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Introduction

Let f : U — R? be a smooth map from the domain U c R? We
call f a front if there exists a unit vector field v along f such that
L:=(f,v): U — T1R? is a Legendrian immersion, where T1R? is the unit
tangent bundle of R? equipped with the canonical contact structure. For a
front f, the function A : U — R defined as \(u, v) := det( fy, fu,v)(u,v),
where f, = 0f/0u, f, = 0f/0v is called the signed area density. A point
p € U is called a singular point of f if f is not an immersion at p. Let
S(f) be the set of singular points of f. A singular point p € S(f) is called
non-degenerate if dA(p) # 0 holds. If p is non-degenerate, then there exists
a vector field 7 satisfying df (n) = 0 on S(f) called the null vector field. A
cuspidal edge is a map germ A-equivalent to (u, v) — (u, v?,v3) at 0, where
two smooth map germs f and g : (R?,0) — (R>,0) are A-equivalent if
there exist a diffeomorphism S : (R?,0) — (R?,0) on the source and a
diffeomorphism 7' : (R>,0) — (R, 0) on the target such that To f = go S
holds.

FIGURE 1: Cuspidal edge (left) and Swallowtail (right)

Theorem 1 ([KRSUY]). Let the origin be a singular point of a front
f:U— R’

(1) f has a cuspidal edge at the origin if and only if dX(n) # 0 at 0. In
particular, at a cuspidal edge, the null direction and the singular direc-
tion are transversal.

(2) f has a swallowtail at the origin if and only if the conditions
d\0) #£ 0, nA\(0) =0 and mA(0) # 0 are satisfied.

Cuspidal edges

Let f = (f1, fa, f3) : U = R be a cuspidal edge and v = (vq, 15, v3) a unit
normal vector field of f. Then, by using only coordinate transformations on
the source and isometries on the target, we obtain the following normal form
for cuspidal edges (for details, see |MS]).

Proposition 1 ([MS]). Let f : (U;u,v) — R> be a cuspidal edge. Using
only coordinate transformations on the source and isometries on the
target, f can be written as
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where
h(u,v) = (0, u*hy(u), u*ho(u) + u*v’hg(u) + uv hy(u) + v hs(u, v)),

with h;(uw) (1 <1 <4), hs(u,v) smooth functions.

We call this parametrization the normal form of cuspidal edges.
For later computations, we take a special coordinate system called adapted
coordinate system.

Definition 1. A coordinate system (U; u, v) is called adapted if it satisfies
1) the u-axis is the singular curve,

2) 0y gives a null vector field on the u-axis, and

3) there are no singular points other than the u-axis.

Using an adapted coordinate system, we can define the unit normal vector
field along f as v := fy X fu/|fu X fo|, where f, = fy/v and X means the
vector product.

Remark 1. Let (u,v) be an adapted coordinate system on U. Since Ay, # 0,
the pair { fy, fu, v} is linearly independent and f,, = f holds on {v = 0}.

We define the coefficients of first and second fundamental forms forcuspidal
edges as follows.
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where (,) denotes the inner product in R3. Using (2), we have the following
lemma.

Lemma 1. The differentials vy, and v, can be written as
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This lemma corresponds to the Weingarten formula for regular surfaces.
Next we define the principal curvature for cuspidal edge. Let f : U — R? be
a cuspidal edge, and let (U;u,v) be an adapted coordinate system. Under
these conditions, we define two functions
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on U ,where

A= EN —20FM +vGL,

B = \J(EN = 20PN +vGL)2 - 40(EG — F2)(LN — vl12).

In this case, we have the following.

Proposition 2. Under the above conditions, if N is positive (resp. neg-
ative), then Ko as in (6) converges i.e., it can be extended as a function
near a cuspidal edge (resp. diverges) and k1 as in (5) diverges (resp.
converges) on S(f).

By the construction, if N is positive (resp. negative), &9 (resp. &) can be
regarded as the principal curvature of the cuspidal edge. Let us assume that
N is positive, that is, we consider &9 in the following. And we have the prin-
cipal direction © with respect to k9 as follows: v = (N — kovG, —M +RoF ).
Using the principal curvature k9 and the principal direction v, we define the
notion of ridge points for cuspidal edges.

Definition 2. The point f(p) is called a ridge point for f relative to
v if DR9(p) = 0, where vRy is the directional derivative of K9 in v.
Moreover, f(p) is called a k-th order ridge point for f relative to o if
2 ™Es(p) = 0 (1 < m < k) and 9% FtD&(p) # 0, where ™&5 is the
directional derivative of kKo with respect to v applied m times .

Using this notation, we have the following lemma:

Lemma 2. Let f : U — R be the normal form (1) of a cuspidal edge,
ko the principal curvature and v the principal direction corresponding
to ko. Then the origin is a first order ridge point if and only if the
following conditions hold:

A3y + bagbfiz = 0 (7)
and

b%obéi + bog (45%2 ;— 65205(2)3)2 ; \ (8)

Parallel surfaces of cuspidal edges

We consider parallel surfaces of cuspidal edges. Let f : U — R? be cuspidal
edges and v be a unit normal vector of f. Then parallel surface f; : U — R?
of f is given by

fe=1[+1v,
where t € R is a constant. Here we can take v as the unit normal of f;.
The signed area density for f; is

)\t<u7 U) — det((ft)m (ft)va V)(”? U). (9)

Since S(ft) = { A+ = 0}, to consider the singularity at p € U, it is sufficient
to take ¢t which satisfies A\¢(p) = 0. If f is a normal form (1) of a cuspidal
edge, then A\t (0) = —bgst(1 — bogt)/2. Hence we have t = 0,1/byy. We
assume bog = R9(0) £ 0. The case of t = 0 is the initial surface, so we set
t =1ty =1/Rr2(0)(= 1/boy) and consider the condition that f;, at the origin
is a swallowtail.

To apply Theorem 1, we consider the null vector field. We set the vector
field n¢, = l1(u,v)0y + lo(u,v)0y, where l;(u,v) (¢ = 1,2) are smooth
functions. By direct computation, 7, can be written as
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By (10) and Theorem 1, we obtain the following;:

Lemma 3. Let f : U — R be a cuspidal edge as given in (1) and Tt
the parallel surface of f. Then fi, is a swallowtail at the origin if and
only if the coefficients of the normal form satisfy

bag — agpbio #£ 0 or 4b%2 + agobgg =0, (11)
4b7y + b3obgg = 0, (12)

and
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Combining Lemmas 2 and 3, we have the relationship between the geomet-
ric properties of cuspidal edges and the singularities which appear in parallel
surfaces.

Theorem 2. Let f : U — R> be a cuspidal edge. Then the parallel
surface fy, of f, where tg = 1/R2(0), has a swallowtail at the origin if
and only if the origin is a non-degenerate singular point of ft, and a
first order ridge point of the initial surface f.

Example 1.Let f : U — R? be a cuspidal edge given as f(u,v) =
(u,u?/2 4+ u3/3 + v*/2,u? + v3/3). The coefficients of f satisfy the condi-
tions of Lemmas 2 and 3. The unit normal vector of f is

2

1
v = g(—Qu + uv + uv, —v, 1),

where 0 = \/1 + 02 4 (—2u 4+ uv + u?v)?. Since by = 2, we take the par-
allel surface fy, as fy, = f + v /2. We can see a swallowtail singularity.

FIGURE 2: Initial cuspidal edge (left) and parallel surface (right).

Example 2.Let f : U — R be a cuspidal edge defined by f (u,v) =
(u,u?/2 +u’/3 +v?/2,u%/2 + 4u? /3 — uv? + v?/3). In this case, by = 1
and the coeflicients of f also satisfy the conditions in Lemmas 2 and 3. The
unit normal vector of f is

1
v = <(=ull +2u(3 +u)) + u(l + uv + v, 2u — v, 1),

where § = /14 (=2u+v)? + (—u(l + 2u(3 + u)) + u(l + u)v + v2)2.
The parallel surface fy, of f is given as f, = f + v.

FIGURE 3: The left-hand side i1s f and the right-hand side 1s f¢,.

References

IAGV] V. I. Arnol’d, S. M. Gusein-Zade, and A. N. Varchenko, Singular-
ities of differentiable maps, Vol.1, Monographs in Mathematics 82,
Birkhauser, Boston, 1985.

'FH] T. Fukui, and M. Hasegawa, Singularities of parallel surfaces, Tohoku
Math. J. 64 (2012), 387 408.

[KRSUY| M. Kokubu, W. Rossman, K. Saji, M. Umehara, and K. Yamada,
Singularities of flat fronts in hyperbolic space, Pacific J. Math. 221
(2005), 303-351.

IMS] L. F. Martins, and K. Saji, Geometric invariants of cuspidal edges,
preprint, 2013.

IMSUY] L. F. Martins, K. Saji, M. Umechara, and K. Yamada, Behavior

of Gaussian curvature around non-degenerate singular points on wave
fronts, preprint, 2013.

'P] 1. R. Porteous, Geometric differentiation - for the Intelligence of
Curves and Surfaces 2nd edition, Cambridge University Press, 2001.

SUY| K. Saji, M. Umehara, and K. Yamada, The geometry of fronts, Ann.
of Math. 169 (2009), 491-529.




