ICMRCS2014, 045, v1 (final): *Stability of co...

Stability of complete minimal Lagrangian
submanifold and L> harmonic 1-forms

Reiko Miyaoka and Satoshi Ueki

Abstract We show that a non-compact complete stable minimal Lagrangian sub-
manifold L in a Kihler manifold with positive Ricci curvature has no non-trivial L?
harmonic 1-forms, which gives a topological and conformal constraint on L.

1 Introduction

In this paper, all manifolds are complete and oriented. It is well-known that there
exist no compact stable minimal hypersurfaces in a Riemannian manifold with pos-
itive Ricci curvature [14]. In general, stable minimal submanifolds hardly exist in a
positively curved manifold. On the stability of minimal Lagrangian submanifold in
a Kihler manifold, we know:

Fact 1. [5] A compact or compact with boundary minimal Lagrangian submanifold
in a Kdhler manifold with non-positive Ricci curvature is stable.

Fact 2. [9] A compact (Lagrangian-)stable minimal Lagrangian submanifold L in a
Kéihler manifold with positive Ricci curvature satisfies H' (L,R)=0.

Fact 2 suggests that there is a constraint on the topology of compact stable min-
imal Lagrangian submanifolds (Lagragian-stable is weaker than stable). However,
both facts do not mention the complete non-compact case. The purpose of this paper
is to investigate complete non-compact stable minimal Lagrangian submanifolds in
a Kéhler manifold with positive Ricci curvature. We obtain:
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Theorem 1. There exist no non-trivial L* harmonic 1-forms on a non-compact com-
plete stable minimal Lagrangian submanifold in a Kéihler manifold M with positive
Ricci curvature.

By Dodziuk, it is shown:

Fact 3. [2] When there are no non-trivial L> harmonic 1-forms on a complete non-
compact Riemannian manifold N, any codimension one cycle of N disconnects N.

Using this in the surface case, we obtain:

Theorem 2. Let L be a complete stable minimal Lagrangian surface in a Kdhler
manifold (M, g) with positive Ricci curvature. Then L is conformally S*\ {s points} \
{l disks}, where one of the following occurs:

(1) L is conformally S* (s =1 =0).

(2) L is conformally C (s = 1, | = 0), and there is no b > 0 such that Ric > bg.

(3)s>3andl =0.

(4)s>1andl=1.

Remark. We conjecture that the cases (3) and (4) do not occur.

Example: (1) Castro and Urbano [1] show that the diagonal S%in 0 (C) = $2 % §2
is the unique stable minimal Lagrangian surface in Q»(C).

(2) Consider a complete positive metric on C (e.g., the induced metric on the
paraboloid in R?) and take M = C x C, so that M is a Kihler manifold with positive
Ricci curvature. Then the diagonal set /\j; is a complex submanifold, and hence
volume minimizing by Wirtinger’s inequality. Changing the complex and symplec-
tic structure J and @ in the second term by —J and —m, we see that /Ay is a minimal
Lagrangian submanifold which has the same volume as before, and hence is stable.

(3) In M = CP! x C with natural metric (Ric > 0), the standerd embedding of S x R
is a totally geodesic Lagrangian surface with two parabolic ends. This is intuitively
unstable, since S! could be shortened.

Here we remark that a non-compact complete Riemann surface N is classified
in two ways; geometrically and function theoretically. In the former sense, if the
universal covering of N is C, we say N is parabolic, and if the universal covering is
a complex disk D, we say N is hyperbolic.

On the other hand, any dimensional non-compact complete Riemannian manifold
N is called parabolic if any non-positive subharmonic function on N is constant, and
nonparabolic (or hyperbolic) otherwise.

We call an unbounded component & of the complement of a sufficiently large
compact subset of N an “end”. Then & is called parabolic if there exists a parabolic
manifold of whose only end is &. Otherwise, & is called nonparabolic.

Theorem 1 is inspired by the following fact and is proved in [15]:

Fact 4. [10], [7] Let M be a Riemannian manifold with non-negative sectional
curvature and N be a complete non-compact stable minimal hypersurface in M.
Then there exist no non-trivial L* harmonic 1 -forms on N. When dimM = 3, the
curvature condition is weakened to non-negative scalar curvature.
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Using this, the first author [7] gives a partial proof to the results of Fischer-
Colbrie and Scheon [3] to the effect that a complete orientable stable minimal sur-
face in a Riemannian manifold M with non-negative scalar curvature are topologi-
cally §2, T2, C or C\ {0}. Each case is realized in certain M.

The unique compact stable minimal submanifolds in CP" are complex subman-
ifolds [4]. Thus minimal Lagrangian submanifolds in CP" are never stable, and the
stability in this space should be argued in a weak sense, namely, the Hamiltonian
stability (H-stability, for short), see [9]. The standard embeddings of 7" and RP" in
CP" are H-stable [9]. For more results, see [8]. Concerning this, B. Palmer shows:

Fact 5. (1) [11] (§3) The Gauss image in Q2(C) of a minimal surface in S° is
minimal Lagrangian, and the only H-stable one is S* if L is compact.

(2) [12] If a non-compact complete minimal Lagrangian surface in a Kdihler
manifold (M, g) with Ric > bg, b > 0, is H-stable, then the number of nonparabolic
ends is less than two.

Then Palmer conjectures:

Conjecture. [12] A non-compact complete minimal Lagrangian surface in a Kéhler
manifold (M, g) with Ric > bg for some b > 0 is not H-stable.

In this paper, we investigate the classical stability, and will discuss the H-stability
in a separate paper.

2 Proof of Theorem 1

Let M be a real 2n-dimensional Kéhler manifold, and L be a minimal Lagrangian
submanifold of M. We denote the Kihler form, the complex structure and the Kéhler
metric on M by @, J and (, ), respectively. We denote the connection, the curvature
tensor and the Ricci tensor of M by V, R and Ric respectively. We denote those of L
without bar and the normal connection on L by V. We adopt A = d8 + 8d as the
definition of the Laplacian on L.

There is a natural correspondence between A'(L) and I'(T+L) as follows: For
a € A'(L), there exists & € I'(TL) such that o(X) = @(&,X), X € TL, and for
& € I'(T+L), there exists ag € A'(L) such that ag (X) = 0(§,X). Note that ||ag || =
I€ || holds.

We consider a deformation {1, } of L, namely a smooth family of immersions
which satisfies 1) = 1:

yu:L—>M,re(—¢€,¢).

In the following, we assume that the support of the deformation {1, } is compact and

that the variation vector field i

dt
is normal to L. Let <4 (t) := Vol(1(L)). Then L is said to be minimal if the first
variation <% (0) = (d/dt)|;~0<# (t) vanishes for any compactly supported normal

Vii=—1
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deformation {1} of L. A minimal submanifold L is said to be stable minimal if the
second variation 7/ (0) = (d?/dt*)|,—o<% (t) is non-negative for any compactly
supported normal deformation.

Fact 6. [9]. Let M be a Kihler manifold and L be a minimal Lagrangian submanifold
in M. Then the second variation formula of L w.r.t. a compactly supported normal
variation 'V is given by

A(0) = /L{<Aav,ocv> _Ric(v,v)}.

When L is compact, Fact 1 and 2 immediately follows from this second variation
formula and the Hodge theory.

When L is non-compact, we need the following fact on L> harmonic 1-forms.

Fact 7. [13] Let a be an L? form on a Riemannian manifold L. Then o is harmonic,
i.e., Aoe =0, ifand only ifda = 0 and Soc = 0.

Moreover, in order to obtain a variation vector field with compact support, we
need a cut-off function. For any r > 0, we choose a function f = f, : L — [0, 1] with
the following properties:

(1) f is continuous on L and smooth almost everywhere on L,

(2) f=1o0nB,), f=0outside By,

3 ldfIP < .
where B, is a geodesic ball with radius r in L centered at a fixed point p € L, and c is

a constant independent of r. Such function is easily obtained by using the distance
function.

Proof of Theorem 1: Let & be an L2 harmonic 1-form on L, namely a smooth har-
monic 1-form with
JACTRS
L

We show that oe must be trivial. We use & such that oo = @ (&, ), the cut-off function
f» and a variation vector field V = f€ with compact support. Putting oty = @(V, ) =
o(f&, ) = fa, we obtain from Fact 6

A0) = [ ((Boy.av) ~Rie(v.v))
= | {{(dé+6d)(fa), fa) —Ric(V,V)}
ZZﬂMUUM2+®UW»2—EaKVH
since f has a compact support. For the first term, we have

ld(fa)|*> =
since da = 0 holds by Fact 7. On the other hand, we have

df Aall* =ldf]]*| o] — (df, a)
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(6(fa)) = —=dx(fa)
=—x(df A\xa)— fxd*xQ
:_<dfaa>

since 6 & = 0 holds by Fact 7. Combining these, we obtain
4/ (0) =/{Ild(fa)\lz+(5(f06))2—RTC(V,V)}
= L{||df||2||§H2—fzﬁ(é,é)]n

By the properties of the cut-off function f and the stability of L, we have
c 5
00 <5 [IEP- [ R,
r L Br/2

Letting » — oo, we obtain

og—AE&@@

since & is L. Thus & = 0, namely, = 0 follows. O

3 Surface case

Proof of Theorem 2: When L is a surface, L cannot have positive genus by Theorem
1 and Fact 3. Hence L is conformally $2\ {s points}\ {/ disks}. By Example (1) and
(2), L= §? and C can be stable minimal Lagrangian in certain M.

(2) When L = C, we have a harmonic 1-form o = dx, where z = x+iy is a
complex coordinate of C. Applying the cut-off function f as before to £ such that
o = (&, ), and using that the Dirichlet integral is a conformal invariant, we obtain

c
o< A< Nl
r\Br/2

If Ric > bg, b > 0, the last term tends to —b / |€]|%, which diverges since there are
L

3mr?

RE(.8) = 5T [ RRES)

r

no L? harmonic 1-form on L = C. Thus Ric cannot be uniformly positive.
(3) When the universal covering of L is C, L is either C or C\ {0}. We show the
latter is not stable. In fact, consider the holomorphic function

1 Z

)= —=
P2) =~ EE
on L. Then X y
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is a harmonic 1-form on L. Since the L*> norm depends only on the conformal struc-
ture, we obtain

r 2n
lell3 = lim/ / || et||>rdrd® = 4 lim log .
r—=ee J1/rJ0 r—soo

The metric on L can be written as ds*> = yt(p)|dz|> where z is the complex parameter.
Let f be the cut-off function as before w.r.t. the geodesic ball Bg around a point other
than the origin, where we use the flat metric. Hence R = r — a for some constant a.
Since the Dirichlet integral depends only on the conformal structure, putting V =
FE, a=w(&,) as before, we obtain

4rc
4(0) < —1 f/
V( )— R2 ogr Br

Ric(&,&).
/2

The ﬁrist term on the right hand side tends to 0 as R — oo, and the second term tends
to [; Ric(&,&). Therefore, L = C\ {0} cannot be stable.

(4) When the universal covering of L is the disk, either L 22 52\ {s points} where
s > 3, or L has at least one nonparabolic end (/ > 1). Since D has many L? harmonic
1-forms, L = ID does not occur. Thus L has more than one ends.

When L has at least two nonparabolic ends (I > 2), Li-Tam prove that there ex-
ists a non-constant bounded harmonic function / with finite Dirichlet integral ([6],
Theorem 2.1). Thus a = dh is an L2 harmonic 1-form on L, and L cannot be stable
by Theorem 1. O
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