phase space is said to be Liouville
integrable if (i) it has n independent Poisson-commuting integrals of motion {/;} (One
of the I; is the Hamiltonian H) and (ii) they are in involution, that is,

() {H,I;} =0, (i) {I;,I,} = 0. (0.4)

In 1975, Moser considered the systems (0.1) with potentials I and IITI of (0.2) [Mo].
Using the Lax method, he has found n independent integrals of motion explicitly, and
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for the case I, he has also shown that these integrals are in involution. Moser’s method
was used to investigate analogous systems with potentials IT [CMR] and IV [Ca] by
Calogero et al.

We review the Lax method briefly. Suppose that we find a pair of matrices L and
M (called the Lax pair), whose elements depend on z;’s and p;’s, so that the matrix
equation (called the Lax equation)

dL
ZE =i{L,H} =[M,L] (0.5)
is equivalent to the Hamiltonian equation (0.3). Then,
I =TeLF =Y (L), (k=1.2,...,n) (0.6)

J
are integrals of motion, since we obtain
d
—TrL" = —iTr[M, L*]
dt
= —iTr(ML* — LFM) = 0.

Here we have used (d/dt)L* = [M, L*] (this can be shown by induction) and TrAB =
TrBA. For the Hamiltonian (0.1), Calogero and Moser considered the following matri-
ces:

Lji = pjoj +ig(1 — djp)w(r; — 1), (0.7)

My = g(1 = 6)y(x; — 2) + g0 »_ 2(x; — @). (0.8)
I#j

Here the condition that the function w(z) is odd and y(z), z(x) are even, are assumed.
Substituting L and M into the Lax equation (0.5) together with (0.3), we find cer-
tain functional equations for w(z),y(x), z(x) and v(x). They solved these functional
equations and get the potentials (0.2).

It was pointed out by Olshanetsky and Perelomev that one can quantize the Calogero-
Moser system in such a way that the integrability is preserved, namely, such that the
integrals of motion go over into commuting operators. We put

0

pj = —ig—.

Oz,

Here the Plank constant is set to be 2. Then the Hamiltonian of the resulting quantum
Calogero-Moser system is given by the Schrodinger operator

., 0
H:——ZGZ—Fg —1) Z’U | — Tk), (aj ::(9—13]-) (0.9)

i<k



where the potential v(z) is equal to the classical case (0.2). Note that the parameter g*
in the classical Hamiltonian (0.1) is replaced by g(g — 1). This is due to contributions
which arise when the partial derivations in (0.9) act on the potentials. In the quantum
mechanics, the equations of motion are given by

dp;j

and a Hamiltonian system is called (Liouville) integrable if there exist conserved oper-
ators {I;} (1 <k <n) such that

(i)[H L] =0, (i) [L L] =0. (0.10)

The Lax method is also useful in quantum cases. We choose the quantum Lax matrices
L and M, which have quite the same form as (0.7) and (0.8), and consider the quantum

Lax equation

dL
il = [H,L] = [L, M)

For the elliptic potential IV in (0.2), the Lax matrix L was introduced by Krichever
[Kr] as follows:

o(x; — xx + p)
o(p)o(z; — )’

Ljr, = pjoji +ig(1 — 0jx) (0.11)

where o is the Weierstrass o-function and p € C an auxiliary parameter.

In 1987, Ruijsenaars [R] considered the difference analogue (the so-called “relativis-
tic analogue”) of the Calogero-Moser systems. In the quantum elliptic case (potential
(0.2) of type IV), the system is given by the following difference operators:

TR I | (=R 01)

o(r; —x;
Ic{l,...,n} i€l ( v J)
=k ~J¢I

where T = Hie ; T and T; are the shift operators defined by
Tif(xy,...,xn) = f(x1,.. .,z + hy oo xy),

and § € C is a parameter. The rational (I), hyperbolic (II), trigonometric (III)
cases are obtained by appropriate degeneration of (0.12). Ruijsenaars has shown the
commutativity of the operators {M;} directly, and proposed the corresponding Lax
matrix. By sending the step size h to zero, the difference operators M go over into
the system of differential operators containing H (0.9). In the trigonometric case, the
eigenvalue problem of the system {Mj} has been solved by Macdonald [M]. Their
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eigenfunctions, called Macdonald polynomials, are deeply investigated as g-orthogonal
polynomial theory.

These models are in fact related to the type A simple Lie algebra s(,(C). In the
present thesis, we are interested in the Ruijsenaars-type elliptic difference extension of
the Calogero-Moser system corresponding to the root system other than type A.

For the trigonometric case, the Macdonald difference system allows at least two
theoretical understanding so that we can regard the model as certainly of type A. One
is the work by Etingof and Kirillov [EK], who obtained these operators as the image of
central elements of the quantum enveloping algebra U, (sl,,) (¢ = e™") acting on vector
valued characters. The other is the work by Cherednik [Ch2], who used the affine
Hecke algebra of type A, its representation via g-difference operators, and the center
of the algebra. Among these approaches, the former is more close and important for
us. However, we will utilize yet another understanding of the system, namely, the idea
of the transfer matrix which we will explain in the next section. In fact, as is shown
by Hasegawa’s work on Ruijsenaars model, the transfer matrix will give the proper
difference analogue of the Lax matrix of Krichever’s type (0.11), and we can recover
the commuting operators { M} as commuting transfer matrices.

0.2 Yang-Baxter equation and transfer matrix

Originally, in Baxter’s study of two-dimensional lattice statistical models, the Yang-
Baxter equation arose as a condition to provide sufficiently many commuting operators.
This is done by taking the trace of the so-called transfer matrix 7', the operator which
satisfies the “RTT = TTR” relation (0.15). Here, in the lattice model situation, the
matrix R (“the R-matrix”) stands for the local Boltzmann weight of the model.

In the “vertex” type 2-dimensional lattice model, the Boltzmann weight is given as
a set of quantities {R;jl , where i, , k, [ take value in {1,2,... n} and n is fixed once
for all (Fig. 0.1) [JM]. Let us explain the notion of the transfer matrix, which plays
a key role in this thesis. We introduce an n-dimensional vector space V with basis
{v1,...,v,} and define the matrix R € End(V ® V') by

R(v; ®v;) = Z R v, @ . (0.13)
kol

Assume that R depends on a parameter u € C, (u is called the “spectral parameter”
in the context of the inverse scattering method [FT]), and define 7 (@, ) € End(V®N @
V) by

T(ﬁ, U,/)(Uil K& Vin ® Uj1)

. 115y EN 51 /
= Y T i © @, By,
k1,....kN 51
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k
Figure 0.1: R-matrix or a Boltzmann weight of a vertex model. The indices i, j, k, [

run from 1 to n, where n is the number of freedom at each vertices.

where @ = (uq,...,uy) and
]zi ZJX]J; (ug, ..., un,u)
Z R (un — ) RZT (ug =) REVE (un — ).
-1

This is the naive version of the transfer matrix of the model. In the physics viewpoint,
it is natural to assume the “periodic boundary condition”, that is, j; = jj. This

means to take the summation of T“’ ’ZN’]; (u,...,un,u') over j; = j1. The resulting
1

endomorphism tracey (7 (u,u’)) € End(V®”) is called the row-to-row transfer matrix:

tracey (7 (d,u"))(v;, @ - @ v;y)

o 0150, N 51 /
T E : Tkl,...,kN,jl (U1, e, UNSU )vk1 K- R Uy Uy .

k17--'akN7.j1

Consider the following condition for the matrix R(u) € End(V ® V):

ng(u — u')ng(u — UH)R23<U, — u”) == Rgg(u/ — u”)ng(u — UH)R12<U — U/)
VeVeV -VeVaeVy, (0.14)

where I;; means R acting in the ith and jth factors of the tensor product V@V @ V
and u,u',u” are arbitrary complex numbers. This is called the Yang-Baxter equation.

Because of the construction of the transfer matrix, if R(u) is invertible for all u, we
have

R(u—u)Ti(u) () R(u — ') = To(u)Ti(u). (0.15)
Then taking the trace on V ® V' on both sides gives

tracey 7 (u)tracey T (u') = tracey T (u')tracey 7 (u), (0.16)



that is, [T'(u), T'(u")] = 0. This resembles (0.10). To sum up, the Yang-Baxter equation
(0.14) will give a one-parameter family of commuting operators.

Solutions of the equation (0.14) were classified by Belavin-Drinfeld [BD] under a
certain non-degeneracy condition, and yield three families: rational, trigonometric and
elliptic. Let us recall the elliptic solution (Belavin’s R-matrix [Bel]) here, which is
actually relevant for the Ruijsenaars model (0.12) due to Hasegawa. Fix 7, h € C and
assume Im7 > 0. Put

2
Omi(u,7) = Z exp {2%2’ (,uu + %7’)]
peEmM+IZL

and 09 (u) := 05 /m1(u+ 1/2,n7). The zeros of 8Y) (u) are given by Z + (j + nZ)t.
Then Belavin’s solution R(u) to (0.13) is given by

) 06D (u+h) TIhe 0% (u)
i s k=0
R(u)kl = 5z+]7k+l mOan(k*i)(h)g(ifl) (U) Z:% o) (O) .

(0.17)

Generally speaking, each solution of the Yang-Baxter equation corresponds to a
certain bialgebra (a quantum group) and its representation. As for Belavin’s R-matrix
(0.17), the relevant algebraic structure is known as the Sklyanin algebra [Sk1], and the n
dimensional vector space V' should be regarded as its vector representation, which is an
analogue of the vector representation of the type A simple Lie algebra sl,,(C). Similarly,
in the trigonometric case, the solution of the Yang-Baxter equation corresponds to the
affine quantum universal enveloping algebra U,(sl,(C)) and its vector representation.
According to the Belavin-Drinfeld classification, the elliptic solutions of the vertex-type
Yang-Baxter equation (0.14) exist only for sl,,(C). This is in contrast with the situation
of elliptic Calogero-type models, which can be generalized to any type of root systems

(0.27).

However, there is another type of the Yang-Baxter equation, known as the face type
Yang-Baxter equation, which admits more elliptic solutions. In the face-type statistical
model, or the interaction-round-a-face model (abbrev. IRF or face model) [Ba2|, the
Boltzmann weight with spectral parameter u is assigned to each \, u,v,x € S, where
S is the set of freedom of the model (Fig. 0.2): Let us denote the weight by

W ( A p

K UV

u) . (0.18)

To obtain the commutativity of the transfer matrices of this model in the same way as in
the vertex model, the following equation should be assumed instead of the vertex-type



A
U :W()\M

K UV

Figure 0.2: A Boltzmann weight of a face model. For each square with states \, u, v, k
at each corners, the assigned quantity have the meaning as the local energy of the
configuration.

K v

equation (0.14).

This is the face-type Yang-Baxter equation.

Actually, as we will see in the body of this thesis, the variables A\, u,v,... in
the Boltzmann weight acquire the meaning as dynamical variables in the context of
Calogero type systems. That is, A corresponds to x = (x1,...,x,) in the previous for-
mulas. Accordingly, this equation is also called the “dynamical” Yang-Baxter equation
[Fel],[Fe2].

To be more precise, let us recall an elliptic solution of this equation corresponding
to sl,,(C) after Jimbo-Miwa-Okado [JMO1]. Let h be the Cartan subalgebra of sl,(C)
and bh* its dual. We realize h* in the n-dimensional vector space C™ as follows. Let
{el}z 1 be the orthonormal basis with respect to the inner product (, ) of C, and put
g =€ —(eg+ - +ey)/nand h*:=>" Cg. For an element A € h* we define

A A+ he; [u + A
W( A+ he; A+ 2hg “) = (0.20)
W< A+ h& A+ h(E + &) '“) YR (1 #J), (0.21)
A At e, W DB
W(Mrhé‘j A+ 1(E + &) ’ )ZWW (i # 7). (0.22)



Here \;; := (\, & — &;), and

1 o
[u] == 01/21 (u + 5) — ip'/® sin 7w H (1 —2p™ cos 2ru + p*™)(1 — p™) (0.23)

m=1
(p := €*™7) denotes Jacobi’s first theta function. This is an odd function and has the
following quasi-periodicity:

[w+m] = (—1)"[], [u+m7r]=(=1)"e ™72 (m € 7). (0.24)
For the other configurations of A\, u, v, k € bh*, we set

W(A“

K UV

u) = 0. (0.25)

Then (0.20), (0.21), (0.22) and (0.25) solve the equation (0.19). It is known that the
above face Boltzmann weight and the Belavin’s R-matrix are related in the following
way. Define the outgoing intertwining vector ¢(u)y ; as

o) {ﬁj(u/n — (N, &k))/in(T) (if there exists k such that u = \ + h&y)
u)h ;=
’ 0

(otherwise)
(0.26)

where
1 1 2
V; = 0n/2—jn (u + 5,7’) = Z exp {272’ (,u (u + 5) + 5—717')1 ;
HEN/2—j+nZ

and n(7) := pY*[[°_,(1 — p™) denotes the Dedekind eta function with p = €™,
Then we have
u— v) :

A
ZRU—U (w)h; @ o(v) Z¢ )5 ® ¢(u )Rk‘W( ’
3,0=1
This is the vertex-IRF correspondence we mentioned in Section 0.1, which is a special
feature of type A models. Hasegawa used this relation to obtain the difference extension
of Krichever’s Lax matrix, or an L-operator, that satisfies the equation (0.15).

0.3 The aim and the plan of this paper

In the Hamiltonian system (0.1) or (0.9), the coordinate space of dynamical variables
{(z1,22,...,2,)} has an obvious action of the symmetric group S,, and the Hamil-
tonian is S,-invariant. We can regard the symmetric group S, as the Weyl group

9



associated to the root system of type A,,_;1. From this point of view, Olshanetsky and
Perelomov generalized the system with Hamiltonian (0.1) or (0.9) to arbitrary root
systems [OP2], [OP3]. For the root system BC,, their Hamiltonian takes the form

H = Zp? +g ) (v(x; —a) + v(z; + 21))

j<k

+ 3 (o)) + g2v(22;)) | (0.27)

=1

where the potential v(z) is the same as (0.2). Setting the parameter g; = 0 (resp.
g2 =0, g1 = g2 = 0), the Hamiltonian corresponds to the root system B, (resp. C,,
D,)). These systems also have been studied broadly. The classical Lax pair for the
system (0.27) is constructed by Inozemtsev et al.[IM], [I], and the quantum conserved
quantities or commuting differential operators are presented by Ochiai, Oshima and
Sekiguchi [OOS]. The aim of this thesis is to take a step toward the difference extension
of the Hamiltonian of this type and the understanding thereof.

A generalization of the quantum system with Hamiltonian (0.27) to a difference
operator, or equivalently, a generalization of Ruijsenaars difference system to BC,, case,
is studied by van Diejen [vD2] and Komori-Hikami [KH1], [KH2|. A brief history of this
system 1is as follows. First, van Diejen constructed two elliptic commuting difference
operators, one is of the first order and the other is of the n-th order. In particular,
he obtained an elliptic extension of the difference Calogero-Moser system of type BCs
[vD1]. Extending this work by van Diejen, Komori and Hikami obtained a general
family of n commuting difference operators with elliptic function coefficients. Besides
the step parameter of difference operators and the modulus of elliptic functions, the
family contains nine arbitrary parameters. Their construction uses Shibukawa-Ueno’s
elliptic R-operator [SU] together with the elliptic K-operators [KH3], [KH4], that is, the
elliptic solution to the reflection equation [Sk2], [Ch1]. This method can be regarded as
an elliptic generalization of the affine Hecke algebra approach to Macdonald systems,
which have been extensively used by Cherednik (see [N] for BC,, case).

Comparing to these works, what is characteristic in the present thesis is in the
method to construct the commuting operators: We will generalize Hasegawa’s con-
struction of Ruijsenaars system as transfer matrix to the root systems other than the
type A. As we mentioned before and will review in Appendix B, his transfer matrix
L can be regarded as the difference analogue of Krichever’s Lax matrix, so that his
construction of commuting operators can be regarded as the direct generalization of
the classical construction (0.6). However, in the construction used in [H1] and [H3], a
relation between Belavin’s elliptic quantum R-matrix (0.17) and the face-type solution
of the Yang-Baxter equation (0.20), (0.21), (0.22), especially the intertwining vector
(0.26), played a central role. For the root systems other than type A, it is known that

10



there are no vertex-type R-matrices nor the intertwining vectors. Nevertheless, the
face-type solutions of the Yang-Baxter equation are known for all classical Lie algebras
and their vector representations [JMO2]. We will utilize this type of solution to intro-
duce our difference operators. For type A case this approach was pursued by Felder
and Varchenko [F'V2], but it is nontrivial for the other cases. It turns out that for type
C5 the method works quite satisfactory.

We define a C, analogue of Hasegawa’s operator L (Appendix B) by using the
fused Boltzmann weights for the anti-symmetric representation of Cy type Lie algebra
to obtain a pair of difference operators. Then an argument similar to derive (0.16)
works.

Theorem. The following two difference operators commute:

M, = Z H Mﬂﬁ, (0.28)

ie{+1,42} je{£1,+2} i + A
J#+i
M, = — T . 0.29
2 gi:l([)\ﬂr)\frh] c [Ai + Al X + A + 1] (029)
p—

We also show that the space spanned by the level one characters of the affine Lie
algebra sp,(C) is invariant under the action of the difference operators. Moreover, we
will give a simultaneous diagonalization of the system on this space.

Now we explain the plan of this thesis. This thesis consists of four chapters.

In Chapter 1, we present explicit expressions for the system of Boltzmann weights
for the vector representation of B,,C, and D, type Lie algebras. Originally, the
Boltzmann weight of this type was given by Jimbo, Miwa and Okado [JMO2], but
their solution was expressed in terms of square roots of theta functions. Our Boltzmann
weights and the original ones can be conjugated by a similarity transformation, which
we will give in Appendix A. Since this transformation does not affect the validity of the
Yang-Baxter equation, one can see that our Boltzmann weights solve the Yang-Baxter
equation. However, a problem arises when we choose the branch of the square roots.
In fact, there are at least two ways to choose the sign of products of the square roots
which solve the Yang-Baxter equation. Consequently, in this thesis, we will give a
proof of the Yang-Baxter equation for our Boltzmann weights directly without using
the similarity transformation (Theorem 1). In fact, the properties of our Boltzmann
weight such as crossing symmetry, take a slightly different form from the original ones
(Proposition 1). Nevertheless, the functional identities we must prove are mostly the
same as those in the original paper. Therefore, we show the sketch of the proof, and
describe in detail the less written part of the proof given in [JMO2].

11



In Chapter 2, we study the fusion procedure for the Boltzmann weight of type Cs.
First, we introduce a vector space called the path space on which the Boltzmann weights
act naturally as a linear operator. This operator should be regarded as a building block,
and we will use these blocks to compose more general face operator satisfying the Yang-
Baxter equation. We call the matrix coefficients of these composite operators as the
fused Boltzmann weight. Their explicit formulas are given in Section 2.2

In Chapter 3, we construct the difference operators by using the fused Boltzmann
weights. This is the first main result (Theorem 2) of this thesis. The commutativity of
these operators relies on the Yang-Baxter equation of the face type (0.19). In Section
3.2, we will explain how our system can be identified with van Diejen-Komori-Hikami
system with special choice of parameters (Theorem 3). We also calculate the differential
operators in the limit in Section 3.3. The way to construct the difference operators is
applicable to the A,, and B,, cases as well. We deal with these cases in appendix B.

In Chapter 4, we will give the simultaneous diagonalization of our Cy type difference
operators. In Section 4.1, we introduce a finite dimensional space of theta functions
invariant under the action of the (affine) Weyl group and its basis after Kac-Peterson
[KP]. We show that the difference operators constructed in Section 3.1 preserve this
space (Theorem 4). Then our second main theorem states the diagonalization of our
operators on this space (Theorem 5). This is an elliptic analogue of the eigenvalue
problem of Macdonald operators on the space of symmetric polynomials. It turns out
that our operators split into two A; operators (difference Lamé operators), and the
eigenvalue problem can be reduced to the eigenvalue problem of A; type operators.

12



Chapter 1

Solution of the face-type
Yang-Baxter equation of types
B,,C,, and Dy,

1.1 The elliptic solutions of the face-type Yang-
Baxter equation

Let g be the finite dimensional simple Lie algebra of type X,,, where X,, denotes one
of the B,,,C,, or D,, b its Cartan subalgebra and bh* the dual space of h. We denote
by w; (0 < j < n) the fundamental weights, and P the set of weights that belongs
to the vector representation L(w) of g. To express these objects, we introduce the
n-dimensional Euclidean space with basis ¢1,...,g, and bilinear form (, ) as listed
below. We give also the root system R C h* of g (Fix the square length of the long
roots is two).

Bn (TL > 1) L g= 502n+1(C).
o (gj,e) =0,
o R:={£(gjtex),te|1<j<k<n1<Il<n},
. o — g1+ +¢j 1<j<n-1),
et Fe)/2 (=),
o P ={te,+ey,...,%e,,0}.
Cn(n > 2): g=5py,(C).

1
o (gj,61) = §5jk’

13



o R:={x(e;£tep),£2¢ |1 <j<k<n,1<I1<n}
e wi=¢& +- - +¢&j,
o P ={te,teq,...,xe,}.
D, (n>3): g =509,(C),
® (gj,ek) = O,
o R:={%£(c;tex) |1 <1< n},
g1+ +¢j (1<j<n-2),

® w; = (€1+"‘+5n—1_5n)/2 (j:n_1>’
(€1+...€n_1+€n)/2 (]:n),

o P={te,tes,...,+e,}.

Fix a complex parameter h. For p € P, we shall use the following notation fre-
quently,

p=2hp for C,,
=hp for B,,D,,

and we denote P := {p | p € P}.
The system of Boltzmann weights for the face model is given by a set of functions
for any quadruple (A, i, v, k) of elements of h*. Let us denote the functions by

W( AH u) ,
K VU
that depend on the spectral parameter u € C. They satisfy the condition
A u -
w . v | Y =0 unless pu—A\v—purx—A\v—rxePpP.

Under the setting above, Jimbo-Miwa-Okado found a solution of the Yang-Baxter
equation ((0.19) in Introduction) [JMO2]. The solutions are parameterized in terms
of the elliptic theta function [u] (0.23) just like the A,-type solution (See Section 0.2).
Explicitly the solutions are given by the following formulas. For A € h* and p € P, we
put

Ap=(Ap) (p#0) and N = —g.

14



We will write

p A A+p
Sq (A+§ A+D+q u)
for p,q,r,s € P such that p+q =1+ s.
p C—Uul|u
pp:% (p #0),
Z _[C_u][)‘p Ag —
pq Dy = ] (p # £q)
@ le—ul[u] [Ny — A+ ]
TS S
q
_[u][)\p—f—/\q—i—h-I—c—u]g()\—l—ﬁ,)\)
p—q— B e (p,q #0,p#q),
Cle—ul2Ap+h—u]  [u][20 + A+ c—
e I N I

w4
Only for the B,, type, the next patterns appear:

[u] [Ap + Ao +h4+c—ulgA+Dp, N

PO =D, e oy P70
T ot A +hite—ul g\
NI v T W e R
0
[c+uf2c—u]  [u][c—u] (A + h/2 4+ 2]
0 = T g d (g Dy + /2 GAQ)'

15
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(1.8)



type B, C, D,
c | —-(2n—-1)h/2 —(n+1Dh —(n—1)h
h(X) [A] [2)\] 1

Table 1.1: The crossing parameter ¢, the function h(\).

In the above formulas, we used the following notations. The crossing parameter ¢ is
fixed as in Table 1.1. The function g(A, ut) is given by

g(h ) = aph(iy) T o — ] (n=Xx+p, peP—{0}), (1.9)
7"77;3:7;,0
g ) = (=1)" T [ = A (1.10)
r#£0

Here h(A) is given in Table 1.1, and a, =1 (p =€1,...,6,), = =1 (p = —¢€1,..., =€)

for type B,, and a, = 1 in the remaining cases. We denote further

A+q, A h(A\, + A Ay + N+ R

G)\q:g( +QJA>:€ <q+ ) [q+ + ]7 (111)

g A+7) hAg) 2y et A

where e = —1 for C,, and € = 1 otherwise.

We adopted a slightly different formulas (1.3), (1.4), (1.6), and (1.7) from the
original ones (see (1.42),(1.43) in Appendix A). In Appendix A, we will give a similarity
transformation (1.44) which transforms our Boltzmann weights into the original ones.

Theorem 1 The Boltzmann weights W( 2 5

u) (1.1)-(1.8) solve the face-type
Yang-Baxter equation (0.19, Fig.1.1).

1.2 Proof of the face-type Yang-Baxter equation
This section is devoted to the proof of Theorem 1.
Proposition 1 The Boltzmann weights (1.1)-(1.8) enjoy the following properties.

o Initial condition :

W( A n ‘0) = Sy (1.12)



Figure 1.1: The face-type Yang-Baxter equation.

(s
n v

e (Crossing symmetry :

W(/\M

K UV

e [nversion relation :

A
s

Yot s

Here g(\, p) is given in (1.9),(1.10).

o Reflection symmetry :
W( An
K Vv

Before going to the proof we need to prepare three lemmas.

9\ R)g(k,v) A K
u) g gl v) W( pov

u) . (1.15)

Lemma 1 If f(u) is entire, not identically zero and satisfies
Flut1) = e (), Jlutr) = e O )

then Ay is a non-negative integer, f(u) has As zeros mod Z + Zt and ) (zeros) =
Br + A2/2 — A1 .

17



Lemma 2 For any A, u, v, u,v,w,c with u+ v + w = ¢, we have the identity

w+v+ul v+ A+ 0] [N+ p+ w)
[+ v v+ A A+ 4
A —u][A+pu+c—v][A+v+c—uw
[2A] [A + ] [N + V]
[+ A+c—u]2u—v][p+v+c—w
[+ A [2p] [ + v/
W4+ A+c—ul[v+p+c—v]2v —w]
| [I/—f—)\]] [[V—i—u] [2v] ! |
Il A+ec—u+wljp+c—v+wv+e—w+w
Fl2 g Pl [+ el o+ o]

w

0=—[c—u][c—2][c—w]

+ [ = u] [o] [w]

+ [u] [e — o] [w]

+ [u] [v] [e — w]

2@ (1.16)

Here the summation )  is over the half periods w =0,1/2,7/2,(1+7)/2, and

p(w) = {0’ =0, 1/2 (1.17)

¢, w=1/2, (1+71)/2.

Proof. Let f(A) be the right hand side of (1.16), regarded as a function in A. This
satisfies

FO+1)=FO), fOA+7)=em0rf).

I[ts apparent poles are located at A = —u, —v,0, —w modulo 1 and 7. But the residue
at A = —pu,
lc—w]jp+v+ullv—p+v
Res f(A)dA=—|c—u]|[c —v] |w
Res F)N == [e =l fo - o] u] (=L AL
[l [—2p —u][-p+v+ec—w] | [u][2p -] [M+V+C—w]>
+
[—=2p) [ + V] 2u] [n+ 1]

is vanishing by the following three-term identity:

[u+alfu—zlfo+tyllv—yl—lutyllu—yllv+alv—2z]
=[x+ y][r—y][u+v][u—1] (1.18)

(u,v,z,y € C). The identity /\Iies f(A)dA = 0 holds in the same way. Also we have

Resf(A)dA =[c — u] [v] [u] L 1LEs CU:] E,},]][V red s [2);\]
HMMMQ“MW+QQP+“W@%ﬁ:Q

18



and

[T—u][t/24+pu+c—v][T/24+v+c—1
ARgszf( JaA =le —u] o] [u] 2[1/24 pl[1/2 + V]
+[u] [U] [w]l[T_‘_C_u] [M+C—U+7/2] [V+C—w+7_/2] p2mic
2 [7/2 4+ p /2 + V]
Therefore f(\) does not have any pole. Next we apply Lemma 1, taking A; = v +
w,A2 =B=0. 0

=0.

Lemma 3 Set
6(u) = - loglu),
we have then
[R]?[2u][0)'
[u]?[u — hJ[u+h]

d(u+h)+ d(u—h) —2¢(u) = (1.19)

Proof of Proposition 1. The initial condition (1.12) is trivial. The crossing symmetry
(1.14) and the reflection symmetry (1.15) are easily checked by the explicit form.
Let us prove the inversion relation (1.13). The case of A = v is the following identity

r g c+ulle—u ullh—u
> p?"TQ) :5p,q[ ol [0]2[[2]—; J1h =u] (1.20)

reP —p —-r

If p,q # 0, then the equation (1.20) is reduced to

G)\T'

Z[Ap+Ar+h+c—u][Aq+>\r+h+c+u]

e [Ap + Ar+ 1] [Ag + A + 1

[c—u] 2A, + h—u] [A\p + Ay + R+ c+ u
[u] [2X\, + ] [\, + A, + A

[c+ul 2N\ + R+ u] [M\p + A\; + A+ c— 1]

a [u] 20y + B] [Ny + Mg + 7]

[c — u] [e + u] 2] [2A, + 2A]

= ~1
=0pg (]2 [2), + R)? G)\p' (1.21)
Set
F(Z>_[)‘p+z+h+0—u][)\q+2+ﬁ+c—l—u] eh(z+h)| )\_|_h
Pq - Ay + 2+ A [N\, + 2+ A (R h( 22_|_h o [z — A
= B (2)FD () FLD (2),

19



where

Np+z+h+c—ul[M+2z+h+c+u

B () = N+ 2+ 0 Ay + 2 + ) !
o, €h(z+h)[2z] 5, YT 12— A+ 1
ng)(z) = Wh) 2z 1 and ng>(z) = H o

r#£0

F,

»q(2) is a doubly periodic function

Fo(z+1) = Fiy(z + 1) = Fyy(2),

because Fé;)(z +7)= —6*2”(26)qu(2), F;g)(z +7)= —e*Q“i(Qn)qu(z) and Fzgs)(z +
T) = —e 2"XF,.(2), where ¢ is given in Table 1.1 and

X =—-h for B,,
=2h for C,,
= —2h for D,,.

If p # g, then the poles of F},,(2) are located at

h 1 1
z= A (r#0), —§—|—w (w:(),i,%, ;T>

If p = g, then F,,(2) has an additional pole at z = —\, — h because of the first factor
F{3)(2). The residue can be calculated as follows.

et A thte—ul N+ AN+ R+t
Zg_e%qu(z)dz B Ay + A + B [Ny + A + A
eh(\ + 1) [2\] [ 2\, + ] 1 A — Ay + A
RO RA+1 07 2A] L D= A

Do+ A+ 4 c—u] [+ A + B+ c+u

= G-
[0 Py + Ar + Bl g + A + 1] ’
We also have
[N tw+R2+c—ul [N+ w+h/24+ ¢+
z:%?§+wFPQ(z)dz B A +w+h/2] [N, +w + h/2]
eh(w + h/2) [2w — A H [w— A\ + h/2] lim (z—w+ h/2)7
[W — )\r — h/Q] z—w—h/2 [22 —+ h]

Fhw —h2) L1

and the values of the factors herein is listed in Table 1.2. From this table, we conclude

20



W 0 1/2 /2 (1+7)/2
_ (z—w+h/2) 1 1 e e
lim — - —
T Rea R 20r 2] 0 o[0)
[2(,() _ h] [_h] _[_h] _6—7m’r+27rzh[_h] e—m7'+27rzh[_h]
F}SS) (w . g) 1 1 6727Tinh 6727T’L'TLFL
h(w+ h/2) —mih —rih
hEW — h/2; (for B,) 1 1 e e
h(w + h/2 . A
7 (f Cn -1 -1 _ ,—4mih _ ,—4mwih
o —h/2) (for C,,) e e

Table 1.2: The values of the factors of Res.—_p/o1wFpq(2)dz.

LA +w+h/24c—ul[M+w+h/24+c+u] 5,
In dy = — P q 2mip(w)
By Fml(2)de = =5 0] Ay + @ + 1/2] A + w + /2] ©

where p(w) is given in (1.17). For p = g case we have the additional residue

_ eh(=Xp) [—2X, — 2] [—2))]
bt =l e g S TR ey, M 2y - A A
[_)‘p B )‘T]
" r#£0,4p (=% = A — 1]
e —ufle+u] 2Xp] [2X, + 27
[0]" [n]? 2)\, +h)2 A

Then the relation ) | ResF,,(2)dz = 0 gives rise to

G)\r

Z[Ap+xr+h+c—u][Aq+Ar+h+c+u]
0] [Ap + A+ A [Ny + A + 1
__Z)\+w—|—h/2+c ul [Ny +w+h/2+c+

A +w+ R/2] [N\ +w+ h/2]
—u] [e 4+ u] [22,] [2A, + 2A]
W (2 P

r#0

27rz'<p(w)

- 5p7q[ Gy, =0
Now we can use Lemma 2 specialized as A = A\, + 1/2, p = A\, + h/2, v = —u, and
w = ¢ to rewrite this formula into (1.21). This completes the case p, g # 0.

The case of p = ¢ =10. Put

r 0
fu) = Z (O —7‘ r O) _ letulle _[Cq]g [[Z]—; ulh= u]’ (1.22)
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and we can check f(0) = f(£c¢) = f(£h) = 0. To show f(h) = 0 needs lengthy
computation, which we will omit here. On the other hand, we can deduce that f(u)
should have four zeros because of its transformation property. This is a contradiction,
hence f(u) = 0.

The case of p =0 and ¢ # 0 is quite similar. Putting

r q
flu) = E Olul—rr —q , (1.23)
0 —

reP r

we have f(0) = f(£c) = 0. This completes the case A = v.
The cases v = A+ 2p (p € P) are trivial. The remaining cases of the inversion
relation (1.13) are easily checked by using the three-term identity (1.18). O

Proof of Theorem 1. Set

X\ p, v, k,0,p|u,v)

._ p N
'_;W<a K

v> , (1.24)

aJw (8 o) (2
p o n oK

SCHESIEE

Z(\ v ky0,p|u,v) = X (N, w, v, 5,0, plu,v) =Y (N p,v, k0, p | u,v). (1.26)

Y(AHLL’ V? l{’ O‘7p| u? /U)

_ A
._;W(p .

=

u) , (1.25)

and

Regarding Z(\, pu, v, k, 0, p|u,v) as a function of u, we denote it by Z(u). The initial
condition (1.12) and the inversion relation (1.13) implies Z(0) = Z(—v) = 0. We have

9\ p)

9(v, k)

Z(\ v, koo, p|lu,v) = Z(p, A\, i, v, K, 0 | ¢ —u— v, u) (1.27)

by the crossing symmetry (1.14). This shows Z(c —v) = Z(c) = 0 also. Thus we have
found the four zeros at u = 0, —v,¢,c — v of Z(u).
We use the quasi-periodicity property:

W()\M
K U
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Figure 1.2: The function Z(A, A 4+ p, A\, A+ D, A\, A+ plu, v).

where £ = h for (1.1), =\, + A, for (1.2), 0 for (1.3), =X\, — A\, — h for (1.4, 1.6, 1.7)
and —2\, — h for (1.5, 1.8). From these we have for Z(u):

Z(’LL + 1) _ Z(U), Z(’LL + 7_) _ 6—27rz'7'—27ri(2’r—&-4u—|—2v—20-{-{)Z(u)7

where ( is given by a summation of three ’s. From Lemma 1, we have ) (zeros) =
2 — 27 — 2v + 2¢ — (. On the other hand, we have ) (zeros) = 2¢ — 2v. Therefore, if
¢ # 0 mod Z + Zr, then Z(u) = 0.

Let us verify ¢ = 0 cases. Thanks to the symmetry (1.27) and the following sym-
metry (this follows from the reflection symmetry (1.15))

9 p)g(p,0)g(0. %)
g\, wg(p, v)g(v, k)

Z(}\,M,V,/Q,O',p|u,’l)): ()\,p,U,/i,l/,,L”’U,U),

we can reduce the remaining cases (¢ # 0) to the following four special cases:
ZMAFDAFD+HGA+D+Hq+T A+ G+ T, A +7]u,v) =0, (1.28)

(r # £p,+q,p # £q),

ZAMA+D,ANA+D M A+D|u,v) =0 (p#0), (1.29)
ZONM AN u,0) =0, (1.30)
ZONMAEDA+DA+D A uv) =0 (p £ 0). (1.31)

In (1.28), each side of the Yang-Baxter equation contains only one term, and they
are manifestly the same. Equation (1.30) follows straightforwardly.

A proof of the case (1.29) can be found in the original literature [JMO2]. However,
since the proof is sketchy and seems to contain some typographical errors, we will
describe its details here for readers’ convenience.
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Regarding Y (A, A+ D, A, A + P, A, A + Plu, v) as a function of A, let us denote it by
f(Ap). It reads as

[u][v][w] Z A+ A+ h+ul[N,+ N + A +0)[A,+ Ay + R+ W]

) == 2 3y 2y + G
_y [Wo][w] 22 + B — u][2Xp + B — v][2X, + h — w]
O 25, 1 P
[u][0][@] [2Ap + B+ @][2M, + B — v][2A, + h — w)]
F 23, + P
[@[o][w] 20, + i — u][2\, + Fi 4 B[2\, + Fi + @]
+ Gxp 03%1:10 BE 22X, + A7
=:f1+ fo+ f3+ fa, (1.32)

where we put w = c—u—v,u =c—u,v = c—v,w = c—w and the summation chclic
is over the cyclic permutations of the three variables (u,v,w). From the explicit form,
one can see that X(A\, A +p, A\, A+ D, A\, A+ plu,v) = f(=A, — h). Therefore we will
show f(\,) = f(—=X, — h) to prove (1.29).

Consider the function
z+ XN +h+ul[z+ N, +h+0][z+ N, +h+ W]

(2) = [z + A, + AP
00 chlz+1) 23] pp e+ X 1
[h] h(z)[2z + A o [z+A]

One sees that ®(z) is doubly periodic with the periods 1 and 7. Its poles are located
at 2= -\, —h, \y (¢ € P), =h/24+w(w=0,1/2,7/2,(14+7)/2) modulo 1 and 7. The
pole at z = —\, — I is of the second order, and the others are simple.
Let fi(A\,) (i = 1,2,3,4) be the i-th term of the above function f(\,). The residue
theorem ) Res®(z)dz = 0 together with the formula
Resd(o)ds — Lt Aot Ty + dy Bt T+ 4 B4
2= [Ag + Ap + RJ3

will give the following expression for fi(A,):

fi(Ap) = a(Ay) +0(Ay),

G

where
a(),) = ka% Res ®(2)dz, (1.33)
b0) = G P s 2. (1.34)



Here the summation )  is over the half periods w =0,1/2,7/2, (1 4+ 7)/2.
From the quasi-periodicity of the theta function (0.24) and the values of the crossing
parameters (Table 1.1), we have for w =0,1/2,7/2,(1+7)/2

e?m’go(w)

Res  ®(z)dz = 1+ 24w+ +h/2+w+ 0] + h/2+ w + 3]
o ’ A+ R+ P

Y

(1.35)
where ¢ is given in (1.17). Combining (1.33), (1.35) and Lemma 2, we can verify
aO) + F1(0) = Fa(=Ay = B) = —a(=Dy = B) & fsO0) — fu(—Dp — B) 0. (136)
Set ¢(u) = (d/du)loglu], then the residue :lines_hd)(z)dz can be expressed as

z=—Mp

> b(@) — 30(2),) + 36(2), + I)

z=—MAp—h ‘
cyclic

@)@ 22, + 28]20,)
Res 2= =G0 0iimE 20, + b (

+ (M) + D {S(=Ap +Ag) — SNy + A — h)}> : (1.37)
qqsﬁefp

Since ¢(u) is an odd function, we have from (1.34) and (1.37)
[u][v][w] [w][o][w] [2Ap + 20][2),]
[c]* [OF[A> [2A + AP
X {d(2A,) + ¢(2A, +2h) — 2¢(2\, + h)} . (1.38)

b(\,) — b(—=A, — h) =—3

On the other hand, using the identity (see (1.18))

[2X\, + A+ U][2)\, + B — v][2A, + b — w] — 2\, + b — U][2\, + =+ v][2\, + A+ w]
[4X, + 2h]
ZW[UHW]W

and its cyclic permutations of (u,v,w), we have

[w] o] [w][u][0][w] [4A, + 2A]

f3(>\p) _f3(_>\P_h) =3 [C]3 [2)\p+h]4 (139)
Now from (1.38) and (1.39), we have
b(Ap) + f3(Ap) = (=X, = h) + fs(=A, — h), (1.40)

where we used Lemma 3. Combining (1.36) and (1.40), we have obtained f()\,) =
f(=Ap, — h). This completes the proof of (1.28).
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As for (1.31), the proof reduces to the identity
[A)? [2¢] [2), + ]

Hyo— Hyx1p0 = 1.41
NIRRT — RJ2] [\ + /22 [N, + 30/2) (1.41)
where
A+ R/2 + 2]
HAO = G)\ .
; A+ h/2)
The function H), is doubly periodic in each variable A ,..., A, . Therefore we can

evaluate the left hand side of (1.41) at some special point. [J

Appendix A: The similarity transformation

The formulas for our Boltzmann weights in Section 1.1 are slightly different from the
original formula in Ref.[JMO2]. The original form of type (1.3) and (1.4) are given as
follows:

q _[c—u][u] N — A+ ] [Ny — A — 1] 1/2
g p Ci ( Dy — A2 ) (p#+q), (1.42)
L WDy thte—d L
g _q B ] P‘p-i—q + A (G/\pG/\q) / (p# q). (1.43)

We note that in the B,, case, types (1.6) and (1.7) are included in type (1.43). All
the other Boltzmann weights (namely, (1.1),(1.2) and (1.5)) are the same as the ones

H u) Our

Boltzmann weights are obtained from these in the following way. We introduce an
ordering on the set P as

we adopted in Section 1.1. We denote these weights by W0

g1 <=, <0< —g, << —g for By,
g1 < =ep =< —g, << —g, forC,, D,.
For A, € b*, such that y — A=p € 73, we define the function s(A, ) as follows:

B,:
sOup) =TT = X e — ) (p = 0)
=[N =) T = Mol e =] (0~ 0)
20D
=TI =2+ 2] (0 =0),
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s(A p) = HP‘T = Al [ = ],

repP
r<p

S(Aﬁl) = H [)‘7” - AP] [[L,, - :up]‘
e,

Then the relation between the Boltzmann weights W in Section 1.1 and the ones in

[JMO?2] is given by
v (0 ) = () e

K UV

u) . (1.44)
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Chapter 2

Fusion procedure for the face model
of type (9

2.1 Path space and face operator

In the previous chapter, we introduced the Boltzmann weights and proved that they
satisfy the YBE. In what follows, we treat only the case of type C5. Let g be the
Lie algebra sp,(C), b its Cartan subalgebra and h* the dual space of h. We recall
that the root system R for (g,h) and nondegenerate bilinear form (, ) are given by
R :={%(e; £ e9),+2e1,4+2e5} C h* and

1
(g e1) = 505k (2.1)
respectively. Note that the square length of the long roots £2¢; is two. We will identify
the space h and its dual h* via the form (, ). The fundamental weights are given by
w, = €1,ws = €1 + &9. Let Py (d = 1,2) be the set of weights for the fundamental
representation L(cwy). We have

Py = {£e1,xea}, Po={£(e1 £&2),0}. (2.2)

To construct commuting difference operators, we need the general types of the Boltz-
mann weights, which we call the fused Boltzmann weights.

First let us introduce the notion of the path space. For any u € C and \,u € b*
such that p — A € 2hP;, we introduce a formal symbol e (u) and the complex vector

space
= Cel(u) :p—\e2rP;

AV A
P(a@i)x = { 0 : otherwise.
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A 2 v
Pt =y—n  Wiwh) = injf;

Figure 2.1: Path space and face operator.

We define the path space from A to p of type (uq, ... ,ux) by

Pl @ ® @ity
= P PPy eP@)e - @P@), (2.3)
M1y 7/”/k—leh*

The following set of paths
{eN (u1) ® e2(ug) @ @ey  (up) | i — prioy € 2P (1 < i < k), po = A, g, = v}

forms a basis of the space (2.3). Set also

Pl @ @@, =P P@ @ @ @)
vep*
and R R
Pl@ @) = (PP@I"e oz,
AEh*

We define the face operator W (w?, @?) : P(@" @ @?) — P(w’ @ @) by
A p

K U

W(w, @) eh(u) @ el (v) ==Y W (

u— v) eN(v) ® ey (u)
KEDh*

(Fig.2.1). With these definitions, the Yang-Baxter equation (0.19) reads as follows:
(id @ W(wy, @y)) (W (=i, wy') @id) (id @ W(wy, wy’))
= (W(wy, wy’) @id) (id @ W(wy, @y’)) (W (=i, wy) @id)
Pt @@ @ w?) — P(o? @ @’ @ wb). (2.4)

We will recall the fusion procedure. First we consider the composition of the face
operators:

W' ©ow* @ - @ w", o)
=W (wzlua wij) w2 (wamv wi)) S R (w?k7 wi))

P 9w @ 9wt @ @) —» P(w) @ @l @ @i - ® wi*),
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o“”

Figure 2.2: The face operator W (w}! @ wi? ® - - - ® wi*, w?).

where the operators W (wluj , w”{)j’j+1 are defined by the formula

W (witj7wqf)j,j+1 = id®U-D @ W (w;w’ wzl)) ® id®F=9)

P Qwy  @wy @w! @wy T @ -+ @ wi*)

P ® - 9wl @w! @w) Qwit @ - @ wik)
—

(Fig. 2.2). Also we set
W(wzl‘l ®w1‘2®®w§‘k,w1{1 ®w11)2®®w11;l)
= H W@ w2 @ w?fk,wilfj)[j,kﬂ]
1<5<i
P @ 0w 0wl @ 0w)) - P@)' @ 0w 9wl @--- © wit),
where
ug

W(wqfl ® PP ® wﬂll‘k’ wi)])[jvk""]} = 1d®(]_1) ® W(w%l ® e ® wl ’w’;j) ® 1d®(l_3)
PV @ @i QE R - QT @l QWP @ @ @)

—P@V @ Q@ ' @wy @wl ®- - @@ Qwy" @+ @ @)
(Fig. 2.3).
Let us introduce the fusion projector my by specializing the parameter in W (@, w?):
Ty = W(@i ™" @) Plal " @ o)) - Pla) @ @i ). (2.5)
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Figure 2.3: The face operator W (w]! @ w? ® -+ @ wi*, w' @ w]? ® - -+ ® wy").

Lemma 4 The space Ty (P(@v™" @ @¥))) has a basis {7 (u) }rep, given by

M) =[Ny g+ Hey P (u) @ T2 (u — h)
+ Pgop + Al (w) @ 375 (u — h), (2.6)
where p = +e1, ¢ = £e5 , and
Ru) = 324 + 20l (w) @ el — h). (2.7)

pPEP1

Proof. For p,q € Py, q # £p, we have

p
mop (X7 (u—h) @ X W) = | p[=hlp | 47Pw) @ AP (w—h) =0,
p

g (4w = B) @ N2 (w))

p p
= | p[=hla | AP @ X2 w—h) + | g[=hlq | T (w) @ X2 (w—h)
q p
—2h ~ P
P—q

+ Py + X () @ Q2w = 1)),
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and

< /\+p —h)® e>\+p )

Z( ) V() ® exyr(u = )
rePr

STl (Z[” + 206} >®ei+¢<u—m>.

reP1

Here we have used the identity

b
p|=h]-p
—-D

[—2R) [2A\, + 2h]  [=h][2)\, — R] [2A, + 2R] [Aprq + B] [Ap—g + ]

N [_3h] [2/\1) + h] [_3h] [2>‘p + h] [2)‘10] P‘p-&-q] [)‘p—q]
o [2/\1) + 25] [_2h] [2/\1)] P‘p-&-q] [)‘p—q] B [_h] [2)‘10 — h] [)‘p+q + h] [)‘p—q + h]
3R [20, + 1 [22p] [Ap+q] [Ap—d]
_[=R] [2X, + 2] [Apyq — B [Ap—g — ]
N [_3h] [2)‘10] P‘]Hq] [)‘pfq]
which follows from the three-term identity (1.18). O
We define

-~

P(@})s = may (P(w} ™" @ @1)y)

and 73(1#2‘)’; = ﬁ(wi“%@w’f)‘; N P(w4)s. Note that dimﬁ(wé‘)ﬁf < 1 and the equality
holds when y1 — A € 2iP,. We can also define P(wy! ® - -+ ®wy*)X similarly as in (2.3)
(dl,...,dk =1or 2)

Proposition 2 Define the operators /Wvdd/ (u—w) (d,d =1,2) by

Wor(u—v) = W(z" @ @ " @?), Wia(u—v) =W (z?, @’ @ @’") (2.8)

and

WQQ(U/ —0) =W(z¥ @@ ", o’ @ w?™h).
We have

Waa (u — 0)(P(@l @ @4)!) € Plah @ @i,
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Figure 2.4: Wi (u), Wis(u) and Was(u).

Proof. From the definition of 75y (2.5) and the YBE (0.19),
W2 (u — 0)W> (u — v — h) (T ®id)
= (id @ Ty )W (u — v — )W (u — v). (2.9)
Applying this to the definition of ng(u — ), we get
Wai(u = 0)(P(w} @ w})}) € P(wt © wh).
By the same argument, we have

W3 (u— v+ AW (u — v)(id ® Toy)
= (Toy @)W (u — )W (u — v + h), (2.10)

and
Was(u = 0) (P(w} © @3)}) € P(w} © @)y,

Together with the equations (2.9),(2.10) and the definition of Way(u — v), we obtain
Waa(u — 0)(P(wh @ @3)}) C Pl @ w})h.

O

We denote by Wz (u — v) the restricted operators de/(u - U)|73(w};®wv )- By the
d/
construction, the operators Wyy(u — v) clearly satisfy the YBE in the operator form

(2.4) on P(wy ® wy ® war). We introduce their matrix coefficients by the following
equation

Waa (u—v) gh(u) ® gh(v) = Y Waa ( 2

u—v) g © (). (211)



then, their coefficients Wy ( 2 ’Z

u— v) satisfies the following type of YBE:

A
Zde/(Z Z U—U)de//<p 5 u_w)Wd/d//(f’]L ’U—’(U)
n
_ A U] A
—;Wd/d//(p o ’U—ZU) de"(g u—w) de/(n u—v). (2.12)

Remark. In general, one can think of more general fused weights Wy, where V, V'
stands for some finite dimensional representations of g. In the above we treated the
case V = L(wy), V' = L(wy) for g (d,d =1 or 2). In this setting, for \, u € h*, we
have

dimP(wy)y <1 (d=1,2).

However, for the general representation of g, the fused Boltzmann weights depend not
only on the difference of elements in h* attached at the both ends of the path, but
also on the path which connects the ends. In general, for a representation V' of g, the
dimension of the corresponding path space P(V)4 is equal to the multiplicity of weight
p— X in V. If the multiplicity for V or V' is greater than one for some weight(s), then

for the fused weights Wy, the “matrix coefficients” Wy ( ;\ 5 U — v), which

can be defined similarly as in (2.11), becomes an matrix rather than a scalar:

A
WVW( 0 5

In this situation, the YBE written in terms of the “matrix coefficients” also becomes
an equation of matrices, whereas the equation (2.12) is an equation of scalar functions.

u— v) PV @ PV, — PV)i@P(V).

2.2 Formula for the fused Boltzmann weight

For p,r € Py and s,q € Py (d,d = 1,2) such that p+ ¢ = r + s we write for brevity
(as far as confusion will not arise)

p ~
B A A+Dp
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2.2.1 (2,1) case
We calculate the coefficients of the operator Wa; (u).

A
WZI()\'U u>: U yu — By

K UV
K 14

In what follows, we will often omit the dependence of ¢} (u) € P(w?) on u (the spectral

parameter) for brevity. Let p € P;. From the definitions of f3 and Wy (2.7,2.8) we
have

War(u) £ @ ey = Way(u) £ @ e)™”

:ng(u) (Z [2/\ + 2h] M7 ® e)\—l—? ® 6/\+p>

reP1

_ MG o N MTHS o AP
—g ey @ E Va(ss tu)eyia " ®@exiaig |

q€P1 s, t€P1
s+t=p—q

where we denote by V,(); s, t;u) the following function
A AT AT A
Z[QAT+2FL]WH( . . u) Wll()\+a+§ NP u—h).

rePi A T q A T q T
If ¢ € P, satisfies ¢ # £p, then the functions V,(\; s, t;u) vanish except for (s,t) =
(p, —q) or (—q,p), and one can easily show that
Volip, —gsw) VoA =g, prw)
[(A+Dprg +h [(A+7)—g—p + 1]

This equation implies that the vector

pEED A
Voip, =g u) et 2P @ ey o+ V(N —g, pu) edyp @ ey

(2.14)

is proportional to f/{\jfg and its coefficient (the both hands sides of (2.14)) is calculated

o [ — ) [+ B [u + 38] [20]) [Ay_p — Fo — ] [2\, + 271

[_3h]2 [hP [)‘q—p - h] P‘q-&-p + h]
by using the three term identity (1.18). This function will be denoted as (see (2.13))

0
q p (q# *p).
p—q
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Let us consider the term for ¢ = p. For all s € P; we have from the three term
identity

Vo(Nis,—s;u)  [u— A [u+h][u+3h] [u+ R Dpsr + 21]
EOR R R S VAR T | R e R
r#£p

The right hand side of this equation is independent of s € P;. Thus we see that the
vector
E . . A+D+S D
‘/;’)()\’ S, —S5; U)G/\_é; s & 6)\+g\+§

s€P1

is proportional to f;\j_rg and its coefficient is equal to the right hand side of (2.15), which
is labeled by
0

plulp.
0

Here we write all fused Boltzmann weights (the coefficients of the operator Way(u)).
They are obtained by the three term identity (1.18). We assume p,q € P; satisfy
p # +q. The common factor

[ — B] [u+ B] [u+ 3]
[—3h]2 [A]
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is denoted by C(u).

p+q u
¢ [@ ¢ =Cw ;f’ﬂ,
p+q

P[22 Dy
11 =G T By

p—q
q q — O(u) [“[;] d 1; [Qifg (2.16)
e
q qpp = CO(u) [Aq‘[g A;ﬁiijﬁ;]%], (2.17)
q ZZ_Q = OO o B

2.2.2 (1,2) case

Next we give the example of Wis.

A
ng( K

K UV

u) _
u + Iy

In this case, let us denote the common factor

(] [u + 2R) [u + 4]
[=3h]* [A]
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by D(u). To obtain these results, we use only the three-term identity (1.18).

p U
pralopra= DS
p
p [u+ 1] [22p — 2h] [Ag—p + 20]
a—p q—p B TR Y W S I
p U -
p <n
p — —u +q
0[ulg—p = D(u) Pes éz ] [A] [/\]p &
q ' q—p

p s
p—q[u]0 = D(u) [[27;] Ao—q — o = u][2A — 27
q

Ag—p] Pptdl ’
p 2h] 20, — b — u] [M\psq + 25)
= 4 p+q
praltr = PO o D
2.2.3 (2,2) case
Finally we give the example of Was. ) ’
U yu— R
W22( )\ ,LL u) = > >
K UV |
Kk R

They are equivalent to the Boltzmann weights associated to the vector representation
of the type Bs Lie algebra. We write only two cases as example, which will be used to
define the difference operator My (u). We set

[w — A [u]? [u+ ] [u + 2k] [u + 3R] [u + 44]

G(u) == 3t . (2.20)
pP+q
P‘p-&-q B h]
0 0= G(u)i, (2.21)
P + q [/\p+q + h]
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s 2\, + 28] [2\, + 28] [A,s — 53] ey + 28] [u+ 65] [u — 3]
2] 27, Dvvol Dors + ) ] [u+ 30

r==+e;
s=deo

(2.22)

The formulas (2.19), (2.21) and (2.22) together give the explicit form of M, (Theorem
2 (ii)).
0
We explain how to calculate the fused Boltzmann weight 0[u]0. According to the
0
definition of the operator Was(u) and the vector f3 (2.7), the coefficient of Was(u) f2 ®

f{ with respect to fi ® f3 is equal to
1 A A A+Dp A+T
m;[ri-l-?h]Wzl()\_{_ﬁ A+T u)Wm()\ A\ u—I—h).
(2.23)

In this summation, if  is equal to —p, then Wy, ( i 45 i P

u) = 0 and therefore

(2.23) can be rewritten as

A A A+D A+p
Wﬂ(Aﬂ? A+p u>W21(A A u+h>
2), +2h A A A+Dp A+7q
+Z 22X, + 21] ()\Jr]? A+q u>W21( N L A
qsﬁip

By means of (2.16), (2.17) and (2.18), this function is equal to

[w — 1) [u] [u + B] [w + 21) [u + 3R] [u + 4F) [21)
[—3A]? [A)

[u+ ] [u + 2h] H [Ap+rg — Al[Aptq + 20]
[2h] [_3h] P‘p-&-q] [)‘p+q + h]
q#+p

+

[h] [2>‘q - Zh] [)‘p+q +2h + u] [)‘p+q —h— U] P‘p—q - h]
[_3h] qGZp: [2)‘q] P‘p+q] [)‘p+q - h] P‘p—q + h]
qF#+p
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To obtain the formula (2.22), we use the following lemma.

Lemma 5 For any p € P, we have

[u + ] [u + 27] H [Ap+g = D] [Ap+q + 20]
[27] [=3A] Aot Dot + 1

phiis
(7] 20y = 2] [Apyq + 2R+ u] [Aprg — B — u] [Ny g — ]
" @ 6;791 [2)‘q] P‘p-&-q] P‘p-&-q - h] P‘p—q + h]
qF#=+p
 [u)[u + 3A] 3 22X + 28)[2Xs + 2] [Ass — 5A)[Arys + 28] [u+ 6h][u — 3R]
B [6h][_3h] r=de; [2)‘7‘][2)‘5] [>‘r+s][>‘r+s + h] [6h] [u + 3h’]
o (2.24)

Proof. Let f()\,) be (the left hand side) — (the right hand side) of (2.24), regarded as
a function of \,. It is doubly periodic function with the periods 1, 7. Let us show that
it is entire. The apparent poles of f(),) are located at

A=A My =X Eh(p,g€Pr, p+q#0), A\, =0(p€Py).

Note that the left hand side of (2.24) is clearly invariant under A, — —\,, and the right-
hand side is W-invariant. In view of the symmetry, it suffices to check the regularity
at Ay = Ay, \p = A, — h and \, = 0. By the three-term identity (1.18), it is easy to see
that the residue of f(\,) at A\, = A\, — h vanishes. Manifestly, the point A, = )\, and
Ap = 0 is regular.

Now we have proved that f(),) is independent of A,. We will show f(—\,—2hk) = 0.

This can be directly checked by using the identity (1.18) twice, and the proof completes.
O

0
To conclude this section, we will give another expression of the weight 0[«]0, which
0
is found after the publication of [HIK].

Lemma 6 We have

[)\p+q — hj [)xp+q + 2] B
2. U= 3 SR (2:25)

p==e1 p=ze1
q=%e2 q==e2

where K is a constant given by

(8h}(h) | [5h][2R] | [6h][3R]  [4R) [A]

K= tomn T anpn T phian T s A
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Proof. Let f(),) be the left hand side of (2.25), regarded as a function of A\, (p € I).
It is doubly periodic function of the periods 1,7. Let us show that it is entire. The
apparent poles of f(\,) are located at

M =X Ay =X —h(pgel, pt+q#0), \,=0(pel).

Note that f(),) is W-invariant, then the points A, = A, and A, = 0 are regular. Also,
the residue of f(\,) at A, = =\, — h is

[20] [=2X] [2g + 2R] [-6R] [A] _ [-2h][R]

6h[=2n, — 202N =h =m

Now we have proved that f(),) is independent of \,, then we consider g(\,) =
f(=A; —2h) as a function of A\, (¢ #p € I):

o) = A <[2Aq + 20 20, — 20)] 2, + 71

67] \ [2\, + 45 [2\, + 20 [2\, + 7
2\, + 61 [2Xg + 2] [2X, — 3H]
[2X,] 2\ + 20 [2), + 37
2, + 67 [2\, — 2] [—37] [4h])
2X, + 47 [2),] [24] [37]
[—2), — 3h] [-2),] 2X, + K] [2\, + 4K [B] [4R]

(2N, — 2h] [—20, — h]  [2)\, + 21 [2\ + 3] [20] [3H]"

By the same argument we can show that g(),) is independent of \,. Therefore we get
K by putting A\, = h in g(\,) and the proof completes. [
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Chapter 3

The difference operators of type (5

3.1 Construction of the commuting difference op-
erators of type (5

From now on, the Jacobi’s first theta function is denoted by 6, (u) instead of [u] (See
Appendix C). We define the difference operators My(u) (u € C,d = 1,2) acting on the
functions on h* by means of the Boltzmann weights of type (1,2) and (2, 2).

(Ma(u) )(A) = > Wdz( \ ij;’;ﬁ ‘u) Th f(N). (3.1)

Here the shift operator T{; is defined as
THFN) == FO\+ 20p).
We recall that for A € h* and p € P, (d = 1,2), we put
Ap = (Asp).
Note that if we denote \; = (A, ¢;) (i = 1,2) and f(\) = f(A1, A2), then
Tl f( A2) = fFOM £ R Aa), Ty, f(Ms A2) = f(A, A2 £ 7).

Theorem 2 (i) For each u,v € C, we have My(u)My(v) = My (v)My(u) (d,d = 1,2).
(ii) The explicit form of My(u) are as follows :

0r(Mpsg — B
My(u)=Fu) > ] %T{;, (3.2)
pEP1 q€P1 '
qF#+£p
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My(u) = Gu) | D (%T{;Tg + U()\p,)\q)) — H(u) | . (3.3)

p==e;
q==%e2

Here U(Xy, Ay) is given by :
_01(2R) 012X, + 2D) 012X + 2R) 01(Npyq — 5D) O01(Npyq + 2R)
61(6h) 91(2/\17) 01 (2)‘q) 91()‘p+q) 91<>‘p+q +h) ,

G(u) is given in (2.20) and F(u), H(u) are the following functions depend only on u
and h :

U(Ap; Ag)

01 (u) 61 (u + 2h)% 0, (u + 4h)
01(—3h)2 6, (h)? ’

F(u) :=

01 (u + 61) 0y (u — 3h) 61 (2h)
01(w) 01 (u + 3h) 0, (Gh)

Proof. The explicit formulas (ii) are given directly by (2.19), (2.21) and (2.22). Now we
show the commutativity condition (i). For ¢ € Py + Py we will introduce the matrices
Ai(Au,v) and By(A|v, u) whose index set is I; := {(p,q) € Pa X Pa |p+q=1}:

A+D A+t
Yo 32 222]).

A+q A+t
Jua (32101
With these matrices, we can write down both the left and right hand sides as
My(u) My (v) = Z trace Ay (\u,v) T2,
tEPq+Py

My (v)My(u) = Z trace By(A|v, u) To.
teP+Py

and H(u) =

A ALD

Aoz = () 312

A A+G
A A+E

Bi(Av, u) P8 = W (

Let us also define the matrix Wi(A|ju — v) with the same index set:

A A+Dp |
A+5 A+t |1TY)
The YBE (2.12) implies
Wi(Mu — v) Ay (Mu, v) = Bi(A|v, ) Wi(A|ju — v)

(Fig. 3.1). By the inversion relation (1.13), it can be seen that Wi(A|u—wv) is invertible
for generic u,v € C. It follows that trace A;(\|u,v) = trace By(A|v,u) for all u,v € C.
Hence we have My(u)My(v) = My (v)My(u) for all u,v € C. O

Wt()\|u — U)Ef:;])) = de/ <
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Figure 3.1: The left hand side is the matrix element W;(Alu — v) A;(A|u, U)Ef’z)) and the
right hand side is By (v, u)W;(A|ju — U)Efsq))

3.2 Identification with van Diejen’s system

Thanks to the formula (2.25) for U(\,, A,), our operators My(u) (d = 1,2) looks quite
similar to the operator obtained in van Diejen’s work. Here we will establish the exact
formula among these operators. .

We define the difference operators M, to be the components of My(u) independent
of u:

~ O (Aprg — )
My =) ] AT (3.4)

peP1 qeP1 9 (>‘p+q) i

qF#=+p
—~ O1(ANpiqg — 1) 01 (Aprg — R) O1(Nps +2h))
M, = LTh Tﬁ + prq pTq 3.5
P (G e ey 35)
q=x=%e2

More general commuting difference operators Hi, Hs are obtained by van Diejen
[vD2] and later by Komori-Hikami [KH2| in a different way. The operators Hy, Hs
in [vD2] depend on nine complex parameters p, pi,, .. (r = 0,1,2,3) satisfying the
condition

> (pe ) =0 (3.6)

and are defined by
H = Z w(exy)v(exy + xo)v(exy — x9) T2

e==+1

+ Z w(exs)v(ews + x1)v(ews — 21)T + Ugioya,
e==%1
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Hy = Z w(exr)w(e' zo)v(exy + 'xg)v(exy + 'we + )T T,

g,e’==+1

+ U{Q} 1 Z 81‘1 61’1 + [Eg) (61’1 — {L‘Q)Tgl
e==1

+ Uiy Z w(exa)v(exs + x1)v(exs — 1)1 + Upioyo.
e=%1

Here T7, (i = 1,2) stand for the shift operators

T f(w1,22) = flzr £79,32), Tiof(z1,22) = (21,22 £ 7)

and

oz + ) or(z + pr) or(z + g +7/2)
v(z) = ) w(z) = H ) o T 2) ) (3.7)
0<r<3 " " v
where o(z) = 0¢(2) denotes the Weierstrass sigma function with two quasi periods
wy, wy and o,.(2) (r = 1,2, 3) the associated function obtained by the shift of argument

by the half periods (See Appendix C for more detail). The functions Ugjy1, U9y, (J =
1,2) are defined as follows :

Ugya = —w(r;) —w(-z;) (=1,2),

o 24 xi)o (0 —v/2 — x;
U{IQ}I_ZCT‘H ,u v/ J) (n—"/ J)

0<r<3 j—=1,2 7/2—'_1:) 1“(_7/2_17]')
where

Cp = —F———F—

/
0_( H Os ,u7rr(s 7/2) Os (/’Lﬂ'r(s)>7

0<s<3

with 7, denoting the permutation 7wy = id, m, = (01)(23), m = (02)(13), 73 = (03)(12).

Ui )2 = Z w(er)w(e'zy)v(exy + e'wy)v(—exy — e'wyg — ) (3.8)

e,e’e{l,—1}

We mention that the Komori-Hikami system in [KH2] is of more complicated form
and has nine arbitrary parameters, that is, they removed the condition (3.6).

To identify our operators with H; and Hs, we specialize parameters p, fi,., pi. (r =
0,1,2,3) in Hy, Hp as p = —v, pr = i, = 0. Then w(z) =1 and Upy 251 = 0. Let us
denote these specialized operators by H;i, Hs respectively. Because of these simplifica-
tions, we immediately obtain the following from Lemma 6, giving the identification of
our system {M;, M,} and van Diejen’s {H,, Ho}.

45



Theorem 3 For a function f(A) = f(A1,A2) on b, define o(f)(x) = o(f)(z1,22) by

xT1r T2

w1 2&)17 2&)1

o(f)(x) := exp ),

and set v = 2w h. Then we have

o(f) () = 7 Fo () o),
(Mo f)(x) = 07 (Fy + 27) o (f) (2).

Proof. Use the connection between the theta function and sigma function in Appendix
C (4.8) and (2.25) to compare (3.3) and (3.8). O

3.3 Differential limit

In this section, let us clarify the connection between our system of difference operators
and a quantization of the Inozemtsev Hamiltonian [IM], [I]. By expanding in A one
infers that

My = 4+ My ,h* + My it + O(1P),
My = 8 + Myoh? + My 4h* + O(RP).

We will abbreviate a function f(A: +c,) as f(£), 0; = 9/0N\; (1 = 1,2), and 0)(2)
df,/dz(z) etc. We have

M, 5 =07 + 03
ea
~2(G+ o) -2 (R - o)
o
r2(G+ 3O,
My o =2M, »,
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91(-{—)01(-), then
9// 9/2 9// 9/2
ATV Moy A = R+ +4( (L )H)+ (12— ()

We set A

87 + 05 + 4 ((log 61)"(+) + (log 61)"(—)) ,

(3.9)
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AT (Myy —2Myy,) - A

— 6262
i /2 Vi /2
(7)o (54 ) ) o0
0/// 9//9/ 9/ 3 0/// 9//9/ 9/ 3
2 (5 2% ) 0+ (5 -5 25 0)
(G -3

34
(9/” 9//9/ 9/3

i
+2< %_399 9 )
o) (o)
(o ()
+16 (WQ + A O) +3 (F P+ e Go)
(80 (0 )

- a0}
+4{(log 61)"(+) — (log 61)" (=) }010%
+2{(log 61)"(+) + (log 61)" (=)} 01 + 2{(log 61)"(+) — (log 61)" (=) } 0
+2{(log 6;)™(+) + (log 8;)¥(—)}
+4{(log 01)"(+) — (log 61)"(—)}?
= {210, +2((log61)"(+) — (log 61)"(—))}".
The completely integrable Hamiltonian of type BC,, is introduced by Olshanetsky-

Perelomov [OP1], and later generalized Inozemtsev-Meshcheryakov [IM] [I]. In the rank
two case, the Hamiltonian is given by

H o=~ (0 + ) +g(g — 1) (pla + 1) + plos — )

+ Y (g = Dlplwr +21) + plw, + 22)),

where p(x) denotes the Weierstrass p-function with two periods 2wy and 2ws, and wy =
0, w3 = —w;1 — we. By the connection between the theta function and the g function
(4.9) in Appendix C, our differential limit (3.9) is identified with this Hamiltonian for
the special coupling constants g(g — 1) = 2, and g,(g, — 1) =0 (0 < r < 3).
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Appendix B: Commuting difference systems of type
An—la Bn

As we have seen in Section 3.1, if we construct the system of difference operators by
using the fused Boltzmann weights (3.1), the commutativity of these operators relies
on the Yang-Baxter equation (2.12). One more key is the fact that the multiplicity
of the weight zero subspace in the representation L(ws) is one. If we take general
representation V' instead of L(ws), the resulting commuting operators will become
operators for Vy-valued functions on h*, where V|, denotes the weight 0 subspace of V.
Thus, if we choose the representation satisfying dimVy = 1, the commuting system for
scalar functions can be constructed by the same manner. There are two other well-
known cases satisfying this property. One is the symmetric tensor representation for
type A,_1 and the other is the vector representation for type B,,. For type A, _; case,
Felder-Varchenko constructed the Ruijsenaars operators (difference operators (0.12)
in Introduction) by the same method [FV2]. Actually it turns out that Hasegawa’s
operator L (formula (38) in [H3]) coincides with the fused Boltzmann weight in Felder-
Varchenko method when the parameters involved are set appropriately. For reader’s
convenience, the explicit formula for L is as follows:

C|U Z ¢ >\+h€J ¢( + Ch))\JrhezT;h

k=1

_ [ Oleh/n+u+ Ni) yp 0(ch/n+ M) \ n
‘( T a Y Srevey )T (310

Here ¢(u )“+h€’“ is the intertwining vector (0.26) and ¢(u )ithend is the elements of the

inverse matrix to [¢(u )Z_;hak]],kzl ,,,,, n:

k pthey +h k
Z¢> (W) = Ok qu g O = 55,

Let us consider the B,, case. We use the Boltzmann weights of type (1.3) and (1.8):

P o= ulu] [\ — B2
00 =m0 o P7Y
0
_[c—l—u][Zc—u]_[u][c—u] A + 7/2 + 2]
RO =g 2 (; P+ 172 G”) ‘



With these functions, we set

M (u) :Z ()-()Th

peP

D Sl (e A )

Mo +R/21°7 2N + h/2]

IO,

[c 4+ u] [2¢ — u] [A]
e = u] [u] [2¢]

Fu) =

Pi={xer, - ,%en, 0}, T,f(N) := f(A+ hp).

This operator also corresponds to van Diejen’s operator with special coupling constants.
By the following lemma, we see the operator M (u) separate to the difference operators
which depend on one variable.

Lemma 7

[R] [A\p + 7/2 + 2(] Ny — /2] [\, +h]
; [2¢] [Ap + 1/2] GAPJF% A + 1/2] [N =K. (3.11)

Here K is a constant independent of A, (p € P):

Proof. The left-hand side, regarded as a function of \, (p € P), is doubly periodic
function of the periods 1,7. It is W-invariant, then the point A\, = A\, and A\, = 0 is
regular. The residue at A\, = —h/2is 0. O

We define

v A — h/2) N, — /2] [\, + B
Ml'_pepz_:{o}(u T2 Z D + 572 1) >

By sending the step size h to zero, we obtain the differential operator in the same
way as in Cy case. First we have

Ap = 1/2]
Ay + 1/2]

=f+ (810 o %/O‘p)) f-h+ (%3; o %,()‘p)ap+ %99_,220‘10)) f- 4 O(hg)'

FCo oA +h. )

20



Then,

A — 1/2] (=X — 1/2]
[)‘p + h/2] [_/\p + h/Z]
9_/ 0/2

:2f+(%—2€Q9@+Q§Mg)fif+0mﬁ

O Ap+h,. )+ FCoo A —h. )

We put

Then we have

. ) iy (9/2 ) g" (9/2
AT (8p — 25()\,,)8]3 + ﬁ()\I’)) A= 05+ (g — ﬁ) (Ap)
= 0, + (log8)"(X).
Moreover, the function multiplication term of Ml goes over to

Ao P2y A A (% - %—;) () 12+ O(1).

Mot B/2AN] 2

Then we have

Tk - S (Pemh2 0 D= 2D+
M+ K = %({/\p+h/g]Tp+ [Ap + 1/2] [N )

= dn+ MR+ O(R?),
where

AU M A =T (02 + 2(log 0)(Ay)) -

p
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Chapter 4

Diagonalization of the system

4.1 The space of theta functions

Let Q and QY be the root and coroot lattice, P and PV the weight and coweight lattice
respectively. Under the identification h = h* via the form (, ), they are given by

P=)>Y TZe Q=) L% (4.1)

j=1,2 j=12
and
PV = Q=72e, + 72e5 + Z(e1 + &9).

For 3 € h*, we introduce the following operators S; 3, S5 acting on the functions on b*:

(Saf)(A) = f(A+ D),

(5a0)0) i= exp [2ri (09 + L) s
They satisfy Heisenberg’s relations
SpS, = S,53,  S1pSry = Sr0Srs,  SyS.5 = eM0PG 58 (4.2)

(7,8, € b*). We define the space of theta functions (of level 1) by
Thy := {f is holomorphic on h* | S;of = Sof = f (Va € QY)}.

For each 1 € P and fixed 7 € $;, we define the classical theta function ©,(X) of A € h*
by

O,(\) == > exp {zm ((V,AH@T)]

YEUFQY
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It is easy to see that the set
{0,(N) | =0, e, &2, 1 + 3 mod Q"}

gives a basis for Thy over C [KP].
Let W C GL(h*) denote the Weyl group for (g, h), and consider the W-invariants
in Thli

Thy = {f € Thy | f(w)) = f(\) (Yw € W)}.
Theorem 4 The operators J\Afl, ]\72 preserves ThY .
Lemma 8 For all 3 € PV and d = 1,2, we have
Sz, Ma(w)] =[S, Ma(u)] = 0. (4.3)

Proof. Note that if p,q € Py (¢ # £p) and § € PY then 5,4, € Z. By the quasi-
periodicity (4.1),(4.2), we have

01((A+ B)prqg — D) _ 01(Ap+qg — 1) 01((A+ 78)p+g — 1) _ ezmﬁp+qhel()‘p+q — h)_

01((A + B)ptq) B 01(Ap+q) 7 01((N + 70)p1q) 01(Ap1q)

Using these equations, we have for all p € P,

5.5 H 4l ra 7l ()

p+q

— e2mi((\B)+7(8,6)/2) H (91 )\+Tﬁ)p+q h)f()\—l—Tﬂ—i-Z/?\)

2 OO+ T0))
— 2mi((\B)+7(8,6)/2+26,h) H Mf()\—kTﬁ-Fﬁ)
g +p 9 ()\p-&-q)
01(Nprg — h
_ H MTQ@&M(A)’

q#+p 01(>‘p+q>

and

Sg H €161p+q 2pf<)\) _ H 91(()‘+ﬁ)p+q_h)f<)\+ﬁ_’_@

q#+tp q#+p Ql(()\ + ﬁ)p-‘r‘])
01(/\p+q - h) ~ 01(/\1?-1—(1 — h) h
= | | —Prd (N = | | — = LT Ssf(AN).
i 91(/\p+q) f( + ﬁ + p) it 61(/\p+q) 2p ﬁf( )
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Note that 26,k = (p,3) etc. Hence we have [S;g, My(u)] = [Sp, Mi(u)] = 0. In the
same way, we can see that the principal part of M, commutes with S;3 and Sz, using
the equations

(O‘ + ﬁ)p+q h) ‘91 (>‘p+q — h)
(()‘ + ﬁ)p—&-q + h) 91(>‘p+q + h)’
) h) _
)

01(A + 78)ptq — 27i(28p 4 g 1) 01(Ap+q — h)
( A+ T8 ptq T h) 91()‘p+q + h)

Using (4.1) and (4.2), it is easy to see that the function

01(2h) 01(20, + 2h) 01(2Xg + 2h) 01 (Npsg — 5H) 01 (Apiq + 2h)
01 (6h) 91(2/\1)) 91(2)‘61) 91()‘p+q + h) 01(/\p+q)
0)

Cpq(N) =

(p,q € Pr,p +q # 0) satisties Cp (A + ) = Cpg(A +78) = Cpg(A) (VB € PY). This
means that S;3, Ss(6 € PY) commute with the multiplication by Cpq(N). O

Lemma 9 For all v € PV, we have
S ThY T, S, Th"Y < Th". (4.4)

Proof. Let f € Th" and v € PV. Since the bilinear form (, ) is W-invariant, we have
(Ser f)(wA) = (Srw-1(y)f)(A). Using (4.2), we can write this as (S7Srw-1(y)-)f)(N),
which is equal to S, f()\) because w™!(y) — v € QY. In the same way, we can show
that (S, )(w) = (5, £)(N).

Evidently S;. f and S, f are holomorphic. For all & € @V, using (4.2) and (v, «) € Z,
it can be seen that the operators Sy, S;o commute with S,, S;,. Hence S, f or S, f are
fixed by S;, and S,. O

Now we prove Theorem 4.

Let f be any function in Th". In view of (4.3), we have SaMyf = S, Myf = Myf
for all « € Q¥ C PY. It is clear from the explicit form of My that (Myf)(w)) =
(My)f()) for all w € W.

Let us show that the function ]Ti/d f is holomorphic on h*. For p € h* and z € C,
we denote by D} the line in h* defined by

D ={xeb"|(\p)+2z=0}

The coefficients of the difference operators Md have their possible simple poles along
D + PY + 1PV, where we put

D:=|JDu (J DI

pER qeP2—{0}

o4



and R, is a fixed set of positive roots. -
Next we will show that for any function f in Th", M,f is regular along D. Let us
consider the meromorphic function g := (]] . R, 61(\,) | Myf, which is regular along

D°:=,ep, D,- Since M, f is W-invariant, it is clear that g is W-anti-invariant. This

implies that g has zero along D° and hence M,f is regular along DP.

The holomorphy along qupzf{O} Dg is somewhat nontrivial. Let p = 4¢;, ¢ = *es.

o+q- Liet us consider the function ]TJ/Q f. It suffices to show

that the following function is regular along Dg e

Clearly, M, f is regular along D"

91<>‘p+q — h)

91()‘p+q + h)
01(2R) 01(2X, + 2R) 01(2Xg + 21) 61(Aprq — BR) 61 (Apsq + 20)
01 (6h) ‘91(2>‘p) o1 (2)‘11) 01()‘p+q + h) ‘91()‘p+q)

TQ";,TQ’; fA)

f).

We note that, for any W-invariant function f, we have (TZ)TQ’Z f— f) | ph, = 0. In
pTq
view of this fact, the residue of the above function along D, is easily seen to vanish.

p+q
Thus we have proved that for any function f in Th" the functions Myf(d = 1,2) are
regular along D.

For 3,7 € PV, we have, by the definitions of 5.3, S, and (4.3),

Maf(\+ Br +7) = e 2ODHEDA G 16 Myf(N)
_ 2O BADTLS, S FN). (4.5)

Since S35, f belongs to Th" by (4.4), MdSTgSyf is regular along D. Then (4.5) implies
that M,f is regular along D + 37 + . The proof is completed. [

For p € P, we define W, := {w € W | wpu = p} and introduce the following
symmetric sum of theta functions [KP],

1
Su(A) === > Ouy(N).
|W‘u| weW

Then
{S,(N) | n= 0, @i (= e1), w2 (= €1 +£2) mod Q"'}

forms a basis for Thi" over C.
It is known that Th}" is also spanned by the level 1 characters of the affine Lie
algebra sp,(C). Note that ©_, = 0, and O., ., = O.,_.,. We have

So =06y, Sw, =2(0,, +06,,), Sw, =46, 1,.
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4.2 Diagonalization of ]\%

Now we are in the position to diagonalize the operators ]T/[/d (3.4, 3.5) on the space
ThYY. We set

fl = @0 + @sr‘rsza f2 = @sl + 6627 and f3 = @0 - ®5l+52‘

They are linearly independent in the space Th".
Theorem 5 The functions f;(\) (i =1,2,3) are common eigenfunctions 0f]\7d :
Mafi(N) = Bai () (d=1,2,i=1,2,3).
The eigenvalues are given by
_ 6121 (0)
01(R)0;41(R)

and Ey; = 2E ;, where the Jacobi theta functions 6(z) = 0;(z|7) (i = 2, 3,4) are defined
as in Appendiz C.

Ey;

We will prove this theorem by using the following three lemmas. First, we show
that the operators M, (surprisingly) split into two A;-type components.

Lemma 10 Let us denote Ay := (\,e1 + €3) and define

_ 0(AL —h)

H:t — Tﬁ 91(_>\i B h) h

0i(he) TER T g (—Ay) EeER)
Then we have
M,=H.H., M,=H?+H?. (4.6)

Proof. To prove the first identity, we note that

B =h) oy GO =),

hOG) T G)
_ (91(>\+ —h) (91(()\4‘71(81 +82)), — h)Th Th
01(0+) (A +h(er +ep))o) TR

_ 0 =) 0(A- —h)
IO TN B
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Here we used the identity (g1 + €3, — €2) = 0. The second identity follows from, for
instance,

O(As —h) s Ay —h)
Oi(Ay) T 6i(A) T
_ 0 =)0 ((Athlerte))s — 1) n n
01(Ar)  O((A+hler +e2))y) TR
(A RN +h—h)
T 6() (A + Ry )
O (A =) o
e mT2ElT2€2.

Here we used the identity (e1 + 2,61 + &) = 1. O

Second, we consider the eigenvalue problem for the A;-type difference operator
(difference Lamé or two-body Ruijsenaars operator)

01(z — (h) 01(z + (h)
01(2) 01(2)

Lemma 11 For the special coupling constant £ =1,

f(z+h)+ f(z—h)=Ef(z). (4.7)

are solutions of the equation (4.7) with eigenvalues

~ 6,(2h) 6,(0)
~ 0i(h) 6i(h)

Proof. This is the special case of Felder-Varchenko’s study [FV1]. They expressed the
solutions of (4.7) in terms of the algebraic Bethe Ansatz method, which is originally
developed and applied to the spin chain model. In fact, the operator in the left hand
side of (4.7) can be regarded as the transfer matrix of the simplest spin chain, that is,
it consists of only one site of freedom with spin ¢ = 1. In this case, the Bethe Ansatz
equation is

E=E, (i =23,4).

Ou(t —30/2) _ one
GETh2) e, (4.8)

The solution (¢, ¢) of this equation gives an eigenfunction
f(z) =€%01(z+t—h/2)

with eigenvalue

__net1(20) 6:(t — 1/2)
~° ) 0t h/2)
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Now one checks directly that the equation (4.8) has solutions

h 1 h 1+71 h 1
(t,C)— (E—FE,O), (§+T’WZ)’ <§—|—§,7TZ). (49)

In fact, for example, if t = /2 + 7/2 we have

01(t —3h/2)  O1(=h+7/2) ie MO (—h) L,
91 (t + h/2) n 91<h + 7'/2) N Z'E_Wi(h+7/4)94<h) B

Here we used the relations of the theta functions (4.3) in Appendix C, and the fact
that 0,4(z) is even. Thus we have the eigenfunctions

05(2), 05(2), 04(2)

corresponding to each solution (4.9), respectively. O

Therefore, the product of the theta functions
0:(A-)0;(Ay) (1,7 =2,3,4)

are simultaneous eigenfunctions of the operators H2, H2, H, H_ . Finally, we shall
establish the relationship of these Bethe Ansatz solutions and the bases of ThiV.

Lemma 12 The functions fi(\) € ThY are expressed in terms of the Jacobi theta
functions as follows:

i) = 03(A-)03(As),  fa(A) = 02(A)02(As),  f3(A) = 0a(A-)0s(Ay).

Proof . Because of the definitions of coroot lattice @V (4.1) and Killing form (2.1), each
basis of Thy is expressed as

Here \; = \., (i = 1,2). Therefore we can prove this lemma by using the identities of
theta functions (addition theorems) (4.4), (4.5), (4.6), (4.7) in Appendix C. O
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Appendix C : Theta function

We establish notations and identities on the theta functions [WW]. The Jacobi theta
functions are defined for 7 € $), as follows:

AR <z+ %7) =S lzm' ((z—i— %) <k+ %) 41 (;H 97)]
02(2|7) = b1/2.1 (2, 7) kezzexp [2772 (z (k+%) +% (k+%>27>]

03(2[7) = boa(2,7) = ) exp {2#2 (zmkgﬂ

keZ

04(2I7) = 0o, ( ; %) =S e [zm (( ) - ’%)}

Note that #;(z) is odd and the other three are even. These functions has quasi-
periodicity:

01(z + m|T) = (=1)"01(2|7), (4.1)
01(z +mr|r) = (—1)"e ™I, (4]7), (4.2)

(m € Z), while other three can be expressed by 6, (z)

1
01 <Z+§ 7') :92(2’7'),
0, (z + %( T) — e TN, (7). (4.3)
1 .
91 <Z + 5 + % T) = 677TZ(Z+T/4)93<Z|T).

We use these identities in the computations in Lemma 12.

04(x|7)04(y|T) = O3(x + y|27)03(x — y|27) — Oa(x + y|27)02(z — y|27), (4.4)
03(|7)05(y|T) = O3(x + y[27)03(x — y|27) + Oz + y|27)02(x — y[27), (4.5)
02 (x|7)02(y|T) = O3(x + y|27)02(z — y|27) + Oa(x + y|27)03(z — y|27), (4.6)
01(x|7)01(y|7) = O3(x + y[27)02(x — y|27) — Oz + y[27)03(z — y[27). (4.7)
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The sigma function o(z) is an entire, odd, and quasi-periodic function with two
primitive quasi-periods 2wy, 2ws.

0 (2 + 2nwy + 2muwsy) = (—1)nHmtnme@nmt2mne)(ztnwitmes) 5 ()

with 7; = ((w;) (i = 1,2), where ((z) = 0'(2)/0(z) denotes the Weierstrass (-function.
The connection between the Jacobi theta functions and the sigma functions are

o= (o0 ) i

(o mE Ora(z/200)
ar(z)—< p2w1> 6,2(0) (r=1,2,3).

Then, for the function v(z) in van Diejen’s system (3.7), we have

o(z+p) m(2zp + 12)\ 01((2 + p1) /2w1)
v(z) o(z) (eXp 2wy 01(z/2w) (48)
The connection with @ function is
d2 1 d2 T
=——1 =—— | —1 2 - —. 4.9
o) =~z oma(z) = 5 ( 5z logu(z/200) ) - (1.9
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