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CHAPTER 1

Conformal Field Theory

— its origin and developments
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The scaling hypothesis in the theory of second-order phase transition says that at
the critical point, a field ¢;(z) having an anomalous dimension h; transforms like

i(x) — A"y (), (0.1)

under the scaling transformation
T — A\x (0.2)

of the space. It means that the N-point function (¢1(x1)--- ¢, (x,)) does not change
under the transformation (0.1). The scaling invariance, for example, fixes the form of
the 2-point functions:

(¢i(a1) @i (w2)) o w1 — o 72 (0.3)

A. M. Polyakov pointed out that the N-point function at the critical point has
not only the scaling invariance but also the conformal invariance. The conformal
symmetry leads to stronger constraints on the N-point functions. For example, the
3-point functions must have the following simple form

(91(21) Pa(@2) P3(w3)) o |z — wo| M7 P2HN3 gy — gg| P2 th gy — gg|Tha a2 () 4)

In 1984, A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov [BPZ] introduced
the Virasoro algebra into the study of two-dimensional quantum field theory with con-
formal symmetry. They made the best use of the fact that the group of conformal
transformations in two-dimensional space is infinite dimensional. Symmetry of the
theory with respect to the conformal group was suitably expressed in terms of repre-
sentation theory of the Virasoro algebra, the central extension of the Lie algebra of
the algebraic vector fields on the complex plane punctured at the origin. They showed
that the basic fields in the theory are classified according to the irreducible represen-
tations of the Virasoro algebra and the N-point correlation functions are completely
determined by the conformal invariance.

They also discovered remarkable “exactly solvable” theories associated with some
classes of the degenerate representations of the Virasoro algebra. In such a theory, a
finite number of basic fields are involved and their anomalous dimensions are known
exactly. All the N-point functions satisfy hypergeometric-type linear differential equa-
tions. Such a theory is called the “minimal” conformal quantum field theory. It was
argued in [BPZ] that such minimal theories should describe critical fluctuations in
two-dimensional statistical models at the second order phase transition point.

The two-dimensional conformal field theories have been generalized to the ones
having larger conformal symmetries than the Virasoro algebra. In particular, V. G.
Knizhnik and A. B. Zamolodchikov [KZ] developed the conformal field theory with
the symmetry of affine Lie algebra, called the Wess-Zumino-Witten model. They
introduced the notion of primary fields with gauge symmetry and gave the differential
equations for the N-point functions known as the Knizhnik-Zamolodchikov equations.

Mathematically rigorous foundations for the Wess-Zumino-Witten model on the
Riemann sphere were given by A. Tsuchiya and Y. Kanie [TK], where the notion of
primary fields were defined in terms of representation theory, the N-point functions



were characterized by a system of equations including the Knizhnik-Zamolodchikov
equations, and the monodromies of the equations were determined.

This thesis is devoted to the study of the minimal conformal field theories in con-
nection with the Wess-Zumino-Witten models. Before going into the details of the
results, we shall present an introduction to some notions of conformal field theories.

Throughout of the article, Z, Q, C, N denote the ring of integers, the field of rational
numbers, the field of complex numbers (the complex plane), the set of positive integers
respectively, and P! denote the Riemann sphere (complex projective line). We also
denote by C* := C — {0} the complex plane punctured at the origin.

Acknowledgments. 1 am grateful to Professor G. Kuroki for his kind guidance to
the subject and helpful advice at the various stages of this work. Thanks are also
due to Professor K. Hasegawa who made a suggestion vital to the proof of Chapter
II, Theorem 4.4. Finally, it is a pleasure to thank Professor R. Hotta for his constant
encouragements.

The work was supported by JSPS Research Fellowships for Young Scientists, and
the Grants-in-Aid for JSPS Fellows, The Ministry of Education, Science and Culture,
Japan.

1. Review of Conformal Field Theory

Let us sketch, according to [BPZ], some basic ideas of conformal field theory in the
physical language. Although some statements in this subsection seem to be mathe-
matically obscure, we believe that they will illuminate the mathematical formulation
that follows them.

Note that we shall only deal with the chiral (or holomorphic) theory, the half of the
physical theory, although the real theory must be built upon both the chiral and the
anti-chiral theories.

1.1. Primary fields. In the complex plane C with the coordinate z and the metric
| dz|?, consider an infinitesimal conformal transformation

z v z+¢(2), (1.1)

where €(z) is an infinitesimal analytic function. The variation of an arbitrary field
A(z) under the transformation (1.1) is written in the form

5.A(z) = - fc 0¢ () T(O)A(2), (1.2)

2

where T'(C) is the stress-energy tensor and C, is a small contour surrounding the point
zZ.
If a field ¢(z) transforms in the following simple form

dep(2) = s(z)%qﬁ(z) + he'(2) p(2), h,eC (1.3)



we shall call the field ¢(z) a primary field of a conformal dimension h. The primary
fields are the basic ingredients of the theory.
It is useful to introduce the operators L,,n € 7Z as coefficients of the Laurent
expansion
T(z) =) Lnz""" (1.4)

nez

The operators L,,n € Z are shown to satisfy the commutation relations:

m3—m
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[Lm7 Ln] = (m — n) Lm—H’L + 5m+n,0 C, (15)

where ¢ € C is a parameter of the theory called the central charge. This is known as
the commutation relations of the Virasoro algebra. The transformation law (1.3) is
equivalent to the following commutation relations:

[Lp, on(2)] = z”(z% +h(n+1))én(z), ne€Z. (1.6)

The vacuum | vac) is the ground state of the operator L. The vacuum satisfies the
equation
Lylvac) =0, if n>-—1. (1.7)

The dual vacuum ( vac | satisfies
(vac|L, =0, if n<1. (1.8)

Let ¢p,(2) be a primary field of a conformal dimension h. Let us introduce the vector
(the primary state)

[ h) = lim ¢ (2)[ vac). (1.9)
Using (1.6), one can get
L,lh)y=0 if n>0, Lo|lh)=nh|h). (1.10)
Let us define the “out” primary states by the formula
(h|= ZILH;O<VaC|¢h(Z) 220, (1.11)
These vectors satisfy the equations
(h|L,=0 if n<0, (h|Lo=h{h|. (1.12)

The orthogonality condition
(A1) = on,p (1.13)

holds.



1.2. Descendants. From the primary field ¢p(z), infinitely many other fields
called secondary fields or descendants

(“h=heomkn) () for k;>1 and n=1,2,... (1.14)

come into the theory. The fields (1.14) are defined as

;l—kl,—kz,... ,—kn)(z) =L _p,(2) Ly (2)on(2), (1.15)

where the operators L_j(z) are given by the contour integrals

Loa() = —— f (dc&. (1.16)

27i ¢ — z)ktl

The contours associated with each of the operators L_j;(z) in (1.17) enclose the point
z as well as the points (11,42, ,Cn-
An infinite set of the fields (1.14) constitutes the conformal family [¢p], which form
a representation of the Virasoro algebra.
Note that 9
—1,—k1,—k2,e ,—kn —k1,—kayee ,—kn
O R i B O (1.17)
1.3. Conformal Ward identities. The fundamental problem in the theory is to
calculate the N-point correlation function

(91(21) -+ Oy (2y)) i= (vac|di(z1) Pa(22) - - dy (2 )| vac) (1.18)

of the primary fields ¢1,... ,¢,. The conformal Ward identities enable us to calculate
correlation functions of arbitrary descendants from the correlators of the from (1.18).
The conformal Ward identity is of the following form:

(T(OT(C1) - T(Cor) d1(21) Pa(22) - - Dx (2y))

l 1 9
{ { _Zz C_Zzazz}+;{c C] C_Cja—c]}
X (T(C1) - T(Cy) P1(21) Pa(z2) -+ Dy (24))
M
+Z = C (C) - T(G-1)T () - TGy )1 (21) - - - Dy (24)),
= j (1.19)

where ¢1,...,¢, are the primary fields of conformal dimensions hj,... ,h, respec-
tively. By the formula and (1.16), vacuum expectation values of the composition of
arbitrary secondary fields can be expressed in terms of the correlators of the primary
fields (1.18). Hence, all the information about the conformal field theory is contained
in the correlators of the primary fields (1.18).
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1.4. Degenerate theories.

We saw that a primary field ¢, (z) of a conformal dimension h generates a conformal
family [¢p], which is a representation of the Virasoro algebra. This representation is
known as the Verma module. It is irreducible unless the conformal dimension h takes
some special values. For these values, the representation contain a singular vector | x )
ie.

L, x)=0, if n>0, Lo|lx)=((h+d)|x) (1.20)
for some d > 0. In the conformal family [¢y], there is the corresponding secondary
field x(z), which possesses the conformal property of a primary field of the conformal
dimension h + d. Such a field is called the null field. Since |x ) is orthogonal to any
state, it follows that any correlation function of the form

(X(2) 1(z1) -~ Oy (25)) (1.21)
vanishes. Therefore the null field can be regarded as zero in the theory:
x(z) = 0. (1.22)
This condition implies that any secondary field generated from x(z) is also zero:
=0, (1.23)

where [x] is the conformal family generated by the primary field x(z). The confor-
mal field theory with the constraint (1.23) for all the null field is called a degenerate
conformal field theory.

The Ward identity implies that for any {k} = (—k1,...,—k,), there exists a linear
partial differential operator P#}(z, z;,... , 2, ) such that

(O (2) d1(21) - by (2n)) = PV (2,20, oy 2) (00(2) 1 (21) -+~ b (2y)) (1.24)

Since the null field x(z) is a linear combination of the secondary fields qﬁ}{lk} (z), the equa-
tion (1.22) leads to a differential equation for the function (¢p(z) p1(z1) - Py (25 ))-
For example, the vector

9 2(2h 4+ 1)
|X>—(L—1—f

satisfies (1.20) with d = 2 provided that h takes any of the two values

5—c++/(c—1)(c—25)
h = T : (1.26)

L_o)[h) (1.25)

The corresponding null field is

2
X() = () - LD o) (127

Therefore we have the differential equation

2 N ‘ N
{%%‘Z@-’%v‘szzi%}<¢h<z>¢1<zl>~~-¢N<zN>>=o, (1.28)

where hi,... ,h, are the conformal dimensions of the primary fields ¢1,... ,¢,.
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1.5. The minimal models. For a pair of coprime positive integers p,q greater
than 2, a highly degenerate class of the representations of the Virasoro algebra exists.
Define the central charge
6 _ 2
6p—a)” (1.29)

pq

In the theory with the central charge ¢(p,q), only the finite number of conformal
families are involved. We shall call such a theory a minimal conformal field theory or
simply a minimal model.

Conformal dimensions of primary fields in the theory are given:

c(p,q) =1~

(pr —gqs)* = (p—q)”
4pq

hys = hrs(p,q) = (r,s €Z,0<r<gq,0<s<p). (1.30)

Let ¢, s(z) be the primary field of the conformal dimension h, s. The operators in
the conformal families [¢, 5] s € Z,0 <1 < ¢,0 < s < p form “the closed operator
algebra”. As h, s = hg_y p—s, we have ¢, (2) = ¢g—r p—s(z) and the number of distinct
primary fields in the theory is (p — 1)(¢ — 1)/2.

The fusion rules of the operator algebra have the form

Tmax Smax

djrl,sl 7/)7"2,52 = Z Z W}T,s ]7 (131)

r=|r1—r2|+1 s=|s1—s2|+1

where r (resp. s) runs over the even integers, provided that r1 + ro (resp. s1 + s2) is
odd and vice versa, and

Tmax := min{ry +ro — 1,2 —ry —ro — 1}, (1.32)

Smax ;= min{s; + s — 1,2p — s1 — s9 — 1}. (1.33)

Since the Verma module of the highest weight h, ¢ has two independent singular
vectors [FFu|, any correlation function involving the field ¢, s(z) satisfies two linear
partial differential equations, one of the order rs, and the other of the order (g—7)(p—s).



2. Formulation of the Virasoro CFT

Let us translate the contents of the preceding section into the mathematical lan-
guage. This can be carried out by means of the ideas in [TK2].

In physical context, operators are given at the beginning. After that, physical
arguments show that such operators obey some laws of representation theory. For
example, the energy momentum tensor 7'(z) is considered to be a more fundamental
object than the representations it generates. The primary field ¢,(z) is introduced
before the primary states | h) is defined. For our purpose, however, it is convenient
to reverse the story so that the representations are given at the outset and study the
operators on them.

2.1. Highest weight representations. The condition (1.10) and (1.12) are
known as the highest weight condition in representation theory. We summarize some
basic facts on highest weight representations of the Virasoro algebra Vir.

Definition 2.1. Let ¢ and h be complex numbers.

(1) A left representation V' of the Virasoro algebra is called a left highest weight
representation of highest weight h and central charge ¢ if V' is generated by a
nonzero vector |h) € V and

LolhY=0 if n>0, Lo|h)=hlh), C|h)=c|h). (2.1)

(2) A right representation VT of the Virasoro algebra is called a right highest weight
representation of highest weight h and central charge c if VT is generated by a
nonzero vector (h| € VT and

(h|L, =0 if n<0, (h|Lo=h{h|, (h|C=c(h]. (2.2)

The vectors |h) and (h | are called highest weight vectors.

Proposition 2.2.

(1) For any c¢,h € C, there is a left ( resp. right ) highest weight representation
M. p, (resp. McTh) unique up to isomorphisms such that any left ( resp. right )

highest weight representation is isomorphic to a quotient of M. j, (resp. M CT h)-
(2) The vectors

L_y, - L_p,L_p|h) (n>0, 1<k <ky<---<kp)
constitute a basis of M., and the vectors
(h|LgyLgy - Ly, (n>0, 1<k <hky<---<ky)

constitute a basis of McTh.
(3) There is a unique bilinear form

M, x Moy — C, ((w,[v)) = (w]v), (2.3)

8



such that (w|{ L,|v)} = {{w|L,}|v) for all |v) € M.p,(w| € Mj’h,n €Z,
and
(h|h) =1. (2.4)

(4) M. ( resp. McTh) contains a unique proper maximal submodule N, (resp.

Nj’h) and we have
Nep={|v)e M, |(w|v)=0 forall (w] e Mj}h}, (2.5)

N, ={(w|e M, |(w|v) =0forall |v) € Mp}. (2.6)

It follows from the above proposition that among the left (resp. right) modules with
highest weight h and central charge c there is a unique irreducible one, namely the
module

Ve =My /Neyy  (vesp. VI o= M, /NT ). (2.7)

Hence the bilinear form (2.3) induces a non-degenerate bilinear form on VCT n X Ven.
We denote it also by the same notation.
2.2. Operators. In the following, we fix a central charge ¢ € C, and denote V. j

(resp. VCT,h ) by V3, (resp. V,j)

Proposition 2.3. The modules V}, and VhT have the eigenspace decomposition with
respect to Ly :

Vi = ®a>o0Vi|d] and V;:r = @dzovpj [d], (2.8)
where V},[d] and VhT [d] are the eigenspaces of the eigenvalue h+d. Moreover dimc¢ V3, [d] =
dimc V' [d] < 400, and (V,/[m] | Vi [n]) = 0 if m # n.

Introduce the products Vj, := I14>0Vp[d] and VhT = Hdzoth [d]. The bilinear form
can be naturally extended to VhT x V3, and VhT X Vy,.

Definition 2.4. By an operator ® of the type (Mg, Aoo), We mean an element of the
space Homc (Vi , Vi, )-

To give an operator @ : Vj,, — 17;100 is equivalent to give a bilinear map D : V,LO X
Vie — C and also a linear map @ : V,joo — YA/hTO by the condition that for any |v) € Vj,
and (w| € V,:roo,

O((wl,]v)) = {(w|®"}]v) = (w| {2 ]v)}. (2.9)
We shall denote the value (2.9) simply by (w |®|v).
2.3. Definition of primary fields. The condition for the primary fields (1.6) can

be translated into the language of representation.

9



Definition 2.5. Let U be an open set in a complex manifold X. A family of oper-
ators N
¢(2) : Vag = Vi (2.10)

depending on z € U is called an operator-valued holomorphic function on U, if the
matrix element (w | ¢(z) | v) is a holomorphic function of z for all w € Vhlo and v € Vj,.

The space of the operator-valued functions on U is isomorphic to
Home (V,|_ ® Vi, Ox (U)), (2.11)
where Ox (U) is the space of holomorphic functions on U.
Definition 2.6. An operator-valued, multi-valued, holomorphic function ¢ (z) :

Vhe — XA/hoo on C* is called a primary field of the type (hg, h; hoo) if

(L, on(2)] = z”(z% +h(n+1))¢n(z) foralln € Z. (2.12)

We shall prepare the following general definition.

Definition 2.7. Let X be a complex manifold and X the universal covering man-
ifold. We call a function ®(z) on X with values in the space

Hom@(thw ®---®V,j,1 RVi, ®®Vj,,C)
a field of the type (hi,...hy;h],...h ) on X, if it is holomorphic in the following
sense: for all vectors v; € Vt (i=1,... ,M)andu; €V}, (j =1,...,N), the function
(va |- (o[ @) uy ) - Jur ) = @(2)(vy, @ QU1 B uy ®--- Qu) (2.13)

on X’, obtained by the evaluation at the vector v,, ® -+ - @ v Qu, @ --- @ uy, is a
holomorphic function on X.

For example, a primary field ¢p(2) : Vi, — Vi is a field of the type (ho; hoo ), and
T'(z) can be considered as a field of the type (h;h) for any h € C.

2.4. Compositions of the operators.

Definition 2.8. Let A : V},, — ‘A/h, B:V, — ‘Afhw be two operators. Fix dual
bases {vg; }id; of Vi[d] and {v} }1¢, of VhT [d]. An ordered pair (B, A) of operators is
composable, if

[e’e) ng
DD (w[Blvg: ) (vi| Alv) | < 400 (2.14)
d=0 | =1

for all w € Vth and v € V,,. Then the composed operator BA : Vi, — Vhoo is defined
by the values

oo

(w]| BA[v) =3

d=0

> (w|Blvai) (vl Alv)

1=1

(2.15)

ng ‘
for w € VhToo and v € Vj,.

10



Example 2.9. Let ¢,(z) be a primary field, then (T((), ¢n(z)) is composable for
IC| > |z| > 0, and (¢n(2),T(C)) is composable for |z| > |¢| > 0, and T'(¢) ¢n(z) and
¢n(2) T(C) are analytically continued to a field on {((,z) € (C*)?|( # z}, simply
denoted by T(C) ¢n(2) or ¢n(2) T(¢). Moreover we have

T(C) n(2) = o)+ o)+ - TR, (219
k=0

_h
(¢—2)? ¢~z

where gbglk)(z) (k < —2) are the fields on C* defined by this equation (see the next
subsection).

The situation in the above example is very common in conformal field theory. We
prepare the following terminology.

Definition 2.10. Let ¢(2) : Vi, — Vi be a field on CX.

(1) Assume (7(¢), ¢(2)) is composable in the region || > |z| > 0, and (¢(2),T(())
is composable in the region |z| > || > 0, and composed fields T'({)¢(z) and
#(2)T(¢) are analytically continued to a field on {((,2) € (C*)?|( # z}. Then
we say that a radial ordered product T'(¢)¢(z) (= ¢(2)T(¢) ) exists.

(2) If a radial ordered product T'(¢)¢(z) has an expansion of the following form

T()p(z) =Y A4:(2) (2.17)

= (C—2)"

where Aj(z) are the fields on C* such that Ag(z) = 0 for & > 1, then we
say that T'(¢)¢(z) has the operator product expansion (OPE for abbreviation)
(2.17) .

Example 2.11. There exists the following OPE;

c/2 27(2) 1 QT(Z) + (regular at ¢ = z). (2.18)

T(O)T(2) = C—2)2 + (¢ — 2)2 * (—2z0z

2.5. Chiral Vertex Operators. Let ¢p(z) : V3, — Vi be a nonzero primary
field. In [BPZ], they say that the descendants (secondary fields)

g TR () VSV, 1<k < - < k) (2.19)
form the conformal family [¢p,] = V},. We shall discuss the existence of such operators.
The OPE i}
T(QOén(z) = D¢ —2) 28 (2) (2:20)
k<0

can be considered as the definition of gzﬁglk)(z) (k € Z) namely
®)(5) = f (¢ = 2TV pn(2)dC for k € 7 (2.21)
Cz

11



where C, is a small contour encircling z. We have

O (2) = hon(z), ¢y (2) = 0 for k > 0. (2.22)
and .
oy (z) = 2, On(2). (2.23)

Next we consider the following OPE

—k —2 (~l,—k
Ty, M (2) = Y (=2 (), (2.24)
1>—k
with some operators ¢§L_l’_k)(z), defined by the OPE. It is easy to show the existence
of the above OPE. In this way we can manage to define the operators

(R TR () for Ky, ke €Z (2.25)

using the OPE’s like (2.24) as a recurrence formula.
The question is whether the operators ¢§:k""” ’_kl)(z)

by the correspondence

from the representation V},

;L—kn,...,—kl)(z) PN L—kzn . L—kzlvh c V. (226)

First we note that the OPE (2.18) guarantees that on the space of the operators

(0] = {0\ " T ) |k, Ky € 2, (2.27)

the endomorphisms on [¢y],

Ly = fc dC(¢ — 2)HT(C) (k € Z) (2.28)

give a representation of the Virasoro algebra.
The equation (2.21) says that the representation [¢p] is a highest weight represen-
tation of highest weight h. What is nontrivial here is the following.

Theorem 2.12. The representation [¢y,] is irreducible, and hence is isomorphic to
V.

The above fact is implicit in the work of [BPZ]. We presented, for the convenience
of reader, the proof of this theorem in the next chapter [Proposition 5.2.5]. This proof
is due to G. Kuroki [Ku, Appendix B].
Let us denote ¢p,(v,2) € [¢pp] for v € V}, by the correspondence (2.26). We define
also R
On(2) : Vi @ Vg — Voo s (2:29)

12



by ¢n(v @ u)(z) = ¢p(v;2)(u), v € Vi, u € Vj,. We call such ¢p(z) : Vi @ Vi, — ‘A/hoo,
a chiral vertex operator (CVO for abbreviation).

Let ¢p(2) : Vi@ Vp, — XA/hoo be a chiral vertex operator (CVO for abbreviation ). For
v € Vy, define the field ¢, (v; 2) : Vi, — ‘A/hoo by ¢n(v; 2)vg = ¢n(2)(v @) (Vo € Viy)-
If v € Vj[m], then the field ¢, (v; z) has an expansion

Gn(v;2) = Y Gn(v)n 2T 0T e (2.30)
nez

where ¢p(v), (n € Z) satisfies

[Lo, dn(v)n] = (hoo — ho — n)dp(v)n,  (n € Z), (2.31)
namely ¢p(v)y, : Vi [d] — Vi [d —n] (n € Z).

2.6. Formulation of the Ward identities, Conformal blocks.
Fix an (N + 2)-ple h = (hg, h1,... ,hy;heo) € CV of highest weights. Consider for

any hg, hY,...  h € C with hy = hg, b, = heo and N chiral vertex operators
$i(2) Vi, @ Vi — Vi, i=1,...,N. (2.32)
For v; € Vi, [m;] (i = 1,...,N), define the formal Laurent series of z1,... ,z, with
coefficients in the space Home¢(Vy,, Vi) by
On (Vns2y) - @1(v1;21)
= Y bW )ay DL (Vr)ny aa NN TN T (2,33

Niy.e.. N €L

where A= h;—l —f—hl - h; (Z = 1, 7N)

We shall discuss the validity of the following statement in the subsection 2.8. In
this subsection, however, we shall only discuss the consequences of the statement to
motivate our definition of the Ward identities, and the conformal blocks.

Statement. For all vo € V},, and v € VhToo, the matrix coefficient
(Voo | On (Vs 25 ) - 1 (V13 21) | v0) (2.34)

is absolutely convergent in the region {(z1,...,2,) € CV | |zy| > -+ > |21] > 0}, and
is analytically continued to a multi-valued holomorphic function on

Xy =1{(z1,. . ,2y) € (C)N | z; # 2 ifi # j}.

Granted that the statement holds, we have a HomC(VhN R ® VhO,IA/hOO)-valued,
multi-valued, holomorphic function ®(z1,... ,z,) = ®(z) defined by

(Voo [R(2)[ vy )+ Jv1)]v0) i= (Voo | Dy (Ui 25) -+ P1(v1321) |00), (2.35)
that is to say, a field of the type (ho,... ,hy;he) on X, . Define
Ti(Ln ) (Voo [2(2)[ vy ) -+ [v1)|v0) := (Voo |R(2)[ vy ) -+ [ Lnvi ) -+ [v0)
for1=0,1,... ,N, and
Too(Ln) (Voo [R(2)| vy ) -+ [01)|v0) 1= (Voo Ln [®(2)| vy ) -+ |01 )| 00 ).

The function ®(z) satisfies the following conditions, which is our interpretation of
the Ward identities.

13



The Ward identities. (W.1) For any fixed z € X, the following (N +2) Laurent
series

Zm(Lk)<voo 1D(2)|vy ) |v1 ) wo) (C—2) "2 eC((¢ —2)) fori=1,...,N. (2.36)
keZ

D mo(Li) (Voo [®(2)| vy ) -+ [v1 )] w0 ) (TF7% € C((Q)), (2.37)
kEZ
D Moo (L) {000 [®(2)| vy ) -+ 01 )] v0) (TF72 € C((¢TH), (2.38)
keZ
are convergent, and they are analytically continued to a unique rational function of
regular except at the points 0, z1,. .. ,z,,00 € P, which we denote by
(Voo [T()®(2)] vy )+ v1)|vo)- (2.39)

(W.2) For eachi=1,..., N, the function ®(z) satisfies the differential equation

%wm [@(2)[ vy )+ [v1)vo) = mi(Lo1) (Voo |R(2)[ vy ) -+ [v1)]v0)- (2.40)
For each z € X, the condition in (W.1) defines linear equations on the space
HomC(VJOO @ Vi, @+ ® Vpy, C). In the trivial bundle with the fiber Horn(C(VhToo ®
Vh, @+ ® Vp,,C), the condition (W.1) defines the subbundle V. p. The differential
equations (2.24) can be read as the equations for the horizontal sections of the bundle
V..n With respect to an integrable connection V (see Chapter II, Lemma 3.3.4). We
give here a definition of the notion of conformal blocks.

Definition 2.13. Hom@(VhT<>o QVh & @V, @V, C)-valued holomorphic function

®(z) on X, is called a conformal block (of the Virasoro CEFT) of the type h, if it satisfies
the system of equations (W.1) and (W.2). Let ch,h denote the space of conformal blocks
of the type h.

Let us illustrate the way the Ward identity in the form of Section 1 follows from
the above equations. Let hy = ho = 0 and vp, be the highest weight vectors of
Vi, (i =1,...,N). Define the N-point function

(On(2y) - P1(21)) = (vac|®(z)[ hy ) - - [ ha )| vac), (2.41)

where (vac| € Vi and |vac) € Vj, denote the vacua, the highest weight vectors. The
function

(T(Q) on(2y) - d1(21) ) = (vac|T(Q)®(2)| hy ) - - - [ h1 )| vac) (2.42)
is regular at 0,00 and has the Laurent expansions
Z(C — 2) " 2w (L) (vac | ®(2) | hy ) -+ | by )| vac) (i=1,... ,N) (2.43)
kEZ
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at ( =z; (i=1,...,N), with the singular parts
h; 1 0
m(ﬁ%(%)'“ ¢1(z1)) + C— 205

Therefore the function

(10, ) arle) = 0 i+ o f (Ol ) (2:)

is regular at every point of P!, and hence a constant. The constant is proved to be
zero (see the expansion at 0o).

(On(2y) - d1(21))- (2.44)

2.7. Degenerate representations. We assumed the representations involved in
the definition of conformal blocks are irreducible. This corresponds to consider the
degenerate conformal field theory. The image of the maximal proper submodule N, j
gives nontrivial linear relations among the monomials

L—kn oo L_klvh e V.
These relations and the Ward identities lead to the nontrivial linear differential equa-
tions such as (1.28) satisfied by the conformal blocks.
V. G. Kac [Kal] determined the explicit formula of the determinant for the bilinear

form (2.3) restricted to the subspaces Mlh[d] X M. pld] (d > 0), and obtained the
following.

Theorem 2.14 [Kal]. The Verma module M., is reducible if and only if there
exist r,s € N and t € C* such that

1—-r2 1-— 1-—s?
c=c(t) =6t +13+6t7), h=ho(t)=-— " +- 5, 275 (2.46)
’ 4t 2 4
2.8. The minimal models, revisited. Fix the central charge ¢ = ¢(p, ¢). Minimal
representations of the central charge ¢ = ¢(p, q) are parametrized, up to isomorphisms,

by the set of highest weights
H={hs€Q|r,s€Z,0<r<gq0<s<p} (2.47)

We call a pair (r,s) a representative for h = h, , € H. Each h = h, s € H has exactly
two representatives, namely (r,s) and (¢ —r,p — s).

Theorem 2.15 [Ku,Wa|. Let ho, h,ho € H. There exists a nonzero chiral vertex
operator
<bh(v;z) : Vho — Vhoo (’U € Vh),

if and only if: hg, h, hoo have representatives (r1, 1), (r2, s2), (r3, s3) respectively, and
lri —ro|+1<r3<min{r; +ro —1,2¢ —r1 — 19 — 1}, 7r3 =71 +79 — 1 mod 2, (2.48)
|s1 —s2| +1 <s3 <min{s; + 83— 1,2p—s1 —s9 — 1}, $3=s51+ 52 — 1 mod 2. (2.49)

Moreover, nonzero chiral vertex operators of a fixed type (ho, h; ho) € H® are unique
up to constant multiples.

We still lack a proof of the following fundamental statement, called the factorization
property, which is one of the main goal of our study. In Section 5, we shall explain our
approach.
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The factorization property. Let h = (ho,h1,... ,hy;he) € HN+2_ For any
p=(hy,... ,n, )€ HY* in the set

7%h%:{p:((w.wh;)EHN+Hh6:hmhk:hw,

There is a nonzero CVO; = ¢i(2i) : Vi, @ Vi — f/h; }7 (2.50)
the composition ®p(2) of the CVO’s ¢1(21),... ,¢,(2y) Is convergent in the region
{|zx| > -+ > |z1| > 0} and is analytically continued to a multi-valued holomorphic

function on X, . Moreover the functions ®,(z) (p € P(h)) form locally a basis of the
local system ch,h of the conformal blocks.

Let us remark on the convergence of the series. Introduce the coordinates
Ti=2zizip1 =1,... ,N—=1),7, = 2, (2.51)

and put ¢, = h}, — hj — 23:1 hj (i =1,...,N). Then ®,(z) can be viewed as an
element of the space

mde¥®WN®W®WWﬁW~ﬁTww%

where C((7)) is the field of fractions of the ring of formal power series C|[11,... ,7,]].
To prove the convergence of this series, it is sufficient to prove that our connection has
regular singularities along the divisor 7, --- 7, = 0. At present, however, we do not
have a solution to the problem of the regularity at the boundary. We note that our
construction (Theorem C in Section 5 ) must give a way toward this problem.
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3. Conformal field theory with gauge symmetry

V. G. Knizhnik and A. B. Zamolodchikov [KZ] developed the conformal field theory
with gauge symmetry, called the Wess-Zumino-Witten (WZW for abbreviation) model.
A. Tsuchiya and Y. Kanie [TK2] clarified the mathematical meaning of the work
[KZ] on the foundation of representation theory of affine Lie algebra and proved the
factorization property. They also determined the monodromy representation of the
braid group obtained from the local system of conformal blocks.

We attempt to give an introductory article on the factorization property of the
WZW model putting an emphasis on the Ward identities.

3.1. Affine Lie algebra. Let g be a simple Lie algebra over C and h a Cartan
subalgebra of g. Let b be the Borel subalgebra such that b D . By A ( AL ) we denote
the (positive) root system. Fix an invariant bilinear form (-|-) such that (6|6) = 2 for
the highest root 6.

Let Py be the set of dominant integral weights. There is a one to one correspondence
between the set P, and the set of isomorphism classes of finite dimensional irreducible
representations of g. For A € P, we denote by L) the irreducible representation of g
with the highest weight A.

The affine Lie algebra g is defined by

g=9®C((t)) ®CK (3.1)
where K is an element of the center of g and the Lie algebra structure is given by

(X @ f(t),Y () @g®)] = [X,Y]® f(B)g(t) + (X[Y) Res (f'()g(t) dt) K (3.2)

for
X, Y eg, [f(t),g(t) € C((2))

Define the subalgebras
gy =9@Cltlt, g-=geC[tlt " (3.3)

We have the decomposition
g=p+DY- (3.4)

where p is the subalgebra g, @ g @& CK. For a representation M of g and a complex
number k € C, an action of p, can be given by letting g, act by zero and K by multi-
plication by k. We denote this p-module by M},. Consider the induced representation

Indg+Mk = U(g) U (py) Mk, (3-5)

where U(a) is the universal enveloping algebra of the Lie algebra a.
The induced module Inngr (Lx)x has a unique irreducible quotient denoted by Ly, .
If k£ is a non-negative integer and A is contained in the set

Py ={X€ Py [0 < (Af) <k}, (3.6)
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then the representation Ly y is integrable [Ka2] in the sense that for all root vector
Xo € go (v €A) of g and m € Z, X,[m] is locally nilpotent, namely for each v € Ly, »,
there exists n € N such that

X,m]'lv=0 forall [>n. (3.7)

We denote by vy a fixed highest weight vector of Lj x. In the following, we assume
that k is a positive integer and A € Py.

Remark. Let g = sl3(C). We shall identify P, with the set of non-negative inte-
gers; for a non-negative integer [, L; denotes the unique irreducible representation of
dimension [ 4 1. The subset Py is identified with the set {0,1,...  k}.

3.2. Sugawara construction. Let {J,}9™ 9 be a basis of g, and {J%}9"™ @ be the
dual basis with respect to (:|-), namely (J,|J?) = d44. Let X[n] denote the element
X ®t" of g, for X € g and n € Z. Let us define the normal product ¢ - 2 by

X[m]Y[n] (m < n)
X[ Y] =1 5(X[m]Y[n]+Y[n] X[m]) (m=n) . (3.8)
Y [n] X[m] (m >n)
Define the endomorphisms on Ly x by
dimc g
T[n] = k+g Z > Salml I —m]g (n€ ), (3.9)
meZ a=1

where g € N is the dual Coxeter number of g.

Proposition 3.1. We have the relations

[T[m], X[n]] =—nX[m+n], for X €g, (3.10)
and
m3 —m
[T[m], T[n]] = (m —n)T[m+n]+ dmin,o TH (3.11)
where & di
_ ramed (3.12)
kE+g
T'[n] (n € Z) are called the Sugawara operators.
Let O+ 2p)
+2p
Apy=——5, 3.13
T 2k +g) (3.13)
where )
=5 > a (3.14)
acA 4
Then we have the eigenspace decomposition with respect to T'[0],
L= @Lk,A d], (3.15)
d=0

where Ly, » [d] is the eigenspace of the eigenvalue (A x +d). Note that the space Ly, x [0]
is a irreducible g-submodule isomorphic to L.
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Proposition 3.2. There exists a unique right g-module LL)\ generated by the
highest weight vector (wv) | such that there is a unique non-degenerate bilinear form
(-] -): LlA X Ly — C satisfying (vy|vx) =1, (uA|v) = (u| Av) for all u €
LL,)« v € Ly » and A € g. We have the eigenspace decomposition with respect to T[0] :

Ll =L, d, (3.16)
d=0

where LL’A [d] is the eigenspace of the eigenvalue Ay x +d, and we have
(LL,/\[m] | Lk x[n]) = 0 for m # n.

The space L,L ,[0] is a irreducible (right) g-submodule of the highest weight A. In-
troduce the product ELA =115, L;A[d] and Ly » = [15°, Li.a[d]. The bilinear form
(-]-) can be extended to EL/\ X Ly » and LL/\ X E;W\. The form (-|-), induces the linear
isomorphisms Ek,,\ ~ HomC(LLA,C) and ELA ~ Homc (Lg,x, C). We shall freely use
this type of identification in the following.

3.3. Primary fields with gauge symmetry. We leave the definitions of the
operators and the fields to the reader, which is given in the the same way as in the
Viraroso CFT.

Definition 3.3. A family of fields on C*, depending linearly on v € Lj,

qﬁA(U;Z) : Lk7)\0 — Ek)\oo (U - L)\)

is called a primary field of the type (Mg, A; Aso) if:

[X[n], doa(v; 2)] = 2" da(Xv;2),X €9, v€E Ly, n €Z, (3.17)
[T[n], pr(v; 2)] = z"(z%—k A (n+1)) oa(v; 2),n € Z. (3.18)

3.4. Chiral Vertex Operators of the WZW models. Let ¢5(v;2) : Ly », —

L. (v € Ly) be a nonzero primary field. We shall leave the question of the existence
of such a ¢, (-;z) until the next subsection, and discuss the secondary fields of it.
As in the case of the Virasoro CFT, we can define the fields

(Xn[=ln] - Xi1[=l]oa) (v 2) for Xy,... . Xn €9, lis... ,ln €Z, (3.19)

using the following OPE

o (Xv; 2)
¢ —
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as the starting point, where X € Z and X(¢) =3, o, X[n]z7" 1.
By the OPE

XY () = 2 ¢ B

we can show that the fields (3.19) form the highest weight representation [¢,] of g with
the highest weight (k,\). The action of X[n| (X € g, n € Z) on the field ¢(2) € [p,]
is given

+ (regular at ( =2) for X,Y € g, (3.21)

~ 1 "
(X[n]9)(2) == 5~ ¢ (C—2)"X(O)e(2)dC. (3.22)
™ C,
As in the case of the Virasoro CFT, we have the following.

Theorem 3.4 [TK2|. The representation [¢,] is irreducible, and hence is isomor-
phjC to Lk’,\.

We shall denote by ¢a(v;2) € [¢a] the field corresponding to v € L x. We also
define the field R
¢(2) : Ly ® Liag — Lo (3.23)

by ¢(2)(v®wvg) = ¢a(v; 2)vg, v € L, v0 € Ly »,. We shall call the family of operators
da(v;2) (v € L x) or the field ¢(z) defined by (3.23) a chiral vertex operator (CVO
for short). In the following, we shall identify the primary field ¢y (v;z) (v € Ly), given
at the beginning, with the corresponding CVO ¢(z).

3.5. Initial terms. We are going to discuss the existence of a nonzero chiral vertex
operator (or primary field). Let ¢(z) : Li x ® Li x, — L x,, be a CVO. Then there
exists an element ¢° of Homg(Ly ® Ly,, L) such that

¢(Z)’LLW®LA®LAO =z 9%, (3.24)

where A=Ay, + Ax — Ax_, and we used the identification Homc (L ® Ly,, Ly, ) =
Homc(l&oo ® Ly ® Ly,,C). We shall call z7#¢° the initial term of ¢(z).
Let Ekv)\ denote the space of CVO’s of the type A = (Ag, A; Ao ). Consider the linear

map
ini: LYy — 2z “Homg(Lx ® Ly, L) (3.25)

defined by ini(¢(z)) = 272¢°. Then we have the following.
Lemma 3.5. The linear map ini is injective.

In the next subsection we shall characterize the image of ini, and hence obtain the
condition for the existence of a nonzero CVO of a fixed type.

3.6. Existence of primary fields, the fusion rule. Let Ey € gy, Fy € g_¢, Hyg €
f) be such that [HQ,EQ] = 2E9, [HQ,FQ] = —2F9, [EQ,FQ] = Hg. The subalgebra Eg =
CEy®CHy @ CFy is the principle 3-dimensional subalgebra of g. Let W ; (resp. VV;r 1)
be the sum of €g-submodules in Ly (resp. LL) isomorphic to the (I + 1)-dimensional
irreducible €p-module. We have L) = @OSZS(G\A)WA,Z and LL = @OSlS(OP\)W;,l'
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Theorem 3.6 [GW, TK2|. The image of the map ini : L x — Homgy(L) ®
Ly,, Ly ) is characterized by the following condition for ¢° € Homg (L ® Ly,, L) :

Pl ews o ow,, =0 if L+m+n>2k (3.26)

Corollary 3.7. Let g = sly. Then a nonzero CVO ¢, (2) © L m ® L — Ekn
exists if and only if;

l—m| <n<min{l4+m,2k—1—m}, n=10+mmod2. (3.27)

Moreover, nonzero CVQO’s of a fixed type are unique up to constant multiples.

3.7. Compositions of CVO’s. Fix an (N + 2)-ple A = (Mg, A1, ... , Ay;A0) €
PN*2 of weights. For each (N + 1)-ple gt = (p1g, ... ,p15) € P! such that pg = Ao
and p, = Ao, let

$i(2) : Lia, @ Ly, — Lips, i=1,...,N (3.28)
be CVO’s. The composed field ®(z) is defined by
(Voo [B(2)| vy ) -+ [v1)]v0) = (Voo [Dx (V5 2 ) -~ D1 (v1; 21) | w0 ), (3.29)

where voo € Lia and v; € Ly, (1 =0,1,... ,N).
®(z) is a formal Laurent series, with the coefficients in the space

Homc (Lk,x,, ® - Lk xgs Lo )-

Recall the coordinates 7 (2.52). As in the case of the Virasoro CFT, ®(z) can be
viewed as an element of the space

HomC(LL,/\m ® Lk7)\N Q- - Lk,AoaTirN .. .7-151([:((7'))),

where

€; ' =Ak,p; — Dk, —Z Ak,)\j (Z =1,... ,N). (3.30)
j=1

Theorem 3.8 [TK2]. The series ®(z) is absolutely convergent in the region {|z, | >
- > |z1| > 0}, and is analytically continued to a multi-valued holomorphic function
on X,.

In [TK2], the above Theorem is proved by the study of the equations for the N-point
functions, which we shall discuss in the next subsection.
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3.8. N-point functions. Assume, in the same notation of the preceding sub-
section, \g = Ao = 0. We shall take the CVO’s ¢;(-;z;) as the primary fields,
¢i(v;2;) (v € Ly,). Consider the following formal Laurent series called the N-point
function

Oy (52x) - 01(-521)) = (vac|oy (5 2) - du (-5 21)| vac) (3.31)

with the coefficients in the space
Hom@(LAN & L)\NC).

Theorem 3.9 [KZ,GW,TK2]. The N-point function (¢, (-;z5) - ¢1(-;21)) is ab-
solutely convergent in the region {|z,| > ---|z1| > 0}, and is analytically continued
to a multi-valued, Homc(Ly , ® -+ Ly,, C)-valued holomorphic function on X, and
satisfies the following equations:

(1) Form = —1,0 and 1,

Z sz (z’baizl + (m + 1) Ak)\i) <¢N(';ZN) T ¢1< ) Zl)> = 0. (332)
(2) For X € g,
N
D m(X) by (32y) - 1(-521)) = 0. (3.33)
i=1

(3) Foreachi=1,... N,

N

(4 0)5m(on (2) - drim) = 30 (o, (im) o ilim). (330
=
where
dimcg
Qij= > m(Ja)m;(JY). (3.35)

(4) Foreachi=1,... ,N andv; € Ly, (j=1,... ,N, j #1),

> R (ZE) i) i) (o)) =

niyl---ny! Zi— 2
ey >0 1 NG N T
nitetny J#i
—k—(0]A;)+1

(3.36)
where | \; ) is the highest weight vector of Ly,.
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3.9. The Ward identities, the gauge conditions.

Definition 3.10. HomC(LLAOO @@Lk, ® - ®@Lgx,, C)-valued, multi-valued holo-
morphic function ®(z) on X is called a conformal block of the WZW model if it

satisfies the conditions:
(W.3) For any fixed z € X, and X € g, the following (/N + 2) Laurent series

Y miXn]) (Ve [8(2)| vy ) -+ Jvr ) wo) (€ —2) " 7H € C((¢ —z)) fori =1,... N,

nez

(3.37)
D mo(X[n])(veo [@(2)| vy ) -+ [01)wo) ¢ € C((Q)), (3.38)
nez
D Too(X[n]) {00 |B(2) vy ) -+ |01 )| vo) ¢T"TH € C((CTH), (3.39)
ne”
are convergent, and they are analytically continued to a unique rational function of ¢
regular except at the points 0, z1,... ,2,,00 € P!, which we denote by
(Voo [ X(Q)@(2)[ vy ) -+ [v1)|v0) (3.40)
(W.2) For each i = 1,..., N, the function ®(z) satisfies the differential equation
0
5, (e [R(2)] vy ) - or)lvo) = mi(T[=1]){vee [2(2)[ vy ) -~ w1 )] v0). (3.41)

Let L’,ZA denote the space of conformal blocks of the type A\. When N = 1 the
notion of CVO and conformal block are proved to coincide.

3.10. The factorization property. For A, u,v € Py, define the space
Vs i=1{¢° € Homgy(L, ® Ly, L,) | ¢° satisfies the condition (3.26)}. (3.42)

V. \ is the space of the initial terms of the primary fields of the type (A, p;v). For
A=Nos s A3 Ao) € PYT2,

o m by u u
Vi o= @ Vaguiy s @Vay, @@V, VY]

N_1'HN_2 )‘2 Hq A1 Mo

(3.43)

;LGPN"'1

HO=A0, My =Aoo
Theorem 3.11 [TK2]. Foreachi=1,...,N and ¢f € V{"' = . let

¢Z(ZZ) : Lk)\i ® Lk”uif1 - Ek,m

be the CVO having the initial term z; “*¢?. Let ®(z) be the field of the composition
b (2zy) - ®1(21). Then we have the following:

(1) ®(2) is a conformal block of the type .
(2) The linear map
Zl_Al s Z;AN‘/IC7)\ — ﬁkv,)\ (344)

defined by
zl_Al,,,Z;ANgbIOV Q- ® % > B(2) (3.45)

is a linear isomorphism.
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4. Coset construction of the unitarizable Virasoro modules

Definition 4.1. A representation M of the Virasoro algebra is called a unitarizable
if it carries a positive definite Hermitian form (-|-) such that (L,v|u) = (v|L_,u) for
all v,u e M,n € Z.

We present here the following beautiful result on the unitarizability of representa-
tions of the Virasoro algebra.

Theorem 4.2 [GKO,KW TK,FQS,L]. The following is a complete list of pairs (¢, h)
for which V., is unitarizable:

(1) ¢c>1land h>0:

(2) (e,h) = (™), b)), krs€Zk>01<r<s<k+1,

(k+3)r—(k+2)s)?>—1
4(k+3)(k+2)

6
(k+2)(k+3)

where ¢F) =1 — and hgks) =

Remark. We note ¢®) = ¢(k + 3,k + 2) and h,(nkg,) =h,s(k+3,k+2).

The series of the representations (2) of the above Theorem is often called the discrete
series of the Virasoro algebra. P. Goddard, A. Kent, D. Olive [GKO] invented a method
of constructing the discrete series representations out of representations of affine Lie
algebras. Although, the construction is valid for an arbitrary pair (g,p) of affine Lie

algebras such that g D p, we only use a simple case (sly x sly, sl5).

We shall now consider the tensor product of two integrable representations of ;[2,
namely Ly ; and Ly ,,, where [ € P, and m € P;. Define the space

Bipi={v€Lki®Lim|g+v=0Hv=nv}.

Then by the complete irreducibility, we have the decomposition

L1 ® Ly = @ Lit1n ® Bin.

0<n<k+1

The coset construction by [GKO]| gives a representation of the Virasoro algebra on
Ly, ® Ly y,, which commutes with sA[Q, and hence the Virasoro algebra maps B; ,, into
itself (see Chapter II, section2). The central charge of the representation Bj ,, is (k).
It is easy to see B, = 0 unless n = [ + m mod 2. Moreover the following result is
well-known.

Theorem 4.3 [GKO, KW, TK1]. We have the decomposition as sl x Vir-modules:

Lii@Lim= @B  Litian®Ve,wm

I+1,n+1
0<n<k+1
n=I[l+m mod 2

6 (k+3)r —(k+2)s)* —1
(k+2)(k+3) 4(k+3)(k+2)

The unitarizability of the discrete series follows from this Theorem.

where ¢*) =1 — and h&@ =

24



5. Our main results
The following should be basic problems concerning the minimal theories.
Problem 1. Determine the rank of V. p.

Problem 2. Determine the monodromy representation of VCv h-

Problem 3. Give a realization of the functions in chh.

The aim of this thesis is to attack these Problems by mainly using the coset con-
struction. As can be seen in the preceding sections, the WZW model is easy to handle
compared with the minimal models. In this thesis, we studied the relation between the
WZW models and the minimal models induced by the coset construction. We hope
that the relationship will give us a better understanding of the minimal models as well
as the WZW models.

As the first step to Problem 1, we obtained the following.

Theorem A. Let h be a sequence of highest weights corresponding to degenerate
representations, then V. p, is a coherent Ox-module.

Since representations are infinite dimensional, the above fact is nontrivial. Theorem
A implies that the Dx-module V., is an integrable connection, namely it is a locally
free Ox-module of finite rank, or a vector bundle. It is desirable to obtain the cor-
responding result for an arbitrary Riemann surface (see [Appendix]), in particular for
the case of the minimal models.

The following is our main tool to solve the problems. Let £Y denote the Ox dual
of an Ox-module £.

Theorem B. Letl € Pév ,n € P]ﬁl. Then there exists a canonical map of inte-
grable connections

(Vo Ek,l ®(9X £>€/+1,n - EY,m ®(9X VC:""’
where we defined m € PlN and h € HN by m; =1; + n; mod 2 and h; = i1 mi+1-

In this thesis we call the above result coset constructions of conformal blocks. We
remark that an extension of the construction of Theorem B to arbitrary Riemann sur-
face C' is straightforward, with N-points and C fixed. However, the development of the
construction to a family of N-pointed Riemann surfaces is nontrivial, in particular, the
description of a natural connection, or a twisted Dx-module structure, is interesting.
We shall discuss this elsewhere.

We believe that the map ¢ obtained in Theorem B are isomorphisms. Of course, if
we prove that the map are isomorphisms, Problems 1, 2 can be solved in view of the
corresponding results for the WZW models. We partially confirmed this conjecture:

Theorem C. For k = 1 and N = 3 the each map ¢ in the Theorem B is an
isomorphism.

Details are presented in the sections 6, 7 of Chapter II. In the proof of Theorem C,
we utilized a realization of representations given by Clifford algebra. Such a description
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also enable us to give a realization of chiral vertex operators in terms of the Clifford
algebra, and hence we answer Problem 3 in this case. We note that the condition
N = 3 in Theorem C is not thought to be so restrictive, because of the principle of
factorization. However, the condition £ = 1 seems to be hard to extend to an arbitrary
positive integer.
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APPENDIX

The Ward identities on an arbitrary Riemann surface

We shall summarize here, after E. Witten [Wi, Appendix]|, how to formulate the
Ward identities for the Virasoro CF'T on an arbitrary Riemann surface C. The author
thanks G. Kuroki for his explanation of the contents in the following form.

Global generalization of the Virasoro algebra. The Virasoro algebra Vir can
be described as

Vir = (C((z))d% ® CC (A1)
with the Lie algebra structure over C;
d d, . .dg df . d C
()0 9(2) ) = (= ZLg) = + Resw(f,9) dz . (4.2)
where
a3 f d3g

w(f.9) =359~ f 5 (A.3)

The common generators L,, are given as L,, = z""1d/dz (n € Z).
Let us consider the transformation property of w(f,g) under a change of local pa-
rameter z to w(z). The functions f and g transform as

Fw) =25, glw) = () (A1)
Put - .
Sw)= L5720
and

I(2) = [(2)9'(2) = ['(2)g(2), U{w) = f(w)F (w) = [ (w)g(w).

The straightforward calculation shows that

mw:(%QAw@+2C%)szww, (A.5)

where {w, z} is the Schwarzian derivative

w" 3 /w" 2
{“”—27—5@i>-



Since the second term in (A.5) does not vanish in general, w can not be thought as a
one form.

Let us recall the composition law for the Schwarzian derivative. If u,w, z are three
local coordinates, we have

&%z}::{UJU}<%%)Q-+{u@z} (A.6)

If we define (dwjde)-1 < | (dudz)
[%ﬂ:( 0 (dw/dz) )’ (A7)

then a cocycle condition
Uu,w Uw,z = Uu,z (AS)

holds in view of (A.6), and (A.4) and (A.5) can be written in the form

(@%24) v, (cwl/24> | (A.9)

Let us interpreted U’s as transition functions a rank 2 vector bundle .. There is
an exact sequence of Og-modules

0— Q¢ —U. — O — 0, (A.10)

where (0 — U, is a natural map defined by

w(2) dz (“’E)Z)) , (A.11)

and U, — O¢ is a natural map defined by
w(z) d
(f(z)) — f(z)—dz. (A.12)

Let us explain that the sequence (A.10) splits. An open covering of C' by open
sets O; (i € I) with local parameter z; is called a projective structure on C if the
coordinate transformation on every O;N0; is given by a fractional linear transformation
zj = (az; + b)/(cz; + d). It is known that there exists a projective structure (see [Gul)
on C. Fix a projective structure P = {(0;, 2;) }ier Then we have {z;,z;} = 0 for
all 7,7 € I, so the transition matrices U, ., are of diagonal form. This means that
the exact sequence (A.1) splits as U, = Q¢ @ O¢, namely, for a projective structure

P ={(0;,z) }ier, ] ;
fi(zi)d—zi = (fi )) on O, (A.13)

(2
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gives a splitting o : ©c — U.. We note that every other splitting differs by an element
of

Homo,, (Oc, Q) = HO(C,08?),

where Q57 is the sheaf of quadratic differentials (see the proof of Lemma).
Define an O¢-bilinear map [-, ] : U, X U, — U, by

()G (547 e

this is well-defined by (A.9), and satisfies

1)L ] (]

where
ol fo9 h
W<f797 h) = E f/ g/ h/ . (A16>
f// g// h

For meromorphic vector fields f, g, h, it is easy to see that W is independent of the
choice of coordinate, and gives a meromorphic function on C.

Adeles. For a vector bundle £ on C| consider the restricted product

A& =[] & o, &, (A.17)

consisting of products Hpec ep with e, € &£, ®o, 5p for all but finitely many p € C,

where &, is the stalk of £ at p € C, 6p is the completion of the local ring O, of C at

peCC, I/(\'p is the field of fractions of 6p. We call the vector space A(E) the adele of &,
and we shall simply denote the ring A(O¢) by A.

By (A.10), we have the following exact sequence
0—AQc) - AlU,.) — A(G¢c) — 0. (A.18)

As (A.13), a projective structure gives a splitting o : A(O¢) — A(U.). Consider the
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following commutative diagram with all rows and columns are exact

0 0

0 —— A(Q¢)

=
K

—_ A(@C) —_— 0 , (Alg)

Res ‘ ‘

0 —— C%¢

— AU.)/dA —— A(Og) —— 0

0 0

where Res : A(Q¢) — C®C is defined by (w,), — (Res, w,)p.
We define Vire by the following commutative diagram

0 0

KerY ——— KerX

0 —— C¢ —— AU,)/dA —— A(Oc) —— 0 , (A.20)
: H
0O—— C —— Vir¢ —— AOz) —— 0
0 0
where X : C®¢ — C is defined by (r,), — > pec Tps and all rows and columns are
exact. The bilinear map [-,-] : A(U:) x A(U.) — A(U.) defined by the same formula

(A.14) induces a Lie algebra structure on Virc.
Let ©,, denote the Lie algebra of global meromorphic vector fields on C, and ©,, —
A(©¢) be a natural injection.

Lemma. Let o : A(O¢) — A(Q¢) be a splitting, and consider the following linear
map

Jo : Oy = A(Oc) 5 A(Qe) — Vire. (A.21)
Then

(1) jo does not depend on the choice of o,
(2) j, is a Lie algebra homomorphism.
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Proof. Let P = { (O, 2;) }ier be a projective structure on C' corresponding to o,
namely o is given by

fi(Zi)dizi — (fi(ozi)> (A.22)

on O;. Every other splitting o’ : A(©¢) — A(U,) is obtained, by a unique holomorphic
quadratic form «;(z;) dz2 on C, in the way

fz(zz)dil — (f’(zjﬁz)(jz)(z’)) ) (A.23)

If fi(z;) gives a global meromorphic vector field on C, then «;(z;) f(2;) gives a mero-
morphic one form w on C, and hence ) | Res, w, = 0. This proves the first assertion.

Let the splitting ree
o:AO¢c) — A(Qe) (A.24)
is given by (A.13). For f,g € A(O¢),
(0(f),0(9)] — o([f.g]) = <2_C4<fz'///(zi)gi<z’i)0_ fi(zi)ggﬂ(zi))> (A.25)

on (O, z;). Since P is a projective structure, if f, g are global meromorphic sections,
the collection of functions

2_64 (fi"(z)gi(z:) = fi(2:)gi" (=)

defines a meromorphic one form on C, and hence the image of [o(f),o(g)] — o([f, g])
is 0 in Virc. m

Let p1,...,p, be distinct points in C', and D be a divisor Zi]\;pi. For a vector
bundle £ on C, define

N
Ap(&) =[] & ®o,, Ky, (A.26)
i=1
There exist the natural inclusions
HO(C,g(*D)) CAp(&E) CAE), (A.27)

where H?(C,E(xD)) is the space of global meromorphic sections of & with possible
poles at D.
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Let us define a Lie algebra Virc p by the following commutative diagram

0 0
Ker Y —— Ker X
0 C®0 . ApU)/dAp —— Ap(Oc) —— 0,  (A.28)
> |
0O — C ——  Viregp —— Ap(©®g) —— 0
0 0

where all rows and columns are exact.

Formulation of the Ward identities. A splitting ¢ : ©c — U, induces the
injective Lie algebra homomorphism

j: HY(C,0¢(xD)) — Virc,p, (A.29)
which does not depend on the choice of . The splitting ¢ also induces the splitting
VZ'TQD = AD(@C) & C. (A30)

If we fix an identification of the C-algebras Cl[t;]] = @pi (¢ = 1,...,N) then this
induces the identification

d
Ap(00) = P T((t) 7 (A31)
i=1 '
The Lie algebra structure of
N
Vire.p & EB — @ C (A.32)

can be described as

d d d
[(fz di, )17 (gz di, ) ] ( (fi gz f gz i T+ ZRGSW fzagz) Zﬂ' (A.33)
Let Vi,...,V, be representations of the Virasoro algebra of the same central charge

c. The Lie algebra Virc p acts on the space V = V; ® --- ® V|, naturally. Consider
the space of coinvariants for j(H°(C,©¢c(xD))), namely

V/j(H°(C,0¢(xD))V (A.34)
and call its dual space the space of conformal blocks, associated with the data

(C,D;ty, ..., ty; Vi, , V).
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Example. On the Riemann sphere C = P!, a projective structure is given by
(P — 00, 2), (P! — 0,w) with w = 27! Let 21,...,2, € C* be pairwise distinct
points. Put pg < 0, p; < 2z; (i = 1,... ,N), poo < 00. Take the local parameters
to =2zt =2—2 (i =1,... ,N),too = w. Consider the modules V; = V., (i =
0,1,...,N), Vo, = (V(IhOO)T, where 7 : Vir — Vir is an anti-involution defined by
7(Ly) =L_,, (n € Z), and (\/CThM)T is the space VcT,hoo with the left Vir action given

by Xv :=v7(X) (v € VcT,hoon e Vir).
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Coset constructions of conformal blocks
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1. Introduction

The principal objectives of conformal field theory (CEFT) are the sheaves of con-
formal blocks. The aim of this work is to study a relationship of conformal blocks
(on P!) of two types of CFT’s, the Wess-Zumino-Witten (WZW) model associated
with the integrable representations of the affine Lie algebra sl, and the minimal model
introduced in [BPZ].

The minimal models are related to a class of the most degenerate representations of
the Virasoro algebra. Among these representations, the unitarizable representations
are classified by the sequence of the central charges

() 1 _ 6 _
c" =1 it 2) (kT 3) for £k=1,2,3,....
The coset construction gives a method for constructing unitarizable representations of
the Virasoro algebra out of representations of affine Lie algebras.

Let us recall the coset construction. Let g be the affine Lie algebra sly x sly and
p its diagonal subalgebra. Consider an integrable highest weight g-module of the
level (k,1). Then we have the operators T°*[n| (n € Z) that commute with p and
satisfy the relations of the Virasoro algebra of the central charge ¢(*). The obtained
representations of the Virasoro algebra are known to be unitarizable and irreducible
(|[GKOJ,[KW],[TK1]).

The embedding p C g induces the decomposition of the conformal blocks for g
into the sum of the conformal blocks for p. By the decomposition, we have canonical
maps that relate the two types of CFT’s, the unitarizable minimal model and the
Wess-Zumino-Witten (WZW) model (Theorem 4.1). We conjectured that the maps
are isomorphisms. For k = 1, we confirmed the conjecture in the case of three point
conformal blocks (Theorem 4.4).

We remark that the map has a counterpart for every other pair of affine Lie algebras.
In [NT], the pair sl x s, x & C é[rl, where a is an affine extension of the abelian
subalgebra of the central elements of gl,.;, was studied in detail. As an application,
they proved “level-rank duality” in the WZW model on P!.

The paper is organized as follows. In Section 2 we recall the coset construction of
representations of the Virasoro algebra. In Section 3 definitions of conformal blocks
are presented for both WZW models and the minimal models. We also discuss the
coherency of the conformal blocks for the Virasoro algebra (Theorem 3.3.8). In Section
4 we formulate coset constructions of conformal blocks (Theorem 4.1) and make a
conjecture that obtained maps from the WZW models to the minimal models are
isomorphisms. In Section 5 we review on some results on three point conformal blocks.
In Section 6 we prepare some facts on spinor realizations of the integrable g-modules.
In Section 7 we confirm the conjecture in the case of K = 1, N = 3 using the spinor
realizations.

2. The coset constructions of unitarizable
representations of the Virasoro algebra

The Virasoro algebra Vir is the Lie algebra defined by Vir := &,,c7CL,, ® CC' with
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the following Lie algebra structure:

3
mT —m
75m+n,00-

[C,L,] =0, [Lm,Ly] = (m—n)Lpyin+ T

Let n_ be the subalgebra generated by L, (n < 0). For arbitrary complex numbers
¢, h, the Verma module M, of the central charge ¢ and the conformal dimension h
is the module whose restriction to n_ is a free module of rank one and the generator
vy, assumed fixed, satisfies Cvy, = cvp, Lovp, = hvy. The module M, j, has a unique
irreducible quotient denoted by V, .

Let g be the complex Lie algebra sl, of traceless 2 x 2 matrices with complex entries.

g is spanned by the matrices FE := (8 é) JF = (? 8) and H := <é _01> . Let (-]-) be
the invariant bilinear form on g defined by (X|Y) := tr XY for X, Y € g, where tr
means the trace as 2 x 2 matrices. The subspace ) := CH is a Cartan subalgebra of g.
Its dual h* is spanned by the element «, defined by a(H) = 2. For A € h*, we denote
by L) the irreducible highest weight representation of g of highest weight A € h*.

The non-twisted affine Lie algebra g associated with g is defined by g := g®C((t))®
CK with the Lie algebra structure

[K,g] =0,
(X @ f@t),Y®g(t)]=[X,Y]® f(t) g(t) + (X]Y) Res (g(t) df (1)) K

for X,V € g, f(t),9(t) € C(()).

Fix a complex number k. The action of g on L) can be extended to the Lie subalgebra
by == g®CJ[[t]] ® CK of g, by letting g ® tC[[t]] act by zero and the central element
K by multiplication by & € C. The induced module U(g) ®y(p,) Lx has a unique
irreducible quotient denoted by Ly . If the number k, called the level of the module
Ly z, is a positive integer, we set Py := {A | A(H) € Z>o, (A|a) < k}. We have P, =
{ma/2|m=0,1,... ,k}. If X € Py, then Ly y is an integrable g -module (see [K]). Let
vy be a fixed highest weight vector of Ly . In the following, we shall often denote the
weight la/2 simply by [. For example, we denote Ly ;4 /2 simply by Ly .

Let U.(g) be the restricted completion of the universal enveloping algebra of g
(see [K, §12.8]), and put U.(§)r = Uc(8)/Uc(9)(K — k- 1). Set X[n] := X ® t™ for
X € g,n € Z. Let us define the normal product ¢ -2 by

X[m]Yn] (m <n)
cX[m]Y[n]S =1 5(X[m]Y[n]+Y[n] X[m]) (m=n)
Y [n] X [m] (m >n)

Consider the formal Laurent series X (z) =Y., ., X[n]z~""! for X € g. Let us define

the series T%(2) called the energy momentum tensor by the Segal-Sugawara construc-

tion:
Tk(z) = m ° %H(z)2 + E(2)F(z)+ F(2)E(2)q.
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Expand T%(z) in the form Y, ., T*[n]z2"""2 to get T%[n] € U.(§)k. Since Ly is
a restricted g-module (see [K, §12.8]), T%[n] gives an element of End Ly which we
denote by the same letter.
T*[0] is diagonalizable on Ly, » and the eigenspace decomposition has the following
form Ly x = ®genLi r[d], where we set
AA+a) k
Ny :=-———= Li[d] = Li x| T7[0]lv = (Ax + d)v}.
Ti Y kAld] = {v € L [T7[0Jv = (Ax + d)v}
Note that the image of 1 Uy, L coincides with the space L x[0] and it is isomorphic
as a g-module to L.

Definition 2.1. We shall call Ly 1[0] the underlying g-module for Ly x.

The algebra homomorphism A : U(g) — U(g) ® U(g) is defined by A(a) =a® 1+
l®a (a € g), that has a natural extension A : U.(g) — U.(g x g). Let J be the ideal
of U.(g x @) generated by (K —k-1,0) and (0, K — 1). Let us introduce the following
elements of U.(g x g)/J by

cos [n] .— tot [n] . TA [n],

where we set T [n] := T*[n]® 1+ 1®T"'[n] and T [n] := A(T**1[n]). The following
is well-known.

Proposition 2.2. The elements T°°° [n] satisfy the relations of the Virasoro algebra
with C' = ¢*). Moreover T°° [n] commute with the diagonal subalgebra of § x §.

Let us chose weights A = la/2 € Py, i = ma/2 € Py. Consider the tensor product
representation Ly x ® Ly ,,. The elements T°°%[n] give an action of the Virasoro algebra
on the module. Thus we have the action of A(g) x Vir on Ly x ® L. The structure
of the modules are well-known.

Lemma 2.3 ([GKO], [KW]|, [TK1]). We have the following decomposition as
A(g) x Vir-modules

Liy® Ly, = @ Litimas2 ® Vo 0

I+1,n+1
na/QEPk_H
n=Il+m mod 2

(k+3)r—(k+2)s)?2 -1
4(k+3)(k+2)

where hg,ks) =
In Sections 6,7, we treat the following.
Example 2.4. We have the following decompositions as A(g) x Vir-modules
Lio®L1o= Loo®Viao® Loo® Vi,
L1 ®@L1g = Loo®Vij0® Loo® Vi,
Lio®Li1 = Loy ®Viy1/16,
Lig®L1og= Lot ®@Visei/16-
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3. Conformal blocks

3.1. Consider the affine space CV~! with a coordinate z = (z1,...,2y_1) and its
open set X = CN-1 — Uigilzi = 2} Pat Y = P! x X. Let Ox (resp. Oy ) be
the sheaf of holomorphic functions on X (resp. Y). Let D; (i = 1,2,... ,N) be the
divisor of Y defined by the equation w = z; where w is a inhomogeneous coordinate
of P! = CU {oo} and we set zy = co. Put D=3, D;. Let 7 : Y — X be the second
projection. Let us define ¢; by t; = w — 2; if i # N and ty := w™!. On each fiber
7 Y(2), t; gives the local parameter around the point D; N 7~ 1(2). By the Laurent
expansion with respect to the local parameters, we have an embedding

Oy (xD) := 1ndhm 7Oy (kD) @ Ox((

3.2. Conformal blocks of the WZW model.
The sheaf gy of affine Lie algebra attached to 7 : Y — X is a sheaf of Ox-module
gy =D, NI®Ox((ti)) ® Ox K with the following commutation relations:

.....

[K,gn] =0,

(@i Xi @ fi , @Y ® gi] = &i[ X3, Yi] ® figi + Z (X5 Y5) tRE% (gidf;) K,

where X;,Y; € g, fi,9; € Ox((t;)).

By the embedding above, we regard g ® 7,y (xD) as a subsheaf of gn. Moreover,
g ® m.Oy (xD) is a Lie subalgebra in virtue of the residue theorem. Suppose that
N weights A1,..., Ay € P, are given. Set A := (A1,...,Ay). Let us introduce the
space Ly x = @Q,_; Lk, on which gy acts naturally. On the free Ox-module

.....

Homcy (L, Ox) = Ox ® Lj, y, gn acts by the right. We shall use the notation A)
for A € End Ly, 5, to denote Id® --- ®Id® A®Id®--- ®1d € End Ly x, where A
is in the i-th factor. Here we define an Ox-submodule L£j x of Hom ¢, (L x,Ox) as
follows.

Definition 3.2.1. A local section ®(z) of Hom ¢, (Lg,x, Ox) isin Ly x if and only
if:
> (){Res X (wy)fiw:) dwi} ) =0
for all f = (f1(ti),..., fn(tn)) € Oy (xD) and X € g.
The Ox-module Ly, » is equipped with the following integrable connection called

the Knizhnik-Zamolodchikov connection ([KZ]).

Lemma 3.2.2. The operators

0

—(TF[-1D)@) i=1,...,N —1,
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acting on Homc, (L, Ox), commute with each other and preserve Ly x. Therefore
they induce an integrable connection on Ly, x.

Proof. Commutativity is trivial. For the second part, the reader can consult [FFR,
Lemma 4] (see also the proof of Lemma 3.3.4). m

Lemma 3.2.3. L x is a coherent Ox-module.
Proof. The reader is referred to [TUY, Example 2.2.8]. m

By Lemmas 3.2.2, 3.2.3, a standard argument implies that £, x is a locally free O x-
module (of finite rank). Let L}  := Homoy (Lxx, Ox) denote its Ox-dual with the

dual connection. The sheaf of horizontal sections £Z 5 is called the sheaf of conformal
blocks of the WZW model (on P1).

Lemma 3.2.4 ([GW], [TK2]). Let A = (I1,l2,13) € P be given. The rank of Ly, x
is at most one. More precisely, it is one if and only if:
ll + l2 + l3 is evel, ll + l2 + l3 S 2]43,
li +1; — I > 0 for all the permutations (i, j, k) of (1,2, 3).

Definition 3.2.5. We call A € P? a fusion triple if rank £ » # 0.

3.3. Conformal blocks of the minimal models.
Let ¢,hy,...,hny € C be given. Set h := (hy,...,hy). Consider N-fold tensor
product V., = Q); V.- We have an embedding

1.0y, x (xD) := indklimﬂ*@y/x(kD) — @i:L._,,NOX((ti))E,

where ©y x is the sheaf of relative vector fields of 7. We now define an O x-submodule
Ve, of Homey, (Ven,Ox) = Ox ® V.5, Since Lyv = 0(v € Vgp) for n > 0, the
expression Res,,—o T (w)l(w)dw for l(w) € C((w)) is well-defined as an element of
End ch’h.

Definition 3.3.1. A local section ®(z) of Homc, (Ve n, Ox) is in V. p, if and only

if:
§ N1 (ws (1) —
@(z)' 1 {P?eSOT(wZ)lz(w,) dw; } 0
for all  (Iy(t )—d In(t )—d ) € mOy/x (xD)
1) gyt i) Oy x .

Remark 3.3.2. Conformal blocks has the invariance under the projective linear
transformations (see for example [BPZ], [TK2]).

Remark 3.3.3. Conformal blocks for the WZW models also satisfy the similar con-
dition to the preceding definition, if we take T'(z) as given by the Segal-Sugawara
construction (see for example [TUY, §2.4]).
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Lemma 3.3.4. The operators
0
82’1
acting on Homcy (Ven, Ox), commute with each other and preserve V. p. Therefore
they induce an integrable connection on V. p,.

V=

~L%), i=1,...,N-1,

Proof. Commutativity is clear by the definition.

Let T'[l{(w)d/dw] denote »_,_; n{Resu;=o T(w;) 1 (w;) dw; }*). For the second
part, we shall show that [ T [l(w)d/dw],V,;] is again expressed as T [p(w)d/dw]
for some p(w)d/dw € m.Oy,x(*D). It suffices to consider the vector fields (w —
z)"Ttd/dw (i # N), w™d/dw (m € Z). By the binomial theorem, we have the
following expressions.

d
T — ) 3.1
[(w—2) dw] (3.1)
_ 7() m+ 1 L ym-np () _ m+1Y  \ming V)
- 1) +z(n+1) L) = 3 () A
Jj#i,N n>—m
n>—1
m+1 m+1 m—ny(j) _ (N)
Tl ZIE:(n+1) 9 — 1) (3.2)
j#EN n>—1

where (Z) =ala—1)---(a—n+1)/nl

Straightforward calculation using the relation [L,,,L_1] = (n+ 1) L,,_1 yields

m+1_ 4 _ - _ym 4 mt1 & ] =
[T = =)™ ), V] = —(n+ 1) T (w = )" =], [T ™ 2 ],9] =0,

and hence the lemma follows. m
In the following, we shall consider some degeneracy condition on the representations.

Definition 3.3.5. Nonzero element v of the Verma module M.}, is called a singular
vector of degree d € Z>, if Lyv =0 for n > 0 and Lov = (h + d)v.

Remark 3.3.6. A singular vector of degree d > 0 belongs to the maximal proper
submodule of M, ;. Therefore its image in L, p is null.

Lemma 3.3.7 ([FFu]). (1) The Verma module M, ;, has a singular vector of degree
d > 0 if and only if there are r,s € Z~q and t € C* such that rs = d and

1—172 1—rs 1—s2

=c(t):=6t+13+6t"", h=h,,(t):= t.
c=c(t) =6t + 13+ 6t ", SO ==+ 5+
(2) For r,s € Zq, there exists
Sps(t) == ST phyekey i LR LRy
k1y... kg>0

i1+2ig+-+dig=d
(d 2= rs, bt Ho(t) € Cle,t Y, () = 1)
such that Sy s(t)vp, () is a singular vector of M p, (1) of degree d.

We have the following sufficient condition for the coherency of the sheaves V. p,.

41



Theorem 3.3.8. Lett € C* andr;,s; € Z~o (i =1,...,N) be given. Put ¢ = c(t)
and h; = hy, 5,(t). Then V., is a coherent O x-module.

Proof. We call the elements of the form M = L ... L¥ € U(n_) the monomials.
We set its standard degree d(M) = >0 | k;. Put also d'(M) = >_""_, k;. We define
the standard filtration {F), } ez of U(n_) by, F,,U(n_) =0 for n <0 and F,U(n_) =
> d(M)<n CM for n > 0 where the summation runs through all the monomials of the

degree less than or equal to n. For a € F,U(n_) — F,,_1U(n_), we define its degree
d(a) as n. The induced filtration of V. is defined by F, V., = F,U(n_)v,. For
n > 0, we define the subspace W, V., := Zogmgn CL™ vy, of F,,Vep,. Put F, V. p, =

ZTL1—|—~"—|—’I’LN:’I’L ®i:1,...,N Fni‘/cvhi7 Wn%7h = Z?’L1+—|—TLN:TL ®i:1,...,N Wni ‘fC,hi'

Claim. Put d; = r;s;. The map V. — Hom@X(WZz‘v_l(di_l)Vc?h,OX) given by
the restriction is injective.

The theorem follows from this claim immediately.
Proof of Claim.

Step 1. Let v € F,, V. p,. We shall now prove the following statement S(v):
There is a set of functions fi, . ky(2) € Ox(X) (ki € Z>o, vazl k; < mn) such that

(2)(0) = D e kn ()R (L 0n, ® - @ Ly ) for all B(2) € Vep.
k17~~~akN€ZZO
S ki<n

It is enough to show S(v) for the vectors of the form v := Myjv; ® --- @ Myvy €
F, V. n with M; monomials, where we put v; := vy, for brevity. Put p := ) . d'(M;),
the total number of L_5,L_3,... that appear in the monomials Mi,... , My. Let
S(n,p) (0 < p < n) be the following statement: For all v € F,, V., of the above form
with p =Y. d'(M;), S(v) holds. We shall prove S(n, p) for all n and p by the induction.
S(n,0) (n > 0) are trivial since p = 0 means v € W,, V. . Thus we consider the cases
1 <p < n. Assume S(m,q) form <n—1, 0 < g <m and S(n,q) for ¢ < p—1 hold.
We shall prove S(n,p) in the following.

Since p > 1, some M; is of the form M; = LlillLlillq_ll . --Llill (I > 2,k > 0). Put

N; = L]ill_lLlill]:l _ L’ill. Let wy, ; (j # i,m > —1) denote the vectors

M1v1®"'®Lmijj®"'®Nivi®"’®MNUNEFn‘/c,h-

Here we put d := ;" | ik;. Then it is easy to see that w,, ; = 0 for m > d.
By means of (3.1) and (3.2), we obtain

P (2)(®;M;v))

_ —l+1 M P () (w.n —i+1 —2) "D (2) (. N

== L (ah)areaean s 5 (57,) ety
—1<m<d
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when ¢ # N, where zj; := z; — z;, and

CICHIEIEND D Bl s 1
—1J§g§d
when ¢ = N.

By the above formulas, it is clear that S(n,p) follows from S(w,, ;) (j # i,m > —1).
It is easy to verify that L, (m > 0) preserves FiV, ;,. Hence the vectors wy, ; (j #
i,m > 0) belong to F,,_1 V. p. By the induction hypothesis, we have S(w,, ;) for j #
1, m > 0.

It remains to prove S(w_y ;). Write the element L_1M; € U(n_) as a linear combi-
nation of the monomials, i.e. L_1M; =) cx K. Then we have d(K) < d(M;) + 1 and
d'(K) < d'(M;). Let vk be the vector M1 ® - @ Kv; ® - Q@ Njv; @ - - @ Myvy €
F, V. p. Since d'(N;) = d'(M;) — 1 we have the inequality

> d(My) +d (K)+d(N;) <p.
k+#4,j

Thus by the induction hypothesis, we have S(vg ). Hence S(w_; ;) follows.

Step 2. We shall prove the following: For every v € V_ p, there is a set of functions
Gk, kn (2) € Ox(X) (0 < k; < d;) such that

(2)(0) = D Gk ke ()RR L0, @ - @ L vp ) for all D(2) € Ve,
Oéki<di
i=1,2,...,N
Claim follows from this immediately.
To show this, we shall utilize the relations (cf. Lemma 3.3.7)

di k17"' 7kdi kdi k k
L% vy, = — > prilsl () LG, - L Lo, (3.3)
k1+2ka+--+d;ka,=d;
(k17"' 7kdi)7é(di707"' 70)

First of all we observe that each monomial appears in the right hand side has the
degree less than d;.

Let v € F,, V. n. We use the induction on n. We may assume v in W,, V. p, by virtue
of Step 1. Let v = ®Z~Ll_"lvi € W,,Ven (O, 1 =n). If nis so small that [; < d; for all 4,
then the statement is trivial. Suppose l; > d; for some i. By means of (3.3) we obtain

O(2)(v) = - > prisi ()P (LE 01 @@ My, g, 0@ @ L2 oy)
k1+2ko+-+d;kq,=d;
(k1. ka;)#(d: 0, ,0)

where we put
Mg, ... ky, == L2 (L (fj - L LTY)

J
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and My, . kq, Uj are in the j-th factor. By the observation below (3.3), we have the

geoe

vectors
l; l
L_1v1 R Mkl,... ,kdjvj R L_vaN

belong to F,,_1 V. p. Thus the induction completes. m

Corollary 3.3.9. Let c,hy,... ,hy be as in Theorem 3.3.8. Then the sheaf V. p, is
a locally free O x-module (of finite rank).

The minimal models are related to the following special values of ¢ and h’s. Fix a
pair of coprime positive integers p, g greater than 2. In the following, we are concerned
with the following values

6 _ 2
c—q Sp—d”

pq
(pr —gs)* — (p—a)°
4pq
Note that ¢ = ¢(t) and h,s = h,(t) for t = —q/p. Define the finite set R, :=
{hrs|r,s € Z, 0 <r < q,0 <s < p} Since hys = hg_rp—s, we have #R, =
(p—1)(g—1)/2.
Definition 3.3.10. When ¢ and h’s are selected as above, we call the sheaf chh
of horizontal sections the sheaf of conformal blocks for the minimal model (on P!). ’

hy s = (r,s €Z,0<r<gq,0<s<p).

Remark 8.3.11. If p = k+ 3, ¢ = k + 2 for a positive integer k, then ¢ = ¢*) and
hr s = h'g’]fs)

Definition 3.3.12. If rank V. p, # 0, we call h € R? a fusion triple.

Lemma 3.3.13 ([W, Kul]). Suppose N = 3. Then the rank of V. p, is at most one,
and h € R? is a fusion triple if and only if: There exist integers r;,s; (1 <i < 3,0 <
ri < q,0 < s; <p) such that h; = h,, s, and

ri+re+1r3, S1+ 82+ s3 areodd,

ritre+r3<2¢—1, s1+s2+s53<2p—1,
ri+r; —r > 1, s; +s; — s, > 1 for all the permutations (i, j, k) of (1,2,3).

4 Coset constructions of conformal blocks

We have the one to one correspondence P, X Pri1 = P; X R.x given by the
coset construction, i.e. Py X Pry1 3 (I,n) < (m,hit1n+1) € P1 X R.x) where n =
I+m mod 2. Let (A, v) € P} x P2, correspond to (, h) € P} x R%,,. Then we observe
the following: A and v are fusion triples if and only if pand h are fusion triples.

Now we can formulate the coset constructions of the conformal blocks.
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Theorem 4.1. Let (A, v) € P x P}, correspond to (p,h) € P x RY, . Then
there exists a natural map of integrable connections

. V \Y
2 L:k)\ Rox Ek—l—l,u - El,y. Rox Vc(k),h'

Proof. Since L x etc. are locally free of finite ranks, it suffices to construct P :
Lix®@ox L1y — Lrir1p Qox Ve p-

Let us put A = (ly,... ,In), o = (mq,... ,my) and v = (ny,... ,ny). Then h =
h(X,v) = (hi,41 0141 - - > Piy+1,nn+1) and n; = l; +m,; mod 2. Suppose ®(z) € L A
and ¥(z) € Ly, are given. By Lemma 2.3, we have

Liyx®Ly, = @ Lit1,0 @ Vo) haw):
1 %4

where v runs through the set {v = (ny,... ,ny) € P,i\jrl |n; = l; + m; mod2, i =
1,...,N}. Let P be the Ox-linear map obtained by the composition of the inclusion
['k,)\ Koy Ek,u — Ox ® (Lk,)\ & Ll,“)* and the projection Ox ® (Lk)\ ® Ll,H)* —
Ox ®(Lgt1,0 Ve n(a, ,,))* induced by the decomposition above. We shall now prove
that the image of P is in L1100 ®ox Vet h(A, )

Let {uy'}i2, be a basis of the space V.x) pa ). Put vf € Vc’gk)yh(&y) be the
elements defined by v} (u¥,) = 8;.m. We can express P(®(z) @ U(z)) as Y = [V (2) ®
vy, (f(2) € Ox ® L;::—l—l,u)‘

Since ®(z) and ¥(z) are conformal blocks, we have

0=4d(z) > {EE%X(wi)fz(wi)dwi}(i) ® ¥(z)
i=1,..,N

+0(z) @ q U(z) ) {EQ%X(wi)fi(wi)dwi}(”
; N

=2(x)®¥(z) ) {EESOA<X)(wi)fi(wi)dwi}(i)

i=1,...,.N

=D > IR ZN{Eg%X(wi)fi(wi)dwi}(i) ® vy

v =0 i=1,...,

Linear independence of {v} };°, implies

fr(z) D {Reg X(wi)fiwi) dwi}") =0

1=1,...,
for all ¥ and [. This means f/(z) are sections of Liy1 ».
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Locally, we chose a free basis {2} (z)};*; of Li41,,, where r,, :=rank L1 ,,. We
can rewrite ®(z) ® W(z) as ), B (2) ® I}'(2), where IIY (2) are in Ox ® Vo)
Next we prove that IT}*(z) are conformal blocks for the minimal model for the operators
T [n]. Let l(w)d/dw = (l1(t1)d/dty, ... ,In(tn)d/dty) be an arbitrary vector field
in 7,0y, x (D).

Let T* [l(w)d/dw] denote Y ,_;  y{ReSw,—0 Tt (w;) l;(w;) dw; }*) etc. By the
identity o
d

——] = T2 [l(w)——],

T [i(w) ] = —

we have (cf. Remark 3.3.3)

0= SO ) p > {Res T (w) li(w,) duw,}

v,l i=1,...,

= E7(2) Z {IE{ESOTA@%) Li(w;) dwz‘}(i) ® 117 (2)
Y i=1,..., ’

+Y ()@ (2) D] {Res T (ws) Li(wi) dui}® o,

v,l i=1,...,

where the first term vanish since =} (2) € L1, 0.
Thus we obtain

0= ZE}’(z) ® < 17 (2) Z {Ei%Tcos(wi) li(w;) dw;i}®
vl i=1,....N

Linear independence of Z(z) imply I/ (2) € V.x) p(a,.)- Hence P is an element of
Homoyx (Lrx ®0x L1, Lrt1,0 @ox Vet h(a,v))-

The commutativity with the connections is easily verified by the fact that V' =
V2 4V on Ox @ (Lgx ® Ly ,,)* and Lemmas 3.2.2 and 3.3.4. m

Conjecture 4.2. (G. Kuroki ) The maps ¢ are isomorphisms.

Remark 4.3. The factorization property in CFT (see for example [TUY, Theorem
6.2.6]) for the minimal model and the observation given at the beginning of this section
imply rank (L x®o0y L}, ,,) = rank (LY ,,®0y V. p). Moreover, by the factorization
property, the proof of the conjecture for arbitrary N can be reduced to the case of
N = 3.

The following of this paper shall be devoted to the proof of the next Theorem.

Theorem 4.4. The conjecture is true for N = 3,k = 1.

46



5. Three point conformal block

We summarize some facts on conformal blocks for N = 3. In the following, we shall
work on C* = P! — {0, 00} rather than on X = {(21,22) € C?| 21 # 23} i.e. we always
put z; as 0 and consider the dependence on z3 only (see Remark 3.3.2).

5.1. Dual modules.
It is sometimes convenient for us to consider the representation at oo as a dual right
module. The followings are standard.

Proposition 5.1.1. (1) There exists a unique right g-module LLA generated by
the highest weight vector (v | such that there is a unique non-degenerate bilinear
form (- | -) : L;A X Ly — C satisfying (vx|vy) =1, (ua|v) = (ul| av) for all
u € L,Z’A,v € L » and a € g. Moreover we have <LL’>\[m] | Lk A[n]) = 0 for m # n.

(2) There exists a unique right Vir-module VcTh generated by the highest weight
vector (vp, | such that there is a unique non-degenerate bilinear form (- | -) : th X
Ve, — C satisfying (vp, |vp) = 1, (va|v) = (u| av) for all u € Vj’h,v € V. and
a € Vir. Moreover we have (th[m] | Ven[n]) = 0 for m # n.

We have linear the isomorphisms Ly = Homg (L,JL’A,(C), VCTh = Homc (V;h,(C),
where we put Ly = 1520 Lkald] | Ven = [1520 Verld]. Moreover, we use the
following.

Proposition 5.1.2. (1) There is a unique linear isomorphism 7 : Ly x — LL,A such
that 7 (v )) = (va |, 7(X[n]|v)) = —(v|X][—n| for any v € Ly x and X[n] € g.

(2) There is a unique linear isomorphism 7 : V., — VcTh such that 7 (|vp ) = (g |,

T(Lp|v)) = (v|L_,, for any v € V., and n € Z.

Remark 5.1.3. The 7’s for both g and Vir are consistent with the Segal-Sugawara
construction.
By the preceding two propositions, we have the following.

Lemma 5.1.4. Let M; (i = 1,2,3) be the modules Ly x, or V.p,. There is a
canonical linear isomorphism:

(M3 & M2 X Ml)* = Homc(Mg & Ml,Mg).

More precisely, for ® in the left hand side, the corresponding operator in the right
hand side, denoted by the same letter, is given by

(1(u) |P(v@w)) =P(u®vw), for any u € Mz, v € Myand w € M.

In the following, we shall use the above identification.

5.2. Primary fields. In this subsection, the notion of a primary field is introduced.
We start with the case for the WZW model.
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Definition 5.2.1 ([KZ], [TK2, §2]). A linear operator ®(z) : Ly, ® Ly.x, — L.,
is called a primary field of type A = (A1, A2, A3) if the following conditions are satisfied:

(1) ®(v, z) depends (multi-valued) holomorphically on z € C* |

(2) [X[m],®(v,2)] = 2"®(Xv,2) for X e gand m € Z ,

(3) [T*[m], ®(v, 2)] = zm(zdi%Z + Ay, (m+1))®(v,2) for meZ,

where ®(v,z) : Ly, — Ly, is the operator defined by ®(v,z)u = ®(z)(v ®
u), (V€ Ly,,u € Ly, ).

The sheaf of the primary fields of type A is denoted by £}"y. Recall the isomorphism
Ly = L A[0]. We have the following correspondence of primary fields and conformal
blocks.

Proposition 5.2.2 ([TK2, Theorem 2.9]). Let ®(z) : Ly, ® Lyx, — Ly, be a
primary field of type X. Then there is a unique extension &3(;:) : L, @ L x, — ﬁk7A3
such that it is a conformal block of type X. Moreover, this map L}y > ®(2) — d(z) €
ﬁ,z  Is an isomorphism of local systems.

Suppose h € R3 be given. We have the parallel results for the minimal models.

Definition 5.2.3. A linear operator ®(z) : V.5, — Ac,hs is called a primary field
of type h if the following conditions are satisfied:
(1) ®(z) depends (multi-valued) holomorphically on z € C* |

(2) [Lin, ®(2)] = zm(z% + hao(m+1))®(2) (m € Z).

The sheaf of the primary fields of type h is denoted by V7).
For h € C and m € 7Z, let ng) denote the differential operator

—zm(zdii + h(m+1))

on C*. They satisfy the relations of the Virasoro algebra with C' = 0. For r, s € Z~,
let D,(f?;) (t) be the differential operators obtained by substituting 59‘,31 ’s into Sy 5(t) in
place of L_,, ’s:

D= > om0 £y £t

ki,k2,... ,ka>0
ki1+2ko+---+dkqg=d

Lemma 5.2.4. Define the function f, s(hy,ha,hs;t) € Clhy, ha, hs,t,t7] by the
formula

Df«f?) (t) z~Mmheths — £ (hy, ho, hy,t) z~ M —hetha=rs,

Then

Frvss By s (8) B2, g i (8;0)2 = T [T (h2 = forsrs —2it .00 4552541 (1)) 2.

i=1j=1

Proof. This follows from [FFu,Theorem 1.12]. (Note that L,, is denoted by e_,, in
[FFu]. Then our f, s(h1, he, hs;t) is prs(—he, h1 — ha — hs,t) in [FFul.)
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Proposition 5.2.5. Let ®(z) : V., — Ac,hS be a primary field of type h. Then
there is a unique conformal block ®(z) : Vehy @V, — Vens such that & (2)(vp, @u) =
®(z)(u) for any w € V,p,. Moreover, this map V2, > ®(z) — d(z) € VY is an
isomorphism of local systems. 7

Proof. ([Ku, Appendix B]) We may assume ®(z) # 0. By the same method of [TK2],
we can uniquely extend ®(z) to ®'(2) : My, @ Ven, — Ven, with & (2)(vp, @ u) =
®(2)(u) (u € Vg p, ) such that ®'(z) satisfy the condition of conformal block with M, p,
instead of V. p,.

Let hy = hy, s,. We know that the maximal proper submodule of M, p, is generated
by Sry,s50h, and Sq_r, p—s,Un, (see [FFu]), where we put S, s := S, s(—¢/p) for short.
We shall show that

q)/(z)(U(VZ.T)S?”z,SQ Vhy @ u) = q)/(z)<U(ViT)Sq—T2,p—Sz Vhy @ u) =0

for all u € V, 5, and hence &' (z) induces the conformal block ®(2) : V., ® Vep, —

~

Ve.ns- By the condition of conformal block, it is sufficient to show

<Uh3 ’ (I)I<Z)(ST2782 Vhy @ Uh1) > = <Uh3 | ®/<Z)(Sq—7’2yp—52 Vhy & Uh1) > =0.

If m > 0, we have, by the conditions of conformal blocks,
(0|0 (2)(L_ v @ w3, )) = (=)L) (03| @ (2) (0 @ 0p,))  (for all v € M ).
On the other hand, by the relation [Lg, ®(z)] = —£éh2)(1>(z), we have
(0ny |9 (2) (vhy, @ v, )) = 2~ heths
up to constant multiples. Hence, we have

(Una |9 (2) (Sra 00 Vhe ® Uny)) = (=1)7252 D), o~ hathe,

T2,52

<Uh3 |(I)/(z)(sq—r2,p—sz Vp,y @ Uh1)> = (_1)(q—r2)(p—52)p(h1) z_hl_h2+h3,

q—7r2,p—S2

where Dfnf?) = D,gfgl)(—q/p).
Since (hq, ho, h3) is a fusion triple (Theorem 3.3.13), we have, by Lemma 5.2.4,

p(h1) ,—hi—ha+hs _ D(hl) y—hi—=ha+hs _

72,52 q—T2,p—S2
Hence <Uh3|qi/(z)(s7”2,52 Vhy & vh1)> = <vh3|q)/(z)<sq—7”zap—82 Vhy, & Uh1)> =0.
For any ®(z) € VY, we have ®(z) € V2 by the restriction i.e. ®(z)(u) :=
®(2)(vn, @ u) (u € Vi,). This gives the inverse of the map ®(z) — ®(z). m
Remark 3.2.6. By an argument similar to the proof of the above proposition, we
can prove Lemma 3.3.13 (see [Ku, Appendix B]). We note that the formula in Lemma
5.2.4 is the key.

We call ®(z) the primary part of ®(z). In the following we just write ®(z) for ®(z),
and identify the primary field and the corresponding conformal block.
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6. Spinor realizations
We prepare some results on representation theory which are used in the next section
to prove Theorem 4.4.

Let Cls (6 = 0,1/2) be the C-algebras with the generators x[n], x[n],
Z +6), and the relations:

Yln], ¥n] (n
{xm], x[n]} = {¢[m], ¥ [n]} = dmin.0,

all other pairs of generators anti-commute

where we defined {a,b} := ab + ba. We define the Fock representations Fs of Cls as
follows. Fs is generated by the vector |4 ) satisfying

x[n]|d) =¢[n][d)=0 for n>0,
X[n]|8) =[n]]d) =0 for n>0.
Denote by F;", F5 the even and odd part respectively with respect to the number of
the generators.

Let us introduce the following formal generating functions called fermions

X(z)= Y xlnlz""712 x(2)

)= D XlnleT Y2,
ne€zZ+4 neZ+s

Y(z) Z w[n]z—n—l/z, D(z) = Z &[n]z_n_l/?
nezZ+9o nezZ+s

We also put ¢4 [n] := ¢[n] £ ¢[n] € Cls and

Vi(z) = (z) £9(2).

We define the normal order : -

: by
a[m] b[n] (m<n
tam]bln] := ¢ 5(alm]b[n] —b[n]a[m]) (m=n),
b[n] a[m] (m > n)
where a,b = x, X, ¥, 1.

Let E;, H;, F; (i = 1,2) denote the copy of the matrices F, H, F' respectively. Then
we have the following realizations of sly x sly-modules of the level (1,1)

Lemma 6.1 ([FFr], [F], [KP]). The following set of generating functions:
Ei(z) = x(2)¥(2), Fi(2) = ¥(2) X(2)

Ey(z) = x(2)¥(2), Fa(z) = ¥(2) X(2), Ha(2) =
gives a g X g -module structure on Fs and we have

fl/g—L10®L10,

, Hi(2) = :x(2) x(2) : = : ¥(2) ¥(2) 1,
X(2) X(2) £+ () ¥(2) :

Fip = Lin® Ly, Fo

The highest weight vectors are given by |1/2), x[—1/2]|1/2), |0),
tively.

EL1o®L11, Fg EL11®Lyp.

¥ [0]]0) respec-

By means of the last assertion of the above lemma, we can easily verify the next
lemma.
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Lemma 6.2. The underlying g X g modules are given respectively as follows:

Cl1/2) for Fy,,

Cx[-1/2]|1/2) & Cx[-1/2]|1/2) ® Cy[-1/2]|1/2) & Cy[-1/2]|1/2) for Fi /25
Cl0) ® Cy[0]x[0]]0) for Ff,
C[0]]0) ® Cx[0]]0) for Fy .

The action of the diagonal subalgebra is given by
E(z) = x(2) ¥4(2), F(2) = v4(2) x(2), H(z) = 2: x(2) x(2) : -

On the other hand, the operators T°°*[m]| are given as follows.

Lemma 6.3. We have the formula:

cos 1 d 1= 20 _,
T (2) = 1 @b_(z)dzw (2) : + T
Proof. By [FFr, Prop. 13], we have
1 E 1 (g - 1-26
Ttot - __. iy __. Bl 2
(Z) 2 X(z)dZX(z) 2 w(Z) dzw(z) 4 z ?

where we used the notation

Straightforward calculation using this leads to the formula. m

The irreducible decomposition of fli/z as a A(g) x Vir-module (see Example 2.4)
can be described as follows.

Lemma 6.4. For a = x,v, we denote by F, s the subspaces of F, 5 generated
from [1/2) by {a[n],a[n]|n € Z+1/2}. Let F,, be the subspace of F, ; generated
from [1/2) by {¢+[n]|n € Z +1/2,n < 0}. Then we have a linear isomorphism
“7:1/},15 = Fy, ® Fy_. Put also Fp = Fy x @ Fy, . Then we have Fy /o = Fp @ Fy_ and

fX®f$, 2L2’0®V1/270, f; ®]:1;7 gL2,2®‘/1/2,1/27

Fa® ‘7:17:— = Lo ® Vi, fi ®~7:1;_ = Loo®Via1/2,
where the superscripts mean the even (odd) part with respect to the generators.

Proof. This is verified by a calculation of the characters. m
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7. Proof of Theorem 4.4.

7.1. Conformal blocks for g x g.

By Lemma 6.1, we shall identify the set P; x P; parametrizing the isomorphism
classes of the integrable g x g-module of the level (1,1) with the set {(p,d) | p =
+, 6 =1/2,0}. We can summarize the existence of conformal blocks in the following
form.

Proposition 7.1.1. (Fg', 752, F5?) is a fusion triple if and only if py = pap3, 61 =
0203. Here pops3 is understood as the product of signs, and the product 0203 has the
same meaning identifying 1/2 with a plus sign and 0 with a minus sign.

Proof. This is easily verified by Lemma 3.2.4. m

Let ]:“5i denote the direct product of all the eigenspaces of T*[0]. In the following,

the fermions shall be considered as Hom(Fj, ]%)-valued holomorphic functions on C*,
which are double valued when § = 0.

In the next subsection, we shall use the following explicit forms of the primary fields
(cf. Lemma 6.2).

Lemma 7.1.2. (1) The primary part of any nonzero conformal block ®(z) : .7:1+/2 ®
Fif — Fi is given (up to a nonzero factor) by ®(]1/2),z) = Idps,

(2) The primary part of any nonzero conformal block ®(z) : F. _/2®f5i — ff is given
(up to a nonzero factor) by ®(a[—1/2]|1/2),2) = a(z) : Fi — F5,(a = x, X, ¥, V).

Note that the fermions in the right hand sides are those for Cls.

Proof. In view of Proposition 5.2.2, it is enough to prove that they form primary
fields. In fact, we can show this by straightforward calculations using the operator
product expansion. m

Lemma 7.1.3. Let ®(z) : .7:1+/2 ® Fi — FF be the conformal block corresponding
to the primary field ®(z) in Lemma 7.1.2 (1). Then we have

O(a[-1/2]0_[~1/2)[1/2),2) = a(2)b_(2) : Fif — F5

for a = X, X, v+

Note that the product of a(z) and 1_(z) is well-defined since they anti-commute
with each other.

Proof. This follows from the general formula in [TK2, §2.5]. m

Remark 7.1.4. The coefficients of the operators x(z)1¥_(z) etc. with respect to the
valuable z belong to Hom@(}"f,f(si). Hence we shall denote x(2)y_(z) : .7:5i — }"gt
etc. for simplicity of the notation.
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7.2. Decomposition of conformal blocks. Let (Fi,F2, F3) be a fusion triple
of Fock modules (cf. Proposition 7.1.1), and take a nonzero conformal block ®(z) :
Fo@@F — fg. As a g x Vir-module, each F; is irreducible or decomposed into two
components (cf. Example 2.4). We shall calculate the corresponding components with
respect to this decomposition. If a component corresponds to a fusion triple, we shall
call it a fusion component. We know that the rank of the sheaves of conformal blocks
are at most one for N = 3. Therefore, for the proof of Theorem 4.1, it is enough to
show that all the fusion components do not vanish. We prepare the following lemma
which is easily verified.

Lemma 7.2.1. In the Fock module Fy/o & L1 ® L1 ® L11 ® L1,1, we have

C[1/2) = L2 o[0] ® Vi 2,0[0],

@ Cal-1/2JY_[-1/2][1/2) = Ly 5[0] @ Vi /2,1/2[0],

CL:X,’l/J+,)Z

Cyp_[—1/2]|1/2) = Ly o[0] ® V1 2,1/2[0],

@ Cal-1/2]|1/2) = L2 5[0] @ Vi /2,0[0].

a=x,Y+,X

Proof of Theorem 4.4. We check type by type that every fusion component does
not vanish.

We first observe that the type Fo @ F; — ]:“3 and the type F1 ® Fo — ]:“3 are
equivalent, since the point 0 € P! and the point z € P* — {0, 00} are interchangeable
by an automorphism of P! with the point oo fixed (cf. Remark 3.3.2). Moreover, by
the use of the transformation z — z~! and the anti-automorphism 7, it is easy to see
that the proof for the type F» ®Fy — F; reduces to the type Fa@F3 — F1. Because of
these symmetries, it suffices to consider the types Fo @ F; — F3 such that Fp = ]:1 /2

Let us begin with the type F 172 ® .7:1+/2 — .7-'1+/2 Let ®(z) be a nonzero conformal

block of this type (cf. Proposition 7.1.1). We first consider the restriction of ®(z) to
(L2,o ® Vija) ® 5’-—172. By Lemma 7.1.2 (1), we have ®(]1/2),z) = Id]_-+/ . Clearly its
1/2

nonzero components are Lz o ® Vij20 — L2o® Vijog and Lo @ Vijg 10 — L22 ®
Vi/2,1/2- These are exactly the fusion components (Lemmas 3.2.4 and 3.3.13). Next
we consider the restriction to (Lg 2 ® Vi/21/2) ® .7:172 By Lemmas 7.1.2 (1), 7.1.3 (cf.
Lemma 7.2.1), its primary part is given by a(z)y_(z) : .7-";“/2 .7-"1+/2, a=x,X,"y+ (see
Remark 7.1.4 for the notation). The nonzero components of these operators are

FLRF, —Fr@ F, andFreF, —FL & F; .

These are exactly the fusion components (cf. Lemma 6.4). Hence the theorem is proved
in this type.

The type @(z) : .7:1/2 g JT1/2 can be treated in an almost the same manner
as in the preceding type, and hence we omit the proof.
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Next we consider the types ®(z) : .7-"1_/2 ® .7:52 — FF.. The primary parts of the

1/2°
restrictions to (Lgo ® Vi/2,1/2) ® fli/z are given by ¢_(z) : ]:j, — Ff (cf. Lemmas
7.1.2 (2) and 7.2.1). The nonzero components of this operator are

FLeF, —FL o F, adFreF, —F, @ F for F

1/2_“7:_

1/2°
and

FroF, = FL @ F, andFroF, — Fr @ F; for Frg— f1+/2.

These are exactly the fusion components. The primary parts of the restrictions to
(L22®Vi/2,0) ®.7—"1i/2 are given by a(z), a = x, ¥+, X (cf. Lemmas 7.1.2 (2) and 7.2.1).
The nonzero components of these operators are

FLOF;, —Fr® F and Fr @ F, — FL@ F, for F}

1/2_>]:_

1/2
and

]-"g QF, —=Fr®@F, andF, @ f{L — fz ® fJ, for .7-'1_/2 — .7:1+/2.

These are in agreement with the fusion components.

It remains to check the types .7-";;2 ® ]-“SE — ]:SE and .7:1_/2 ® ]-“SE — Fy . For each
of these types, all the components are fusion components. We shall now show that
all the components are nonzero. To see this we use the following explicit forms of the
conformal blocks given by Lemmas 7.1.2 and 7.1.3. For the types ®(z) : .7:1+/2 ®.7:3E —

F, we have ®(]1/2),2) = Id]_-;_u/2 and ®(a[—1/2]y_[—1/2]|1/2),2) = a(z)Y_(z), a =

X, ¥+, X For the types ®(z) : .7-"1_/2@9.7’:3E — Fi, we have ®(¢_[—1/2]|1/2),2) = ¢¥_(2)
and ®(a[—1/2]|1/2),2) = a(2) (a = x, ¥+ and x). These operators are clearly nonzero.
Thus the proof completes. m
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