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HWE (BULIFZED -1 FOMMTY ho¥—) R8bhd Z & E2FHHL 2.

1.1 BEEAS%HD ¢ ODZELH

=0 >0 ¢=1,9%. 1EOMIATTRE i PR ¢ THOLNDIRNEZEZZ
2.0=(q,...,¢) EBEAPFLITRZ LTS, TDLDRRT%E n AFRVIRL L
X OREE G BEUAZEEE kb LES (k ISHEREBTHD). DL SRRE i BWEU-EE
ki/n (ZNERBBRAFEIERNILIZTD) M n =00 TEDXIIRDES DEHFHNRELS.

N, A 20 (BATOTEEW) % n (5o XD i OHMHAEEDNTE (]
BRI n — oo TEDEDITHRDEED M PARNSMELZ L E>TLW.

KBOEHNZE ST n— 00 Thi/n—q LBR2W, BTHRMANSHREZEZ VDT
FEMD TN SBEN DDA L UTHDLNBHERNED L D IZHET 225
D7z, BEoEI TR SR 2 EZ 25 2 2125 > T Boltzmann K FBEOND Z L %
AT 5.

T E I S RHEMDE g = (qu, ..., q) ZAERIZEE U, RO (ki/n, ... k. /n)
DHERNA B Z, TD n— oo TOMTEFANRD ZLIZRS.

n BEIOMSIEAITTIREE « 2 k; MR ONDHERIT, S,  ki=n DL X

n! k
—kll.“kT!%l"‘er ()

2R D & F 012785 (ZED ).
pi=0,>0 pi=1Y IRETS. n BOMAITTIRE ¢ BRESNAZEE ki/n HNEIE
pi W2 EE REBAOMITIFIE p, ITRDEEDHLIZTS.


https://www.amazon.co.jp/dp/4563024376
https://www.amazon.co.jp/dp/4563024384
http://arxiv.org/abs/1206.2459
https://blogs.princeton.edu/sas/2013/10/10/lecture-3-sanovs-theorem/
http://projecteuclid.org/euclid.aop/1176994830

1.2. VTN HP A X2 RKREL UL EOLIEN AR O EH 5

1.2 BTN HYAXBKRKEIL LIZEZTDZELHOEHIEE)

n— oo D& IR AHENIEIE p; ITRDMEENED LS ITIRDES &R 72\, £ 2
Tn—o0ooDEX L 72BN

h:nm+0&gm:m@<l+0<byQ) (%)

n

72U TC0D EREL, EOMER (x) RED LS ITRDZFES &AL D . ZOHRED
£ & T log(ki/n) =logp; + O((logn)/n) MEILT D Z L IZHEREE L2
Stirling DR E >0 ki=n &V

logn! =nlogn —n+ O(logn) = Zklogn—Zk + O(logn),
log k;! = k;log k; — k; + O(log k;) = k;log k; — k; + O(logn),
logqf" = k;logq;.

IND % EOMER (x) OFBITRAT DL b OBIEF ¥ VLT 5B, X 5IT (++) A
FHLEIBENG:
|

n.
l%(ﬂrﬁﬁﬁ““#)—nij @%__mwo+ow%m

==—n§:pxbgm-—bg%)+CNbgn)
=1

= —anZ log q_ + O(logn).

i=1

FRRD R % K4 RKFEEE AW ZER LV RVOFHETETTLE I L ETES (55 1.7H).

1.3 Kullback-Leibler [ k& HX T hOE—DES
F12 ik RIX

D(pllq) = Z}M%—
EBELEMRODESIZEZIEINS:
n! ke k
log | ————=&" - ¢, ) = —nD(pllg) + O(logn).
kK
FEISRRERAG |y /n PNEIE p, 1272 B HEROREE Bk LT\ 3 2 L ICEEE &, D(llg)

% Kullback-Leibler [§RE (7N 7 - 51 75 —{F#&E) U <& Kullback-Leibler
divergence & .53, Kullback-Leibler f§¥R&D —1 £%

S(pllg) = —D(pllq) = EJM%—

2Taylor J&RH log(1 4+ x) =2 — 2%/2+ 23/3 — 2% /4 + - - JZ ‘).
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EEFSIYMOE—LMERZEIZTS. MDY PO —IIAEWNIZ n PREIRELE XD
[REEMI DD ¢; DL SRERDAVIEIE p; EBRDHELRORNEDO n 5D 1) THD.
K% BL D BT DA RIFIRODE Y

(n [E DI FRIT TRER 24 MNIRIE py 128D HER) = exp(—nD(p||q) + O(logn)).

ELUE D(pllg) >0 B5IE n 2 +2IZKRELFTUEX Ologn) DIHIE nD(p||lq) DIE & I
BUTHHTEDREIZRDDT, ZOMRIX exp(—nD(pllq)) DEBATIFIFIRE>T VD
EFEZTEW.

1.4 Kullback-Leibler [ RE D EAME

Kullback-Leibler 1§58 & D(p|lq) = >_i_, pilog(pi/q;) \FBE f(x) = zloga ZHWT,
D(pllg) = > f(pi/ai)ai €RDOINZDDT, D(pllg) D p = (p1,...,pr) DEEELT
DOMEZFNRD ZOIITHE f(z) = vlogr OMEEZFANNIEE . f/(2) = logz + 1,
f"(x) =1/2 >0 ZDOTEE f(z) IZFFITEZNTHD. DRITEE f(r) 1ZTDOEFDK
BTTINOMHIZAOND. FIZ f(o)Z f()+f(D)x—-1)=2—-1(FF50OHLL =1

). W 2T
D(pllg) = Zf(’%) (%—1>qi=0,
=1 t

LEE5ORNE p=q (i=1,...,r) LFME.

I 5T flx) WRITRFBMTHADZ L&D, D(pllg) ® p DEHEE UTFIZHEZ N THD
ZEEbnd.

Z® & 512 Kullback-Leibler fEHE DX 0 LEIZZARY | F/IME 0 DEBRT D & L4

ffp; WREEFDA ¢ CHFEUKRDZEIFFAMETHD. WA, 94 py PWREEMDAA ¢
WHELLSRWEE Dpllg) >0 £B82DT, RERSAAPIFIE p; IZRDHERIEn — 00 T
n A DWW THREEREAIIZ 0 IR S, L7235 T, n — oo TRERDAE ki /n (ZRHEER 2
g \af <. ZRIEKREBDER O % ZR L TW 3

Kullback-Leibler {&¥R IS REEM 246 ¢; DE L THAE p; PR A & L TENEITHER
FHNZEB U » 2RO U TS, B2 5MMNERT DMERDIIE n — oo T Kullback-
Leibler fE8REDZD —n EFOFRBERED & 5 1ZHRDHES . D 212 Kullback-Leibler 1H# &
MIEADD L TEE S TOIUE, Kullback-Leibler [EHR &Y & V) K & 72 5 D441 IEAHR Y
C:Cié:/véfibiib\tb\5 ZEEDLND. DRI, HERMEIRUTHM p; WEL D5ME
N EHER%ZE 2 255020%, R U 72540 & T Kullback-Leibler & & AR/ &2 2 43
A REER S A 1 (xﬁiﬁe’?ﬁﬁ‘f@ RT) Ef < 28285 (REMERBOER, &G
EHBREIR). Z DLl % &/ Kullback-Leibler [E3REDREE L IR, n RIEFIZKE A
& X, HIRMDE & TREIZET I NS 2mIFHR U 725D £ & T Kullback-Leibler
EHREPRNDDRIZED.

XY 1 ¥ —I& Kullback-Leibler [§f& D —1 572 572D T, 45 X THAE p; B
BERIZEU MR 2 ZZDGEIZITHRU LML L THEZ Y boE—»2 &Kk KIZA
B AR A DNEA K 281285, TOF VWA ZRAER T Y hOE—DRE LW
N MRKEREE, HEIFMDOE & TREWNZEBIND DEITHEL 25408 & TH
WLy NOE—=DNHRKIZRDEDBHHETHD.
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. FHOEEAD7ZDIZEM B PAL LTS & I A WHEIZIZLTW5 &
WETD. 2O X 5t ADELTERM B WEILT DR (M SHER) 1%, &4t B
DAL T DR % 5 A DHERTESZEDEEHEIND. ZD & D IZEMA SHERIE
WEDOETERIND. 0L, HEREDOBEMN n — 00 TEDIDIIRDES NEMATE
L, R SHELENE DL D IIRDES DD S. LOHERTIIIDEZ fizldior:.

1.5 ZIHZWDIFEDEE

r=2q=qq=1—qO A4 &T] (HEUIX [THHET] )DGE2FEAL.
LA CZEMMBIE ZIHMMEIZ RS, ZDE X, pp=p,pp=1—p £EL &, Kullback-Leibler
HWREIFIKD LD ITRDINS:

1 —
D(pllq) :plogg +(1—p)log 5 _p-

L p=q THRAME 0 122D, p ¥ g MO EENNITEEN D IF L K I < A5, Kullback-
Leibler & (30 DR B ECHI 2 ROTELDT g N5 p 1 ERERIIZAE
CH<ZD. LMY p BRERIIZAEL SHERIE n — oo Texp(—nD(pllg) + O(logn)) &
WROEES. WAL, HEBD p @EUE)EE?%:H:F‘@"% &, D(pllq) WHMNBIZKEZ p
B U B MEHRITn — oo THORKTHIINZ 0 138N <. BAE2 i E X /2 ETROBEIZ
DPVWTHERELD.

B n FIEFICRIVERET D, n HOIA VEITORRRBHEED o LAEIZ
B2/l 9D ZOLIROEGIEEDEREIIRDILES DN

KDALY, n— co TEDOEGIF ¢ 1IDEMNL. WAIZ0Za<qg DX, BOEEG
MallETHDENDEMIEN = 00 THIZEBTDZ LIRS, 206, 05a<qg D
L X, ROEEN a UEDLGEIZHIRLTH, n BRI ITNIEERDOEEIXIFZIF ¢ IZFLL
BOTWNWDHEEZLND.

F'EJE_ Tg<al1DEETHD. TDLE n BRI BNER D] i}: KDEIEH a LA

WD HERIE 0 1EMN <. EORE i%@fUAb‘ a DA EIZZRDGEICHIBRU - & S
ﬁ@iJAVﬁ FIE p TR DHER (M ESHER)BED XD ITRDFED 73))9111\5 MIEIZR 5.

ZDEEIZIE ETHA U 72 Kullback-Leibler [HHREMLIZND. p=a LD FMDE &
TD D(p||q) DE/MEIX p=a TEEINDS. DRITFHEA S KREDEA LD, n — 0o
TREDAIE p=a ITEMNL. g<a 1 DE X, ROEEMN a LEDGEIZHIET 2 &,
n MRITNIERDEGITIZIX 0 ITEFELLSBR>TWDEEEZLND.

MUEDKERNOSUTORARNHEILL TSI E LN D:

-D =0 (0£aZ<
lim — log Z ( ) (1—¢g)" — ir;fD(qu) = { (allg) Ozas
noee pza —D(allg) (g<as

k/nza
NBEMEDODBRNVIERTZIORAREEZESI T L,
S} =exp (<nit Dlplla) + o) ).
k/nza k pza

FBIERDEED a PAEIZRDHERTHD. n— oo DL ZHERITIE D(p|lg) 2E/MIZ%
BT B S NNTHS.
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1.6 max-plus fNEANDRR N Laplace D% & DR
EE 1 0o D a,b 1T L THE
(a,b) — max{a, b}, (a,b) —a+b

% 2725 D (LB (semiring), R (semifield) & FEIEN TV 2) & max-plus 21 & IS,
(max-plus UL BBERE X tropical mathematics X & IEE M %R D BER EIT&
B4 EER R THD. RITNRERVPEHICTES “REC DI & THDN, FAE
EHIERIZEHICTE S5 BIXEHICTERN R D2 L THD. 5IBIPEHMHICT
IR TCERRODH D2 H AT ZIEND )

KRHEUZIE, max 1& 0 LEDOFEBHDO LB U TEY, + IFHBEICHISE L THNT, —oo
WWRBEDRAIE 0 IS L TWS. TOXISIE log ZH> THifRZHS Z 2 IZL>TEH X
bN5. TRDLEL, IRDRAANKILL TV D:

1 1
lim — log(e™ + ™) = max{a, b}, lim — log(e™e™) = a + b.
n—oo N, n—o0o N

BEIZEHHETHD. HiEOARIFKDEIDIZUTHEENDOLND. a 2 b EINETD L,
b—a<0 LRZDT, -0 FHEFIZARY,

%log(e‘m + ") = %log (e (14 ")) =a+ % log (L+¢e") 5 a (n— o)

8%, INTHHEDRXNERI NI,
O —ITIRDIENL L TV B

1 T
lim — logZexp(nai + O(logn)) = max{ay,...,a,}.

n—oo N
i=1

ZD & DT exp(na; + O(logn)) D& DIk S BEOFDNED 1/n 5 TlEn — oo D
L ERKRD a; DIIDAPHNTHD . NEEFEDRNTOARNEHEE T &,

Z exp(na; + O(logn)) = exp(nmax{ay,...,a.} +o(n)) (n — 00).

=1

ZIEFEST DA D Laplace D HIEDFLTH D & AR IND.
B DOGEITIROEY . BEYRHEEDE & TIRMEILL TV

/aﬁ exp (—nf(x) + O(log n)> dz = exp (—n inf f(z) + o(n)> (n — o0).

asz=p
flx) Ma<z=zy<pf TENER/MEZES, f(z) >0 R 51,

21
nf"(xo)

2D & D RHHEEEOFE DM 51X Laplace D AR L IEIENT WS,

B
/ e @ g(x) de = e ™ (@) g(z) (14 0(1)) (n — 00).
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1.7 EOREEHEICLDIERLANIVOSTECKLIEREAHTAE

ST n— 0o TOWREET % LI FD & 512 LT, KA RBIEE (- 72 EHEE -
PO HIECHRD Z L ETE D,
G20, =12U, FEOER ab &Y b=akBELTVBEL,

4_@_Nbi
pz_a_N@
b, ZDLkx
1 (Na) Nb Nb
li | .. T = ; 1 —.
N5 Na Og((zvbl) C(Noi Zp o8 ()

IHOEDIFHEN T Y h B ¥ — (Kullback-Leibler [H#HED —1 £5) THS. $40H

. (Na)! Nbi . Nb [ 1
leéo<uvb1> T ) " /e g

XARMIETINZIHHL TAL D DX (%) ZREELND. N 500 DL &

1 (Na)! Nby Nb,
N—log((Nbl) (Nb )‘Ch qrb)

r Nb;
(Zlogk ZZlongrZNb long>

i=1 k=1

r Nb;
= = (;logN—a—ZZIOg—JrZNb logql>

=1 k=1
S DSUSD ST ISR ST
Na Na “—= Na Na “
k=1 i=1 k=1 i=1
1 r Di r
—>/ logxdm—Z/ log:xdx+2pilogqi
0 i=1 V0 i=1

= [wlogaw — ]t — ) [rlogz —aly + Y pilogg = szlog—

=1 =1

2 OHDOESTHIMOAMIZ Na log(Na) —> 0 _ Nbjlog(Na) =0 AU/ T L-
TRAKRMEZEHTEDRICELTE /.
PLEDFEFIFIRAELT D L 2 ER LTS N 500 DEFE

(Na [FDRAT TRERD AT pi = bi/a (273 5 k) (Na)

(p1/q )Pt -+ (pr/qr)Pr

2 FHMZTREOZEADIS Boltzmann BAFA

SAAT E KB DER] (B Kullback-Leibler & O FH, H ATy hOo ¥ —0DF
) 75 Boltzmann KF TRl SN DHEAHRIIEOND Z L 2 G L 20,
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2.1 MBEDETE

BHERADAED g = (q1, ..., ) ODBTNEOBRE RS,
n EORSTERIFI £ 5 TEZ D i (ZOVTREE § AVEU-E18 b /n BIEIE p, 125 L
LE RBRAGIEE p = (... p) KWEURBEED ZLIZT 3. TOMRIZONT

(n [EITRERD A DNEIE p 1285 1#EHR) = exp(—nD(pl|q) + O(logn)) (n — o)

WAL L TWBDDTH - /-,
IROREEEZ%: 246 p=(p1,...,p,) T s HDOZM

qu,ipi%(:l/ (V:1727"'7S) (*)
=1

ERT. 22U, RO MVS (L1, 1), (oo for) (0= 1,000 8) & —IRARSE
THBDERELTEL. BEAMNZOFRMZ R4 54 p (TIFIFFELWEEITHIR U
b & RO OMERD L n— oo TEDXDIZHRDEED H?

e ZIE KRB DRI F—0 E; DBEIC

i Eip; = U
i=1

YOS RME (TADE TRV E—ORBRITHENIEIE U ICE L A>TV 20D &
) REUZE X BRGNS n— 0o TEDES IR S 17
Pl R, A A0REST i OEMMED, et B RV HEHAE L X,

zr: Eip; = U
i=1

EVDEME (TRDB 1D 72D OBRORBEIMENIZIE U R HZFELUL A>T
5L VIEME) BIRLZE T BRERADAEN n— oo TED XD ITHRDFEDS 77
LED2ODHITIE s=1Ths. BEROZHEZHET X s>1 & 4H5.

2.2 Boltzmann FFDEH

Sl (x) DB & TORBD A DG SHRIE n — 0o T, &k Y, pi = 1 254
(*) ®% & T Kullback-Leibler & D(p|lq) = >.7_, pilog(pi/qi) M E/MEIZR D 54
p=(p1,...,p,) EFTLILIIHD.

T DA E E/MERTE % #f < 72012 Lagrange O REFBILE M5 5. (Kullback-
Leibler f#IAS p 120V T FICRFENARMCTH /22 L 2 HVHE D) ZDLDI

L=> p IOg% +(A—1) (Zpi - 1> +> B (Z foipi — @)
i=1 ’ i=1 v=1 i=1
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EBEL. ZITA-1, B WRERKRTHD. REFEYL p, T L 2O LRI T
RTOIWEHRD WD HRER

r

_:Zpi—l, (1>

3@, ;fuzpz_ v (V:L"'as)a (2)
oL .
0=, =ls +A+Zﬁyfm (i=1,....7) (3)

ERFIEEC. (3) &V,
—exp< A — Zﬂufuz) qi
IhE (1) ITRATD L,

1 .
= Z Zy 16Ufu1 P = Ee Zyzl 6Vfu,1qi (4)

EBRBIENONSE. D Z ZUJ\EE BEIREND., ZDES1p & Z =6 1F
B, ZHODHEIZZ>T WD, B, 2HIE (4) % (2) ITRATEZLICE>THREIND.
exp (= >.°_, Bf,:) % Boltzmann ﬁ_?r?_’.ﬂj}«sm. (29 %. Boltzmann K713 BEEEM 737

ST E ORI pr MENLZTRZDEZNZFTLARL TS, ZOEDIZLTRDS
NG p, B Hh ) ZHADFREIRERZ LIZT 5.

FM (%) DR U TW B G EITHIR U 72358 ORI 61X, n — oo TUALETKRD 7243
fp=(p1,...,p) \EN S (REAESKEDOER L D). n BDERZSITRBRDAITA
ZANVDAADRE LTS L LTEW,

eZEs=1, fii=E,c=U,3=80D,&

1 , . _ alogz
— _6Ez —_ _/BE’L — _BE —_
pi = 26 i, Z = Z e 4i, =7 E Eie =
IN6DARNIE ¢ 72HWEHNTTRTELUWNGEIZIEHE 1F12 851 % Boltzmann [A 1

ZRHWERDMADFBRIZ L TWD

A0 =V T SN T Y= S(pllg) = —D(plle) = — 32, pilog(pi/a)
ODEU@%/‘R%*&)J: 5: log(pz/%) = - E,szl Bufu,i - log Za Z::1 i = 17 2221 fl/,ipi =G
BDT

S(pllg) = Z By, +log Z.

f:tilis:l, fl,i:Ei7 Cle, Blzﬁwt%
S(pllq) = BU +log Z.
BHIRINF—F % F=-3llogZ LEHETD L&,

S(pllg) = B(U = F)
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Z DAL, Boltzmann EEMNE ENTWARWRZRITIE, HEH1FEEZR > TWD AGE
EOTEHRADRNLES 7.

2.3 BoHGHNEREDOFZENSEKREDOIEHRESGEHENEOSNDZ &

REM DA PEREEH (r) THEZAONTWD5GE %%KJ:’) ZDBEIZIE n [
DBTIRIT ORT 5N B RIS A ORERBIEREDIEIT p(x) 1272 3 REEDRED 1/n
fZ2lEn— oo T .

X
S =-D = — 1 d
wlle) = —D(plla) / () log 25 s

IR B2 BND. 5 plr) IR D&%

/fu(x)p(x)dx:cy (rv=1,...,8).

HiT 2 REIZ LT, ZO%MDE 2T D(pllg) % BN 2 HERBERI p(x) & RS
EIRDEDIZBRDZENONE:

1

p(x) = ?e

Z = /6_2151—1 BVfV(I)q(x) dm’

_Qlogz 1 s B (@) _
a5, /fy q(x)dr = c,.
Z D& DB DA R G D % Eim B DB Dk L IFSS. OB DL EIZ
FBERE DERE D TR L IFIEND.

728 ZIEN R ORI HIE TN THBESAHEICEENT VD

- =1 6ufu(:v)q(x)

Y

“HA: 0<0<1D&E —f=logh—log(l—0) &< &, k=0,1,...,nZDVT

—Bk
A\ iy vk € _(n i B 1

Z DEE & R E REDOIEADOBERIZOWTIIN 4.3 £ 2T &

%Iﬁﬁﬁz 91 2 O, «9r > 0, 2;191- =1 T%é el L/, _62 :10g91 _10g9r é:j:_;< C\_'_,
itk =n DEX

— r=1 3.1
_ _”' A st Py ok,
Pk, = Tl k] ro= 7 )
n' 1 1
Aky,....kr = Tl ke | Z = g

SBoltzmann EA 1 (2R B RERATHILETES.



2.3. B ARSI D5E 0 OGO B OAHEIR O ND &

IFFR 5 7:
—(z—p)? /(202 —(1/(202))x%+(n/0?)x
p(z) = e—(@—p)?/(20%) _e (1/(20%) (n/o?) | 7 on?/(20%), o5
V2T A

13

p=0,0=10DEEIIONTIFE 24 HESMUTHRU . IEHDHOHEREEKE p(v)

(ZF p &R 0® ZIREL /2L S, $48DS [ p(r)de =1,

/a:p(:v)dx:,u, /xzp(x)dx:(72—|—u2
R R

YN EMEDE LT, T hOY—

PERKICE S plz) & UTRENIT b,

Gamma 2fi: z >0 I1ZHWNT
fx/rxafl 671/7+(o¢71)logx
— = Z = 7T().

Gamma 7045 DMERE LB p(x) & [pp(z)de =1,

fﬂﬂ@mzq, Aﬂmmm@mz@
LWHRMEDE LTIy bR —
S(p(o) = = | pla)logp(o) do
MERKRIZED p(r) LUTHREM T ONG. LFEFRIRTH 5.

B Betaffh: z>0I1ZBVT
1 o1 e(afl)long(a+ﬁ) log(1+x)

B(a, B) (1 + z)ot? 7 ’

p(z) = = B(w, ).

BHE n Ot 2% 1/y/n TRT—=ILLEED: HHE n O t 246 OHEREREIX

1 $2 (/2 Vnw[(n/2)
p(t)dt = o (1 + 5) dt, =/nB(1/2,n/2) = T(nt1)/2)
ThHo/. plr)de =p(y/nzx)d(/nz), f=Mn+1)/2 £ &
1 1 e—ﬂlog(l-l—mQ)
p<x):§(1+$2)(”+1)/2 = 7 , Z =DB(1/2,n/2).

F—FfEBetaDf: 0<zx<1IiZDOWVWT

—1(1 o x),B—l e(a—l)log:c—l—(ﬁ—l)log(l—x)

pla) = g — = p . 7=Bl.f),
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Poisson 970
e~ \k 67(10g)\)qu e

Ph= "y = 7 ., x=—, L=ce

2.4 RBREERDHDOIHAG

BEUTs=1, filz) = 2% e1 = 1, q(x) = 1 OHAILES BEPEFHFLTHE S &
EIC LRI, n FOMSERT RIS BN 22 ORBRISRHE (22 + - +22)/n
IZDWT

EWVWSEMEERLIZEE n— oo T o ORBRDANE SR ERDDH I LIZFELL.
EDORAZEMD &
R

o8 25

VDZCC B=1/2,Z=2r, plx)=e"12)\2r L85 THDS n— o0 THLND N
(FERVEERAAIZ 2D
ZORERIE R WOEED 2FH n DK EFLET D n— 1 RouEKMH LD —Hk53 16

D 1VIRTTHD BRI NDHEED n — oo TEEEMDMIPELT S Z L 2BRLTVS. §
BOBIRDRADEEILL TS

e—x2/2
li n(dz) = dzx.
i [ ) = [ 0 e
ZIZT VS BEREFLE TSR Vi D n— 1 IRGLERE

=1.

{(:Ul,...,avn)ER"\a:?#—---—{—xi:n}

2EDU, gy EZO LD BRSBTS Y, (o)) O 21 ERE LD (21, .. 00) O
S TH . Z OREIRD AR ITEH D% EMOMRS O CEBITHRT S 55,
BB DN % RAVE, ST IR T B M ORER DR E D & > B2 37~
HCHRITEDNZ LI T X3 LS.

3 ZIESHDIZBED Sanov D EIE

2 A5 45 D6 D Sanov DEHLD 5k % PHHEI A R TEEEIZFEEIH L TE S 2 81295,
Stirling DARI ZHDRNG U WGEHZ NS S, ZOMOIERIZ 71 Z5iH [10] T
MINTWBIEHEARERIZFCEDTH S, TDTOATINIBZ IR DERN I A
H5.

ig(x) =1 BOTIDHAEIT q(z) BHERHEEHEICA LR, UL, BUFOFEORHIZE L.
5&@%%@/—%@Mwmm&mmmmwmﬁm%mﬁ%%@%ﬁﬁ%mfﬁé
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160501StirlingFormula.pdf

3.1. Sanov OEH D LR 15

3.1 Sanov DEEDFIE
HBUES (1,2,....r} EORESSEOEAE P LEL:

P:{p:(plu-.-7pr)€Rr|p17_..,pTZO7 p1—|—-..+p7.:1}.

Plxr—1RTOFBMAKTHD. 22 Er=3 DL E P REZMBIIRD.

WERNA g = (q1,...,q) € P ZERIIN>TREIET D. HREH X\, X,,... 13HEA
{1,2,...,r} M2 FFOMERZBFITH Y, MSITHDA ¢ = (q1, ..., ) IZUZBD T
2METD. q=(q1,....q) 2 BEEADTHE LI

FE AITHUTZOROMEEE #A LE S, M4 AW INDHERE P(A) £E<
ZelZT5. (BTEM ADE L TO B OFMN EHERE P(B|A) &< )

BEADi=1,....riZHLUTX,, ..., X, \IZ&END i OB E; (#1752 HERIE

n!

P(#{k’:1727---771’XkZi}:kiforeachizl,...,r) :qul...qfr
Lk

FUENT RN, ZDEDR (k... k) WSNT D (ky/n, ... k. /n) BIEOESEE P, CP
EELZLIZTS:

k k.
Pn:{ (—1,...,—)’@:0,1,...,71, kl—i—-u—i—kr:n}.

n n

DL X P, ODOMEBIE (n+ 1) UAFIZRD. (#P, < (n+ 1) 2B THHEICHAT
%) Xi,..., X, \IZHIRTD P, DIt P, = (ki/n,--- k. /n) ZREBEDMHELILR. RERS A
P, &P, IZfHZRDMEREBTH .

RO (p, q) € P? DB D(pl|lq) ZIRD LD IZED B:

r

D(pllg) =) _ i log%-

i=1 v

pi X g W0 IZRDEGAITIE 0logd =0, —log0 =00 EWIKHRDE &L TEEZEDHTE
<. D(pllg) % Kullback-Leibler f&#RE % U < I& Kullback-Leibler ¥ 1 /X\—2 T~ R
IS

EIE 3.1 (Sanov). PAEDFEDE & TLARAEZL TWVBE:

(1) A M P OBBHESHRDIE

1
liminf —log P(P, € A) =2 — in£D(p[|q).
pe

n—oo N
(2) A D P OWHESRDIET

1
limsup —log P(P, € A) < — in£D(p||q).
pe

n—oo 1

6liminf, limsup (ZDWTH 8 Ml P AMH 2 FH N TH W /2.
TBA2DPFELOTVBIEEIZIE A FMEEDOUHOEETH> THMERY. LI L, EBRX TOEEIZIE A
BRI EE L CARET D I EAEEIZRD 5 L.
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(3) P DEAHES A OBIMOBAN A 2504 51E

1
lim —log P(P, € A) = —inf D(pl|q).
peEA

n—oo 1

ZDEDITRHBRDMD n — oo TOWHEZEH)IF Kullback-Leibler [H#& D(p||lq) @ inf T

kI ND. N

B 3.2 (ZHAMDEE). r=2¢UL, q1=¢ o=1—¢,pr=p,pp=1—p &B &,

l—p

1—q

I p=qDESIFARME 0 122D, p g MHEEND & ZTNOMEIXRAT 5.
0Sa<bsS1ThHDEL, A= (a,b)=(a 5 b FTORKXM) <. ZDEE

Pren= 3 ([)da-or

p
D@Wﬂzpbga+ﬂ—mﬂ%

a<k/n<b
RDT
. N e ) —DWM)_ (b<q),
fim g 3 (1)ef0 -0yt =~ inf Dlplla) = { ~Dall) =0 (@S g =)

reh/nst ~D(all))  (¢<a)

8%, ZNH Sanov DEMOIEHPZISHOREHRLGETHS. (]
3.2 Sanov D EIEDEIERD #E(F
RO ML T Stirling DARDRD D IZfEbND.
R 3.3. FEDEE k11T T

%2#*
SRR 2k DE X

%:4k+nw+ayulgy*
ISkDr ¥ ! 1 1
éf:a+na+2yuk3kklzy%‘

INTRIRESZEWRINT. []

R DAREDGEIH T X 1L Sanov DEHLDFEIH IS U\ RO FHREDEEIHIZ & Stirling D
NV T oY
HE34. FED peP, ITHLT

1

= Dbl < p(p — < ,—nD(pllg)
e s = Se .
(n + 1)7" - ( p) -



3.2.  Sanov DO EFDFEH D 17
BERR. p= (p1,...,pr) = (k1/n,... k. /n) € P, DL E,
—nD(pllq) = XymwﬁE}bwu
qk .. .q n!
e nDplle) — 4L " Ar P(P,=p) = ———— ¢ ... ¢k

) q
p]fl...pﬁ'r kl!"'kr! !

W22, Z OHE DR IZIR L FETH -

1 n!
< k1 1.
RS L s

ESDOFHED S (HRIOAER) IFZLHAAOHH L) BHHTH S, (ZHAMGIZEITS
MWLM 1R THD I L E2EHRLUTWVDITEE R ) BURT 2o O (A DA%
R) ZHFHL LS.

L=0,1,....n, l1+ -+l =n &IRETD. TD&E p=k/nRDT

nl n!
B
S %—kL”

et ()

ﬁ&jbfwéiff%é BER SIELHEDMEIZE O THERI R KIZR D DI
(5 DGEE Ii/n) WREFDAE (SOBEIE p = ki/n) IKEULBRDZEIENLTHS.
;%%ﬁia3im

(£d) ZL' e ﬂ R, ke > kll —k1, bR k’fl—ll gkl =,

(&) k! kLT
A

ST () AT X N DRI, SIS X 1
_ nt o ,oonl ke
1= Z lﬂ...lﬂpl‘ﬂprg(n_‘_l) kll...krlpll.npr
l1+-+lr=n
Wi0% (n+ 1) THAUL TS OMAE DN, 0

FR 3.5, LEDOFRERD—HAMFLATD LD ITILRI NS,

f(n) & £(0) = 0 2372 TIADEE n OEFAHIMEBTHD L U,
f)=fm)f2)---fln),  fON=1

EEDD. INE fRELIESNILIZTE. 2O IIFEORK L1 ITHLT

f(l)! I—k
ﬂﬁsz

EER I 2EDEX

EBYISkEkDEE

o 1 1
KL JU+Df+2) - f(k)
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ki € Zzo pi = f(k:)/f(n) £BL< &L, € Zzg DEF,

OIS () BN
f(h)!---f(lr)!]:)1 Py S F)!- ),P1 Py

BERLIE

(i = ! kizli | Koy —1r
(Z23) ALY F(ky)
z f(k1>l1_kl .. f(kZT)l’“_kT . f(k,l)kn—h . f(k’r)kr_h —1

F(n) DR AB A OEMAI S22 e NTEXE L EDNS. 0

3.3 Sanov O EIEDIERA

EIE 3.1 DIEHE. FH 5D (1) 25%5. A BERES {1,2,...,r} LOMENH2
TRODZER] P (Z AU r — 1 IROTHAKIZ Eé)@ﬁ'ﬂjﬁﬁ%A’C%ét’&é U, P.=PNQ"
X P ORI THRETHD. Al P OFESEESBRDTHAES p, € P, mAf

Jim D(pnllg) = inf D(pllq)
AT EDND. PLEDRIT

1
P(PaeA)= > P(Py=p) 2 P(Py=p,) 2 ——¢ "2l
pEPLNA (TL + 1)

BEDAESTHEIAD TN LDz o7, 2kl

1

~log P(P, € A) Z =D(pllq) — - log(n + 1)
ERDIEDDMND. ULENR>T,n—00 &32528I2L5T,

1
liminf —log P(P, € A) = — in£D(p||q).
pe

n—oo 1

ZNT (1) AEEFH X 7z
BRSO OFH (2) 2 RED. AIXERES {1,2,...,r} EOMHRSGHERIKDZERM P O
EEDOUMNEETHDETEH. ZDL X

P(P, € A) = Z P(P, Z e Pl < (4 1)reninfrea Dplla),

pEPLNA pEPnﬂA

BHOAESTHES LD ENLDOHFfiZ M-~ Zhdkd)

1 r

- < _ 3 _

, log P(P, € A) < — inf D(pllg) + - log(n + 1)
EBRBIEDNDONDE. LENOT, n—ooo &TB5ILIZE5T,

lim sup — logP(P €A = Ii)gf‘D(qu).

n—oo T
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ZNT (2) BEEH I N7z

(3)&ZRZTD. ADRIN%E B LEE BOMA% C LEX ACC LETS.
BC AcCC &V —inf,ep D(pllg) £ —inf,ea D(pllq) £ —infpec D(pllq). C ¥ B OFEAQ
THDZ &L D(pllg) » p DEFEEHBTHDZ &LV, —inf,cc D(pllq) = — infpes D(p||q).
W AT —infyep D(pllg) = —infpea D(pllg) = —inf,ec D(pllg). U722 T (1),(2) 5
(3) WEIPND.

CNTEH 3.1 MEEHI Nz [

SERE 3.6, MLEDFEHHTIEMEEIZEI T 5 Stirling DA RZ > TRV, FGEHTAE
W > 72 FRRIXIRD =D TH 5.

(1) LS DFHEID 72 DITIRDFEFE % fF > 72
piZ0,pi+ - Fp=10DLF

!
ﬁpfl...pfr§l (ki € Zzg, ky+ -+ + k. =n).

CHEZHELHIZBWT THERIFLIUTTHD ] 2EKLTWDS. ThEEK
TEIARENE, £z k o280 TCRUETZERVLIEEHLYD 11245
&
!
> nkwf-p?—@rk~+myzl

k;!---
k'1+ +k'r 1 T

Mo, 7ZEBILR/RoNS.

(2) T2 DFHID 72D ITIRDFHFE % F - 7=
kz‘EZ;m k1++k7’:n7p2:kl/n@t%7

n! n!

" phph < T R ke ) =
ll'lT‘pl pr = kllkrlpl pr (llezz()? l1+ _'_lT_n)

ZHIIZTEDAIZBEWT THERWRKIZARD DI OB REROMIZE LU RS &
ITHDI L] 2ZEKRLTVS. TOARERIIRDG UNARERX (k, 1 OKRNERKIZ
EOFTITHILLTND) Mo 22bIlBoNnd:

— 2 K=k (k‘,l S Zgo).

(i) _ b ﬂk_kl e k?]f > gk ek Rl gkl —

(F38) k! RIER R T

PAED 2 DOFERIZZ NGOV THI D TOAUERYRA > TR IXTDEHRTH S, /2o
72N DHEENSZIESAAID Sanov DEMIFEEHINDSZIDTH 5.
i 3.4 OFFIH % %12 7= € o T Kullback-Leibler [EHENH TR D & 2 A5 X TODHH %
MO IRT S .
ki € Lo, kit -+ k. =n,p,=k/n EIRETSD. ED(2) % [; EIDOWTREL LTS
IZ&o>T

n! . . n! & k
- - Looptr < - N
1 - Z ."'lr!pll pr = (n+1) kl!"'pr!pll p'r .
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ZROTGLE (n+1) TH->TELNEZFRERY LD (1) 26bHE 5 &

1 n!
< |
(1) = kil 0L =
#13%. ¢ €L, n++ ¢ =1 THB2L, TOREXR2MKZE i phr TEST,
g BB

k K k .
1 qll...qr < n' . k;r<q11q7’k‘:

k1
= q r = .
(n_‘_l)rplfl-p?]f’r k‘1|-k’r‘ 1 p]flpﬁr

ki =np; &Y, ZOKRTY TIZ Kullback-Leibler & # &

- Di
D(pllg) = > pilog =
i=1

qi
MEZTW5:
k1 k pP1 Pr\ T
q1 " q " q1 qr
log — =1lo - e[ = = —nD )
B 18 <(pr) (pT) ) (plla)
U7zho>T
1 e~ nD(plla) < n—!qkl . qkr < e~ nD(plla)
(ot 1) = lk 0=
ZOREADHE 34 DFGFRTH 572, TUTIDAEREAVTEZHAAD n — oo T
DFRT 2 FARNIEX 272 B 12 Sanov DFEEL (B 3.1) BMELNEDTH > 7= []

4 SanovDE®BAFE>7H/ ZAHIDHDEH

EIHIOR T ETOEEF S, ZERAEX PIFAERES {1,2,...,r} EOWERSE
p=(p1,...,p)) BEROEETHD L, BEMDIM ¢= (q1,...,q) EP ZERIZH-T
BEETD. n BOMRITOFER, IRE ¢ WEUZRBEE Lk, EES & KRB OEUZH
Bl ki/n THD. BERDAM P, = (ki/n,... k. /n) I& P ITAEZ FFOMERZHIZ R 25,

4.1 DEEHEIXILF—OHFE
E=(E,...,BE)eR THd&L,
Ei=--=F,<B, < <E_,<E_y1=--=E,
MO g g >0 THdBERELTEL (B L THEBRBOMBIMMER & % RS 2 72O DK

E). B b ERE I DT RILF—LIER. 3 RIZHUTHAM p(B) = (11(8),...,p-(B)) €
P LE Z(B) %

e PEig,

Z(B) Z(B) = ; e g,

SH A aTDHD & D IZFRIT T L IR EA T DA E MERER L N, RERDA P, Dl n
E DM RITEZ RV ET I EIHRAIZZELTEDT, P, ITHERERSZ AR IND.
XY VI EIRANFITRINE %2 00Ti OEBRHEAZLIICELRDZEEFLEST IV,

pi(B) =




4.1, HEEEE T3V F—DOHRHE 21

ZEoTEDD. X BIZEK UB) = (B)s %

= (E)g = ZEzpz(ﬁ) = _%Ing(ﬁ)

LEDD. B ERYRE LY, e PP % Boltzmann EF L, p(B) % H/ ZHILDFH
Y, BB Z(B) & DEEE L MO, B U(B) & TRILF—DHIRFE & IS
log Z(B) 1% B 1292 FICBMBREBTHD. BERLIE

DN e 708) = Z1OZ(8) — 2'(B)?
(a5) s = =257

ThY,a,=ePPig; 20 B, BHDHTDIRENS a,a, >0 D B, < E, RDT

Z”(/B)Z<5) — Z/(B)2 = ZE?CLI'(IJ' - Z EiCLZ'EjCLj

= —Z E2+E2 ala] — —ZQEE a;a; = L Z(EZ — Ej)2(liaj >0

1,J i,J

ERY, PRI

5 \2
<%) log Z(8) > 0
EREMNHTHD. ULR->T, T2 NF—DHRHA

U(g) = _%bg 2(5)

I3 B ORBERFRDHELTH 5.
RIZ U(B) DMEDORETZANE S, £ p(0)=q &V

= Z Eiq;.
i=1

RIZ B —00 D& X

Z e=BEiq e—6E1 S e BE~E) g, ~BE zz L
BRRIZ B— —oco D& X
U(/B) _ Zz Ez‘eiﬁEiQi o eiﬁET Zz EiGB(EriEi)qi N _/BET Zz =r—b+1 E; idi .y
Y. e PEig e=PE 57, eflEr—Filg e PE Y, b+1 i "

MEIZE>T, E,2UZ2E & —0<S S0 ldU=Up) IC&>T—R—IZmL
TWbZEWhbhd.



22 4. Sanov DEHZMio 7/~ ) = IV DEH

4.2 FHNHEHEELSHOH ./ ZAILDHEADINE

BB p = (p1,...,pr) EPIZDWT, &M ST Epi = U(B) DEELT, n— 00 D
L XM ERERDAGDNT ) =1V A p(B) IR T D Z & &R UV,

BAF G, BUPIII B R ELD P00 5 720012, Sl S Eips ~ U(B) ORD Y IZ,
FEIZa>0ZH>TUATDELDIZEKME2HT:

¢ BZ0DLE RMUPB)—al) EpSUP) 2ikd.

=1

¢ BZ0DLE RMUPB) LY Ep SUPB)+a kT

=1

T a>0 DY HIFFEROAEIZEBERTH D Zebnd. ZOFRMFEDE L TORMA
(EMEREEZEZD-ODIZ{1,2,... 1} LOMRIGEEOES P OMHLES A %

),

A:{wep|mm—agzuE@§an (
)

Bz
{peP|UPB) =X EpisUPB)+a} (B

LREDD. M P, c ADE L TOERMN EHER

0
0

P(P, € ANB)
P(P, € A)

M n— o0 THZAViAG p(B) ([ZHEHT ST &% Sanov DEM (EH 3.1) %> TFE
HHU 720, 207200 ERIZ e >0 2> T, P OHBES B 2iIROLDIZEDS:

P(P, € B|P, € A) =

(BCP)

B={peP]|llp—p@B) <c}

ZZT ||| & Euclid / VA THD. Bl p(3) D e FEFETHD. LEDOFREDE & T,
n — oo CHRMAS SHERDAEN A ) = HVidE p(B) \CEH TR 2EKRT S

P(P,€B|P,€c A)—1 (n— o) (*)

ERTIEVUTORETHS.
Kullback-Leibler 1§#i& D(p|lq) DEFEZ P OMHESE C 12

D(Cllq) = inf D(pllq)
PR L TH L. Sanov DEH LY, P OHSES C OFKOMAUN C 2&L L &
P(P, € C) = exp(—nD(C||q) + o(n)).

ETEDZ P OHSEAR A B, ANB OREOMAEETNEN A, B, ANB 280, X
512 B D ATOHES B=A~B EtHKETHD. PRI

P(P, € B')
P(P, € A)

ZHD 00 TOIRTZ 2L LHEETH S (+) ZRABETH 5.

P(F, € B'|P, € A) = = exp(—n(D(B'[lq) — D(Allq)) + o(n)).



4.2, ST XFERDAED T ) = FIVSFE AN DI 23

BLLBERME pe ADE LT p=pB) » Dp|lg) BH—DB/NEIZRZRSIE, B =
AN B OBEIZ p(B) BEENBZNZ L &Y, D(B'|lq) > D(Allq) = D(p(B)||lq) &%=V,
n—o0o CP(P, e B|P, € A) =0 LRI ENDOND.

D(p|lq) & p DEE L UTTFIIEZNTHY, A X P OMTRESBZDT, ZffEpe A
DELTD D(pllg) 7 p=p(B) TRNIEDEHIX, p=pB) IFMHE—DB/NRIZZRSD. WD

IZ&MEpe ADEET D(pllg) D8 p=p(B) TRNIEHD Z L ZREIE (x) DIEHIHHE
T35 UFRTEDODZ 2L LS.

) =RV p(B) &

ZEipi(ﬁ)Z
=1
%ﬁtbf“éwfzﬂﬂeA?%é.ﬁ%aw
e BE:
e sz sz o5 75
::E:pxﬁx_ﬁEr—ngQﬂ):_#ﬂﬂﬁy_bgzmn_ %)
=1

INDEMEpe ADEELTD D(pllg) PBRAMETH D Z L Z2mULZW. §4Db pe A
DY E D(pllg) = DpB)|lq) £B2I&ERLI.

pEAYLINETD. ZOLE ADEHRLD, 200X YT Ep SUPB) &2,
BEODEEST Ep2U(B) £B5DT, B O/EICELTIC

s Z Epi < BU(B). (#)

WRSIL TS, HATHORELY, >0 & UB) < X, Big ERAMETHY, B <0
Y UB) >N Eg FAETHZ. £ A ZEZTL LIV a> 0 BZATOH
TIFBEER L 2.

Kullback-Leibler 1§# & D(pllg) IEZEATD XS IZEEI NS

D(pllq) = szlog Z lg( pi_pil ) Zp% Pz +Zpilogp’(/3)
=1

pi(B

—BE;
= D(pllp(8 +§:nbgzw) D(pllp(5 +§:@ —BE; —log Z(8))

D(pllp(8 ﬁ}jEm log Z(83).

=1

W2, AER (#) & HJ =)V 4D Kullback-Leibler 1&¥& D(p(B8)||q) DFE= (%) &
Kullback-Leibler IE¥EmMNHIZ 0 LETHD Z L L V),

D(pllg) =2 D(pllp(B)) — BU(B) —log Z(B) = D(pllp(B)) + D(p(B)llg) = D(p(B)llg)

INTEMEpe ADE LT D(pllg) 1 p=p(B) TRNIERS Z L Wb 7z. BEEOD (x)
ASEERA X A7

IR TY R E— S(p|lg) = —D(pllq) ZAVTARZBEIET L S(pllq) = AUB) +log Z(B) 1255
ZOFOARITEINEE R >TOD AT EBEIRADEDES .




24 4. Sanov DEMEM > 7271 ) = N34 DEH
FE 4.1 (FEX (#) 12200, Y EOERIFAEMICIAER (#) DIREZ ITITHED L.
M IIFDOSKRTIE B 1M E D Boltzmann XSG D % Hkd 5. TDHEIT
B >0 &RDDTAENX (#) 1
(ZARVF—DFMH) = > Ep; < U(B)
i=1

ERET D, ZOBDEMLETH ) = AND AR 5hd 2 L IZDOWTIKHIE 8] D

55 9-2-1 fii (p.319) L2WE &.
710 Z NP BRI/ OND 2L 2RI 20121F, Y Epi~UpB) &
WOV ZINE T 2 BEIIR L, REX (#) 2IKETDZITTE. ZORIZDONT

E5DLFEHELLaAY ML TEL.

BALHITERELU @Y, U0) EREERAATOZ R F—DHRE Y| Eiq (25
5. LT A>02KREIL<T2LUP) IBRNTRIVF—HER min{E,, ..., E.} 1TEAE,
B<0ZNEILTDEUP) FERZRIVF—HEEN max{F,..., B} [ZEML. =00
THREBIZ RN T 2V F —RAE (FEERRE) [TIF) D<K &S ITARY | 8 = —c0 TREEIZKA
ITRIIVFIREIIED DK K DITRD.

A FIZE T BIFMRE DY TH Y, B = oo IFHMTFEEITTINL, B =0 (34
SHEE MR KIZHIGE LTS, L2 DBFE-TWDIGEITIE B IRAIZERY 25, TOGE
IR B HOHRE L B DMHEIZAR S, HRED S I 2 HiRE 8 OEITHIS Z &2
AU, BOMNIERE ZHGTREHRER LV D EETH D L ARIND.

BADPFE S TODDIFIRDE D BRINTH D LEZOLND.

r FEEOEN SN —Ly hEFEIUT, i OENZ080% B, XV L5557 — L%
HEZ25B. (B <0DHBEITE |E| RV ALIS LT NEF YV 7R85 i DENH
PHERIE ¢ THDIETD. OISR =L 1D OELOMEE Uy = X, B
285, KBDEMED ZDOE DB — L% 72 XA REIX 1B 2D OELD WY
filil% Uy 123ER<.

FTU > Uy THIEWMETS. =LA SAMBMYBELT (HEIZ n BHET3).
T—=AL1EH7ZY) OEROEIMEN U R THRO- 72251, RHE2ESRUTHET
En BT —LERVEEDLRETD. TDOEIIICLTT—AL1HHZY DESED
SEYGRE T — L EAROIAFETH D Uy ORIV U LLEICR -2 6KH%E &SR T O
1kDZ. 20X n @O =Lt i OEBPHZEG p & (n DAIBRLI)EDLD
BRABIZ R DA REME DS \NZ A D h?

T—=AL10H 72D DBEEOFIED Uy »5HENNITEEN S IZE T D XD R AET
SHERIETMNEDT, 7—AL1HH-Y DBEEOFEEIRIFIE U (T48DH U LDIFAD
AU KEBZBUE) 122 >TUE D AREENENZAS.

ZTDLED i DEPH-EE p, 23tH T2, U DEDD IZHIETD N =5
i pi(B) WEL BB ATREED W E WD DR Z OB W TEEFEMIZE B A LI L2 2
EThD.

ZOBEIZIEU>U) BOT <0 LBD. §ROLBERLRLIFFMEZEIRT L
WZ&oT, 7= LHKRODESMAEI D EEWEEZ RO D &, MIET 2 iREIZAD
EIZZ>TUED LRI ND.

MR IEDEDRME ED HTIZIX, U < Uy TH D EAREL, BER S IZHFHE %
BERUT, F—A1ED ) OBEOFEMEN U UTFIZZD LD IZTnEE N, Tk



43. FEOEHEMMEE ) ZANDHEOHNIZZ>TWS I & 25

=LA 1EH7Z) DESOEEED Uy 2 SHNNITHNDIZE T D & S R E
UCRTERIZTNEDT, F—A1[EH7-Y) DESOEYAEIXIFIE U 1285 Al GEMENE <,
i DEPHEZEEGIE U WIS D7) =7V pi(B) 1IZEL R D AREME A E. Z 0
BlZIF U< Uy BDT B>0 &R0, MIEEIZEDHEIZRD.

DFY, KHHZEIRLT, F—A2HKOHFHE LY EEMVERE/D L5127 5 Lif
SHEEIZEDEIZ R L XNEDTHS.

DA EDFH % GEDIEN ) = AN D AEDOB R THE > 2 AEX (#) OREINED LD ICH
RTHLNDOND LS. LOEHREE 15HORBOFOMBOEE L L THhL.
HISHEHITIR TTHET] Or—22FE->T0dEeEZLNS. N

4.3 FEDHEZBEDHIL D/  ZALDHEDHICKR->TWSD I &
PLEDEEEIFIRD LS I HEND.

EIR 4.2 (M ERBOGHER, bt SMRE M), BEMDP A = (¢1,...,¢) EP
TH2L92. X1, Xy, .. \SHLTHEHSM ¢ lZUDD {1,2,. .., r} ITMHZ ORI
ThHdLd5d. X1, Xy,..., X, OFIZEEND i ODMEEE k L EE P, = (ki/n,... k. /n)
LBEL. P, BOMOES P IEE2ROMWREBIZLD. E; e R IZFHL1HO®Y 95,
Ey<U<E, ThdrU,BeR pB)=pi(B),...,0.(8) €P, Z(B) A FDEMTE
H5:

e PEig, : s,

(B =gy 2B) =2 e 5518 Z(8) =) Epi(B)=U.

p(B) BH ) ZAMBHEEESR. 0<a<oo LU, HHOES Ay C P %

A — {peP|U—-as) i EpsU} (820),
U UpeP|USYL EpSU+a} (BZ0)

YEDE. ZOEE Y Ep(f) =U BOT p(f) € Ay THB. {LFHIT ¢ > 0 ZILY
p(B) D Ay (2B B ¢ BIEEE B.(p(f) LEL. ZOLF 000 T

P(P, € B:(p(B)))
P(P, € Ayp)

TROHRERDA P, 1&n — oo TH =V p(B) 12 (HER) PERT 5. 0

Bl 4.3. HER 0 1T 2 — MO DA HER 1/2 O _THN A& HERNHA L T2
HDH ) ZHNDHEE UTHRIZEDLDND Z L 23U & 5. ZOFNIRER DD —Fk
DA TRNGED N ) = ANV ADFFRZFNZ > TN S,

BRRES {0,1,...,r} ITMEZFFOMERZ X ITMHER 1/2 ITHIGT D06 FRR ZIHS I
L7nd LIRET 5!

P(P, € B.(p(3))|P. € Au) = 1

mx—@—(g%; (i=0,1,...,7).

X1, Xo, .. \3MSET X LRIUAHZRDWRERDITHELTD. X, Xy, ..., X, D
WZEEND i O % ky &EX, P, = (ko/n,ki/n,... k. /n) &< &, P& {0,1,...,r}



26 4. Sanov DEMZ o727 ) = IV FDEH

LRI E FFOMEREBICR D, REOEE Y, ME&ME2M1TTI2n = o
92 L, P, 1R ZIHHAITEN <.

E, =i DBEIIH ) ZNVBHEMNIELENEFELTALDS. TOL &, SEIEREU
CIHER LY

-5 2 ()(5) 0 -

=0

L BDHDT, ) =AM

pi(B) = 6;(’;;1 _ (Z)% _ (:) (e_z—il)i (6_51+1)r—i

Y TIENICRD. DY,

T\ i r—i e’
wo) = ())oa-or= o=
ZDkx,
—B(,—B r—1
_71(p) = re P (e 2T—I— 1)
BOT, “TRIVF—DOHARHME" 1%
0 - =Z'(B) re? B

EHER 0 1TSS 2 ZHAMEICH TS i ODMFHEIZZRS.
fER 1/2 1Z3HET 2 MFRR ZHHMMEIZ DOV TIE a1 VERITORRZ UG T2 & a0
DNEAD . AL VBT EIRIZBDMERN 1/2 THIRNEEZEZD. TDLS740
A V% r AT CTEROEZEE 0 RPN EE i)r 2EBETDTAZ o BIEDIRL
L&D 22U n BIEFIIRIVET D, EEITIZRDOWE 2RI ¢ &R EE i/r
NENTN n flTOFRBIEINT VDS, TORE RS LIRMBKL LT\ d 5
(ROUHE i/r DI =3 Lpi~ 0. (%)
=0
ZDEE p=k/n 2blFEDXD BIEIZE > TODHREMEDEGNZ A D N?
BRI p = (Do, p1s - - -, pr) WHHER 0 ITKIET D ZHHAMAITIFIFFEL S B2 TV D
AREMED ] EWVD D, B A2 29 < EOREIEMA L 2 & SORGEICRD.
ETEE LA =RV p(B) (MR 6 (TIE 2 ) 1%, A2 & V),

(FA I | OIIREE) = > ip; =) Eipi = U(B) = r0
i=0 1=0
BT D = (o1, pr) IHIRL IR E ORI P, 7 n — oo TIER < Sl

BoTD, ZORMEED (+) LAMETH 2. ROHBEEH 012755 L1 &l Tl
% A NIEHER 0 SRS 2 A AEBAT L LT ERICHDNS.

WRBOD (59) ALK YD, 0 25 1/2 DOENTOWDHERIE n — oo T O ILEMNL. 22 TEHZEDOL D B
B — AWMU GEEREL TV,
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fEam. ROHMDMEERD 1/2 ORFR A V% r [T TROEZBEEHZD I L%
TS EIAMEVRL, r MR RO ZEBMNKREIZEBRINZ) AN 2Eo28dd. TD
EEXELETDRBKICHENT r RO HEZEEDSEIIMEMN 0 122 >TVWBRHIE2
DV ANIEH7Z0E [ROHDHERN 0 O _HHAHEDELEEDNFEZ->TND] "D LD I
HBATULES Z&IZRD. N

EE 4.4, Hl43 DR E —RILT 2 EIZIFEABIZLTDE D BRI ENHILLTNWDE I &
DD, BENDE ¢ ZRONS B (BT 0 ) 2 AVDHDEE LT3 EIRE
CRAE

—BoEi . r
- € QO,z o —BoE;
q; = —Zo ) Zy = ; 1 € qi,0-

ZZT qo,i Z 0, Z:Zl%,z' - 1, El,...,ET e R @E%j(ﬁﬁ E1 tﬁ-ij({lﬁ ET Ciﬁ‘ﬁz),
q,q- >0 THRERETD. ZOLE ZOREMANME B, 2B dd 0/ =)
5346 p(B) BRERMAMGEHE UKD ) = HNHAHEITES:

pi(B) = M Z0Z(B) = ZoieBEiq, — ie(ﬁow)mqo 4

' ZyZ(B) — = 4
A O BB A IS ENT VB DO TH A3 D& 5 BRI LA T ZDT
HB. MMOBMBIHDGIHIZE ENDMERDAIOVTERKD Z EAHALT S, N

5 {I%%: Kullback-Leibler [EHREICEAT 2 1ER

Cover-Thomas [2] IXEHRIEICEH T D EHLCERETH L. FHREL TV bOEY——
BT B FE L WS Z G AT O ANZTOARE SRS UT L. IR TR EICZOHRE
=2 U BN 5, Kullback-Leibler [ &DY THEEf] LS BMEEZFF> TV I L2 K
kg5 AEXEZRD.

5.1 #{&: Jensen DAFER

BE f(X) 28 E[f(X)] WIS I E 2 INEE B[ - ] IFA T OZ&M2HZ L TWD LK
ETD:

1. KBME: B f(X), g(X) &8 a, B ITRLT,

Elaf(X) + B9(X)] = aE[f(X)] + SE[g(X)]

2. FFAME: HIZ f(X) 2 g9(X) B5IX E[f(X)] = Elg(X))].

3. BitgfbSfE: E1] = 1.
BURRALSE L TFIME L D, B o IS LT Ela] =a £ B2 22b2%. COES % B -]
WSEPER RS, 2o 2 p, 20, pi=1 D& E[f(X)] =30, flz)p &
WIRENESTH D, M p(z) 20, [Pp(z)de =1 DL X, E[f(X)] = [’ f(2)p(z)dx

CIFHENE SR TH 5.
ZDEEUTDOAREADNKLL TS (Jensen DAER):

2 W12 MoHEND &, n DREIBRELZITDED RV ANPELNDHERIXIZIZ 0 IZRDN, TDLD
BRERRWUPMELCTUESAZBEIIOVWTEEZ TS,



28 5. ff$%: Kullback-Leibler & &2 % A A

o f(X) MEISMALIE Bf(X)] < F(B[X]).
o f(X) NFITMASIE Bf(X)] = f(BX]).
DR CHZFDAZFAU & 5. BFIE —f(X) CHFZEHTNMEELNS.

BIE DR, B f(X) Z RN THE EREL, p= EX] &BL<. 2D E EIINA
B f(X) DX =p TD B % a(X —p) + flp) &ES L,

fX) = a(X —p) + f(p)
Y 2230T,
Elf(X)] = Ela(X — p) + f(p)] = a(E[X] = p) + f(p) = f(E[X]).

2 D HODOE S CHRMENEBDIEHNEZ M\, 2 DHDE S TZE DB & gt %
fiio 718, 0

FR 5.1, EOFEHNS, f(X) P EIRENZRSIE, X ORAD p= E[f(X)] IZ8EHL
TWARWERY (IF&AETHEFIZ f(X) =p PELLUTOHRWRY), F5%2 8 B8 0VEOA
LERXDVHILLTND I b nd. []

5.2 NWHHMAZFARE ZTDNHA
IRDOARFENIEZ & 2K 2], p.31, Theorem 2.7.1 (Log sum inequality) (ZEHWTdH 5.

WEMAERX 0 UED a;, b 1ITHFUT,

Zallogb—>Alogg A= Zaz, z": .
i=1

=1 =1

3

HEZDWANLE a;/b; PEHVZTRTEHELULWIZ LIZFAMTHD. WOEDKSIZ 0log0 =0,
alog(a/0) = oo EMHLTH <

SERA. a; > 0, b; > 0 DHFAEDAZHHTNEFDTHD. (—BROGEIXEDHE DM
fRE UTREIAINDG.) f(r) = xlogx £BL &, f(x) = logx + 1, f”( ) =1/ DT

flx) F 2z >0 THRIIRFBMNTHS. T Jensen DAEFEXRZEHAL K5, TDDIZ
pi=bi/B LB ZOL %

Z)M%b b% Z}Z( )
a; - biai A A A
= f <;p1b_l> =/ (2?67) =f (E) = Elogﬁ.

1=

flz) OFEFZMEL Y FEBEDBHITDI L L a;/by PEWVIZTRTEHELNZ EAHEETH
52LHEDND. 0

BEf(X)] =Y, f(xi)p; DHBED Jensen DAEFERIE r (2B 2 BFEMRMNIETIEAT S 2B TE
2%, WIFHEINEE D ABL /2 1) % > TEET S 2 A AFERXD AL T DB HAB DN D P TV e S,



5.3. Kullback-Leibler [§¥R& T L! fiffiz Lo B X 26Nl &
ZDARENZMZIXREZ p;, ¢; DIEATENZTNORID 1 D& F

D(pllq) = szlogq— > 110g— =0

=1

M35 1% (Kullback-Leibler (B3 REDIEM). I 512, £E {1,2,...,r} ODE
{1,2,...,r} =AU UA,

IZHUT, {A... A} LOWRNGE P = (P,...,P), Q= (Q1,...,Qs) %

szzpia Qj:ZQi

’iEAj ’iEAj
EREDD L, HEMAZFERLY
D(pllq) = ZZpllog >ZPlog D(P||Q).
j=1i€A;

52, MEDIER%E TN B & Kullback-Leibler [FHR=E XN I <A 5.

5.3 Kullback-Leibler [ RE&T L' A LS B I Z 6N &

29

£46 {1,2,...,r} LOWEEEDIG p= (p1,...,pr), ¢= (q1,---,q) DDHWEZD L' FRHE

||p—QHL1 Z

T

lp—dllo = Ipi — ail

i=1
CREDD. WMERERDM p BT OMHRE
:Zpi (Ac{L,2,....r})

iea
LELL,
lp—dllp =2(p(4) —q(4)),  A={ie{l2...r}|p2a}
BERLIE
P —dllr = Z(pz' —¢)+ Zc(qz’ —pi) = p(A) = q(A) + ¢(A%) — p(A°)
= ;684) —q(4) ij— q(A)) — (1 = p(A)) = 2(p(A) = ¢(A)).

UEDFRFZUTNIZENTTDEEFHND.

(#)



30 5. ff$%: Kullback-Leibler & &2 % A A
KLIBHRET L' FfAx EASEIZALND T &
1 2
D(pllg) 2 5llp = allz:- (*)

ZDOAREXZGEH L 720,

r=2 DFED (x) DEEAR. 0<a<1,0<b<1 DEE

a
> 2(a —b)?
T—p =20

ERZDIEERBIEEL. TOEOIZEANSHEREG VKR E f(b) £FL:

alog% + (1 —a)log

1—a

1-0

f(b) :alog%+(1—a)log —2(a —b)%

iy @ 1—a_ N 1 _

J'0) ==+ 17— —4b—a)=( a><b(1—b) 4).
b(1—a)<1/4 &Y, 1/(b(1-0b)—420,7%5. DRIT f(b) DFHIE b—a OFFFITE
L. T8D55 f(b) 1Eb<a THHFFHAL, b>a THREEMTSD. L 5T f(p) =0

BOT f(b)20 &322 LBbN5. N
—MRDBAED (x) DFEBA. A A 1T (#) OBYTHD LU, A {1,2,...,r) OHE
{A A} EOWERDMA P = (a,1 —a), Q = (b,1 —b) & a = p(A), b = q(A) &&

5. ZODL THIEOEHR % 5 d & Kullback-Leibler IEHEAVNI <725 Z & (5 5.2 fi)

)
D(plla) Z D(plla) 2 2(a — 8 = 2(p(4) — a(B)) = 3 Ip — allin

ZIT2OHDOAES T ETIHHLZ r =2 OBEOREREZ MV, |RFBIZ (#) 2io72. [

5.4 Pithagorian theorem

P:{p:(pl,...,pr)ER;O lpr+-+p =1} BE P EES {1,2,...,r} LOf#
RNEEIRDEEGEART. Pldr—1IRTCHAETHD.
IROARLERIL [2], p.367, Theorem 11.6.1 IZH 5.

Pythagorian theorem F (& P OMEAHSIEETHDL L, e PNE THDLT5.
p = (p},...,p5) € EZ D(pllg) # E LTHR/IMET D p THD LT 5!

D(p"llg) = min D(pllg).

ZDLx
D(pllg) = D(pllp*) + D(p*llg)  (p € E).

Z OARFEAR & Kullback-Leibler fEDIEEAMEL Y, D(pllq) — Dp*|lq) BHIE p — p*
BB IENEMIND.
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REEA. (pythegorian theorem DFEHA] p* & p % i % [EHE LD Kullback-Leibler & & D
D p* 1B DR % RNIEZ DREXMNFEHI NS .
teRIZHLT

p(t) = (p1(t),. ., pe(t) =tp+ (1 —t)p*,  pilt) =tpi + (1 = t)p;,

ﬂwzmmmm=§]m+u_oﬁﬂgm+tfﬂﬁ

=1

LB, ZDeE

) =3 (= pitog PECZIE 4 )

qi

r

o i (1 =)
:Z(pi—pi)log pit( )P )
i=1 4
2DOHDEFEST Y  pi=> . pi=1,R2I%&Mo/.
p(0)=p € E,p(1)=p€e ETHY, EIFMNE2DTpt)e E (0t =1). p* &k
D(pllq) %2 E ETH/MET S p Zo7/0DT, f/(0) 20 &85, DRI

r

B R Pivi\ N~ ey P
0= f(0) =) (pi—p)log= =) p;log (——) —) pilog™t
i=1 i i=1 4i Pi i1 4q;
- Pi Pi ™oy D} . \
=Y n log* — > b log - - > log = = D(plla) = Dpllp") = Dr"lla).
i=1 b= @ i=1 ¢

INTRUEZOAFEADRI N ]

6 fI£%: Cramér O EIE

SCRE PRI B R G % 5 D VTR WD TR L FERHIZ RN H 5 AIFIEE L
TAU ., HEIZHE 122D formulation & OXF % BARIZ RS & 5 R AKX A )L T Cramér
DEHDFEHDOBNE % T2 Z & ThH D.

6.1 Cramér DTEEDRTE & TR
H X V%2 R OMREHTHD L U, TDOEEE

EELH DOEFE—A Y SREEE:

Z(B) = Ele™"].

RO BRI L, B, WPRER H 0T — A > NIBEE M(t) = Ble'¥] LEHT 35, 2 2Tl
A L ORI E RSB TH2DI t = —f LB, SRS 5 NREKE AUAS 2(5) & T—
A I R D > 7.
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FIEDIE RO K ECHROME > L KET 5. U) 2RO ESIIEDS:

E[He PH] 0 5
T e

Hy, Hy W7 5K ZSBGET H LI UAIZ Lm0 5 51, Z(8) AVEIRIZ A 2 BIK
2BV,

U(B) =

DN ez — - i - Z1BIZ(B) — Z'(B)’
(55) roe2(6) =~ 5500 D
2"(B)2(8) ~ Z'(B)” = SEI(H, — Hy)’e 0 +1] 2 0

LB2DDT, log Z(B) W& MITMBREBUZZR Y, U(B) IFHFMAKBIZ RS, FIZ, U(0) =
Uy=FEH 2D, 3200 ZUB)SU RV, BS0DEIUPB)ZU, RD.
log Z(8) @ Legendre Z#1 S(u) £ ZD —1£% D(u) ZIRDEDIZEDD:
S(u) zélellf&(ﬁujtlogZ(ﬁ)),

D(w) = ~S(u) = sup(~Bu~log Z(8)  (u € R).

S(u) 1w 1ZBEY 2 —IREE (RIS T ISR EE) OROA R I & D TFRTESR I /2B
DT, S(u) 1& EIZMAEREIZR S, Ou—log Z(0) =0 RDT
S(u) =0, D(u) 20 (u € R)

L 5%, X512 Z(8) BERABKIIZBNT,
%wumg 2(8)) = u — U ()
BOT,UPB)=u &2 B=70u) WEET DRI,

S(u) = Blu)u+log Z(B(u), — S(U(B)) = BU(B) +log Z(5)

5. HEDZDIDEDR B = Fu) WEIZEHND LIKETD. ZN6DARLY
S(u) 1&H/ ZALBHEOE[ITY hOE—IZHIEL, D(u) = —S(u) &7/ ZALSHD
Kullback-Leibler [BREIZMIGT D Z &b d. Kl

S(W(0) =0, DU©0) =0

ERBDT, S(u) & uw=U(0) = E[H] TRKRMHE 0IZ48Y, D(u) XA TRME 0 12
%%, Su) (B ULIE D) & u > U(0) = E[H] THEFABMA (B U <IZHEFR) U,
w < U(0) = E[H] THEEM (L U IZHRFRD) T5.

U(B) IXHFHEADHRERDT, u SU(0) = E[H & E Bu) 20 &8, u=U0) =
EH D&% Bu) S0 &85, WRITIRMKILL TN D:

S = {infﬁzo(ﬁu‘l'logz(ﬁ)) ( g(g;

E[H]),
B, (#)

us
infg<o(Bu +log Z(5))  (u = U( [H])

D(u) IZDWTEFABRDOERRVPEFEHET D, u 25 H OFEME U(0) = E[H] L EE LI FDE
BTERE U IETRZEDHEM § O#HFEZLIICHIBTES.
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EHE 6.1 (Cramér DEH). L EDZREDE & T, Hy, Hy, ... \FIT[F A R HHEREEF]
ThHY, H EEURMIUEND LIET S, ZOLELNFPEILL TV d:

(1) F 2SR OHHAEAR DI

1 1
. - - < -
lim sup " log P (n g Hy e F) < sup S(u) irelgD(u)

n—o0 1 uel
(2) G 2R OBEAELE DL

1 1
lim inf — log P (E ;Hk € G) = sup S(u) = —lltIElgD(u)

n—oo M uel

(3) AN R OWHEETHY, A ORI G DG F N A 28 A, supyee S(u) =
sup,ep S(u) AL TWD 251X

n—oo N u€A

1 1 <
lim — log P (E ;Hk € A> = sup S(u) = — inf D(u).

ZD& DI ARV (Hy+- -+ Hy,) /n PEA A IZEENDIMERD n — oo TOWHLE
A Z ANV AOMN Ty hBE—IZxEd S8 S(u) (b USIET =V Ahd
Kullback-Leibler [ & (Mg 2 & D(u)) D A ZH 1T LR (E U SIEFR) TRk X

o, [

6.2 Cramér OFEEDEERA
6.2 (Cramé OEIMOATIKIS). 5 6.1 HOBEDE & TUFAHLL T2,

(1) u ¥ H OF¥E U(0) = E[H] AEE U FDBEITE T, ThEh
1 1 &
nlogP(ﬂ ;21 Hk:u> < S(uw) (u 2 U(0) = E[H]),

%long Hkgu>gs<u> (0 £ U(0) = B[,
k=1

ZOFEREEHAT L XIT, 02 U0) = E[H] T S(u) IZHEFABAL, w S U0) =
E[H] T S(u) \&HFABEMY D Z ITERE &

(2) fERED 6 > 0 IR LT

] 1O
lim inf — log P (ﬁZHk € (u—(5,u+5)> = S(u).

n—oo M =

(1) D _E2 S OFEIIFERL T A 7 7K ZICEGIEEHI NG (2) D TS Ol “h
J =AY B RE DL 2> TIEH I N5, O
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SEBE. (1) D BRSO L &>, 9, S U(0) = E[H] $IRETS. Hi + -+
H,<nuD&ZF1TMDEE 0IZBRDIEBE 1y rim,<nn CELE, Z20DEE

( ZHk— ) 1H1+ +Hn<nu]

[1H1+ +H,<nu€
[ B(H1++ +Hn—nu)j|

E 5(H1+~~-+Hn—nu)j|
E

A A

— enﬁuz<5)n — n(Butlog Z(B))

DRI u < U0) = B[H], 320 D& X

logP< ZHk ) < Bu+log Z(B).

UZD>TH 61 ED (#) &V

Liog P ( > < ) < inf (Bu -+ log Z(3)) = S(u).

k=1

I, u=2U0) = E[H| &IRELT, LEFRKOHEMRZITED. Hi+- -+ H, Znu D&
X1 THOLE 0 IZRDEEE Ly, oyg,on EELSEL, BS0DEE

( ZHk = ) 1H1+ +Hp >nu]

[1H1+ +Hp>nu€
[ B(H1+-- +Hn—nu)}

E 5(H1+~~~+Hn—nu)}
FE

IVANIVAN

_ g (B)r = n(Butlos Z(5)

%logP (%ZHJC 2 U) < Bu +log Z(B).

U THEGLHID (#) &V

%logP (% > Hyz u) < ;g(ﬂuHogZ(ﬁ)) = S(u).

ZAT (1) D 2 S DFHMi ASFERA X 417z

(2) DFPEDFHAIZFEH L £ 5. (2) & “H ) Z ANV AEIZET D KREDOE” 768
P, TERZE H OMERIMIE R EOMERNE 1 WEDDMERSAIZL 203> T
5895, MERHE g 2
e P u(dx)

pp(dx) = Z(8)
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ERED, ZOMBENEDEDDMERDIMEN ) ZAIVDHRETIILIZTE. /)=
DAV BT B WMEIE & R % 2B By ), Pyl ) & 8<. WEREECH DA ) =A%
2B %I o
ElHe™
B[ H) =%=U(ﬁ)
I25%. WFTIRu=U(B),0 >0 LETSH. ZOLX Su) DEHEY,

S(u) = Pu+log Z(B).
71 ZFIV A S RED R & V)
1 n
nh—>r£lopﬁ (ﬁ;Hk I~ (u—é,u—i—cS)) =
ZTUT, )= aied &L OMERSATOMEODH NZIZULTORRNRD 5

1 - E[1H1+---+HnE(nufnS,nquné)

B+ Hy)

Z(B)"

é Z(ﬁ)_nE[1H1+---+Hn€(nufn5,nu+n5) 6—n6u+n|ﬁ\5]

n
k=1

DEDOFEREEDOED &

" (l S Hy € (u—du+ 6>) > (BB 2O (1 L o(1))  (n — o).
n

k=1

W ZAZTGADNED 1/n OWREID Z L IZE>TRZEFD:

1iminfllogP (%ZH"? € (u—5,u+5)> 2 fu+log Z(B) = S(u).

noo 1 s
IIT () BRI N 0
FIR 6.1 DI, (1) D LSO 2L LS. F IR OHEHESTHD L L,
F.={ueF|u2U(0)=E[H]}, F.={ueF|ulU(0)=E[H]}
EHEL. IhHE R OEFAELRLDT, F. ORKE u_ &  F, OB/IME u, DEAE

2. S(u) lFuzU(0)=EH] CHFAMA U, u« SU(0) = E[H] CHFAKIMTLSDT
sup S(u) = S(uy), sup S(u) = S(u-), sup S(u) = max{S(u4 ), S(u_)}.
uely uekF_ uel

WA G6.2 (1) &Y,

A
3I>—‘

%logP (%ZHk € F+) ( ZHk ) < S(ug),
%logP<%ineF_)§ ( ZHk<u_>§ S(u-),
k=1

P l Z Hk cel'| < enS(u+) + e"S(“*) < 2™ SUWPucF S(u).
n = =

k=1

SIH
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1imsupllogP (lZHk € F) < sup S(u).
n—oo 1 nk::l ueF
INT (1) PWRIN.
2) DTFNEDFHIIZEEHL £ 5. G IE R OBEHAPEAETH D LIRETS. FEIZ e >0
rDE, HDueG T
S(v) 2 supS(u) —e¢

ueG
22T EOVFMET D, G IFFHMAEEZRDT, 5 5>0T (v—056v+0) C G Zii
EZTEDEHEND. 2O X HiE62 (2) &V

1 1 < 1 1
liminf —log P | — H, e G| 2liminf —logP | — Hye(v—9 4}
iminf —log (n; k ) = liminf — log <n; k€ (v—20,v+ ))

= Sv) 2 sggS(u) — €.

L7 ->T
1 1O
lim inf — log P (ﬁ Hy € G) 2 sup S(u).
1

n—oo Mn P N=tel
INT(2) ERINE.
BAZIZ(3) 2 mRTD. AIZR OMAELETHDE L, ADFIKE G L&EX, G DA
2 F EL ACF LIRETS. ZTOLEGCCACF RDOT

1 1 & 1 1 &
sup S(u) < liminf — log P (E Y Hpe G) < liminf = log P (E Y Hpe A)
k=1

ueG n—oo T P n—oo n

1 1 & 1 1 &
< limsup — log P (EZH’“ GA) < limsup — log P (EZH’“ eF) < sup S(u),
k=1 k=1

n—oo 1N n—oo 1 ueF

sup S(u) < sup S(u) < sup S(u).
ueG u€A uel

-

W 21T sup,eq S(u) = sup,ep S(u) & 51F

.1 1<
JirlgoglogP (EZH’“ € A) = sup S(u).

1 u€A

INTRIREIZENTARTORINS. 0

6.3 Iy bhOE—&EDOER

q=(q1,....q,) FERES {1,....r} LOWERSHTHDETD: ¢, 20,1+ +4¢,
1 WERLHH % H(i) = E;, LEDD. ZDL X

T

Z(B) = Ele 1] =) e g,

=1



6.4. H VXD DGE DY

) =FIVIrE p(B) = (pu(B), ..., pr(B)) I

(&
pi(B) 709
CEHZIN,
— — - . :L - o—BE;
U(ﬁ) - Eﬁ[H] - ;Ezpz(ﬁ) Z(ﬁ) ;E’Le qi-
Wz

SU(B)) = BU(B) +1og Z(B) = —(=pU(B) —log Z(P))
B)

37

== Y n (BB 105 2(9) = - Y (1o = (63 o).

THBDH, log Z(B) D Legendre B TERI Nz S(u) 12 u=U(B) 2 RAULFERITH

) ZANSAOHEN T hOE—II—ET 5.

6.4 HYIDHDIHFEDHE
HERER H BIR a >0, A7 =)V 7 >0 DAVIBMHITUHD LIk
1 [e.e]
o —z/7,.a—1
ﬂﬂHﬂ_F@F;A f@)e /2o da

PRNT 22 ETHD. ZOEX B> —1/7 BbHIE

_ —BH| __ 1 > —(14+rp)x/T a—1 _ 1
Z(B) = Ele ]_F(Oé)TO‘/O e U+ x dx_(l—i—Tﬁ)O"

o (1 + Tﬁ)a > —(1+m8)zx/T . _ (1 + Tﬁ)a F(Oé + ]')Ta—H . T
u(p) = ['(a)Te /0 e ohde = D(a)Te (1+7B8)>t — 1+73 -

Taf

SU(B)) = BU(B) +1og Z(8) =

1+7p3
=a— 1fTﬁ—alog(1+Tﬁ).

—alog(1+ 75)

I UPB)=u>0¢&
TR R
u u T
2RATD L,
S(u):a—g—alogﬂ:a—gjtalogi.
T u T T

S(u) 1 u=U(0) = Ta TRAME 0 1255,

Hi, Hy, ... DVHSIRI DA BRHEREBII TR AN H LRERUDMZIUZND & &,

o Hy, FBIR na, A=V 1 OHYBAEIZUZDD DT,

-f<%2;[”)]::rm;ymaémf<%>'ﬂﬁyWAd”

E

0.

Hy +
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WZIZ0Za<bhbDe &

nb
§ jH b “v/myre=t dy.
(“<< ‘e ) R J,

Cramér DEH I D | ZHDXED 1/n 5D n — oo TOMFRIK

S(b) (b<U0)=r1a),
s<u1<)b5’(u)= 0 (a2 U(0) =7a < D),
S(a) (U(0)=71a <a)

WZINERT 5.

7 45k hoEEOTY FOE—IZDWT

7.1 BHEI R F— Massieu K & DK
SR 7 (E—AY MY ¥ 245 Y b EE. MR ¢ Db L TR X
i Xy DE— AV MEERE Mx(t) 1

r

Mx(t) = Z etXiQi

=1

CEHIND. ZNIE X =FE, t=—-8 DY IHEEK

Z(B) = ZT:G'BEiQi
=1

IZ—HT 5. HEROBREIZENTHDE— A MR (RREE) (E0 R 5k e
AEHNZEIUEDE B o ThW. HERHBOBRIEZEIZINIEE— AV DR O N

Kx(t) = log Mx(t)
IXHERZE X DOF 2T Y MR (camulant generating function) L FFHENT W5, H
HIZANF—DERH .

F(p) = =5 log Z(B)
EAEIZF 2 LT Y MREREOERIC—HL TS, IV EMEICIXERE 5 TEHSED

F(B) =log Z(B) (&Y IEMEIZIZELIEZ D Boltzmann &%)

DFEMF LT Y MIEBOBEZORIGWIZRE. 26550 F(B) I& Massieu B & IFF
ENTWn3. [
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7.2 MEXRényiTv bhOE—

FR 7.2 (XN Rényi T bR E—). 2DDMEEDSG p=(p1,...,pr), ¢ = (q1,-- -, ) IZ
X UT, 883 Rényi T bOE— Ss(p|lg) A3

k%§:<%> —

LERINDG. IND L-115%  THAIT DL

Sp(pllg) =

8 1-8
110g;p,qz

9 S i log(pi/a)
—((8—1)Ss(pllg)) = —===-
ap Sl
BDT, IHIZA=1¢9dL,
0

25,., (B —1)Ss(plla)) sz log— = S(pllg)

R TY hOE=DHTRS. W RIS
S1(pllg) = lim Ss(pllg) = S(plla).

M Rényi T2 O E—IZMHNTZY hOE—DT VNG —A—=Z—ZTIZR>T N &H
ZAbNbd. ql—l@f% D Rényi TV b E—DEFH % H > TOIUIHN Rényi =¥ b1
E—DEHRIFHTEAZIENMI S EbN5.
FEXF Rényi T2 b 1O E —D5E KI5l B

T s

B
2 : Pi _BE; pi
Z(B;p.q) = (CI_> % = E e g, E; = —loga

i=1 ’ i=1

AT 2 HHT RIVEX— F(B:p,q) & Massieu BE F(B;p,q) DEH

F(B;p,q) = =B "log Z(B;p, q),
F(B;p,q) =1log Z(B;p,q) (Boltzmann &8 I20)

EARBEWNZFEIUTHS:
(B —=1)Ss(pllg) = BF(B;p,q) = —=F(B;p,q) = —log Z(B;p, q)-

Rényi divergence (FHXf Rényi T> b O ¥ —0D —1 fF) DFEAMEEDE L O [I] IZHD.
(B —1)Ss(pllg) = —log Z(B;p,q) \& B DEEEL LT EIZMTHD:

9\? Yoo (Ei — Ej)Pe M Bt Elgq;
(%) (—log Z(Bip.q)) = — SYAGIE =0

(EFRE py=q (1=1,...,r) &[FfH).

TUT, (B-1)Ss(pllg) = —log Z(B:p,q) D B =1 TOfEA —log Z(1;p,q) = —log 1 =0
ThdIel, (—1)Ss(pllg) = —log Z(B;p,q) D =1 TOWBRBAIMHY LY O E—
S(pllq) CZ%LDZD’)J:@?F%:%%JZ Y,

(B=1)8s3(pllg) = (B—1)S(pllq).
FLS LD ZERRD AT H S [
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7.3 X TsallisT> hOE—

R 7.3 (X Tsallis T b ¥ —). MER5M p= (p1,....,pr)q = (qu,...,q) \TXHU
T, Z(B;p,q) ZIRDEDIZEDD:

r ) B r )
2B p:4) Zk WIXX%)%=ZE%B, &:4%%
i=1 7 i=1 ¢
& B X2O00MERMMip & ¢ D& i TLDEVERDLTWS. A ZHNHF
p(B) = (p1(B),....pr(B)) %

B 1-8

P L
PO = 7 Gmg = ZGp0)

CEDD L, WIRE B 1F ¢ =pi(0) & py=pi(1) ZRATE/NNTA—F—IZR>TNS.
ZDEE, MM Rényi TV B E— Ss(pllq) &

1-p
LEPIN, HKMTY hOY— S(pllq) &

log Z(B;p, q 1 :
S(pllg) = 8ZW0ipa) 1_Blogzp5qf ’

9,
S =— = log Z(B;p,q) = — —
(wlle) = = 55 oo (Bipa) == 35 .
ERDOIND. 2DOHDHFEST Z(1;p,q) =1 2o/,
ROEFZ © \ZET D g ZoFHE LTS

f(x) = f(gz)
(I—-qx

q— 1T q##5 Dyof(x) 3D 0f (x)/0x (KT S.

FOHNTY hEE—DAD log Z(8;p,q) TIFEL Z(B;p,q) ZAVWERRIZBITD
BIZETIMN % ¢ ENTEIHZ D L12&->TY, 48% Tsallis T O E—2%RD
EOIERIND (¢ Z57D q ZIROATIE a &FL):

Z(Lip.q) = Z(asp,q) L= pig "

T, =—Dgsals Z(Bip,q) = — =
(pllg) B, ’,3,1 (B;p,q) 1—a 1—a

ﬁ b, q Zpll()g_

Dy qf(x) =

a— 1T a ZREEOMWDIZIRT 20T, #HR Tsallis T b ¥—3tfExTy b
—IZRT S, TDZ &iE
Z (pi/ @) — (pi/Qz)aq i & % «

0%
; = — x* =zlogx.
J — v a=l 1 —a  Oala=t

T.(pllq) = —
=1

15541 2016 426 H 22 HOBBETZOBARMNE & o2 KCHETETHARL,
16%% (PHX) Tsallis T hOE—DEHRDBARMEZE £ 72 <HEL TOHARW. (FH)Rényi => b
—IEARBEN D E R DONEL (AT )L F— Massieu i) RO TTD LI BREDEFZZ D Z L DB
‘fi’ier:E'f’C 50, (FHA)Tsallis T b E— DT & < DDA,
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EEIZEHENDOLND. X Tsallis T bR —I3fHd Ty "o E¥—DEHIZH T
% zloge & (x—2%)/(1—a) CTEIMWMAZEDELEZAS. N Tsallis = hOo¥—%
FIXf Rényi T PAE—=TIRDLDIIRDOLTILETED:
~ Z(Bip,g) =1 exp((1 - B)Ss(pllg) —
WA Rényi T M BEE—Z X Tsallis T hEE—IZ&>T
Ss(pll) = log Z(B;p,q) _ log(1+ (1 — B)Ts(pllg))
1-8 1-8

EROTIELETES. AN Tsallis T O E— 2% Rényi T A E—DEWNE 2 —1
Elogz=log(l+ (x—1)) DENTHEELEZDILETED.

MEDES T, MY o —, #xf Rényi =2 b ¥ —, Fxf Tsallis = b —
X ENE SHLERE Z(B;p,q) MODIREYTH D . ]

SER (M Tsallis > s 0¥ — LM Rényi = s 0¥ —0DB£R). X Tsallis =¥ b
Y¥'— Ts(pllq) &M Rényi T> b — Ss(pllg) 1FEHBHEH

Zs(pllq) = prqi ’

VT
Z ~1 log Z
Ta(pllg) = ——ﬁ(gH_Q)l . Sslolle) = ——Ogﬁ ﬁ_(]i”q).
aa%ww% B>1(HULLKIF B <) DEAIFEDLLE Zs(pllq) DHFFFAEHE (£ L
< IZHIRMBIE) ZOT, ZhD bRt B - b1 Zs(pllq) % BAME (B U < I3k
ft)y4s52& ammbaa I 51T

P —1
caale) = (14 (3 =DV, i) =T
MEZHFOREEIZREZ & &Y,
Zs(p|la) PV = es_1(~Ts(pl|q)) = exp(—Sa(pl|q)).

Z DR TN Tsallis T b I E— N Rényl TV hEE—DENEIB LD & es4(2)
& exp(xr) DENIZS>TWD. EbAA, ZOHETTA»H

Ts(pllg) = —Ls—1 (Zs(ll))/ V), Sulpllg) = —log (Zs(pllg)/ V)
EENTEITIXFEHHZDTH S W, H

5. MY b — MM Rényi T b O E— M Tsallis T b ¥—i&Ehth
S(pllg) = —Zpilog%

logzpqu g

Zf pfqzl E —1
Ts(pllg) = 15_1

Sp(pllg) =
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CEHBINEZDTH>7z. b5 (1) %
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