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Chapter 1

Introduction

Let Ω be an open domain in the n-dimensional Euclidean space Rn and ∆ be

the Laplacian ∂2

∂x2
1
+ · · ·+ ∂2

∂x2
n
. We say ∆f ∈ L∞

loc(Ω) if for every compact set K in

Ω there is a constant CK such that∣∣∣∣∫
K
f(x) ∆g(x) dx

∣∣∣∣ ≤ CK ||g||L1(K)

for any infinitely differentiable function g whose support is contained in K. Let

{ϕε} be infinitely differentiable approximate identity with supports contained in

{ x; |x| < ε }. For a function f on Ω and x ∈ Ω, f is said to be regulated at x if

f ∗ ϕε(x) → f(x) as ε→ 0+. In 1970, Igari proved the following Theorem ([5]).

Theorem 1. Suppose that there exist a complete orthonormal system {uk} of

smooth functions in L2(Ω) and a numerical sequence {λk} for which −∆uk = λkuk

in Ω. Let

fk =
∫
Ω
f(x) uk(x) dx, f ∈ L2(Ω)

and

sδ
λf =

∑
λk≤λ

(
1 − λk

λ

)δ

fkuk, f ∈ L2(Ω).

Let δ ≥ (n+ 3)/2 and f ∈ L2(Ω) be regulated in Ω.

(i) It holds that ∥∥∥sδ
λf − f

∥∥∥
L∞(K)

= O
(

1

λ

)
as λ→ ∞ for every compact set K in Ω if and only if ∆f ∈ L∞

loc(Ω).

(ii) It holds that ∥∥∥sδ
λf − f

∥∥∥
L∞(K)

= o
(

1

λ

)
as λ→ ∞ for every compact set K in Ω if and only if ∆f vanishes in Ω.

We shall give a generalization of Theorem 1. Let L2(Ω) be a Hilbert space with

inner product

(f, g) = (f, g)L2(Ω) =
∫
Ω
f(x) g(x) dx, f, g ∈ L2(Ω).
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Let V be a nonnegative function in L∞
loc(Ω). Consider the operator A = −∆+V (x)

in L2(Ω) with the domain of definition D(A) = C∞
c (Ω). Let Â be a nonnegative

selfadjoint extension of A , that is, D
(
Â
)
⊃ D(A), Âf = Af for any f ∈ D(A),(

Âf, f
)
≥ 0 for any f ∈ D

(
Â
)

and if g, h ∈ L2(Ω) and
(
Âf, g

)
= (f, h) for

any f ∈ D
(
Â
)

then g ∈ D
(
Â
)

and h = Â g. Such an extension exists by

Friedrichs’ theorem. By von Neumann’s theorem, there is a unique spectral measure

E corresponding to Â (see [3]). E is a map from the Borel field on R into orthogonal

projection operators in L2(Ω). For fixed f, g ∈ L2(Ω), (E(·)f, g) is a Radon measure

whose support contained in [ 0,∞),

D
(
Â
)

=
{
f ∈ L2(Ω);

∫
�

t2(E(dt)f, f) <∞
}

and (
Âf, g

)
=

∫
�

t (E(dt)f, g), f ∈ D
(
Â
)
, g ∈ L2(Ω).

Let δ ≥ 0 and λ > 0. Since the function
(
1 − t

λ

)δ

+
is bounded in [ 0,∞), we

can define the bounded operator sδ
λ in L2(Ω) by

(
sδ

λf, g
)

=
∫
�

(
1 − t

λ

)δ

+
(E(dt)f, g), f, g ∈ L2(Ω).

sδ
λ is called the Riesz mean of order δ with respect to Â. Let Et = E( (−∞, t ] ).

Example 1. Suppose that there exist a complete orthonormal system {uk} of

smooth functions in L2(Ω) and a sequence {λk} ⊂C such that (−∆+V )uk = λkuk

in Ω. Let

fk =
∫
Ω
f(x) uk(x) dx, f ∈ L2(Ω).

Let Â be the selfadjoint extension of −∆ + V (x) defined by

D
(
Â
)

=

{
f ∈ L2(Ω);

∞∑
k=1

λ2
k |fk|2 <∞

}

and

Âf =
∞∑

k=1

λkfkuk, f ∈ D
(
Â
)
.

The spectral decomposition of any f ∈ L2(Ω) is given by

Etf =
∑
λk≤t

fkuk

and the Riesz mean of order δ by

sδ
λf =

∑
λk≤λ

(
1 − λk

λ

)δ

fkuk, f ∈ L2(Ω).
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Example 2. Let Ω = Rn and V be a nonnegative constant on Rn. Let

f̂(ξ) =
1√
2π

n

∫
f(x) e−i ξ·xdx, f ∈ L2(Rn).

In this case, there is a unique nonnegative selfadjoint extension Â of −∆+V defined

by

D
(
Â
)

=
{
f ∈ L2(Rn);

(
|ξ|2 + V

)
f̂(ξ) ∈ L2(Rn)

}
and

Âf(x) =
1√
2π

n

∫ (
|ξ|2 + V

)
f̂(ξ) ei x·ξdξ, f ∈ D

(
Â
)
.

The spectral decomposition of any f ∈ L2(Rn) is given by

Etf(x) =
1√
2π

n

∫
|ξ|2+V ≤ t

f̂(ξ) ei x·ξdξ

and the Riesz mean of order δ is

sδ
λf(x) =

1√
2π

n

∫
|ξ|2+V ≤λ

(
1 − |ξ|2 + V

λ

)δ

f̂(ξ) ei x·ξdξ, f ∈ L2(Rn).

Let V be a nonnegative function in L∞
loc(Ω). For 1 < p ≤ ∞, we say (−∆ + V )f

belongs to Lp
loc(Ω) if for every compact set K in Ω there is a constant CK such that∣∣∣∣∫

K
f(x) (−∆ + V (x))g(x) dx

∣∣∣∣ ≤ CK ||g||Lp′ (K)

for any infinitely differentiable function g whose support is contained in K and

1/p+ 1/p′ = 1. Our results are as follows.

Theorem 2. Let Ω be an open domain in Rn and V (x) be a nonnegative function

in L∞
loc(Ω). Let sδ

λ be the Riesz mean of order δ with respect to a nonnegative

selfadjoint extension of −∆ + V in Ω. Suppose that f is a function in L2(Ω)

regulated in Ω. Let 1 < p ≤ ∞ and δ ≥ (n+ 3)/2.

(i) Let α > n/4 and f ∈ D
(
Âα

)
. Suppose that K is a compact set in Ω and K ′

is a closed subset of K with dist (K ′,Kc) > 0. If f and (−∆ + V )f ∈ Lp(K), then∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= O
(
λ−1

)
as λ→ ∞.

(ii) Suppose that K is a compact set in Ω. If∥∥∥sδ
λf − f

∥∥∥
Lp(K)

= O
(
λ−1

)
as λ→ ∞, then (−∆ + V )f ∈ Lp(K).

(iii) Let α > n/4 and f ∈ D
(
Âα

)
. Suppose that K is a compact set in Ω and

K ′ is a closed subset of K with dist (K ′,Kc) > 0. If f vanishes in K, then∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= o
(
λ−1

)
as λ→ ∞.

(iv) Suppose that K is a compact set in Ω. If∥∥∥sδ
λf − f

∥∥∥
Lp(K)

= o
(
λ−1

)
as λ→ ∞, then (−∆ + V )f vanishes in K.
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Theorem 3. Let Ω be an open domain in Rn and sδ
λ be the Riesz mean of order

δ with respect to a nonnegative selfadjoint extension of −∆ in Ω. Let f be a

function in L2(Ω) regulated in Ω. Suppose that 1 < p ≤ ∞ and f ∈ Lp
loc(Ω). Let

δ ≥ (n+ 3)/2.

(i) It holds that ∥∥∥sδ
λf − f

∥∥∥
Lp(K)

= O
(

1

λ

)
as λ→ ∞ for every compact set K in Ω if and only if ∆f ∈ Lp

loc(Ω).

(ii) It holds that ∥∥∥sδ
λf − f

∥∥∥
Lp(K)

= o
(

1

λ

)
as λ→ ∞ for every compact set K in Ω if and only if ∆f vanishes in Ω.

Theorem 2 follows from Theorem 4 in chapter 2 and Corollary 1 in chapter 3.

Theorem 3 follows from Theorem 4 in chapter 2 and Corollary 2 in chapter 3.
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Chapter 2

Saturation of the approximation

2.1 Preliminary lemma

Let H be a Hilbert space. Let S be a selfadjoint operator in H. By definition

if g, h ∈ H and (Sf, g) = (f, h) for any f ∈ D(S) then g ∈ D(S) and h = Sg.

By von Neumann’s theorem, there is a unique spectral measure E corresponding

to S. E is a map from the Borel field on R into orthogonal projection operators in

H. For arbitrarily fixed f, g ∈ H, (E(·)f, g) is a Radon measure,

D(S) =
{
f ∈ H;

∫
�

t2(E(dt)f, f) <∞
}

and

(Sf, g) =
∫
�

t (E(dt)f, g), f ∈ D(S), g ∈ H.

For a Borel function ϕ on R, we define the operator ϕ(S) in H by

(ϕ(S) f, g) =
∫
�

ϕ(t) (E(dt)f, g)

for f ∈ D(ϕ(S)) and g ∈ H, where

D(ϕ(S)) =
{
f ∈ H;

∫
�

|ϕ(t)|2(E(dt)f, f) <∞
}
.

Let {kλ(t)} be a sequence of bounded Borel functions on R. Let {θλ} be a positive

numerical sequence, ϕ(t) be a Borel function on R and

ψλ(t) :=
kλ(t) − 1

θλ ϕ(t)
.

Suppose that

(1) sup
λ,t

|ψλ(t)| <∞. (2) lim
λ→∞

ψλ(t) = 1 for any t ∈ R.

We define the bounded operator Lλ in H by

(Lλf, g) =
∫
�

kλ(t) (E(dt)f, g), f, g ∈ H. (2.1.1)

7



We prove the following lemma.

Lemma 1. If f ∈ H and g ∈ D(ϕ(S)), then θ−1
λ (Lλf − f, g) −→ (f, ϕ(S)g) as

λ→ ∞.

We shall use the following lemma to prove Lemma 1.

Lemma 2. ([3: p.1199, Cor.XII.2.7 (c)]) Let ψ and ϕ be Borel functions on the

real line. If g ∈ D(ϕ(S)) and ϕ(S)g ∈ D(ψ(S)), then g belongs to D((ψϕ)(S))

and (ψϕ)(S)g = ψ(S)ϕ(S)g.

Proof of Lemma 1. By the definition of Lλ (see (2.1.1))

θ−1
λ (Lλf − f, g) = θ−1

λ

∫
�

[ kλ(t) − 1 ] (E(dt)f, g)

=
∫
�

kλ(t) − 1

θλ

(f,E(dt)g) =
∫
�

kλ(t) − 1

θλ ϕ(t)
ϕ(t) (f,E(dt)g).

Therefore by Lemma 2

θ−1
λ (Lλf − f, g) =

∫
�

(ψλϕ)(t) (f,E(dt)g) =
(
f, ψλϕ(S) g

)
=

(
f, ψλ(S)ϕ(S) g

)
=

∫
�

ψλ(t) (f,E(dt)ϕ(S) g).

Let ρ = (f,E(·)ϕ(S) g) and |ρ| be the total variation of ρ. Then∫
�

|ρ|(dt) ≤ ||f ||H ||ϕ(S) g||H <∞.

Therefore by (1), (2) and Lebesgue’s dominated convergence theorem

lim
λ→∞

θ−1
λ (Lλf − f, g) = lim

λ→∞

∫
�

ψλ(t) ρ(dt)

=
∫
�

lim
λ→∞

ψλ(t) ρ(dt) =
∫
�

ρ (dt) = (f, ϕ(S) g).

Thus Lemma 1 is proved.

2.2 Saturation of the approximation

Let (Ω, F, µ) be a σ-finite measure space. Let S be a selfadjoint operator in

L2(Ω, F, µ). By von Neumann’s theorem, there is a unique spectral measure E

corresponding to S. Let {kλ(t)} be a sequence of bounded Borel functions on R,

{θλ} be a positive numerical sequence, ϕ(t) be a Borel function on R and

ψλ(t) :=
kλ(t) − 1

θλ ϕ(t)
.

Suppose that sup
λ,t

|ψλ(t)| < ∞ and lim
λ→∞

ψλ(t) = 1 for any t ∈ R. We define the

bounded operator Lλ in L2(Ω, F, µ) by

(Lλf, g) =
∫
�

kλ(t) (E(dt)f, g), f, g ∈ L2(Ω, F, µ).
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Let K be any subset in Ω, 1 < p ≤ ∞, 1/p+ 1/p′ = 1 and

M :=
{
g ∈ L2(Ω, F, µ); g ∈ Lp′(K) ∩D(ϕ(S)) and supp g ⊂ K

}
.

We prove the following lemma.

Lemma 3. Let f ∈ L2(Ω, F, µ).

(i) If ‖Lλf − f ‖Lp(K) = O(θλ) as λ → ∞, then there exists h ∈ Lp(K) such

that ∫
K
h g dµ = (f, ϕ(S)g) for any g ∈M.

(ii) If ‖Lλf − f ‖Lp(K) = o(θλ) as λ→ ∞, then (f, ϕ(S)g) = 0 for any g ∈M .

Proof of Lemma 3. Let g ∈M . Then by Lemma 1

θ−1
λ (Lλf − f, g) −→ (f, ϕ(S)g) as λ→ ∞. (2.2.1)

On the other hand, we have∣∣∣ θ−1
λ (Lλf − f, g)

∣∣∣ ≤ θ−1
λ ‖Lλf − f ‖Lp(K) ||g||Lp′ (K). (2.2.2)

If ‖Lλf − f‖Lp(K) = O(θλ) as λ → ∞, then
∣∣∣θ−1

λ (Lλf − f, g)
∣∣∣ ≤ C||g||Lp′ (K) for

any λ with some constant C > 0 by (2.2.2). Therefore | (f, ϕ(S)g) | ≤ C||g||Lp′ (K)

for any g ∈ M by (2.2.1). By the Hahn-Banach extension theorem, there exists a

bounded linear functional Φ on Lp′(K) such that Φ(g) = (f, ϕ(S)g) for any g ∈M .

By the F. Riesz representation theorem, there exists h ∈ Lp(K) such that∫
K
h g dµ = Φ(g)

for any g ∈ Lp′(K). Thus (i) is proved.

If ‖Lλf − f‖Lp(K) = o(θλ) as λ→ ∞, then (ii) is proved by the same way as in

(i).

2.3 Saturation theorem

Let Ω be an open domain in the n-dimensional Euclidean space Rn. Let

A =
∑

|j|≤m

aj(x)D
j (2.3.1)

be a differential operator, where j = ( j1 , j2 , . . . , jn), |j| = j1 + j2 + · · · + jn,

Dj = (−i)|j|(∂/∂x1)
j1 · · · (∂/∂xn)jn and aj ∈ L∞

loc(Ω). We consider A as an operator

in L2(Ω) with the domain of definition D(A) = C∞
c (Ω). Suppose that A is formally

selfadjoint, that is, (Af, g) = (f,Ag) for any f, g ∈ D(A). Suppose that Â is a

selfadjoint extension of A , that is, D
(
Â
)
⊃ D(A), Âf = Af for any f ∈ D(A)

9



and if g, h ∈ L2(Ω) and
(
Âf, g

)
= (f, h) for any f ∈ D

(
Â
)

then g ∈ D
(
Â
)

and h = Â g. By von Neumann’s theorem there is a unique spectral measure E

corresponding to Â. Let {kλ(t)} be a sequence of bounded Borel functions on R,

{θλ} be a positive numerical sequence, ϕ(t) be a polynomial on R and

ψλ(t) :=
kλ(t) − 1

θλ ϕ(t)
. (2.3.2)

Suppose that

(1) sup
λ,t

|ψλ(t)| <∞. (2) lim
λ→∞

ψλ(t) = 1 for any t ∈ R.

We define the bounded operator Lλ in L2(Ω) by

(Lλf, g) =
∫
�

kλ(t) (E(dt)f, g), f, g ∈ L2(Ω). (2.3.3)

Let K be any compact subset in Ω and 1 < p ≤ ∞. We say ϕ(A)f ∈ Lp(K) if

||ϕ(A)f ||Lp(K) := sup
||g||

Lp′ (K)
=1

∣∣∣∣∫
K
f(x)ϕ

(
Â
)
g(x) dx

∣∣∣∣ <∞,

where 1/p + 1/p′ = 1 and g is infinitely differentiable function whose support is

contained in K. The following theorem is a simple consequence of Lemma 3.

Theorem 4. Let Ω be an open domain in Rn and A be a formally selfadjoint

differential operator with coefficients in L∞
loc(Ω) given by (2.3.1). Suppose that Â is

a selfadjoint extension of A and E is the spectral measure corresponding to Â. Let

{kλ(t)} be a sequence of bounded Borel functions on R, {θλ} be a positive numerical

sequence and ϕ(t) be a polynomial on R such that the sequence {ψλ(t)} of Borel

functions on R given by (2.3.2) satisfies (1) and (2). Let {Lλ} be the sequence of

bounded operators in L2(Ω) given by (2.3.3). Let f ∈ L2(Ω), 1 < p ≤ ∞ and K be

any compact set in Ω.

(i) If

‖Lλf − f ‖Lp(K) = O (θλ)

as λ→ ∞, then ϕ(A)f ∈ Lp(K).

(ii) If

‖Lλf − f ‖Lp(K) = o (θλ)

as λ→ ∞, then ϕ(A)f vanishes in K.

Proof of Theorem 4. If ‖Lλf − f‖Lp(K) = O(θλ) as λ→ ∞, then by Lemma

3 there exists h ∈ Lp(K) such that∫
K
h(x) g(x) dx =

(
f, ϕ

(
Â
)
g
)

10



for any g ∈ M :=
{
g ∈ L2(Ω); g ∈ Lp′(K) ∩D

(
ϕ
(
Â
))

and supp g ⊂ K
}

where

1/p + 1/p′ = 1. If g is a infinitely differentiable function and supp g ⊂ K, then

g ∈M and (
f, ϕ

(
Â
)
g
)

=
∫

K
f(x)ϕ

(
Â
)
g(x) dx.

Therefore∣∣∣∣∫
K
f(x)ϕ

(
Â
)
g(x) dx

∣∣∣∣ =
∣∣∣∣∫

K
h(x) g(x) dx

∣∣∣∣ ≤ ||h||Lp(K)||g||Lp′ (K).

Thus (i) is proved. If ‖Lλf − f‖Lp(K) = o(θλ) as λ→ ∞, then by the same way as

in (i), (ii) is proved.

Examples. Riesz summation. For κ > 0 and α > 0, let kλ(t) =
(
1 −

∣∣∣ t
λ

∣∣∣κ)α

+
,

θλ = λ−κ and ϕ(t) = −α|t|κ.
Fejer-Korovkin summation.

kλ(t) =


(
1 − |t|

λ

)
cos π|t|

λ
+ 1

λ
cot π

λ
sin π|t|

λ
|t| < λ,

0 |t| ≥ λ,

θλ = λ−2 and ϕ(t) = − (π t)2

2
.

Rogosinski summation.

kλ(t) =

 cos π|t|
2λ

|t| < λ,

0 |t| ≥ λ,

θλ = λ−2 and ϕ(t) = − (π t)2

8
.

Jackson summation.

kλ(t) =


1 − 3

2

∣∣∣ t
λ

∣∣∣2 + 3
4

∣∣∣ t
λ

∣∣∣3 |t| < λ,

1
4

(
2 − |t|

λ

)3
λ ≤ |t| < 2λ,

0 |t| ≥ 2λ,

θλ = λ−2 and ϕ(t) = −3
2
t2.

Poisson summation. We consider Pr(t) := r|t| as r → 1−. Then let λ := 1
1−r

,

kλ(t) =
(
1 − 1

λ

)|t|
, θλ = λ−1 and ϕ(t) = −|t|.

Weierstrass summation. For κ > 0, we consider Ws(t) := e−s|t|κ as s → 0+.

Then let λ := 1
s
, kλ(t) = e−

|t|κ
λ , θλ = λ−1 and ϕ(t) = −|t|κ.
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Chapter 3

Estimates of sδλf − f

The aim of this section is to prove the following propositions.

Proposition 1. Under the notations of Theorem 2, let α > n/4 and f be a

function in D
(
Âα

)
regulated in Ω. Suppose that 1 < p ≤ ∞, δ > (n− 3)/2, K is

a compact set in Ω and K ′ is a closed subset of K with dist(K ′,Kc) > 0.

(i) If f and (−∆ + V )f ∈ Lp(K), then

∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

=

 o
(√

λ
(n−1)/2−δ

)
if n−3

2
< δ < n+3

2

O (λ−1) if δ ≥ n+3
2

as λ→ ∞.

(ii) If f vanishes in K, then

∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= o
(√

λ
(n−1)/2−δ

)
as λ→ ∞.

Proposition 2. Under the notations of Theorem 3, let f be a function in L2(Ω)

regulated in Ω. Let 1 < p ≤ ∞ and δ > (n − 3)/2. Suppose that K is a compact

set in Ω, K ′ is a closed subset of K with dist(K ′,Kc) > 0 and f ∈ Lp(K).

(i) If ∆f ∈ Lp(K), then

∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

=

 o
(√

λ
(n−1)/2−δ

)
if n−3

2
< δ < n+3

2

O (λ−1) if δ ≥ n+3
2

as λ→ ∞.

(ii) If ∆f vanishes in K, then

∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= o
(√

λ
(n−1)/2−δ

)
as λ→ ∞.

If δ ≥ (n + 3)/2 and λ ≥ 1, then
√
λ

(n−1)/2−δ ≤ λ−1. Therefore we have the

followings:

12



Corollary 1. Let Ω be an open domain in Rn and V (x) be a nonnegative function

in L∞
loc(Ω). Let sδ

λ be the Riesz mean of order δ with respect to a nonnegative

selfadjoint extension of −∆ + V (x) in Ω where δ ≥ (n + 3)/2. Let α > n/4 and

f be a function in D
(
Âα

)
regulated in Ω. Suppose that K is a compact set in Ω

and K ′ is a closed subset of K with dist(K ′,Kc) > 0. Let 1 < p ≤ ∞.

(i) If f and (−∆ + V )f ∈ Lp(K), then∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= O
(
λ−1

)
as λ→ ∞.

(ii) If f vanishes in K, then∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= o
(
λ−1

)
as λ→ ∞.

Corollary 2. Let Ω be an open domain in Rn. Let δ ≥ (n + 3)/2 and sδ
λ be the

Riesz mean of order δ with respect to a nonnegative selfadjoint extension of −∆ in

Ω. Let f be a function in L2(Ω) regulated in Ω. Suppose that K is a compact set in

Ω, K ′ is a closed set in K with dist(K ′,Kc) > 0 and f ∈ Lp(K) where 1 < p ≤ ∞.

(i) If ∆f ∈ Lp(K), then∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= O
(
λ−1

)
as λ→ ∞.

(ii) If ∆f vanishes in K, then∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= o
(
λ−1

)
as λ→ ∞.

3.1 Generalized eigenfunction system

In the proof of these propositions, we shall use the generalized eigenfunction

system corresponding to an ordered representation of L2(Ω) associated with the

Schrödinger operator. We shall begin with definitions.

3.1.1 Ordered representation of L2(Ω)

Let Ω be an open domain in Rn and A be a differential operator with coefficients

in L∞
loc(Ω). We consider A as the operator in L2(Ω) with the domain of definition

D(A) = C∞
c (Ω). Suppose that A is formally selfadjoint and Â is a selfadjoint

extension of A. Let � be the Borel field on R and E be the unique spectral

measure corresponding to Â. For h ∈ L2(Ω), we define the following closed subspace

of L2(Ω):

H(h) :=
{
F
(
Â
)
h; F is a Borel function on R and h ∈ D

(
F
(
Â
)) }

=
{
F
(
Â
)
h; F ∈ L2(R,�, (E(·)h, h))

}
.

13



For f ∈ H(h) we can write uniquely f = F
(
Â
)
h where F ∈ L2(R,�, (E(·)h, h))

and

||f ||L2(Ω) =
(∫
�

|F (t)|2(E(dt)h, h)
) 1

2

.

Therefore we can define an isomorphism Uh from H(h) onto L2(R,�, (E(·)h, h))
by Uhf := F . Moreover, this mapping preserves inner products.

There exist a sequence of functions {hk}⊂L2(Ω) and a sequence of sets {ek}⊂�
with the following properties (see [3: XII.3.16] or [4: Chap.14]):

(I)

L2(Ω) =
⊕
k

H(hk).

That is, H(hk) are mutually orthogonal and span L2(Ω).

(II) R = e1 ⊇ e2 ⊇ . . . . {ek} is called the set of multiplicity.

(III) (E(e)hk, hk) = (E(e ∩ ek)h1, h1) for any e ∈ �.

By (I), for f ∈ L2(Ω) we can write uniquely

f =
∑
k

Fk

(
Â
)
hk

where Fk ∈ L2(R,�, (E(·)hk, hk)) and

(∑
k

∫
�

|Fk(t)|2(E(dt)hk, hk)

) 1
2

=

(∑
k

∥∥∥Fk

(
Â
)
hk

∥∥∥2

L2(Ω)

) 1
2

= ||f ||L2(Ω) <∞.

Therefore we can define an isometry U from L2(Ω) onto

⊕
k

L2(R,�, (E(·)hk, hk))

=

{
{Fk}; Fk ∈ L2(R,�, (E(·)hk, hk)) and

∑
k

∫
�

|Fk(t)|2(E(dt)hk, hk) <∞
}

by Uf := {Fk}. We denote Fk =: (Uf)k. By (III) we have

⊕
k

L2(R, (E(·)hk, hk)) =
⊕
k

L2(ek, (E(·)h1, h1)).

Let ρ := (E(·)h1, h1). Then U is an isomorphism from L2(Ω) onto
⊕
k

L2(ek, ρ)

which preserves inner products, that is, for any f, g ∈ L2(Ω) it holds that

(f, g)L2(Ω) =
∑
k

∫
ek

(Uf)k(t) (Ug)k(t) ρ(dt). (3.1.1)

U is called an ordered representation of L2(Ω) with respect to Â.
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3.1.2 Generalized eigenfunction system of elliptic opera-

tors

Let Ω be an open domain in Rn and let

A =
∑

|j|≤m

aj(x)D
j

be a differential operator with aj ∈ L∞
loc(Ω) where j = (j1, . . . , jn), |j| = j1+· · ·+jn

and D j = (−i)|j|(∂/∂x1)
j1 · · · (∂/∂xn)jn . Suppose that A is elliptic, that is∑

|j|=m

aj(x) ξ
j = 0 for x ∈ Ω and ξ ∈ Rn − {0}.

We consider a formally differential operator A as the operator in L2(Ω) with

the domain of definition D(A) = C∞
c (Ω). Suppose that A is formally selfadjoint

and Â is a selfadjoint extension of A. Let � be the Borel field on R and E be

the spectral measure corresponding to Â. Let U be an ordered representation of

L2(Ω) with respect to Â, {ek} be the sets of multiplicity and ρ be the measure

with respect to U . Then there exists a sequence of functions {uk(x, t)} defined

on the product space of Ω×R such that the following conditions are satisfied (see

[3: XII.3 and XIV.6] or [4: Chap.15]):

(i) uk(x, t) are dx× dρ(t)-measurable and vanish on Ω × (R − ek), where dx

is the Lebesgue measure.

(ii) For any fixed λ ∈ R, uk(x, λ) ∈ C∞(Ω) and satisfy

Auk(x, λ) = λuk(x, λ), x ∈ Ω. (3.1.2)

(iii) For each compact subset K of Ω and each bounded Borel set e in R

ess sup
x∈K

∫
e
|uk(x, t)|2ρ(dt) <∞.

(iv) For each f ∈ L2(Ω)

(Uf)k(t) =
∫
Ω
f(x) uk(x, t) dx, (3.1.3)

where the integral exists in the sense of L2(ek, ρ).

(v) For each f ∈ L2(Ω) and each e ∈ �

E(e)f(x) =
∑
k

∫
e
(Uf)k(t)uk(x, t) ρ(dt) (3.1.4)

where the integral exists and the series converges in the sense of L2(Ω).

{uk} is called the generalized eigenfunction system of Â corresponding to U . By

(v), for δ ≥ 0, λ > 0 and f ∈ L2(Ω) we have

sδ
λf(x) =

∑
k

∫
�

(
1 − t

λ

)δ

+
(Uf)k(t)uk(x, t) ρ(dt) (3.1.5)
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and for α ∈ R and f ∈ D
(
Âα

)
we have

Âαf(x) =
∑
k

∫
�

tα (Uf)k(t)uk(x, t) ρ(dt). (3.1.6)

3.1.3 An example

The ordered representation U and the generalized eigenfunction system {uk} are

not unique.

For example, let Ω = Rn and A = −∆. Hk denotes the space of spherical

harmonics of degree k. Sn−1 denotes the unit sphere and σ the Lebesgue measure

on Sn−1. Let
{
Y k

1 , . . . , Y k
dk

}
be an orthonormal basis of Hk as a subspace of

L2 (Sn−1, σ) where dk = dimHk. We choose an arbitrary Schwartz function Φ on

the real line which is not vanishing everywhere. We define a sequence of functions{
hk

l

}
⊂ L2(Rn) by the Fourier transform

ĥk
l (ξ) = Φ(|ξ|)Y k

l

(
ξ

|ξ|
)
, k = 0, 1, . . . , l = 1, . . . , dk.

Let E be the spectral measure corresponding to the nonnegative selfadjoint exten-

sion of −∆. Then we have for f ∈ L2(Rn)

E(e)f(x) =
1√
2π

n

∫
{ξ;|ξ|2∈e}

f̂(ξ) ei x·ξdξ, e ∈ �.

Therefore for k = 0, 1, . . ., l = 1, . . . , dk and e ∈ �
(
E(e)hk

l , h
k
l

)
L2

=
∫
{ξ;|ξ|2∈e}

∣∣∣∣∣Φ(|ξ|)Y k
l

(
ξ

|ξ|
)∣∣∣∣∣

2

dξ

=
∫
{0≤r<∞; r2∈e}

|Φ(r)|2rn−1dr =
1

2

∫
[ 0,∞)∩e

∣∣∣Φ (√
t
)∣∣∣2 tn

2
−1dt. (3.1.7)

Thus for a Borel function F on R, F ∈ L2
(
R,�,

(
E(·)hk

l , h
k
l

))
if and only if∫ ∞

0

∣∣∣F (
r2
)

Φ(r)
∣∣∣2 rn−1dr <∞.

In this case(
F (−∆)hk

l

)
(x) =

(∫
F (t)E(dt)hk

l

)
(x) =

1√
2π

n

∫
F
(
|ξ|2

)
ĥk

l (ξ) e
i x·ξdξ

=
1√
2π

n

∫
F
(
|ξ|2

)
Φ(|ξ|)Y k

l

(
ξ

|ξ|
)
ei x·ξdξ,

that is,
(
F (−∆)hk

l

)̂
(ξ) = F

(
|ξ|2

)
Φ(|ξ|)Y k

l

(
ξ

|ξ|
)

. Therefore we have

H
(
hk

l

)
=

{
F (−∆)hk

l ;F ∈ L2
(
R,�,

(
E(·)hk

l , h
k
l

))}
=

{
f ∈ L2(Rn); f̂(ξ) = G(|ξ|)Y k

l

(
ξ

|ξ|
)

and
∫ ∞

0
|G(r)|2 rn−1dr <∞

}
.
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Thus L2(Rn) =
⊕
k,l

H
(
hk

l

)
and for f ∈ L2(Rn), we can write f =

∑
k,l

(Uf)k
l (−∆)hk

l .

We have∫
Sn−1

f̂ (rω) Y k
l (ω)σ(dω) =

∑
k′,l′

∫
Sn−1

(
(Uf)k′

l′ (−∆)hk′
l′
)̂

(rω)Y k
l (ω)σ(dω)

= Φ(r)
∑
k′,l′

(Uf)k′
l′
(
r2
) ∫

Sn−1
Y k′

l′ (ω)Y k
l (ω)σ(dω) = Φ(r) (Uf)k

l

(
r2
)
.

Therefore we have

(Uf)k
l (t) =

1

Φ
(√

t
) ∫

Sn−1
f̂
(√

t ω
)
Y k

l (ω) σ(dω).

Let ek
l := R. Then

(
E(e)hk

l , h
k
l

)
L2

= (E(e)h0
1, h

0
1)L2 =

(
E(e ∩ ek

l )h
0
1, h

0
1

)
L2

for all

e ∈ � by (3.1.7). Therefore
{
ek

l

}
is the set of multiplicity. Furthermore by (3.1.7)

ρ(e) =
(
E(e)h0

1, h
0
1

)
L2

=
1

2

∫
[ 0,∞)∩e

∣∣∣Φ (√
t
)∣∣∣2 tn

2
−1dt, e ∈ �.

Let
{
uk

l

}
be the generalized eigenfunction system corresponding to U . Then

uk
l (x, t) =

1
√

2π
n
Φ
(√

t
) ∫

Sn−1
ei

√
t x·ω Y k

l (ω)σ(dω).

Indeed, (i) is easily shown. On the other hand,

−∆xu
k
l (x, λ) =

1
√

2π
n
Φ
(√

λ
) ∫

Sn−1

(
−∆xe

i
√

λ x·ω)Y k
l (ω)σ(dω)

=
λ

√
2π

n
Φ
(√

λ
) ∫

Sn−1
ei

√
λ x·ω Y k

l (ω)σ(dω) = λuk
l (x, λ).

Thus (ii) holds. For each f ∈ L2(Rn), we have∫
f(x) uk

l (x, t) dx =
1√

2π
n
Φ
(√

t
) ∫

Sn−1
Y k

l (ω)
∫
f(x) e−i

√
t x·ωdx σ(dω)

=
1

Φ
(√

t
) ∫

Sn−1
Y k

l (ω) f̂
(√

t ω
)
σ(dω) = (Uf)k

l (t).

Thus (iv) holds. For each f ∈ L2(Rn) and each e ∈ �, we have∑
k,l

∫
e
(Uf)k

l (t)u
k
l (x, t) ρ(dt)

=
∑
k,l

∫
{0≤r<∞; r2∈e}

(Uf)k
l

(
r2
)
uk

l

(
x, r2

)
|Φ(r)|2rn−1dr

=
1√
2π

n

∑
k,l

∫
{0≤r<∞; r2∈e}

(Uf)k
l

(
r2
) ∫

Sn−1
eirx·ω Y k

l (ω)σ(dω) Φ(r) rn−1dr

=
1√
2π

n

∑
k,l

∫
{ξ;|ξ|2∈e}

(Uf)k
l

(
|ξ|2

)
eix·ξ Y k

l

(
ξ

|ξ|
)

Φ(|ξ|) dξ

=
1√
2π

n

∫
{ξ;|ξ|2∈e}

f̂(ξ) eix·ξdξ = E(e)f(x).
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Thus (v) holds. To see (iii), we observe that

uk
l (x, t) =

ikJk+ n
2
−1

(√
t|x|

)
Φ
(√

t
) (√

t|x|
)n

2
−1
Y k

l

(
x

|x|
)

where Jβ denotes the Bessel function of order β.

Let 0 ≤ a < b <∞ and e = [a, b]. We have

∫
e

∣∣∣uk
l (x, t)

∣∣∣2 ρ(dt) =

∣∣∣∣∣Y k
l

(
x

|x|
)∣∣∣∣∣

2

×
∫
√

a≤r≤√
b

∣∣∣∣∣Jk+ n
2
−1(|x|r)

(|x|r)n
2
−1

∣∣∣∣∣
2

rn−1dr

=

∣∣∣∣∣Y k
l

(
x

|x|
)∣∣∣∣∣

2

× 1

2|x|n−2

[
b
{
J 2

k+ n
2
−1

(√
b|x|

)
− Jk+ n

2
−2

(√
b|x|

)
Jk+ n

2

(√
b|x|

)}
−a

{
J 2

k+ n
2
−1

(√
a|x|

)
− Jk+ n

2
−2

(√
a|x|

)
Jk+ n

2

(√
a|x|

)}]
≤ Cn,k,a,b

∣∣∣∣∣|x|k Y k
l

(
x

|x|
)∣∣∣∣∣

2

where Cn,k,a,b is a constant independent of x. Therefore for each compact subset K

of Ω

ess sup
x∈K

∫
e

∣∣∣uk
l (x, t)

∣∣∣2 ρ(dt) ≤ Cn,k,a,b ess sup
x∈K

∣∣∣∣∣|x|k Y k
l

(
x

|x|
)∣∣∣∣∣

2

<∞.

Thus (iii) holds.

3.1.4 Formulas for the Bessel functions

Jβ denotes the Bessel function and Yβ the Bessel function of the second kind of

order β. That is,

Jβ(s) =
(
s

2

)β ∞∑
j=0

(−1) j

j! Γ(j + β + 1)

(
s

2

)2j

,

Yβ(s) =
cosβπ Jβ(s) − J−β(s)

sin βπ
(β = integer)

and

YN (s) = lim
β→N

Yβ(s) =
2

π
JN(s)

(
γ + log

s

2

)
− 1

π

(
s

2

)−N N−1∑
j=0

(N − j − 1)!

j!

(
s

2

)2j

− 1

π

(
s

2

)N ∞∑
j=0

(−1) j

j! (N + j)!

(
s

2

)2j

(hj+N + hj) (N = 0, 1, . . .) (3.1.8)

where Γ is the Gamma function, γ is the Euler constant,

hj =
j∑

k=1

1

k
j = 1, 2, . . . and h0 = 0.
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If β = 0, the finite sum in (3.1.8) is to be omitted. The following recurrence formulas

hold:
d

ds

Jβ(s)

sβ
= −Jβ+1(s)

sβ
,

d

ds

Yβ(s)

sβ
= −Yβ+1(s)

sβ
, (3.1.9)

Yβ(s) Jβ+1(s) − Jβ(s)Yβ+1(s) =
2

πs
, (3.1.10)

d

ds
Jβ(s) = Jβ−1(s) − βJβ(s)

s
and

d

ds
Yβ(s) = Yβ−1(s) − βYβ(s)

s
. (3.1.11)

On the other hand, the following asymptotic formulas hold:

Jβ(s) =

√
2

πs
cos

[
s− (2β + 1)

π

4

]
+O

(
1

s
3
2

)
(s→ ∞), (3.1.12)

Yβ(s) =

√
2

πs
sin

[
s− (2β + 1)

π

4

]
+O

(
1

s
3
2

)
(s→ ∞), (3.1.13)

Jβ(s) =
sβ

2βΓ(β + 1)
+O

(
sβ+2

)
(s→ 0+), (3.1.14)

Yβ(s) = −2βΓ(β)

πsβ
+O

(
s−β+2 + sβ

)
(s→ 0+, β > 0), (3.1.15)

and

Y0(s) =
2

π
log s+O(1) (s→ 0+). (3.1.16)

We shall use the letter C to denote constants, different in different contexts.

Ca,b,... denotes constants dependent on a, b, . . ..

3.2 Decomposition of sδλf − f

Throughout what follows, Ω denotes an open domain in Rn, V a nonnegative

function in L∞
loc(Ω) and Â a nonnegative selfadjoint extension of −∆ + V . U

denotes an ordered representation of L2(Ω) with respect to Â, {uk} the generalized

eigenfunction system and ρ the measure associated with U . Let λ > 0. sδ
λ denotes

the Riesz mean of order δ with respect to Â. We denote the gamma function by Γ,

the unit sphere in Rn by Sn−1, the Lebesgue measure on the unit sphere Sn−1 by σ

and the surface area 2
√
π

n
/Γ(n

2
) of Sn−1 by ωn. Let β0 = n

2
− 1.

3.2.1 Mean-value formula

Lemma 4. Let u ∈ C2(Ω) be a solution of the equation (−∆ + V )u = λu in Ω.

For x ∈ Ω, we choose r > 0 such that { y ∈ Rn; | y − x | ≤ r } ⊂ Ω. Then∫
Sn−1

u(x− r w)σ(dw) =
√

2π
nJβ0

(√
λ r

)
(√

λ r
)β0

× u(x) +
π

2 rβ0

×
∫
|y|<r

u(x− y)V (x− y)
Yβ0

(√
λ r

)
Jβ0

(√
λ|y|

)
− Jβ0

(√
λ r

)
Yβ0

(√
λ|y|

)
|y|β0

dy.
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Proof. Let us consider the function

vr
λ(y) :=

π

2 rβ0

Jβ0

(√
λ r

)
Yβ0

(√
λ|y|

)
− Yβ0

(√
λ r

)
Jβ0

(√
λ|y|

)
|y|β0

.

Then by Green’s formula, for any 0 < ε < r∫
ε<|y|<r

[λu(x− y) vr
λ(y) − u(x− y) (−∆y + V (x− y)) vr

λ(y) ] dy

= rn−1
∫

Sn−1

u(x−rw)
n∑

i=1

wi
∂vr

λ

∂yi

∣∣∣∣∣
y=rw

− vr
λ(rw)

n∑
i=1

wi
∂u

∂zi

∣∣∣∣∣
z=x−rw

σ(dw)

−εn−1
∫

Sn−1

u(x−εw)
n∑

i=1

wi
∂vr

λ

∂yi

∣∣∣∣∣
y=εw

− vr
λ(εw)

n∑
i=1

wi
∂u

∂zi

∣∣∣∣∣
z=x−εw

σ(dw) (3.2.1)

where w = (w1, . . . , wn) ∈ Sn−1. For w ∈ Sn−1, vr
λ(rw) = 0. On the other hand, by

(3.1.9), we have

∂vr
λ

∂yi

= −π
√
λ yi

2 rβ0

Jβ0

(√
λ r

)
Yβ0+1

(√
λ|y|

)
− Yβ0

(√
λ r

)
Jβ0+1

(√
λ|y|

)
|y|β0+1

. (3.2.2)

Therefore

n∑
i=1

wi
∂vr

λ

∂yi

∣∣∣∣∣
y=εw

= −π
√
λ

2 rβ0

Jβ0

(√
λ r

)
Yβ0+1

(√
λ ε

)
− Yβ0

(√
λ r

)
Jβ0+1

(√
λ ε

)
εβ0

(3.2.3)

and by (3.1.10),
n∑

i=1

wi
∂vr

λ

∂yi

∣∣∣∣∣
y=rw

=
1

rn−1
. (3.2.4)

By (3.2.2) and (3.1.11), we have

∂2vr
λ

∂y 2
i

= −λ vr
λ(y)

y 2
i

|y|2

+
π
√
λ

2 rβ0

(
n
y 2

i

|y|2 − 1

)
Jβ0

(√
λ r

)
Yβ0+1

(√
λ|y|

)
− Yβ0

(√
λ r

)
Jβ0+1

(√
λ|y|

)
|y|β0+1

.

Therefore −∆vr
λ = λ vr

λ. Thus by (3.2.1), (3.2.3) and (3.2.4), we have

π

2rβ0

∫
ε<|y|<r

u(x−y)V (x−y)
Yβ0

(√
λ r

)
Jβ0

(√
λ|y|

)
− Jβ0

(√
λ r

)
Yβ0

(√
λ|y|

)
|y|β0

dy

=
∫

Sn−1
u(x− rw)σ(dw)

+
π
√
λ ε

n
2

2 rβ0

[
Jβ0

(√
λ r

)
Yβ0+1

(√
λ ε

)
− Yβ0

(√
λ r

)
Jβ0+1

(√
λ ε

)]
×
∫

Sn−1
u(x− εw)σ(dw)

+
πε

n
2

2 rβ0

[
Jβ0

(√
λ r

)
Yβ0

(√
λ ε

)
− Yβ0

(√
λ r

)
Jβ0

(√
λ ε

)]
×
∫

Sn−1

n∑
i=1

wi
∂u

∂zi

∣∣∣∣∣
z=x−εw

σ(dw). (3.2.5)
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By (3.1.14), we have

ε
n
2 Jβ0+1

(√
λ ε

) ∫
Sn−1

u(x− εw)σ(dw) → 0 (3.2.6)

and

ε
n
2 Jβ0

(√
λ ε

) ∫
Sn−1

n∑
i=1

wi
∂u

∂zi

∣∣∣∣∣
z=x−εw

σ(dw) → 0 (3.2.7)

as ε→ 0+. On the other hand, by (3.1.15) and (3.1.16), we have

π
√
λ ε

n
2

2 rβ0
Jβ0

(√
λ r

)
Yβ0+1

(√
λ ε

) ∫
Sn−1

u(x− εw)σ(dw)

→ −2β0Γ
(
n

2

) Jβ0

(√
λ r

)
(√

λ r
)β0

ωn u(x) = −
√

2π
nJβ0

(√
λ r

)
(√

λ r
)β0

u(x) (3.2.8)

and

ε
n
2 Yβ0

(√
λ ε

) ∫
Sn−1

n∑
i=1

wi
∂u

∂zi

∣∣∣∣∣
z=x−εw

σ(dw) → 0 (3.2.9)

as ε→ 0+. Therefore by (3.2.5), (3.2.6), (3.2.7), (3.2.8) and (3.2.9), we have

π

2rβ0

∫
|y|<r

u(x− y)V (x− y)
Yβ0

(√
λ r

)
Jβ0

(√
λ|y|

)
− Jβ0

(√
λ r

)
Yβ0

(√
λ|y|

)
|y|β0

dy

=
∫

Sn−1
u(x− rw)σ(dw) −

√
2π

nJβ0

(√
λ r

)
(√

λ r
)β0

u(x).

Thus Lemma 4 is proved.

3.2.2 Fourier image of radial functions

Lemma 5. Let x ∈ Ω and { y ∈ Rn; | y − x | ≤ R } ⊂ Ω. Suppose that G is a

radial function in L2
loc (Rn) and define gR

x (y) by

gR
x (y) =

 G( |y − x| ) for |y − x| < R

0 for |y − x| ≥ R.

Then gR
x ∈ L2(Ω) and for t > 0

(
UgR

x

)
k
(t) = uk(x, t) ×

√
2π

n

√
t

β0

∫ R

0
G(r) Jβ0

(√
t r

)
r

n
2 dr

+
π

2

∫ R

0
G(r) r

n
2

∫
|y|<r

uk(x− y, t)V (x− y)

×
Yβ0

(√
t r

)
Jβ0

(√
t|y|

)
− Jβ0

(√
t r

)
Yβ0

(√
t|y|

)
|y|β0

dy dr.
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Proof. By (3.1.3)
(
UgR

x

)
k
(t) =

∫
Ω
gR

x (y)uk(y, t) dy. Thus we have

(
UgR

x

)
k
(t) =

∫
|y−x|<R

G( |y − x| )uk(y, t) dy

=
∫ R

0
G(r) rn−1

∫
Sn−1

uk(x− rw, t) σ(dw) dr. (3.2.10)

On the other hand, by (3.1.2), uk(x, t) ∈ C∞(Ω) and (−∆+V )uk(x, t) = t uk(x, t)

for x ∈ Ω. Furthermore by Lemma 4, we have∫
Sn−1

uk(x− rw, t)σ(dw) =
√

2π
nJβ0

(√
t r

)
(√

t r
)β0

× uk(x, t)

+
π

2rβ0

∫
|y|<r

uk(x−y, t)V (x−y)
Yβ0

(√
t r

)
Jβ0

(√
t|y|

)
− Jβ0

(√
t r

)
Yβ0

(√
t|y|

)
|y|β0

dy.

Combining last equation with (3.2.10) we get Lemma 5.

3.2.3 Lemma 6

Let Ω be an open domain in Rn and V be a nonnegative function in L∞
loc(Ω).

Let Â be a nonnegative selfadjoint extension of −∆+V , U be an ordered represen-

tation of L2(Ω) with respect to Â, ρ be the measure and {uk} be the generalized

eigenfunction system with respect to U . We shall use the following lemma later

([1: p.655] and [6: p.42]).

Lemma 6. Under the assumptions above, if K is a compact set in Ω then(∑
k

∫
N≤√

t≤N+1
|uk(x, t)|2ρ(dt)

) 1
2

≤ CK (N + 1)
n−1

2 ,

where CK is a constant independent of N ≥ 0 and x ∈ K.

Corollary 2. Under the assumptions above, if K is a compact set in Ω then

(∑
k

∫ λ

1
|uk(x, t)|2 tα−n

2 ρ(dt)

) 1
2

≤


CK,α λ

α
2 for α > 0

CK (log λ)
1
2 for α = 0

CK,α for α < 0

and (∑
k

∫ ∞

λ
|uk(x, t)|2 t−α−n

2 ρ(dt)

) 1
2

≤ CK,α λ
−α

2 for α > 0,

where CK,α and CK are constants independent of λ ≥ 1 and x ∈ K.

Our proofs depend strongly on Lemma 6. For the completeness we reproduce a

proof of Lemma 6 following [6].

Proof of Lemma 6 We start by establishing the rough estimate(∑
k

∫
N≤√

t≤N+1
|uk(x, t)|2ρ(dt)

) 1
2

≤ CK(N + 1)
n
2
+2. (3.2.11)
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In order to prove (3.2.11), we shall establish a stronger result:

(∑
k

∫ ∞

0

|uk(x, t)|2
(1 + t)

n
2
+2
ρ(dt)

) 1
2

≤ CK . (3.2.12)

Let I be the unit operator and L be an elliptic operator defined by L=−∆+V +I.

Let us put:

H(x, y) =


1

(n− 2)ωn

|y − x|2−n for n > 2,

1

2 π
log

1

|y − x| for n = 2.

A function G(x, y), which is continuous in the variables x and y in Ω with y = x,

together with its first and second derivatives with respect to the yi’s, is called a

Levi function if it satisfies the estimates of the following type for some 0 < ε ≤ 1:

G−H = O (|y − x|ε+2−n) ,
∂[G−H ]

∂yi

= O
(
|y − x|ε+1−n

)
,

∂2[G−H ]

∂yi∂yk

= O
(
|y − x|ε−n

)
,

where the bounds are required to be uniform in every bounded domain contained in

Ω. A Levi function G(x, y) which is a solution of the equation LyG = 0 is called

a fundamental solution of the equation Lu = 0. A function K(x, y) continuous in

the variables x and y for x and y in Ω and for y = x, is called a kernel of class

Nα, with α < n, if it satisfies the bound K = O (|x− y|α−n) uniformly in every

bounded domain contained in Ω.

Lemma 7. ([7: p.27,12,VII]) Suppose that 0 < α < n, K ∈ Nα, 1 ≤ p < n/α and

f ∈ Lp
loc(Ω). If we put

g(x) =
∫
Ω
K(x, y) f(y) dy,

then we have g ∈ Lq
loc(Ω) for n/q ≥ n/p− α.

K1(x, y) denotes the fundamental solution for the operator L. Concerning the

existence of the fundamental solution, refer to [7: p.64,19,VIII]. If n = 2, we have

K1(x, ·) ∈ L2
loc(Ω). If n > 2, K1 ∈ N2 and K1(x, ·) ∈ Lp

loc(Ω) for 1/p > 1 − 2/n.

Put

Ks(x, y) =
∫
Ω
Ks−1(x, z)K1(z, y) dz s = 2, 3, . . . .

Then by Lemma 7 Ks(x, ·) ∈ Lq
loc(Ω) for 1

q
= 1

p
− 2

n
(s− 1). Let s0 = [n/4] + 1 and

1
p0

= 2
n

(s0 − 1) + 1
2
. Then 1/p0 > 1 − 2/n. Therefore we have Ks0(x, ·) ∈ L2

loc(Ω).

We fix a compact subset K of Ω and a point x of K. Next, we fix an R such

that { y; dist(y,K) ≤ R } ⊂ Ω, and define a cut off function ηx(y) which is unity in

|y − x| ≤ R/2, zero in |y − x| ≥ R, and which is infinitely differentiable over Rn.

We consider the function vx(y) = Ks0(x, y) ηx(y).
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By (3.1.2), each uk(y, λ) is a regular solution of the equation

Luk(y, λ) = (λ+ 1) uk(y, λ).

Therefore, applying successively Green’s formula, we have∫
uk(y, λ)Ls0−1vx(y) dy = (λ+ 1)

∫
uk(y, λ)Ls0−2vx(y) dy

= · · · = (λ+ 1)s0−1
∫
uk(y, λ) vx(y) dy. (3.2.13)

Now we take into account that

Ls0−1vx(y) =


Ls0−1Ks0(x, y) = K1(x, y) for |y − x| ≤ R/2,

0 for |y − x| ≥ R,

∈ C∞ for |y − x| > R/2.

Applying Green’s formula once again, by the singularity of the fundamental solution

and (3.2.13) we obtain∫
uk(y, λ)Ls0vx(y) dy = uk(x, λ) + (λ+ 1)

∫
uk(y, λ)Ls0−1vx(y) dy

= uk(x, λ) + (λ+ 1)s0

∫
uk(y, λ) vx(y) dy,

which implies

|uk(x, λ)|
(λ+ 1)s0

≤
∣∣∣∣∫ vx(y)uk(y, λ) dy

∣∣∣∣ + 1

(λ+ 1)s0

∣∣∣∣∫ Ls0vx(y)uk(y, λ) dy
∣∣∣∣ .

Thus

∑
k

∫
ek

|uk(x, t)|2
(t+ 1)2s0

ρ(dt) ≤ 2
∑
k

∫
ek

∣∣∣∣∫ vx(y)uk(y, t) dy
∣∣∣∣2ρ(dt)

+2
∑
k

∫
ek

∣∣∣∣∫ Ls0vx(y)uk(y, t) dy
∣∣∣∣2ρ(dt). (3.2.14)

The iterated kernel Ks0(x, ·) has a square-integrable singularity, and therefore we

have vx ∈ L2(Ω). On the other hand, Ls0vx(y) becomes zero in |y − x| ≤ R/2 and

|y − x| ≥ R and belongs to L2(Ω). By (3.1.1) and (3.1.3) we have

∑
k

∫
ek

∣∣∣∣∫
Ω
vx(y)uk(y, t) dy

∣∣∣∣2 ρ(dt) =
∫
Ω
|vx(y)|2 dy (3.2.15)

and ∑
k

∫
ek

∣∣∣∣∫
Ω
Lsvx(y)uk(y, t) dy

∣∣∣∣2 ρ(dt) =
∫
Ω
|Lsvx(y)|2 dy. (3.2.16)

Thus by (3.2.15) and (3.2.16), the left-hand side of (3.2.14) is bounded for any

x ∈ K.
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Since 2s = 2[N/4]+2 ≤ N/2+2, the above reasoning leads to inequality (3.2.12)

and, consequently, to (3.2.11).

We fix a compact subset K of Ω, a point x of K and a small R > 0 so that

{ y; dist(y,K) ≤ R } ⊂ Ω. Put

wR,N
x (y) =

 WN(|y − x|) for R/2 < |y − x| < R,

0 otherwise,

where

WN (r) =

√
N

n
Jn

2
−1(Nr)√

2π
n
r

n
2
−1

.

According to Lemma 5, we have(
UwR,N

x

)
k
(t) = wR,N

k (x, t) + w̃R,N
k (x, t),

where

wR,N
k (x, t) = uk(x, t) ×

√
N

n

√
t

n
2
−1

∫ R

R
2

r Jn
2
−1(Nr) Jn

2
−1

(√
t r

)
dr,

w̃R,N
k (x, t) =

π
√
N

n

2
√

2π
n

∫ R

R
2

r Jn
2
−1(Nr) dr

∫
|y|<r

uk(x− y, t)V (x− y) v(t, r, |y|) dy

and

v(t, r, τ) =
Yn

2
−1

(√
t r

)
Jn

2
−1

(√
t τ

)
− Jn

2
−1

(√
t r

)
Yn

2
−1

(√
t τ

)
τ

n
2
−1

.

Let N0 be a sufficiently large but a fixed number. There is a constant α > 0 such

that for all N and t with N0 < N ≤ √
t ≤ N + 1, the inequality∣∣∣∣∣

√
N

n

√
t

n
2
−1

∫ R

R
2

r Jn
2
−1(Nr) Jn

2
−1

(√
t r

)
dr

∣∣∣∣∣ ≥ α (3.2.17)

holds. On the other hand, applying (3.1.1), the estimate

∑
k

∫ ∞

0

∣∣∣(UwR,N
x

)
k
(t)

∣∣∣2 ρ(dt) =
∫
Ω

∣∣∣wR,N
x (y)

∣∣∣2 dy
=
Nnωn

(2π)n

∫ R

R
2

r J 2
n
2
−1(Nr) dr = O

(
Nn−1

)
(3.2.18)

is valid. Making use of (3.2.17) and (3.2.18), we obtain

∑
k

∫
N≤√

t≤N+1
|uk(x, t)|2 ρ(dt) ≤ 1

α2

∑
k

∫
N≤√

t≤N+1

∣∣∣wR,N
k (x, t)

∣∣∣2 ρ(dt)
≤ 2

α2

∑
k

∫ ∞

0

∣∣∣(UwR,N
x

)
k
(t)

∣∣∣2 ρ(dt) +
2

α2

∑
k

∫
N≤√

t≤N+1

∣∣∣w̃R,N
k (x, t)

∣∣∣2 ρ(dt)
= O

(
Nn−1

)
+

2

α2

∑
k

∫
N≤√

t≤N+1

∣∣∣w̃R,N
k (x, t)

∣∣∣2 ρ(dt). (3.2.19)
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To prove Lemma 6, we show that if the estimate∑
k

∫
N≤√

t≤N+1
|uk(x, t)|2 ρ(dt) = O (N s) (3.2.20)

holds uniformly with respect to x in a compact subset K of Ω for an s ≥ n− 1,

then the estimate∑
k

∫
N≤√

t≤N+1
|uk(x, t)|2 ρ(dt) = O

(
N max(n−1,s−4)

)
holds uniformly with respect to x in any closed setK ′ in K such that dist(K ′,Kc)>0.

To this end it suffices to show, by virtue of inequality (3.2.19), that if (3.2.20) is

valid uniformly with respect to x in an arbitrary compact subset K of Ω for a

certain s ≥ n− 1, then the estimate∑
k

∫
N≤√

t≤N+1

∣∣∣w̃R,N
k (x, t)

∣∣∣2 ρ(dt) = O
(
Nn−1

)
+O

(
N s−4

)
holds uniformly with respect to x in an arbitrary closed subset K ′ of K such that

dist(K ′,Kc) > 0. Fix 0 < R <dist(K ′,Kc). Then we have∑
k

∫
N≤√

t≤N+1

∣∣∣w̃R,N
k (x, t)

∣∣∣2 ρ(dt)
≤ π2

2

(
N

2π

)n ∑
k

∫
N≤√

t≤N+1
ρ(dt)

∣∣∣∣∣
∫ R

R
2

r Jn
2
−1(Nr) dr

×
∫ 1

N

0
v(t, r, τ) τn−1dτ

∫
Sn−1

uk(x− τω, t) V (x− τω)σ(dω)

∣∣∣∣∣
2

+
π2

2

(
N

2π

)n ∑
k

∫
N≤√

t≤N+1
ρ(dt)

∣∣∣∣∣
∫ R

R
2

r Jn
2
−1(Nr) dr

×
∫ r

1
N

v(t, r, τ) τn−1dτ
∫

Sn−1
uk(x− τω, t) V (x− τω)σ(dω)

∣∣∣∣∣
2

= KR,N
1 (x) +KR,N

2 (x), say. (3.2.21)

It suffices to show that KR,N
1 is of order O (N s−4), and KR,N

2 is of order O (Nn−1).

First, we estimate KR,N
1 (x). We have, by virtue of Schwarz’s inequality (also

taking into account that V ∈ L∞
loc(Ω)),

KR,N
1 (x) ≤ π2

2

(
N

2π

)n ∑
k

∫
N≤√

t≤N+1
ρ(dt)

R

2

∫ R

R
2

r2J 2
n
2
−1(Nr) dr

×
∣∣∣∣∣
∫ 1

N

0
v(t, r, τ) τn−1dτ

∫
Sn−1

uk(x− τω, t)V (x− τω)σ(dω)

∣∣∣∣∣
2

≤ π2R

4

(
N

2π

)n ∑
k

∫
N≤√

t≤N+1
ρ(dt)

∫ R

R
2

r2J 2
n
2
−1(Nr) dr

× 1

N

∫ 1
N

0
v2(t, r, τ) τ 2(n−1)dτ

∣∣∣∣∫
Sn−1

uk(x− τω, t)V (x− τω)σ(dω)
∣∣∣∣2
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≤ π2R

4N

(
N

2π

)n ∑
k

∫
N≤√

t≤N+1
ρ(dt)

∫ R

R
2

r2J 2
n
2
−1(Nr) dr

×
∫ 1

N

0
v2(t, r, τ) τ 2(n−1)dτ ωn||V || 2L∞(K)

∫
Sn−1

|uk(x− τω, t)|2 σ(dω).

Since

v2(t, r, τ) ≤ 2 τ 2−nY 2
n
2
−1

(√
t r

)
J 2

n
2
−1

(√
t τ

)
+ 2 τ 2−nJ 2

n
2
−1

(√
t r

)
Y 2

n
2
−1

(√
t τ

)
,

we obtain

KR,N
1 (x) ≤ CV,KN

n−1
∑
k

∫
N≤√

t≤N+1
ρ(dt)

∫ R

R
2

r2J 2
n
2
−1(Nr)Y

2
n
2
−1

(√
t r

)
dr

×
∫ 1

N

0
τn J 2

n
2
−1

(√
t τ

)
dτ

∫
Sn−1

|uk(x− τω, t)|2 σ(dω)

+CV,KN
n−1

∑
k

∫
N≤√

t≤N+1
ρ(dt)

∫ R

R
2

r2J 2
n
2
−1(Nr) J

2
n
2
−1

(√
t r

)
dr

×
∫ 1

N

0
τn Y 2

n
2
−1

(√
t τ

)
dτ

∫
Sn−1

|uk(x− τω, t)|2 σ(dω). (3.2.22)

The estimates

J 2
ν (Nr) ≤ C(Nr)−1, Y 2

ν

(√
t r

)
≤ C(Nr)−1 and J 2

ν

(√
t r

)
≤ C(Nr)−1 (3.2.23)

hold for all N ≤ √
t ≤ N + 1 and for all R/2 ≤ r ≤ R, whereas the estimates

J 2
n
2
−1

(√
t τ

)
≤ C(Nτ)n−2 and Y 2

n
2
−1

(√
t τ

)
≤ C(Nτ)2−n (3.2.24)

hold for all 0 < τ ≤ 1/N . Invoking (3.2.23) and (3.2.24) to estimating the right-

hand side of (3.2.22), we obtain

KR,N
1 ≤ CV,K,RN

2n−5
∫ 1

N

0
τ 2n−2dτ

∫
Sn−1

σ(dω)
∑
k

∫
N≤√

t≤N+1
|uk(x− τω, t)|2ρ(dt)

+CV,K,RN
−1
∫ 1

N

0
τ 2dτ

∫
Sn−1

σ(dω)
∑
k

∫
N≤√

t≤N+1
|uk(x− τω, t)|2ρ(dt). (3.2.25)

By (3.2.20), the right-hand side of (3.2.25) does not exceed CV,K,RN
s−4.

Next, we estimate KR,N
2 (x). By Schwarz’s inequality we have

KR,N
2 (x) ≤ π2

2

(
N

2π

)n ∑
k

∫
N≤√

t≤N+1
ρ(dt)

R

2

∫ R

R
2

r2J 2
n
2
−1(Nr) dr

×
∣∣∣∣∣
∫ r

1
N

v(t, r, τ) τn−1dτ
∫

Sn−1
uk(x− τω, t)V (x− τω)σ(dω)

∣∣∣∣∣
2

≤ π2R

2

(
N

2π

)n ∑
k

∫
N≤√

t≤N+1
ρ(dt)

∫ R

R
2

r2J 2
n
2
−1(Nr)Y

2
n
2
−1

(√
t r

)
dr

×
∣∣∣∣∣
∫ r

1
N

τ
n
2 Jn

2
−1

(√
t τ

)
dτ

∫
Sn−1

uk(x− τω, t) V (x− τω)σ(dω)

∣∣∣∣∣
2
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+
π2R

2

(
N

2π

)n ∑
k

∫
N≤√

t≤N+1
ρ(dt)

∫ R

R
2

r2J 2
n
2
−1(Nr) J

2
n
2
−1

(√
t r

)
dr

×
∣∣∣∣∣
∫ r

1
N

τ
n
2 Yn

2
−1

(√
t τ

)
dτ

∫
Sn−1

uk(x− τω, t)V (x− τω)σ(dω)

∣∣∣∣∣
2

. (3.2.26)

Carrying out integration by parts with respect to τ , we get∫ r

1
N

τ
n
2 Jn

2
−1

(√
t τ

) ∫
Sn−1

uk(x− τω, t) V (x− τω)σ(dω) dτ

=
∫ r

1
N

τ
1
2Jn

2
−1

(√
t τ

) d

dτ

{∫ τ

1
N

s
n−1

2 ds
∫

Sn−1
uk(x− sω, t) V (x− sω)σ(dω)

}
dτ

= r
1
2Jn

2
−1

(√
t r

) ∫ r

1
N

s
n−1

2 ds
∫

Sn−1
uk(x− sω, t) V (x− sω)σ(dω)

−
∫ r

1
N

d

dτ

{
τ

1
2Jn

2
−1

(√
t τ

)} ∫ τ

1
N

s
n−1

2 ds
∫

Sn−1
uk(x− sω, t) V (x− sω)σ(dω) dτ

and ∫ r

1
N

τ
n
2 Yn

2
−1

(√
t τ

) ∫
Sn−1

uk(x− τω, t) V (x− τω)σ(dω) dτ

= r
1
2Yn

2
−1

(√
t r

) ∫ r

1
N

s
n−1

2 ds
∫

Sn−1
uk(x− sω, t) V (x− sω)σ(dω)

−
∫ r

1
N

d

dτ

{
τ

1
2Yn

2
−1

(√
t τ

)} ∫ τ

1
N

s
n−1

2 ds
∫

Sn−1
uk(x− sω, t) V (x− sω)σ(dω) dτ.

From these equalities, with Schwarz’s inequality, we obtain∣∣∣∣∣
∫ r

1
N

τ
n
2 Jn

2
−1

(√
t τ

) ∫
Sn−1

uk(x− τω, t) V (x− τω)σ(dω) dτ

∣∣∣∣∣
2

≤ 2 rJ 2
n
2
−1

(√
t r

) ∣∣∣∣∣
∫ r

1
N

s
n−1

2 ds
∫

Sn−1
uk(x− sω, t) V (x− sω)σ(dω)

∣∣∣∣∣
2

+2
∫ r

1
N

[
d

dτ

{
τ

1
2Jn

2
−1

(√
t τ

)}]2

dτ

×
∫ r

1
N

∣∣∣∣∣
∫ τ

1
N

s
n−1

2 ds
∫

Sn−1
uk(x− sω, t)V (x− sω)σ(dω)

∣∣∣∣∣
2

dτ (3.2.27)

and ∣∣∣∣∣
∫ r

1
N

τ
n
2 Yn

2
−1

(√
t τ

) ∫
Sn−1

uk(x− τω, t) V (x− τω)σ(dω) dτ

∣∣∣∣∣
2

≤ 2 rY 2
n
2
−1

(√
t r

) ∣∣∣∣∣
∫ r

1
N

s
n−1

2 ds
∫

Sn−1
uk(x− sω, t) V (x− sω)σ(dω)

∣∣∣∣∣
2

+2
∫ r

1
N

[
d

dτ

{
τ

1
2Yn

2
−1

(√
t τ

)}]2

dτ

×
∫ r

1
N

∣∣∣∣∣
∫ τ

1
N

s
n−1

2 ds
∫

Sn−1
uk(x− sω, t) V (x− sω)σ(dω)

∣∣∣∣∣
2

dτ. (3.2.28)
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We remark now that∫ r

1
N

s
n−1

2 ds
∫

Sn−1
uk(x−sω, t)V (x−sω)σ(dω) =

∫
1
N

<|y−x|<r

uk(y, t)V (y)

|y − x|n−1
2

dy. (3.2.29)

Next from the recurrence formulas [tνJν(t)]
′ = tνJν−1(t) and [tνYν(t)]

′ = tνYν−1(t),

it follows

d

dτ

{
τ

1
2Jn

2
−1

(√
t τ

)}
=

d

dτ

{
τ

1
2
−(n

2
−1)

[
τ

n
2
−1Jn

2
−1

(√
t τ

)]}
=

√
t τ

1
2Jn

2
−2

(√
t τ

)
− n− 3

2
τ−

1
2Jn

2
−1

(√
t τ

)
and

d

dτ

{
τ

1
2Yn

2
−1

(√
t τ

)}
=

√
t τ

1
2Yn

2
−2

(√
t τ

)
− n− 3

2
τ−

1
2Yn

2
−1

(√
t τ

)
.

From (3.2.23) we obtain[
d

dτ

{
τ

1
2Jn

2
−1

(√
t τ

)}]2

≤ 2 (N + 1)2τJ 2
n
2
−2

(√
t τ

)
+ 2

(
n− 3

2

)2

τ−1J 2
n
2
−1

(√
t τ

)
≤ C

(
N +N−1τ−2

)
≤ CN

and [
d

dτ

{
τ

1
2Yn

2
−1

(√
t τ

)}]2

≤ CN

for N ≤ √
t ≤ N + 1 and τ ≥ 1/N . Therefore∫ r

1
N

[
d

dτ

{
τ

1
2Jn

2
−1

(√
t τ

)}]2

dτ ≤ CNr (3.2.30)

and ∫ r

1
N

[
d

dτ

{
τ

1
2Yn

2
−1

(√
t τ

)}]2

dτ ≤ CNr. (3.2.31)

From relations (3.2.27)-(3.2.31) and (3.2.23) it follows that∣∣∣∣∣
∫ r

1
N

τ
n
2 Jn

2
−1

(√
t τ

) ∫
Sn−1

uk(x− τω, t) V (x− τω)σ(dω) dτ

∣∣∣∣∣
2

≤ CN−1

∣∣∣∣∣
∫

1
N

<|y−x|<r

uk(y, t)V (y)

|y − x|n−1
2

dy

∣∣∣∣∣
2

+CNr
∫ r

1
N

∣∣∣∣∣
∫

1
N

<|y−x|<τ

uk(y, t)V (y)

|y − x|n−1
2

dy

∣∣∣∣∣
2

dτ (3.2.32)

and ∣∣∣∣∣
∫ r

1
N

τ
n
2 Yn

2
−1

(√
t τ

) ∫
Sn−1

uk(x− τω, t)V (x− τω)σ(dω) dτ

∣∣∣∣∣
2

≤ CN−1

∣∣∣∣∣
∫

1
N

<|y−x|<r

uk(y, t)V (y)

|y − x|n−1
2

dy

∣∣∣∣∣
2

+CNr
∫ r

1
N

∣∣∣∣∣
∫

1
N

<|y−x|<τ

uk(y, t)V (y)

|y − x|n−1
2

dy

∣∣∣∣∣
2

dτ (3.2.33)
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for N ≤ √
t ≤ N + 1 and R/2 ≤ r ≤ R. Applying (3.2.32), (3.2.33) and (3.2.23)

to the right-hand side of (3.2.26) we get

KR,N
2 (x) ≤ CNn−3

∫ R

R
2

dr
∑
k

∫ ∞

0
ρ(dt)

∣∣∣∣∣
∫

1
N

<|y−x|<r

uk(y, t)V (y)

|y − x|n−1
2

dy

∣∣∣∣∣
2

+CNn−1
∫ R

R
2

r dr
∫ r

1
N

dτ
∑
k

∫ ∞

0
ρ(dt)

∣∣∣∣∣
∫

1
N

<|y−x|<τ

uk(y, t)V (y)

|y − x|n−1
2

dy

∣∣∣∣∣
2

. (3.2.34)

Since for any point x of K ′ and for any τ ≤ r ≤ R the function defined by

fN
x (y) =


V (y)

|y − x|n−1
2

for 1
N
< |y − x| < r

0 otherwise,

belongs to L2 and the L2-norm is bounded by the same constant for x∈K ′. We have

∑
k

∫ ∞

0

∣∣∣∣∣
∫

1
N

<|y−x|<r

uk(y, t)V (y)

|y − x|n−1
2

dy

∣∣∣∣∣
2

ρ(dt) =
∫
Ω

∣∣∣fN
x (y)

∣∣∣2 dy ≤ ωnR ||V || 2L∞(K).

Thus the inequality (3.2.34) implies the estimate

KR,N
2 (x) ≤ CV,KN

n−3
∫ R

R
2

dr + CV,KN
n−1

∫ R

R
2

r dr
∫ r

1
N

dτ ≤ CV,KN
n−1

uniformly in x ∈ K ′.

Thus the proof of Lemma 6 is complete.

3.2.4 Decomposition of sδ
λf

Lemma 8. Let δ ≥ 0. Let f ∈ L2(Ω), x ∈ Ω and suppose { y; | y− x | ≤ R } ⊂ Ω.

Then

sδ
λf(x) =

2δΓ(δ + 1)
√

2π
n√

λ
δ−n

2

∫
|y|<R

Jn
2
+δ

(√
λ|y|

)
|y|n

2
+δ

f(x− y) dy

+
2δΓ(δ + 1)√

λ
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2

∑
k

∫ ∞

0
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λ (t)√
t

β0
uk(x, t) (Uf)k(t) ρ(dt)

+
2δ−n

2
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πβ0

√
λ
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2

∑
k

∫ ∞
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(Uf)k(t) ρ(dt)

∫ R

0

Jn
2
+δ

(√
λ r

)
rδ
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|y|<r

V (x− y)

×uk(x− y, t)
Jβ0

(√
t r

)
Yβ0

(√
t|y|

)
− Yβ0

(√
t r

)
Jβ0

(√
t|y|

)
|y|β0

dy dr

where

Iδ,R
λ (t) =

∫ ∞

R

Jn
2
+δ

(√
λ r

)
Jβ0

(√
t r

)
rδ

dr.
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Proof. Put

gδ,R
λ,x(y) =

 Gδ
λ( |y − x| ) for |y − x| < R,

0 for |y − x| ≥ R,

where

Gδ
λ(r) =

2δΓ(δ + 1)
√

2π
n√

λ
δ−n

2

Jn
2
+δ

(√
λ r

)
r

n
2
+δ

for r > 0.

Then by Lemma 5 we have

(
Ugδ,R

λ,x

)
k
(t) = uk(x, t) × 2δΓ(δ + 1)√

λ
δ−n

2
√
t

β0

∫ R

0

Jn
2
+δ

(√
λ r

)
Jβ0

(√
t r

)
rδ

dr

+
2δ−n

2
−1Γ(δ + 1)

πβ0

√
λ

δ−n
2

∫ R

0

Jn
2
+δ

(√
λ r

)
rδ

∫
|y|<r

uk(x− y, t) V (x− y)

×
Yβ0

(√
t r

)
Jβ0

(√
t|y|

)
− Jβ0

(√
t r

)
Yβ0

(√
t|y|

)
|y|β0

dy dr. (3.2.35)

By the formula (see [2: p.92,(34)])

2δΓ(δ + 1)√
λ

δ−n
2
√
t

β0

∫ ∞

0

Jn
2
+δ

(√
λ r

)
Jβ0

(√
t r

)
rδ

dr =
(

1 − t

λ

)δ

+
,

the first term on the right-hand side of (3.2.36) equals

(
1 − t

λ

)δ

+
uk(x, t) − 2δΓ(δ + 1)√

λ
δ−n

2
√
t

β0
Iδ,R
λ (t)uk(x, t). (3.2.36)

By (3.2.36) and (3.2.37) we have

(
1 − t

λ

)δ

+
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(
Ugδ,R

λ,x

)
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2δΓ(δ + 1)√
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2
√
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+
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2
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πβ0

√
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δ−n
2
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0

Jn
2
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(√
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)
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×
Jβ0

(√
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)
Yβ0

(√
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)
− Yβ0

(√
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)
Jβ0

(√
t|y|

)
|y|β0

dy dr.

Let {ek} be the set of multiplicity with respect to U . Then by (3.1.5)

sδ
λf(x) =

∑
k

∫ ∞

0

(
1 − t

λ

)δ

+
uk(x, t) (Uf)k(t) ρ(dt)

=
∑
k

∫
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)
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+
2δ−n

2
−1Γ(δ + 1)
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√
λ

δ−n
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∑
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(Uf)k(t) ρ(dt)
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(√
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)
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dy dr. (3.2.37)

Since U preserves the inner products ((3.1.1)), we have∑
k

∫
ek

(
Ugδ,R

λ,x

)
k
(t) (Uf)k(t) ρ(dt) =

∫
Ω
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λ,x(y) f(y) dy

=
∫
|y−x|<R

Gδ
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√
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n√
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2
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2
+δ

(√
λ|y|

)
|y|n

2
+δ

f(x− y) dy. (3.2.38)

By (3.2.38) and (3.2.39), we get Lemma 8.

3.2.5 Decomposition of sδ
λf − f

To prove Propositions 1 and 2, we shall use the following representation of

sδ
λf − f :

Lemma 9. Assume δ > max (0, (n−3)/2). Let f ∈ L2(Ω) and x ∈ Ω. We choose

R > 0 so that { y ∈ Rn; | y − x | ≤ R } ⊂ Ω. Then

sδ
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Proof. Let δ > (n− 3)/2. We have (see [2: p.49,(19)])
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Therefore
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=
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√
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Lemma 9 follows from (3.2.39) and Lemma 8.

3.3 Estimate of V δ,R
λ f

Let Ω be an open domain in Rn and f ∈ L1
loc(Ω). Let β0 = n

2
− 1, δ > (n− 3)/2

and R > 0. Put

V δ,R
λ f(x) = f(x) ×

√
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By (3.1.12), there exists a constant Cδ,R such that∣∣∣∣∣∣
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Therefore ∣∣∣V δ,R
λ f(x)

∣∣∣ ≤ Cδ,R

√
λ

n−3
2

−δ|f(x)|.
Let K be any compact set in Ω and f ∈ Lp(K) where 0 < p ≤ ∞. Then we have

∥∥∥V δ,R
λ f

∥∥∥
Lp(K)

≤ Cδ,R

√
λ

n−3
2

−δ||f ||Lp(K). (3.3.1)

3.4 Estimate of wδ,R
λ f

We use notations in §3.2. Let δ > (n − 3)/2, R > 0 and β0 = n
2
− 1. For

f ∈ L2(Ω) and x ∈ Ω, we define

wδ,R
λ f(x) =

√
λ

n
2
−δ ∑

k

∫ ∞

0

Iδ,R
λ (t)√
t

β0
uk(x, t) (Uf)k(t) ρ(dt),

where

Iδ,R
λ (t) =

∫ ∞

R

Jn
2
+δ

(√
λ r

)
Jβ0

(√
t r

)
rδ

dr.

Lemma 10. If K is a compact set in Ω, then∥∥∥wδ,R
λ f

∥∥∥
L∞(K)

= o
(√

λ
(n−1)/2−δ

)
as λ→ ∞.
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Proof. We shall use the following estimates (see [8: p.202, Lemma 18.10 a]) to

prove Lemma 10: For δ > 0

∣∣∣Iδ,R
λ (t)

∣∣∣ ≤ Cδ,R

√
λ

− 1
2
√
t
− 1

2 ( t, λ > 0 ), (3.4.1)

∣∣∣Iδ,R
λ (t)

∣∣∣ ≤ Cδ,R

√
λ

− 3
2
√
t

1
2

√
λ−√

t
+ Cδ,R

√
λ

− 3
2
√
t
− 1

2 ( 0 < t < λ ), (3.4.2)

∣∣∣Iδ,R
λ (t)

∣∣∣ ≤ Cδ,R

√
λ

1
2
√
t
− 3

2

√
t−√

λ
+ Cδ,R

√
λ

− 1
2
√
t
− 3

2 ( 0 < λ < t ). (3.4.3)

We have

wδ,R
λ f(x) =

√
λ

n
2
−δ ∑

k

∫ ∞

0

Iδ,R
λ (t)√
t

β0
uk(x, t) (Uf)k(t) ρ(dt)

=
∫
0≤√

t≤√
λ−1

+
∫
|√t−√

λ|<1
+
∫
√

t≥√
λ+1

= Iδ,R
λ,1 f(x) + Iδ,R

λ,2 f(x) + Iδ,R
λ,3 f(x),

say. Let E be the spectral measure corresponding to Â.

3.4.1 Estimate of Iδ,R
λ,2 f

We have by (3.4.1)

∣∣∣Iδ,R
λ,2 f(x)

∣∣∣ ≤ Cδ,R√
λ

δ−n−1
2

∑
k

∫
|√t−√

λ|≤1

|(Uf)k(t)uk(x, t)|√
t

n−1
2

ρ(dt)

≤ Cδ,R√
λ

δ

∑
k

∫
|√t−√

λ|≤1
|(Uf)k(t)uk(x, t)| ρ(dt)

≤ Cδ,R√
λ

δ

(∑
k

∫
ek∩{|√t−√

λ|≤1} |(Uf)k(t)|2ρ(dt)
) 1

2

×
(∑

k

∫
|√t−√

λ|≤1
|uk(x, t)|2ρ(dt)

) 1
2

.

Now by (3.1.1) and (3.1.4) we have

(∑
k

∫
ek∩{|√t−√

λ|≤1} |(Uf)k(t)|2ρ(dt)
) 1

2

=
∥∥∥E ({

t;
∣∣∣√t−√

λ
∣∣∣ ≤ 1

})
f
∥∥∥

L2(Ω)
−→ 0

as λ→ ∞. By Lemma 6, there exists a constant CK such that

(∑
k

∫
|√t−√

λ|≤1
|uk(x, t)|2ρ(dt)

) 1
2

≤ CK

√
λ

(n−1)/2

for x ∈ K and λ ≥ 1. Thus we have
∥∥∥Iδ,R

λ,2 f
∥∥∥

L∞(K)
= o

(√
λ

(n−1)/2−δ
)

as λ→ ∞.
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3.4.2 Estimate of Iδ,R
λ,3 f

By (3.4.3) we have∣∣∣Iδ,R
λ,3 f(x)

∣∣∣
≤ Cδ,R√

λ
δ−n

2

∑
k

∫
√

t≥√
λ+1


√
λ

1
2

√
t

n+1
2

(√
t−√

λ
) +

√
λ

− 1
2

√
t

n+1
2

 |(Uf)k(t)uk(x, t)| ρ(dt)

= Iδ,R
λ,3,1f(x) + Iδ,R

λ,3,2f(x), say.

First we have, by Schwarz’s inequality

Iδ,R
λ,3,1f(x) ≤ Cδ,R√

λ
δ−n+1

2

(∑
k

∫
ek∩{√t≥√

λ+1} |(Uf)k(t)|2ρ(dt)
) 1

2

×
∑

k

∫
√

t≥√
λ+1

|uk(x, t)|2√
t

n+1
(√

t−√
λ
)2 ρ(dt)


1
2

. (3.4.4)

By Lemma 6, there exists a constant CK such that for x ∈ K∑
k

∫
√

t≥√
λ+1

|uk(x, t)|2√
t

n+1
(√

t−√
λ
)2 ρ(dt)


1
2

≤
 ∞∑

N=
√

λ+1

1

Nn+1
(
N −√

λ
)2

∑
k

∫
N≤√

t≤N+1
|uk(x, t)|2ρ(dt)


1
2

≤ CK√
λ
.(3.4.5)

Next we have

Iδ,R
λ,3,2f(x) ≤ Cδ,R√

λ
δ−n−1

2

(∑
k

∫
ek∩{√t≥√

λ+1} |(Uf)k(t)|2ρ(dt)
) 1

2

×
(∑

k

∫
√

t≥√
λ+1

|uk(x, t)|2√
t

n+1 ρ(dt)

) 1
2

. (3.4.6)

Applying Lemma 6, again(∑
k

∫
√

t≥√
λ+1

|uk(x, t)|2√
t

n+1 ρ(dt)

) 1
2

≤
 ∞∑

N=
√

λ+1

1

Nn+1

∑
k

∫
N≤√

t≤N+1
|uk(x, t)|2ρ(dt)

 1
2

≤ CK

√
λ

− 1
2 . (3.4.7)

On the other hand by (3.1.1) and (3.1.4)(∑
k

∫
ek∩{√t≥√

λ+1} |(Uf)k(t)|2ρ(dt)
) 1

2

=
∥∥∥E ({

t;
√
t ≥

√
λ+ 1

})
f
∥∥∥

L2(Ω)
−→ 0 as λ→ ∞.
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By (3.4.4), (3.4.5), (3.4.6) and (3.4.7), we have∥∥∥Iδ,R
λ,3 f

∥∥∥
L∞(K)

= o
(√

λ
(n−1)/2−δ

)
+o

(√
λ

(n−2)/2−δ
)

= o
(√

λ
(n−1)/2−δ

)
as λ→ ∞.

3.4.3 Estimate of Iδ,R
λ,1 f

By (3.4.2) we have

∣∣∣Iδ,R
λ,1 f(x)

∣∣∣ ≤ Cδ,R√
λ

δ−n−3
2

∑
k

∫
0≤√

t≤√
λ−1

 √
t
−n−3

2

√
λ−√

t
+
√
t
−n−1

2


×|uk(x, t) (Uf)k(t)| ρ(dt)

≤ Cδ,R

√
λ

n−3
2

−δ∑
0≤N≤√

λ−2

∑
k

∫
N≤√

t≤N+1
N−n−1

2

(
N + 1√
λ−N − 1

+1

)

×|(Uf)k(t)uk(x, t)| ρ(dt)

≤ Cδ,R

√
λ

n−1
2

−δ 1√
λ

∑
0≤N≤√

λ−2

√
λ√

λ−N − 1
N−n−1

2

×
(∑

k

∫
N≤√

t≤N+1
|uk(x, t)|2 ρ(dt)

) 1
2
(∑

k

∫
{N≤√

t≤N+1}∩ ek

|(Uf)k(t)|2 ρ(dt)
) 1

2

.

By Lemma 6 (∑
k

∫
N≤√

t≤N+1
|uk(x, t)|2 ρ(dt)

) 1
2

≤ CK N
n−1

2

and by (3.1.1) and (3.1.4)(∑
k

∫
{N≤√

t≤N+1}∩ ek

|(Uf)k(t)|2 ρ(dt)
) 1

2

=
∥∥∥E ({

t ;N ≤ √
t ≤ N + 1

})
f
∥∥∥

L2(Ω)
=: AN .

We have that
∞∑

N=M

A2
N −→ 0 as M → ∞. Thus

∥∥∥Iδ,R
λ,1 f

∥∥∥
L∞(K)

≤ Cδ,R,K

√
λ

n−1
2

−δ ∑
0≤N≤√

λ−2

AN√
λ−N − 1

= o
(√

λ
n−1

2
−δ
)
.

3.5 Estimate of vδ,Rλ f

We use notations in §3.2. Let δ > (n−3)/2, β0 = n
2
−1 and f ∈ L1

loc(Ω). Suppose

that K is a compact set in Ω, K ′ is a closed subset of K such that dist (K ′,Kc) > 0

and 0 < R < dist (K ′,Kc). For x ∈ K ′ put

vδ,R
λ f(x) =

ωn

√
λ

n
2
−δ

√
2π

n

∫ R

0

Jn
2
+δ

(√
λ r

)
rδ−β0

[
1

ωn

∫
Sn−1

f(x− rw)σ(dw) − f(x)
]
dr.
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Lemma 11. Assume (−∆ + V )f ∈ Lp(K) where 1 < p ≤ ∞. Let λ > R−2.

(i) If f ∈ Lp(K), then∥∥∥vδ,R
λ f

∥∥∥
Lp(K′)

≤ CV,Kcδ(λ)
√
λ

n
2
−δ (||f ||Lp(K) + ||(−∆ + V )f ||Lp(K)

)
where

cδ(λ) =


Cδ

√
λ

− 3
2 if n−3

2
< δ < n+1

2
,

Cδ

√
λ

− 3
2 log λ if δ = n+1

2
,

Cδ

√
λ

δ−n
2
−2

if δ > n+1
2
.

(ii) In the case of V ≡ 0,∥∥∥vδ,R
λ f

∥∥∥
Lp(K′)

≤ cδ(λ)
√
λ

n
2
−δ||∆f ||Lp(K).

3.5.1 Proof of Lemma 11 (step 1)

Assume f ∈ C∞
c (Rn). Let x ∈ K ′ and 0 < r < R. By the Fourier inversion

formula

1

ωn

∫
Sn−1

f(x− rw)σ(dw) − f(x)

=
1√
2π

n

∫
f̂(ξ)

[
1

ωn

∫
Sn−1

e−irξ·wσ(dw) − 1
]
eix·ξdξ

=
1√
2π

n

∫
f̂(ξ)

[
2β0 Γ

(
n

2

)
Jβ0(r|ξ|)
(r|ξ|)β0

− 1

]
eix·ξdξ. (3.5.1)

By formulas (3.1.9) and (3.1.14), for ξ ∈ Rn − {0}

2β0 Γ
(
n

2

)
Jβ0(r|ξ|)
(r|ξ|)β0

− 1 = −2β0 Γ
(
n

2

)
|ξ|2

∫ r

0

Jn
2
(s|ξ|)

(s|ξ|)n
2
s ds. (3.5.2)

Therefore by (3.5.1) and (3.5.2), we have

1

ωn

∫
Sn−1

f(x− rw)σ(dw) − f(x)

= −2β0Γ
(
n

2

)
1√
2π

n

∫
|ξ|2f̂(ξ)

[∫ r

0

Jn
2
(s|ξ|)

(s|ξ|)n
2
s ds

]
eix·ξdξ. (3.5.3)

On the other hand
1√
2π

n

∫
|ξ|2f̂(ξ) eix·ξdξ = −∆f(x) (3.5.4)

and
1√
2π

n

∫ [∫ r

0

Jn
2
(s|ξ|)

(s|ξ|)n
2
s ds

]
eix·ξdξ =

∫ r

0
χs(x) s

−n+1ds (3.5.5)
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where χs is the characteristic function of { x ∈ Rn; |x| < s }. Therefore by (3.5.3),

(3.5.4) and (3.5.5), we have

1

ωn

∫
Sn−1

f(x− rw)σ(dw) − f(x)

= 2β0Γ
(
n

2

) ∫
∆f(x− y)

(∫ r

0
χs(y) s

−n+1ds
)
dy

= 2β0Γ
(
n

2

) ∫ r

0

(∫
∆f(x− y)χs(y) dy

)
s−n+1ds.

Thus we have

vδ,R
λ f(x) =

√
λ

n
2
−δ

∫ R

0

Jn
2
+δ

(√
λ r

)
rδ−β0

[∫ r

0

(∫
|y|<s

∆f(x− y) dy

)
s−n+1ds

]
dr

=
√
λ

n
2
−δ

∫ R

0

∫ R

s

Jn
2
+δ

(√
λ r

)
rδ−β0

dr

(∫
|y|<s

∆f(x− y) dy

)
s−n+1ds.

By Minkowski’s inequality for integral we have

∥∥∥vδ,R
λ f

∥∥∥
Lp(K′)

≤
√
λ

n
2
−δ
∫ R

0

∣∣∣∣∣∣
∫ R

s

Jn
2
+δ

(√
λ r

)
rδ−β0

dr

∣∣∣∣∣∣
∫
|y|≤s

||∆f(· − y)||Lp(K′) dy
ds

sn−1

≤
√
λ

n
2
−δ||∆f ||Lp(K)

∫ R

0

∣∣∣∣∣∣
∫ R

s

Jn
2
+δ

(√
λ r

)
rδ−β0

dr

∣∣∣∣∣∣ s ds. (3.5.6)

To estimate the right-hand side of (3.5.6) we divide the integral with respect to s

into two integrals over
(
0, 1/

√
λ
)

and
(
1/
√
λ,R

)
. For s ≥ λ−

1
2 , by formula (3.1.12)

∣∣∣∣∣∣
∫ R

s

Jn
2
+δ

(√
λ r

)
rδ−β0

dr

∣∣∣∣∣∣ ≤ Cδ
s−δ+ n−3

2

√
λ

3
2

.

Therefore we have ∫ R

1√
λ

∣∣∣∣∣∣
∫ R

s

Jn
2
+δ

(√
λr

)
rδ−β0

dr

∣∣∣∣∣∣ s ds ≤ cδ(λ). (3.5.7)

For 0 < s ≤ λ−
1
2 , put

∫ R

s

Jn
2
+δ

(√
λ r

)
rδ−β0

dr =
∫ R

1√
λ

Jn
2
+δ

(√
λ r

)
rδ−β0

dr +
∫ 1√

λ

s

Jn
2
+δ

(√
λ r

)
rδ−β0

dr.

To the first integral on the right-hand side we apply formula (3.1.12) and to the

second integral formula (3.1.14). Then we get∣∣∣∣∣∣
∫ R

s

Jn
2
+δ

(√
λ r

)
rδ−β0

dr

∣∣∣∣∣∣ ≤ Cδ

√
λ

δ−n
2 .
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Therefore we have

∫ 1√
λ

0

∣∣∣∣∣∣
∫ R

s

Jn
2
+δ

(√
λr

)
rδ−β0

dr

∣∣∣∣∣∣ s ds ≤ Cδ

√
λ

δ−n
2
−2
. (3.5.8)

By (3.5.7) and (3.5.8), we have

∫ R

0

∣∣∣∣∣∣
∫ R

s

Jn
2
+δ

(√
λ r

)
rδ−β0

dr

∣∣∣∣∣∣ s ds ≤ cδ(λ). (3.5.9)

On the other hand, we have

||∆f ||Lp(K) ≤ ||(−∆ + V )f ||Lp(K) + ||V ||L∞(K)||f ||Lp(K). (3.5.10)

Therefore by (3.5.6), (3.5.9) and (3.5.10), we have∥∥∥vδ,R
λ f

∥∥∥
Lp(K′)

≤ cδ(λ)
√
λ

n
2
−δ (||(−∆ + V )f ||Lp(K) + ||V ||L∞(K)||f ||Lp(K)

)
. (3.5.11)

Thus Lemma 11 is proved in this case.

3.5.2 Proof of Lemma 11 (step 2)

For x ∈ K ′, we can write

vδ,R
λ f(x) =

ωn

√
λ

n
2
−δ

√
2π

n

∫ R

0

Jn
2
+δ

(√
λ r

)
rδ−β0

[
1

ωn

∫
Sn−1

f(x− rw)σ(dw) − f(x)
]
dr

=

√
λ

n
2
−δ

√
2π

n

∫
|y|<R

Jδ+ n
2

(√
λ|y|

)
|y|δ+ n

2
f(x− y) dy

−f(x) × ωn

√
λ

n
2
−δ

√
2π

n

∫ R

0

Jδ+ n
2

(√
λ r

)
rδ−β0

dr. (3.5.12)

Let χK be the characteristic function of K, fK = f ·χK and {ϕε} be an infinitely

differentiable approximate identity with supports contained in { x ∈ Rn; |x| < ε }.
We choose a closed set K ′′ in K so that dist(K ′′,Kc) > 0 and dist(K ′, (K ′′)c) > R.

Let 0 < ε < dist(K ′′,Kc). By (3.5.12) we have

vδ,R
λ (fK ∗ ϕε)(x) =

√
λ

n
2
−δ

√
2π

n

∫
|y|<R

Jδ+ n
2

(√
λ|y|

)
|y|δ+ n

2
(fK ∗ ϕε) (x− y) dy

− (fK ∗ ϕε) (x) × ωn

√
λ

n
2
−δ

√
2π

n

∫ R

0

Jδ+ n
2

(√
λ r

)
rδ−β0

dr.

We observe that vδ,R
λ (fK ∗ ϕε) (x) converges inK ′ to vδ,R

λ f(x). Indeed, by asymptotic

formula (3.1.14),∣∣∣∣∣∣
∫
|y|<R

Jδ+ n
2

(√
λ|y|

)
|y|δ+ n

2
(fK ∗ ϕε) (x− y) dy −

∫
|y|<R

Jδ+ n
2

(√
λ|y|

)
|y|δ+ n

2
fK(x− y) dy

∣∣∣∣∣∣
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≤
∫ ∣∣∣Jδ+ n

2

(√
λ|y|

)∣∣∣
|y|δ+ n

2
|(fK ∗ ϕε)(x− y) − fK(x− y)| dy

≤ Cδ

√
λ

δ+ n
2

∫
| (fK ∗ ϕε)(x− y) − fK(x− y)| dy

= Cδ

√
λ

δ+ n
2 ‖(fK ∗ ϕε)(x− ·) − fK(x− ·)‖L1 −→ 0

as ε → 0+ since fK ∈ L1 (Rn). By lim
ε→0+

(fK ∗ ϕε) (x) = fK(x), vδ,R
λ (fK ∗ ϕε) (x)

converges to vδ,R
λ (fK) (x). Since R < dist(K ′, (K ′′)c), we have vδ,R

λ (fK) = vδ,R
λ f in

K ′.

Let u ∈ C∞
c (K ′′). We have∫

(−∆x + V (x)) (fK ∗ ϕε) (x) u(x) dx

=
∫

K
(−∆y + V (y)) f(y) (u ∗ ϕε) (y) dy

+
∫

K′′

∫
|y|<ε

[V (x) − V (x− y)] f(x− y)ϕε(y)u(x) dx dy.

Therefore∣∣∣∣∫ (−∆x + V (x)) (fK ∗ ϕε) (x) u(x) dx
∣∣∣∣

≤ ||(−∆ + V )f ||Lp(K) ‖u ∗ ϕε‖Lp′ (K) + 2||V ||L∞(K) ‖f ∗ ϕε‖Lp(K′′) ||u||Lp′ (K′′).

Thus

‖(−∆ + V ) (fK ∗ ϕε)‖Lp(K′′) ≤ ||(−∆ + V )f ||Lp(K) + 2||V ||L∞(K)||f ||Lp(K).

On the other hand, since fK ∗ ϕε ∈ C∞
c (Rn), by (3.5.11)∥∥∥vδ,R

λ (fK∗ϕε)
∥∥∥

Lp(K′)

≤ cδ(λ)
√
λ

n
2
−δ(‖(−∆ + V ) (fK∗ϕε)‖Lp(K′′) + ||V ||L∞(K′′) ‖fK∗ϕε‖Lp(K′′)

)
.

Therefore by Fatou’s lemma, we have∥∥∥vδ,R
λ f

∥∥∥
Lp(K′)

≤ lim inf
ε→0+

∥∥∥vδ,R
λ (fK ∗ ϕε)

∥∥∥
Lp(K′)

≤ cδ(λ)
√
λ

n
2
−δ

lim inf
ε→0+

(
‖(−∆+V ) (fK∗ϕε)‖Lp(K′′)+||V ||L∞(K′′) ‖fK∗ϕε‖Lp(K′′)

)
≤ cδ(λ)

√
λ

n
2
−δ (‖(−∆ + V )f‖Lp(K) + 3||V ||L∞(K)||f ||Lp(K)

)
.

Thus Lemma 11 is proved.

3.6 Estimate of W δ,R
λ f

We use notations in §3.2. Let δ > (n− 3)/2 and β0 = n
2
− 1. Let α > n/4 and

f ∈ D
(
Âα

)
. Suppose that K is a compact set in Ω, K ′ is a closed subset of K such
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that dist (K ′,Kc) > 0 and 0 < R < dist (K ′,Kc). For x ∈ K ′ let

W δ,R
λ f(x) =

√
λ

n
2
−δ ∑

k

∫ ∞

0
(Uf)k(t) ρ(dt)

∫ R

0

Jn
2
+δ

(√
λ r

)
rδ

∫
|y|<r

V (x− y)

×uk(x− y, t)
Jβ0

(√
t r

)
Yβ0

(√
t|y|

)
− Yβ0

(√
t r

)
Jβ0

(√
t|y|

)
|y|β0

dy dr.

Lemma 12. We have

W δ,R
λ f(x) =

√
λ

n
2
−δ ∑

k

∫ ∞

0
(Uf)k(t) ρ(dt)

∫ R

0
ds

∫
|y|<s

V (x− y)uk(x− y, t) dy

×
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr,

where

w(t, s, r) =
√
t s−β0

{
Jβ0

(√
t r

)
Yβ0+1

(√
t s

)
− Yβ0

(√
t r

)
Jβ0+1

(√
t s

)}
.

Proof. For x ∈ K ′ and 0 < t <∞, we have

∫ R

0

Jδ+ n
2

(√
λ r

)
rδ

dr
∫
|y|<r

V (x− y)uk(x− y, t)

×Jβ0

(√
t r

)
Yβ0

(√
t|y|

)
− Yβ0

(√
t r

)
Jβ0

(√
t|y|

)
|y|β0

dy

=
∫ R

0

Jδ+ n
2

(√
λ r

)
rδ

dr
∫ r

0

∫
Sn−1

V (x− sw)uk(x− sw, t)σ(dw)

×
{
Jβ0

(√
t r

)
Yβ0

(√
t s

)
− Yβ0

(√
t r

)
Jβ0

(√
t s

)}
s

n
2 ds.

Reversing the order of integration with respect to r and s, the last expression equals∫ R

0
ds

∫
Sn−1

V (x− sw)uk(x− sw, t)σ(dw)

×
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

{
Jβ0

(√
t r

)
Yβ0

(√
t s

)
− Yβ0

(√
t r

)
Jβ0

(√
t s

)}
dr s

n
2

=
∫ R

0
ds

d

ds

[ ∫ s

0
τn−1

∫
Sn−1

V (x− τw)uk(x− τw, t)σ(dw) dτ
]

×s−β0

∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

{
Jβ0

(√
t r

)
Yβ0

(√
t s

)
− Yβ0

(√
t r

)
Jβ0

(√
t s

)}
dr.

Integration by parts with respect to s yields the following expression of the right-

hand side:

−
∫ R

0
ds

∫ s

0
τn−1

∫
Sn−1

V (x− τw)uk(x− τw, t)σ(dw) dτ
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× d

ds

s−β0

∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

{
Jβ0

(√
t r

)
Yβ0

(√
t s

)
− Yβ0

(√
t r

)
Jβ0

(√
t s

)}
dr


= −

∫ R

0
ds

∫
|y|<s

V (x− y)uk(x− y, t) dy

×
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

d

ds

Jβ0

(√
t r

)
Yβ0

(√
t s

)
− Yβ0

(√
t r

)
Jβ0

(√
t s

)
sβ0

dr. (3.6.1)

On the other hand, by recurrence formulas (3.1.9),

d

ds

[
s−β0

{
Jβ0

(√
t r

)
Yβ0

(√
t s

)
− Yβ0

(√
t r

)
Jβ0

(√
t s

)}]
= −w(t, s, r).

Combining the last equation with (3.6.1) we get Lemma 12.

Lemma 13.

∥∥∥W δ,R
λ f

∥∥∥
L∞(K′)

=


O
(√

λ
(n−3)/2−δ

)
if n−3

2
< δ < n+1

2
,

O (λ−1 log λ) if δ = n+1
2
,

O (λ−1) if δ > n+1
2

as λ→ ∞. Moreover, if f vanishes in K, then W δ,R
λ f vanishes in K ′.

For x ∈ K ′ put

W δ,R
λ f(x) =

√
λ

n
2
−δ ∑

k

(∫ 1

0
+
∫ λ

1
+
∫ ∞

λ

)
(Uf)k(t) ρ(dt)

×
∫ R

0
ds

∫
|y|<s

V (x− y)uk(x− y, t) dy
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

=
√
λ

n
2
−δ (

Kδ,R
λ,1 f(x) +Kδ,R

λ,2 f(x) +Kδ,R
λ,3 f(x)

)
,

say.

3.6.1 Estimate of Kδ,R
λ,1 f

Let λ > R−2. By Schwarz’s inequality and (3.1.1) we have

∣∣∣Kδ,R
λ,1 f(x)

∣∣∣ ≤ [∑
k

∫
ek

|(Uf)k(t)|2 ρ(dt)
] 1

2

×
∑

k

∫ 1

0

∣∣∣∣∣∣
∫ R

0
ds
∫
|y|<s

V (x− y)uk(x− y, t) dy
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣
2

ρ(dt)


1
2

≤ ||f ||L2(Ω)


∑

k

∫ 1

0

∣∣∣∣∣
∫ 1√

λ

0
· · · ds

∣∣∣∣∣
2

ρ(dt)

 1
2

+

∑
k

∫ 1

0

∣∣∣∣∣
∫ R

1√
λ

· · · ds
∣∣∣∣∣
2

ρ(dt)

 1
2


= ||f ||L2(Ω) × [k1,1(x) + k1,2(x)] ,
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say. For 0 < t ≤ 1 and 0 < s ≤ √
λ

−1
, put

∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr =

(∫ 1√
λ

s
+
∫ R

1√
λ

)
Jδ+ n

2

(√
λ r

)
rδ

w(t, s, r) dr.

To the first integral on the right-hand side apply formulas (3.1.14)–(3.1.16) and to

the second formulas (3.1.12) and (3.1.14)–(3.1.16). Since δ > (n− 3)/2, we get∣∣∣∣∣∣
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣ ≤ Cδ

√
λ

δ−n
2 s1−n.

Therefore we have

k1,1(x) ≤ Cδ||V ||L∞(K)

√
λ

δ−n
2

∑
k

∫ 1

0
ρ(dt)

(∫ 1√
λ

0
s1−nds

∫
|y|<s

|uk(x− y, t)| dy
)2

 1
2

.

By Schwarz’s inequality

k1,1(x) ≤ Cδ,V,K

√
λ

δ−n
2

[∑
k

∫ 1

0
ρ(dt)

(∫ 1√
λ

0

ds

sn−2

∫
|y|<s

dy

)

×
(∫ 1√

λ

0

ds

sn

∫
|y|<s

|uk(x− y, t)|2dy
)] 1

2

.

If we change the order of integrations, then the right-hand side becomes

Cδ,V,K

√
λ

δ−n
2
− 3

2

[∫
|y|< 1√

λ

|y|1−ndy
∑
k

∫ 1

0
|uk(x− y, t)|2 ρ(dt)

] 1
2

.

By Lemma 6 we have

∑
k

∫ 1

0
|uk(x− y, t)|2 ρ(dt) ≤ CK (3.6.2)

for x ∈ K ′ and |y| < R. Thus we have

k1,1(x) ≤ Cδ,V,K

√
λ

δ−n
2
−2
. (3.6.3)

Let 0 < t ≤ 1 and
√
λ

−1 ≤ s ≤ R. Since δ > (n − 3)/2, by formulas (3.1.12)

and (3.1.14)–(3.1.16) we have∣∣∣∣∣∣
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣ ≤ Cδ

√
λ

− 3
2 s−δ−n

2
− 1

2 .

Therefore we have

k1,2(x) ≤ Cδ||V ||L∞(K)

√
λ

− 3
2

×
∑

k

∫ 1

0
ρ(dt)

(∫ R

1√
λ

s−δ−n
2
− 1

2ds
∫
|y|<s

|uk(x− y, t)| dy
)2

 1
2

.
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If δ < (n+ 1)/2, let δ < a < (n+ 1)/2. By Schwarz’s inequality

k1,2(x) ≤ Cδ,V,K√
λ

3
2

[∑
k

∫ 1

0
ρ(dt)

(∫ R

1√
λ

ds

s2δ−2a+n+1

∫
|y|<s

dy

)

×
(∫ R

1√
λ

ds

s2a

∫
|y|<s

|uk(x− y, t)|2 dy
)] 1

2

. (3.6.4)

By interchanging the order of integrations, we find that the right-hand side becomes

Cδ,V,K

√
λ

− 3
2

[∫ R

1√
λ

s−2ads
∫
|y|<s

dy
∑
k

∫ 1

0
|uk(x− y, t)|2 ρ(dt)

] 1
2

.

By (3.6.2) we have

k1,2(x) ≤ Cδ,V,K

√
λ

− 3
2 . (3.6.5)

If δ = (n+ 1)/2, by Schwarz’s inequality

k1,2(x) ≤ Cδ,V,K√
λ

3
2

[∑
k

∫ 1

0
ρ(dt)

(∫ R

1√
λ

ds

sn+1

∫
|y|<s

dy

)

×
(∫ R

1√
λ

ds

sn+1

∫
|y|<s

|uk(x− y, t)|2 dy
)] 1

2

.

Interchanging the order of integrations yields that the right-hand side is equal to

Cδ,V,K

√
λ

− 3
2 (log λ)

1
2

[∫ R

1√
λ

s−n−1ds
∫
|y|<s

dy
∑
k

∫ 1

0
|uk(x− y, t)|2 ρ(dt)

] 1
2

.

By (3.6.2) we have

k1,2(x) ≤ Cδ,V,K

√
λ

− 3
2 log λ. (3.6.6)

If δ > (n + 1)/2, let (n + 1)/2 < a < δ. By Schwarz’s inequality (3.6.4) holds.

By the interchange of the order of integrations, the right-hand side turns out to be

equal to

Cδ,V,K

√
λ

δ−a− 3
2

[∫ R

1√
λ

s−2ads
∫
|y|<s

dy
∑
k

∫ 1

0
|uk(x− y, t)|2 ρ(dt)

] 1
2

.

By (3.6.2) we have

k1,2(x) ≤ Cδ,V,K

√
λ

δ−n
2
−2
. (3.6.7)

3.6.2 Estimate of Kδ,R
λ,3 f

Let λ > R−2. By Schwarz’s inequality, (3.1.1) and (3.1.6) we have

∣∣∣Kδ,R
λ,3 f(x)

∣∣∣ ≤ [∑
k

∫
ek

|tα(Uf)k(t)|2 ρ(dt)
] 1

2
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×
∑

k

∫ ∞

λ

∣∣∣∣∣∣
∫ R

0
ds
∫
|y|<s

V (x−y)uk(x−y, t) dy
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣
2

ρ(dt)

t2α


1
2

≤
∥∥∥Âαf

∥∥∥
L2(Ω)


∑

k

∫ ∞

λ

∣∣∣∣∣
∫ 1√

t

0
· · · ds

∣∣∣∣∣
2
ρ(dt)

t2α

 1
2

+

∑
k

∫ ∞

λ

∣∣∣∣∣
∫ 1√

λ

1√
t

· · · ds
∣∣∣∣∣
2
ρ(dt)

t2α

 1
2

+

∑
k

∫ ∞

λ

∣∣∣∣∣
∫ R

1√
λ

· · · ds
∣∣∣∣∣
2
ρ(dt)

t2α

 1
2


=

∥∥∥Âαf
∥∥∥

L2(Ω)
× [k3,1(x) + k3,2(x) + k3,3(x)] , say.

For λ ≤ t <∞ and 0 < s ≤ √
t
−1

, put

∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr =

(∫ 1√
t

s
+
∫ 1√

λ

1√
t

+
∫ R

1√
λ

)
Jδ+ n

2

(√
λ r

)
rδ

w(t, s, r) dr.

To the first integral on the right-hand side apply formulas (3.1.14)–(3.1.16) and to

the second integral and the third integral formulas (3.1.12)–(3.1.16). Then we get∣∣∣∣∣∣
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣ ≤ Cδ

√
λ

δ− 1
2
√
t

1−n
2 s1−n.

Therefore we have

k3,1(x) ≤ Cδ||V ||L∞(K)

√
λ

δ− 1
2

∑
k

∫ ∞

λ

ρ(dt)

t2α+ n−1
2

(∫ 1√
t

0
s1−nds

∫
|y|<s

|uk(x− y, t)| dy
)2
1

2

.

By Schwarz’s inequality

k3,1(x)≤Cδ,V,K

√
λ

δ− 1
2

[∑
k

∫ ∞

λ

ρ(dt)

t2α+ n−1
2

(∫ 1√
t

0

ds

sn−2

∫
|y|<s

dy

)

×
(∫ 1√

t

0

ds

sn

∫
|y|<s

|uk(x− y, t)|2dy
)]1

2

.

After changing the order of integrations, the right-hand side becomes

Cδ,V,K

√
λ

δ− 1
2

[∫
|y|< 1√

λ

|y|1−ndy
∑
k

∫ 1
|y|2

λ
|uk(x− y, t)|2 ρ(dt)

t2α+ n
2
+1

] 1
2

.

Since α > n/4, by Corollary 3 we have∑
k

∫ ∞

λ
|uk(x− y, t)|2 t−(2α+1)−n

2 ρ(dt) ≤ CK,αλ
−(2α+1) < CK,αλ

−n
2
−1

for x ∈ K ′ and |y| < R. Thus we have

k3,1(x) < Cδ,V,K,α

√
λ

δ−n
2
−2
. (3.6.8)
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For λ ≤ t <∞ and
√
t
−1 ≤ s ≤ √

λ
−1

, put

∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr =

(∫ 1√
λ

s
+
∫ R

1√
λ

)
Jδ+ n

2

(√
λ r

)
rδ

w(t, s, r) dr.

To the first integral on the right-hand side apply formulas (3.1.12)–(3.1.14) and to

the second integral formulas (3.1.12) and (3.1.13). We get∣∣∣∣∣∣
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣ ≤ Cδ

√
λ

δ− 1
2 s

1−n
2 .

Therefore we have

k3,2(x) ≤ Cδ||V ||L∞(K)

√
λ

δ− 1
2

∑
k

∫ ∞

λ

ρ(dt)

t2α

(∫ 1√
λ

1√
t

s
1−n

2 ds
∫
|y|<s

|uk(x− y, t)| dy
)2

 1
2

.

By Schwarz’s inequality

k3,2(x)≤Cδ,V,K

√
λ

δ− 1
2

[∑
k

∫ ∞

λ

ρ(dt)

t2α

(∫ 1√
λ

1√
t

ds

sn−1

∫
|y|<s

dy

)

×
(∫ 1√

λ

1√
t

ds
∫
|y|<s

|uk(x− y, t)|2dy
)]1

2

.

If we change the order of integrations, then the right-hand side becomes

Cδ,V,K

√
λ

δ−2
[∫

|y|< 1√
λ

dy
∑
k

∫ ∞

λ
|uk(x− y, t)|2 ρ(dt)

t2α

] 1
2

.

Since α > n/4, by Corollary 3 we have∫ ∞

λ
|uk(x− y, t)|2 t−(2α−n

2 )−n
2 ρ(dt) ≤ CK,αλ

−(2α−n
2 ) < CK,α (3.6.9)

for x ∈ K ′ and |y| < R. Thus we have

k3,2(x) < Cδ,V,K,α

√
λ

δ−n
2
−2
. (3.6.10)

Let λ ≤ t <∞ and
√
λ

−1 ≤ s ≤ R. By formulas (3.1.12) and (3.1.13) we get∣∣∣∣∣∣
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣ ≤ Cδ

√
λ

− 3
2 s−δ−n

2
− 1

2 .

Therefore we have

k3,3(x) ≤ Cδ||V ||L∞(K)

√
λ

− 3
2

∑
k

∫ ∞

λ

ρ(dt)

t2α

(∫ R

1√
λ

s−δ−n
2
− 1

2ds
∫
|y|<s

|uk(x−y, t)| dy
)2
1

2

.
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If δ < (n+ 1)/2, let δ < a < (n+ 1)/2. By Schwarz’s inequality

k3,3(x) ≤ Cδ,V,K√
λ

3
2

[∑
k

∫ ∞

λ

ρ(dt)

t2α

(∫ R

1√
λ

ds

s2δ−2a+n+1

∫
|y|<s

dy

)

×
(∫ R

1√
λ

ds

s2a

∫
|y|<s

|uk(x− y, t)|2 dy
)] 1

2

. (3.6.11)

By interchanging the order of integrations, we find that the right-hand side becomes

Cδ,V,K

√
λ

− 3
2

[∫ R

1√
λ

s−2ads
∫
|y|<s

dy
∑
k

∫ ∞

λ
|uk(x− y, t)|2 ρ(dt)

t2α

] 1
2

.

By (3.6.9) we have

k3,3(x) < Cδ,V,K,α

√
λ

− 3
2 . (3.6.12)

If δ = (n+ 1)/2, by Schwarz’s inequality

k3,3(x) ≤ Cδ,V,K√
λ

3
2

[∑
k

∫ ∞

λ

ρ(dt)

t2α

(∫ R

1√
λ

ds

sn+1

∫
|y|<s

dy

)

×
(∫ R

1√
λ

ds

sn+1

∫
|y|<s

|uk(x− y, t)|2 dy
)] 1

2

.

Interchanging the order of integrations yields that the right-hand side is equal to

Cδ,V,K

√
λ

− 3
2 (log λ)

1
2

[∫ R

1√
λ

s−n−1ds
∫
|y|<s

dy
∑
k

∫ ∞

λ
|uk(x− y, t)|2 ρ(dt)

t2α

] 1
2

.

By (3.6.9) we have

k3,3(x) < Cδ,V,K,α

√
λ

− 3
2 log λ. (3.6.13)

If δ > (n + 1)/2, let (n + 1)/2 < a < δ. By Schwarz’s inequality (3.6.11) holds.

By the interchange of the order of integrations, the right-hand side turns out to be

equal to

Cδ,V,K

√
λ

δ−a− 3
2

[∫ R

1√
λ

s−2ads
∫
|y|<s

dy
∑
k

∫ ∞

λ
|uk(x− y, t)|2 ρ(dt)

t2α

] 1
2

.

By (3.6.9) we have

k3,3(x) < Cδ,V,K,α

√
λ

δ−n
2
−2
. (3.6.14)

3.6.3 Estimate of Kδ,R
λ,2 f

By Schwarz’s inequality, (3.1.1) and (3.1.6) we have

∣∣∣Kδ,R
λ,2 f(x)

∣∣∣ ≤ [∑
k

∫
ek

|tα(Uf)k(t)|2 ρ(dt)
] 1

2
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×
∑

k

∫ λ

1

∣∣∣∣∣∣
∫ R

0

∫
|y|<s

V (x−y)uk(x−y, t) dy
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr ds

∣∣∣∣∣∣
2

ρ(dt)

t2α


1
2

≤
∥∥∥Âαf

∥∥∥
L2(Ω)


∑

k

∫ λ

1

∣∣∣∣∣
∫ R√

λ

0
· · · ds

∣∣∣∣∣
2
ρ(dt)

t2α

 1
2

+

∑
k

∫ λ

1

∣∣∣∣∣
∫ R

R√
λ

· · · ds
∣∣∣∣∣
2
ρ(dt)

t2α

 1
2


=

∥∥∥Âαf
∥∥∥

L2(Ω)
× [k2,1(x) + k2,2(x)] , say.

For 1 ≤ t ≤ λ and 0 < s ≤ R/
√
λ, put

∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr =

(∫ R√
λ

s
+
∫ R√

t

R√
λ

+
∫ R

R√
t

)
Jδ+ n

2

(√
λ r

)
rδ

w(t, s, r) dr.

To the first integral on the right-hand side apply formulas (3.1.14)–(3.1.16), to the

second integral formulas (3.1.12) and (3.1.14)–(3.1.16) and to the third integral

formulas (3.1.12)–(3.1.16). Since δ > (n− 3)/2, we get∣∣∣∣∣∣
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣ ≤ Cδ

√
λ

δ−n
2 s1−n.

Therefore we have

k2,1(x) ≤ Cδ||V ||L∞(K)

√
λ

δ−n
2

∑
k

∫ λ

1

ρ(dt)

t2α

(∫ R√
λ

0
s1−nds

∫
|y|<s

|uk(x− y, t)| dy
)2
 1

2

.

By Schwarz’s inequality

k2,1(x)≤Cδ,V,K

√
λ

δ−n
2

[∑
k

∫ λ

1

ρ(dt)

t2α

(∫ R√
λ

0

ds

sn−2

∫
|y|<s

dy

)

×
(∫ R√

λ

0

ds

sn

∫
|y|<s

|uk(x− y, t)|2dy
)]1

2

.

After changing the order of integrations, the right-hand side becomes

Cδ,V,K

√
λ

δ−n
2
− 3

2

[∫
|y|< R√

λ

|y|1−ndy
∑
k

∫ λ

1
|uk(x− y, t)|2 ρ(dt)

t2α

] 1
2

.

Since α > n/4, by Corollary 3 we have

∑
k

∫ λ

1
|uk(x− y, t)|2 t(n

2
−2α)−n

2 ρ(dt) ≤ CK,α (3.6.15)

for x ∈ K ′ and |y| < R. Thus we have

k2,1(x) ≤ Cδ,V,K,α

√
λ

δ−n
2
−2
. (3.6.16)
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Let 1 ≤ t ≤ λ and R/
√
λ ≤ s ≤ R/

√
t and put

∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr =

(∫ R√
t

s
+
∫ R

R√
t

)
Jδ+ n

2

(√
λ r

)
rδ

w(t, s, r) dr.

To the first integral on the right-hand side apply formulas (3.1.12) and (3.1.14)–

(3.1.16) and to the second formulas (3.1.12)–(3.1.16). Since δ > (n − 3)/2, we

get ∣∣∣∣∣∣
∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣ ≤ Cδ

√
λ

− 3
2 s−δ−n

2
− 1

2 . (3.6.17)

Let 1 ≤ t ≤ λ and R/
√
t ≤ s ≤ R. By formulas (3.1.12) and (3.1.13) we get∣∣∣∣∣∣

∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

w(t, s, r) dr

∣∣∣∣∣∣ ≤ Cδ

√
λ

− 3
2 s−δ−n

2
− 1

2 . (3.6.18)

Therefore by (3.6.17) and (3.6.18) we have

k2,2(x) ≤ Cδ||V ||L∞(K)

√
λ

− 3
2

∑
k

∫ λ

1

ρ(dt)

t2α

(∫ R

R√
λ

s−δ−n
2
− 1

2ds
∫
|y|<s

|uk(x−y, t)| dy
)2
1

2

.

If δ < (n+ 1)/2, let δ < a < (n+ 1)/2. By Schwarz’s inequality

k2,2(x) ≤ Cδ,V,K√
λ

3
2

[∑
k

∫ λ

1

ρ(dt)

t2α

(∫ R

R√
λ

ds

s2δ−2a+n+1

∫
|y|<s

dy

)

×
(∫ R

R√
λ

ds

s2a

∫
|y|<s

|uk(x− y, t)|2dy
)]1

2

. (3.6.19)

By interchanging the order of integrations, we find that the right-hand side becomes

Cδ,V,K

√
λ

− 3
2

[∫ R

R√
λ

s−2ads
∫
|y|<s

dy
∑
k

∫ λ

1
|uk(x− y, t)|2 ρ(dt)

t2α

] 1
2

.

By (3.6.15) we have

k2,2(x) ≤ Cδ,V,K,α

√
λ

− 3
2 . (3.6.20)

If δ = (n+ 1)/2, by Schwarz’s inequality

k2,2(x) ≤ Cδ,V,K√
λ

3
2

[∑
k

∫ λ

1

ρ(dt)

t2α

(∫ R

R√
λ

ds

sn+1

∫
|y|<s

dy

)

×
(∫ R

R√
λ

ds

sn+1

∫
|y|<s

|uk(x− y, t)|2 dy
)] 1

2

.

Interchanging the order of integrations yields that the right-hand side is equal to

Cδ,V,K

√
λ

− 3
2 (log λ)

1
2

[∫ R

R√
λ

s−n−1ds
∫
|y|<s

dy
∑
k

∫ λ

1
|uk(x− y, t)|2 ρ(dt)

t2α

] 1
2

.
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By (3.6.15) we have

k2,2(x) ≤ Cδ,V,K,α

√
λ

− 3
2 log λ. (3.6.21)

If δ > (n + 1)/2, let (n + 1)/2 < a < δ. By Schwarz’s inequality (3.6.19) holds.

By the interchange of the order of integrations the right-hand side turns out to be

equal to

Cδ,V,K

√
λ

δ−a− 3
2

[∫ R

R√
λ

s−2ads
∫
|y|<s

dy
∑
k

∫ λ

1
|uk(x− y, t)|2 ρ(dt)

t2α

] 1
2

.

By (3.6.15) we have

k2,2(x) ≤ Cδ,V,K,α

√
λ

δ−n
2
−2
. (3.6.22)

Thus by (3.6.3), (3.6.5)–(3.6.8), (3.6.10), (3.6.12)–(3.6.14), (3.6.16) and (3.6.20)–

(3.6.22)

∥∥∥W δ,R
λ f

∥∥∥
L∞(K′)

=


O
(√

λ
(n−3)/2−δ

)
if n−3

2
< δ < n+1

2
,

O (λ−1 log λ) if δ = n+1
2
,

O (λ−1) if δ > n+1
2

as λ→ ∞.

If f vanishes in K, then by (3.1.1), (3.1.3) and (3.1.6) we have∫
Ω
g(z)

[∑
k

∫ ∞

0
tj (Uf)k(t)uk(z, t) ρ(dt)

]
dz

=
∑
k

∫ ∞

0
tj (Uf)k(t) (Ug)k(t) ρ(dt) =

∫
Ω
f(z) (−∆ + V )jg(z) dz = 0

for g ∈ C∞
c (K) and j = 0, 1, 2, . . .. Therefore for s, r > 0 we have∫

Ω
g(z)

[∑
k

∫ ∞

0
w(t, s, r) (Uf)k(t)uk(z, t) ρ(dt)

]
dz

= s−β0

∫
Ω
g(z)

[∑
k

∫ ∞

0

√
t Jβ0

(√
t r

)
Yβ0+1

(√
t s

)
(Uf)k(t)uk(z, t) ρ(dt)

]
dz

− s−β0

∫
Ω
g(z)

[∑
k

∫ ∞

0

√
t Yβ0

(√
t r

)
Jβ0+1

(√
t s

)
(Uf)k(t)uk(z, t) ρ(dt)

]
dz

= 0.

Thus for x ∈ K ′ we have

W δ,R
λ f(x) =

√
λ

n
2
−δ

∫ R

0
ds

∫ R

s

Jδ+ n
2

(√
λ r

)
rδ

∫
|y|<s

V (x− y)

×
[∑

k

∫ ∞

0
w(t, s, r) (Uf)k(t)uk(x− y, t) ρ(dt)

]
dy dr = 0.

Thus Lemma 13 is proved.
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3.7 Proof of Propositions 1 and 2

Let K be a compact set in Ω and K ′ be a closed set in K with dist (K ′,Kc) > 0.

We choose 0 < R < dist (K ′,Kc). Let 1 < p ≤ ∞ and δ > (n− 3)/2.

Let α > n/4 and f be a function in D
(
Âα

)
regulated in Ω. We decompose

sδ
λf − f into four terms: V δ,R

λ f , wδ,R
λ f , vδ,R

λ f and W δ,R
λ f , and estimate by (3.3.1)

and Lemma 9, 10 and 12 respectively.

If f and (−∆ + V )f ∈ Lp(K), then

∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

=

 o
(√

λ
(n−1)/2−δ

)
if n−3

2
< δ < n+3

2

O (λ−1) if δ ≥ n+3
2

as λ→ ∞.

If f vanishes in K, then∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= o
(√

λ
(n−1)/2−δ

)
as λ→ ∞. Thus Proposition 1 is proved.

Let V ≡ 0 and f be a function in L2(Ω) regulated in Ω. Then we have

W δ,R
λ f ≡ 0. We estimate V δ,R

λ f , wδ,R
λ f and vδ,R

λ f by (3.32), Lemma 9 and 10.

If f and ∆f ∈ Lp(K), then

∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

=

 o
(√

λ
(n−1)/2−δ

)
if n−3

2
< δ < n+3

2

O (λ−1) if δ ≥ n+3
2

as λ→ ∞. If f ∈ Lp(K) and ∆f vanishes in K, then

∥∥∥sδ
λf − f

∥∥∥
Lp(K′)

= o
(√

λ
(n−1)/2−δ

)
as λ→ ∞.

Thus Proposition 2 is proved.
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