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2 0.1: Stirling DA AT & 2 BEFE DL

| n | n! | Ay =nre™V2mn (%) | A(1+1/(12n)  (@%/n) |
1 1 0.92--- (7.78%) 0.9989 - - - (0.10%)
3 6 5.836 - (2.73%) 5.998 - (0.028%)
10 3628800 3598695.6 - - - (0.83%) 3628684.7 - - - (0.0032%)
30 || 2.6525--- x 1032 | 2.6451--- x 10%%  (0.28%) | 2.6525--- x 10%* (3.7 x 1079)
100 || 9.3326- -+ x 10'°7 | 9.3248--- x 107 (0.08%) | 9.3326--- x 107 (3.4 x 1077)
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falz) = Ty (z >0).
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EAH o2 \FM ST n 127855

Hn = E[Xn] = /(;Oo xfn( ) = F(?(Z)l) =n,
e A

= B[X}] — up, = n.
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8% . n>0NEHOLET(n+1)=n BROT, ZTHH n — oo T 1/V/2r IZPHKHT D
Z & & Stirling DA XD EALIEFMIZER D .

AYIPHEPHEEZHE LTSI &Y, HLMREMZEHTELDT, R ED
E%EX@LT&Q@( ) jfb’C,n—M)o@é:%

/Ooosﬂ(x\;_n)fn( )dx:/ooo (W)Vnfu(Vny +n) dy—>/ \/%Zdy_

o(y) ZTIVEEE S(y) \OEMNIT R Z L& > T (TROLMREZERKID y 12 0 ZRA
TBHI L&),

e 1 n"e "\/n 1
Vafa) = Vi = gy e ()
2195, ZOFERIE Stirling DANARD KA = EKT 5.

PAED B DR CTHEREERBO y 120 2RAT 2 A7y FITE@HERIZE vy
THHd. ZOXFYy TEMEOZ-OIEHOBREHEE2 7oy 7Ry 7 AL UTCHAT
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NEN ar & ar? 127485,
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BTRRTDILICESTIHHINDG Z & 2 BOHTBENRDH S,

Z OFITIEA >~ 5346 DOHERE B % Rtk R D Fourier £ TR DT AN E HWT,
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2.1 Stirling DA DEEEAR

H Y3 DHEREERE f,(z) = e 2" /T (n) (x > 0) ORPPERE (¥ Fourier Z5#1)
Fo(t) 1ZRD &S IZEHRI NG

F.(t) = ite - dr = —(1—it)z,.n—1 dr = )
(t) /0 e f(x) dz —F(n) /0 e T T =L

ZIT, BB EOEFZEL o IT/HLT

1 o 1
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T'(n) Jo an
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Fourier DN A L V10,

e Tyl 1

T(n) 2«

00 ) 1 00 —itx
e (1) dt = c

Jul@) = o ) At

dt (x > 0).

ZOARI ZFRHTU £ 2L Stirling DRAXDIEHIZS U,
ZORANEY t=/nu LE#BRTDZILIZEST,

ne "y n [ et L e
Vinfa(n) = Tn+1) 27 ) . (L—qdt)m dt = %/ (1—w/\/_>

Stirling DAR%E FEHAT 5 720DI121E, 2D n — oo T 1/V21 IZPERT 2 Z L 2R3 IX &
V. D7D IR DB DR N & S

1 e log (1- 2\ —iuv/
og———— = -nlo — — | —iuyn
S0 /) T

X u2+ 1 u2+ (1)
=n|l—=——+o0|— —uy/n=——+=+o
vno 2n n 2

THFIE Z OFEHEE https: //V\ ww.math.kyoto-u.ac.jp/ nobuo/pdf/prob /stir.pdf % R THI> 7.

SHERDMWIINT A =R — n IZDOWTHEM 2R D Z & L RMEEENH 2D n ROFIZARDZ Z LT
FETHB.

9 Cauchy OB EHZMHHLR TERED. EillE fla) £EL L, f(1) =1 THOHWABEAITE -
T f'(a) = —(n/a)f(a) L72DZEDRDLMNEZDT, TORANMELND. EOFEEH o 1Zx9 2 ZDaAE
t=a/a LWV EBBDIZE > TAZIGEING.
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2.2, IERULI N2 T 2~ 73 AT DR B A D 2% mUDUR 7

U7ZR>T,n—o00 D& X

&Y, n—o00 DL E

n"e/n 1 [ eTwVn L[ e 1
(n) = ——— = — S — — RS T —
Vinfa(n) T(n+1) 2n¢/¥0(1—¢u/v%yzii__*2w - Y=

ERDBIENDOMNDBY. RBEDEFESTMRIZIEDFEE o IZXH LT
/ e~ v dy = var

BRIV 2T Stirling OARDEEH X v 7z

2.2 ERIEINTEAVITDHDEERZRERBDE KUK

MR BB f(x) = e %" ZHOMERERE X, L /L E Y, = (X, —n)/va
DT AR TRTN 0 & 1 IRZDTH- 7 (Rifliz R &), Y, OREREERII

ey ) et (L 4y )"

\/ﬁfn(\/ﬁy_}'n) = \/ﬁ F(n) = F(n) 1+y/\/ﬁ

W85, TLT,n—oo DX

mg(ewmy(1+g§%)n)::nbg(1+~§%)-—v%y
(L) e

BOT, n—o00 TeV¥1l+y//n)" —e V2B X5 1+y//n—1282.
ZAZ, IRDRANL T D Z & & Stirling OANIKFEMEIZZR S:

e V= ny 4 n)t R e~v*/2
I'(n) V21

TRDOD Y, OMEREERBUEETER DA OMERE LRI A RN 2 Z & & Stirling
DRAXIKFHETH D .

FT YA DN THER B D £ DR D L AL THUDMRBRE BEASEAZ L T % Z
& & Stirling OARIXF UEIIZHD.

Hpg2 Z3EBH U 72 1 U, 72 & Z21E Lebesgue DR EH % (i 21X LW,

22 AR Gauss A DAR [T e dr = T Tz =u/ya LEHPEREEHBTNIEOND.
Gauss ADARIEUFOE S ICUTHHAING. £ll% [ bBLE P = [T [ @) drdy ThH
D, 1213 2 = e ) D25 7 LM 2 = 0 THENA UNIPROFER] OWRFEE LRI D, T/
DET 0< 2z S 1IZBITLWHMIE —7log 2 TR D DT, TORMEIK fol(—wlogz) dz = —w[zlogz—z|{ =7
8%, WZAIZ T = /r. Gauss MO RRDOARGEBR L ZAIIHEARNHTRLZEZIATHY, LT
DEFRBHTHKDZ L ZATHD. UNLUEDOZEIINIDKEKETH 2 Z Wb hNIE, TDEI 2 TOW

HEABOMIC LD Z e NEMAR 7 BN TRIEHAP DN L. FHRIZRDDIE T TOE D% EREHE
LZDTIEELS, P DL%3IELAEZNSGTHD.

\/ﬁfn(\/ﬁy + n) = \/ﬁ
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Y,, ODHESR 4 A B B EHE TE 1514015 O HESR 5 1 BB 4% DGR % 2 & O MIE
Jf(n) QU & AR £ 512 LTRLND:

St (/i \/_ e~ it(vny+n) p I e itvn
" - t - —u
JalVny +n) = / =i 2%/: A=y *
1 [~ 2 1 2
— — e MW 2 dy = e v /2 n — 00).
21 J_ o V2T ( )

BfE D% ST, Cauchy DR ER L 13
/00 e~ M2 dy = /OO e~ (PR 2 gy — o=V /00 e 2 dv = eV 22

o0 o0 —00

ERBZEEHN.

ZDE DI, AV~ A6 DR E E RO RHEB D Fourier Z2#112 & 2 R % i 2 1F
TR L E D PR D L ROV TOHMERE 2 A Z 1 RT Z N TE, TOFRERIE
Stirling DAR & [FfEIZE > TV S.

2.3 HUIHHDEHMUEEE Fourier REAR & HWARWAE
HYXHBDEREIY,
n!:F(n—i—l):/oo " du.
0

BAZERZ x=n+vny=n(l+y/y/n) IZ&>T y IIEHT DL,

n‘—ne”\/_/ (1—1—%) dy.
Wz
L hy) = {e—ﬁyuw/ﬁ)” (y > V),
"Twenyn " 0 (y < — V).

LB, o= [T haoly)dy £7%B%. loghy(y) D y =012 % Taylor BHIZEL ST
log h,(y) = —y2/2+0( ) (n—00) £82ZEMNDNDDT, lim, e ha(y) = e V2 L7
52 ENbnd. IHI

o0

lim hin(y) dy:/ eV /2 dy

n—o0

LS FES L RBIRDIERF D% RS 2 & AT ENUEY, limy, o0 cn = V21 BEOND.
97205 Stirling DA

|
lim —————— =1

n—00 ne="\/21n
WEHND . ZOHETHNIX Fourier T DRI M ETIZ LR LA D.

BRI 2 H DR CTHERBIHEIPING. & ZIE, e O Taylor BRI Z A U CIHIIFE S % F217
UTHIHHITES. © UL, M8 f/(y) = —yf(y), f(0) =21 2Hi-LT0WR I EnbeEMIND (£
W72 L T2 2 IFH AR THIEDN D). Cauchy DD EI 2 Z XK RN u + iy (u>0) %
v>0 CEIBADIERMEIZETLUAZDOLHEU LD ICRZDMHEIMELNS.

Ly >0 T hy(y) S hi(y) =e V(1 +y) B, y S0 T holy) < e ¥"/2 BELLTWB DT, Lebesgue D
ARG % 2B IRT ZEMNTE S, Lebesgue DICREH Z DR TE | |yl £ M T h, P—FRIN
KID2ZIELEHOVTORTIEETES.




24. BHEWRIZAA 2RDHEVIERDIATELUTE S Z L EOMRK 9

2.4 BHEMNMNKEILHA 2ESHINERSGETEHELUTET R EEDOEBR

BT HE IE RIS RERAH n (HORERAI X, X IDE 2T Y, = XP - 4
X2 L REEINIMEREBY, OWERDIAZHBE n ODAA 2TRDHLIFS.

EHHE n QN1 2304 shape 28 a =n/2 Tscale B’ 7 =2 DAV I FHIZZFEL.
FRZE R n DA 2 A ORERE BB

e—y/Qyn/2—1 .

T(r /9\on/2 >
fn/2,2(y) - F(n/2)2n/2 <y )a

0 (y =0).

ZRY, ZTOFEERBIIENT N 0 L 2n 128D, TRDD,

00 —y/2,m/2—1 —(23+-+22)/2
0 I(n/2)2/? WO n (2w )2 ! "

COHEREEZRTEZOIIE, AVIYDMOFEEELY, n =1 ODEAEEZREE+THTHS.
n =1 DHBEDOFHFEITIARENZH Y AFES & T(1/2) OBBRZOEDTHD. EBE, 2 >0
Tao=y LEDEHZERTLHIILIZEST

00 ) e—a:2/2 p ) oo e—v/2 y—l/2 p oo e—y/2yl/2—l p
BAOSET T(1/2) = /7 &lio7.

Mt ZDOMATIE, HHE n 2 KEIL<TD L, W1 2EWL/MHITFEIN n THED 2n D
EHAHIZP > DEMN S ZENISHMOENT NS, TOEEIIHN V¥ 54D HMEIRE
HZDOEDTHD. £UT, B TR U2 KD ICIEFULI N AT >~ 5346 DR R FE A
SR A1 4 DR B &\ 5 5L L Stirling OASIFE (7 U ZEX OEH) 20
ThHolz UERFLEDDIEIRDEDIZEZEZRD I DND:

EHIEE n DA 2040 % ZEAEW TS 0, 788 LIZIERET 2 & & n — o0
T T DT F 2 FE BB EEHE TE B 53 A0 DS 28 FE B BT DR 97 % & S #RE S
WHBWTELHOENT WD FERIE Stirling DARE[FETH 5.

B DIIHEHF %2 L <H->TWB AL, Stirling DARIEn — oo THA 2 LN IER D
MEDS IR I EZREKRL TS L > THu,

2.5 —RRDIFGEDFOEREIRICEET B KB AR

— R DI O HUBR IR R BRI DWW T RMEHIZ ORI IR 5.

X1, Xo, X3, .. (M THEUWERS A 2R OWRLEBDIN THDHLTEH. IHIZTH
SIEEY = E[X,] E9 0 = B[(Xy — p)?] = B[X3)?2 — 12 2 HDO L IRET 3.
Vo=(X1+ +X,—np)/Vno? B LY, DFEHENRIEZNTN 0 & 11285,
ZDELE n— oo DERT Y, OWERSAIEY 0, DB 1 OFEHETE B A2 (HY) AR
k) DR 2 05 ODSHLMIRERETH 5.
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LR DHRD 2D X, % (Xy —p)/o TEIMZLILIZTEH. ZOXDITESIHAT
LY, 3EDLS5RN. ZDOLE X OFHEFBUITNTN 0 & 1 IZK85DT, X OF
VR % o(t) = B[] L #L &,

t2
ﬂw:1—§+oW)

Y, = (X1 4+ + X,)/vn £BLEY, OFHERREZTNTR0 L 124D, Y, O
RO R IZ D & 5 IZFHE I B

1o [ e - o ()’

k=1

t2 1 " —t2/2
l1—-—+o — e (n — o0).
2n n

P 212, Fourier DIEARE D10 Y, ORERBEES f,(y) 1&

1 [~ t\"
fnly) = ﬁ/ e My (%) dt
W22 23U n — oo THREMEIE M43 A D 3R % K 4K

00 )
i o~ ity o—t3/2 gy — e v/
21 J_ o V2T

(PR 2!

2.6 ZIE2HmDHOERREER

PAETIIHERDAD THEY)BRERTOPGR] IZOWTIEFEAEMEHIAL AN o72. =
DHITIEZ D I DWW T IEH A ZHNZ W T RHEEIZEA S 5 18,
X, MZHEDG T OMREBD L X, g(X,) DIAFHEIX

==j£:g(k)<z>zfq"k

LREHRINDG. 2ITO0<p<lg=1-pTHY,n FEDBKTHD LU, (}) 1T H

R RO
; n| n - n .
<k):m (z+) zz(k>xky ;

k=0
E[g(X,)] 2B DR TEL ZOIIET IV RER (TIVEHE) §(x —a) de &6 5 BER
H3:
n
Bl = [onds, g =X (1)t b
k=0

ot/ /)" AETRA 7 BIE Y, 1T 3 Fourier KA RO RIZEEIC A 24, AR TRVEAIC
WHIEIZ ) HIEDOPUR2E 25 2 LIl85.

6 —fIZiE R EORERHIIEICRS.

RGBT ISEY R REIRTOINKR 2 ZE X D2 BENDH D,

By 477 OIS 24, BEREmIT LR,

VTN (T IV AWE) 6(x — a) do FEFEE f(2) 12HUT, [ g(@)d(z —a)de = g(a) 12&2T
EBINTVWDEEZD.




2.6. IHZAT D HUO R E B 11

ZD &SI, TS OMEREEEI [, (x) XTIV AEE (TN ARE) & fioTRbIN
2 EEZ LN, BEOKBCIEA < BEE (&Y EHICIXE) 128> TUES. FHCHER
EERBOPR 2 @HE ORBOKRINKTEAD I LT TEIRIRD.

ZD & 5 BGE IR EEHO L SR TR < IFHENEE g — Elg(X)] O
WK % # 2 AUE 0.

BRI R AT, OB ¢ 1283 Eg(X)] 28> OTRAL, H2RHAEHD
His g 12T 2 E[g(X)] 28\, TORBIBEEOFEN S —ROBEEEL LD &
DRIENELITThND.

Z DHILFI D TERZEI X OFRERE ox(t) = E[e®™] 2> 2L THh 2. FriEEBUL
R ETHEIZHOSED 1 DU DO —FREGE R U R 5

lox(t)] = |E[e™]| £ E[[¢"Y]] = E[1] = 1,
sup |ox(t + h) — ¢(t)| = sup ]E[e”x(e”h -] =FE [|eihX — 1]] — 0 (h—0).
teR teR
BED 0 NOPER T Lebesgue DYNHEH 2 FW /2. B g(z) 3
@) =5 [ g
g(@) =5 | €5
ERDINTVWALTEY ZOLX Bl LEADIEFR2XHMTDHILI&>T

Elg(X)] = = /mau)E[e“X]dt L[

:% » :% .

J(t)px(t) dt.

ZOAREY, HEREHH Y, LHERER Y 1ZO0T, FEEBS oy, 2RIERE oy
A RIPOR U TS, Y72 27 5 22128 ENDERDOBEE g(y) IR LT Elg(Y,)] &
Elg(Y)] IZIRT 2 Z & 2325, BEHERZK 2 50— RO 56 O HoD R E HL
ZO&> B TENMEING.

TR MERERY, ORVERE oy, DI o IZE IR LU TOTEINRLDEE ¢ 23d
B MERZI ORI R 2> TR WG E IR Y, IFHERZBUTPCR L B, K

PEEIF] oy, DEACCHBER BIM o 1 AR B 1 518, R o % FFORERAKL

“IES A DO HROMRIRE R 2 RE S . IHOAE DR EEUE
ox. (1) = E[eitXn] _ ;0 pith (Z) pkqnfk

. n 3 — 7 n
= (k> (pe")"q" " = (pe" +q)
0

k=

20Z DFRIDOINFIZFIINR & IEIEN S .

722 20F g(z) BWEBAEBTHNIXZBDEE g(t) TZDEDIT g(x) 2RRTED.

27 L ZIXERBEGERBRDES.

BEBROFEHTIE, g(y) P2ABDEHETH D &5 BFENGOEE PR E R L, TOMEE UT g(t) Bk
VIRV D7 F A (Bl ZIXEFERHBDOES) ILHEEFNILEDOMEREEL.

24Bochner DEH.



12 2. AV DAADOREREZ 72 RR 2 b DEH,

BB, ZHMMDFFE REIEENTI p, =np & 02 =npqg THD. DR ITHEREE

In v/ 1pq)
DT LI TNEN 0 L 1128 Y, T ORERI
oy, (t) =E [eitYn} _E [efitnp/\/nimeitXn/\/qu]

_ efitnp/\/nToqgoXn(t/\/n—pq> _ efitnp/\/nipq (peit/\/nTJq + q)n
_ (peitq/\/rpq + qefitp/\/nipq)”

L7252, X, OFEERBOARNEREETIZ, X, —np = X, (p+q)—np = ¢X,, —p(n—X,,)
ZHWT, EEMNIZ

Py, (t) = E [¢] = B [eltaXn/vipie=ite(n=Xn)//npa]

_ Z pitak/\/pd ,—itp(n—k)/\/7pq (Z) pkqn—k
k=0

S () o
k=0
= (peia/VTPL . geitp/VPa)"
YEETHILETES. ZhIZ

. 2
peitq/\/npq =p+ itpq _ % +0 (L) 7

Jnpq  2n ny/n
: 2
—itp/ g _ ,_ _WPg _ ptT 1
g¢ 4 Jnpq  2n +0 ny/n
ZRATDHE
t)y=(1- ﬁ +0 o ’
Prallt) = 2n ny/n
DT
—t2/2

lim ¢y, (t) =e

n—00
— 73, BHEIE R A9 D HERZE Y DREBIBUE
A o —y?/2 )
oy (t) = Ele"Y] = e’ dy = e /2,

o V2
INEY, #EYRT T AIEGENDEE g(y) IZD20T

lim Efg(Y,)] = E[g(Y)]

n—oo

LRDIELZRED. DL

n

, k—mnp\ (n\ 4 . /°° e V2
lim P = dy.
H)okz:%g ( npq) (k)p q )=y

BELZEp=q=1/2DLE gy, (t) = (cos(t/y/n))".
26 2 DIGEITITAFREREER o Sy < b TEN 1 IZTEDTHRVE X 0 ILRDEHER Y.



13
) MaSySbDEZEMN 1IZRY, TOITRVE X 0 IZRDIEBDLEITIE

, X, —np ) /b e V)2
lim PlaS —<b) = dy.
n—o00 ( - \/npg T o V27
PAEMSZIH A OMERZE X, OHFLMBIREHR TH 5.

3 Laplace DAZEICLBEH

A & TIZEHA U 72 Stirling O AR OGERIZAERIZ T > < B (T 2 < 4347) 2 Gauss
*ﬁﬁj\ (IEFD M) TEMI NG Z &2 HWGEHZ L Z A 50105 . Gauss I L DML 2
Laplace DHELIESNZ & N3H 5.

3.1 EHED Gauss B ICL B a2 F>/-EH

AV BB DME % Gauss B CHEBEEMLIT S Z £ I12 & > T Stirling DAXZ/RTD.
log(e™®z") =nlogx —x & x =n T Taylor BT % &

(x—=n)  (&—=nP (z—n)*

nlogx —x =nlogn —n — o + S
BOT, n WREZLE I =T(n+1)= [ e a"de M
/OO exp (n logn —n — (@ ;nn)2> der =n"e™" /00 e~ @/ @n) g0 — pre=m/2mn
TIEMIND ZeDbnd. PRIz
n! ~n"e "V2mn (n — 00).

ZDEBORET % scilab THiK 22 IC &> TE- 2l %Y 1 v 2 —Di 11 7 TR
ZEMTE S, ERIOBUEFTEY 7 N scilab IZDWTIREHDY 1 — b 2 S U TAL .

PAEDFEHE T Stirling DARF DK F- ne ", v2mn DENTND g, () = log(e *a™) =
nlogx —x O x =n IZHBF S Taylor BEADERIHE 2IROIHIZHEL TS Z EhHn
5. 3MOIEIE [ yPe v /ady =0 BOTHE LA,

A ED SR L T 1 AHEHED 1/(12n) FTEHELUTAL ST

WM A AR LAY I EHBOBRIZATOEY

00 00 1/2
/ e 20 dy = 2/ e () da = 2/ (Qt)k\/_
oo 0 0
= 2’%@/ e~HF 2 gt = 2FV/oT (k4 1/2)

1-3---(2k —
= 2kV/2 2( )ﬁ:1-3---(2k—1)\/2ﬂ.
2T—IMF, Stirling DARDH 1 FIARIEE TOMEFWEEH, % Vol. 31 (1979) No. 3, 262263 Tl Wallis
DRRDIEEAN L > THE 1 fEHZ ML FENRHINT VD, 8 1 fHEHEAN X O Stirling AXRD 5 U
WEEHIZ DWW T, S iE i, B A B4 5 Stirling O A XD YIERFER, 2% Vol. 36 (1984) No. 2,
175-178 LW D XA H . & DXERDEF % LR TIESEZIZ L 72,



http://twilog.org/genkuroki/date-150709
http://twilog.org/genkuroki/search?word=scilab&ao=a
https://www.jstage.jst.go.jp/article/sugaku1947/31/3/31_3_262/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/

14 3. Laplace M 5712 & 28,
f: (‘: Z‘i, fjooo 6712/2 dr = ffooo 67372/21'2 dr = \/%’
/ —20% dr = 3v/2m, / e"/?25 du = 15V/2r.

IN6DRAZELLFTHES.
VB DM FRDOBDZER 2 12 n(1+2/y/n) 2RATD L

nl=Tn+1)= / T dx

—“/%F/ O+vanm

€T n
~n"e "/n e‘ﬁx (1 + —) dx n — 00).
: = (n > )

n

R IR DX Z o, (x) EFEL &

¢n(9€):”10g<1+%)—\/ﬁxz—%2+%—£+o<%) (n — o).

5gt: 0) o(1/n) DFIIE n ZNFERICn > 00 DL 2| S1 T O IC—HRIERTS.
WRIT |z £ 1 IZEWT—HRIZ

e VT 1+ $ n—e_”Z/QeX z* —$4+0 1
N P 3v/n  4n n

—6—7»‘2/2 1+x_3_9c_4+1 :C_3 2+0 l

N 3vn  4n o 2\ 3n n

(1 z? x4+ " o 1
B 3vn  4n  18n n))’

o(1/n) DIMAIZEEND n OFEBEESD 1 OHOBREIE v IZDOWTHBKEUIIRDS Z
LITHEER L. FHEHEE e T2 0D —1 <2 <1 TORMIMADZDT, ETHMLT
BWEARIZE > TR ELNS:

1 n 00 4 6
7\/777,1 1 —I ~ 79:2/2 1 - _I ’ 1
/—16 ( +\/ﬁ) dx /_Ooe ( 4n+_18n dr + O >

_ /o 3@ 15v/21 o(i)

4n 18n n?
—Vor (14— o[-
N 12n n2) )

n! = n"e "V2mn (1 o (;2)) (n — o).

12n
INTHEIFIEE 1/(12n) BRSNS B 1HHEH 1/(12n) &, n BPREIBRLEE 0l O
n"e "2mn IZ KB ELDEEIE n BRIBREE n! OfED 12n DD 1BEIIRDZ L%
=L TWS

WwZ Iz

28 EIR DA IETHE [RIRRIC Fohd.



3.2. HYUSEBON Y EEE AW /E I CTHiEIEZ ZHE T 5 ik 15

3.2 AVIYEEBOHAYITEHZRAWGEUTHERZEEY 5AE
Laplace D /EIZ & % Stirling DARDEEA & T D—#ALIZEI U Tl Gergd Nemes, Asymp-
totic expansions for integrals, 2012, M. Sc. Thesis, 40 pages D3 aE LU\, AR CEHBHT % 4
EOFMIZZ OFwX D Example 1.2.1 iIZH 2. T IIZEHEWTH D HiLkZEH>TEH, Stirling
DARDHHIEIH 1/(12n) 2AHIIH/D I LMNTES.
RORARZEMD L 2EZL: EED a>0(a=00 Z2EHL) ITH LT,

a 1 an F
/ e Ml dt = — / e "2 tdr ~ (5) (n — 00).
0 n Jo

s
t=a/n LRAEREERUE. ZOAREHAI,

a1'(s1) N asl'(s2)
nst ns2

/ 6—nt(a1ts1—1 + a2t52—1 R ) dt = (n — OO)
0

D& D BEHEMNAEEIZ RS, g VT Stirling DARDRM DOMIEIE 1/(12n) 215 T
ALD.
B f(z) %

f(z) =2 —log(l + x) (x > —1)

CRED, MAZEEE y=n(l+z) LEHRTLIILIZLOT,

nl=In+1)= / e Yy dy
0

= / e "1+ z)"ndx = n”“e”/ e @ g,

1 1

LI Z >0 <0l B22iz&oT

n' 0 1
— :/ e /@) dx+/ e D dy,
nhTie"n 0 0

LY fo)=t BULKIFE f(—2) =t LEDALBEZEIHRTINE, BMOOEN ETHIAL
IR ZESTHS.
FERIZENPHRER I L 2R L LD . f(x) =z —log(l + z) DEHEUL

1_:1:
142 14z

flx) =1

BOTz>0T flle) >0&RBY, -1<x<0T fllz)<0&%Bd. f(x)ldxz=0T
BAKME f(0) =0 2FH, x > 0 THFAMWMU, 2 < 0 THHFABDT L. PAIZ >0
1<z <0DTNTNT t = f(z) FYPEHK z=2(t) 2FD. v =2(t) DFEFLELTOD
ROFENZFANRD 720D,

z=at'? + Bt + 32 4.
EHWNT
3 !
ER

22
t:f(x):x—log(l—l—x):?—


https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf
https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf

16 3. Laplace D HEIZ & 2 EH,

WRALTY, a,8,7y 2 RDTAHALD. EBRIIRATD L,
2 3 2
t= St <a6+%)t3/2+ <a7+%+a25+a4)t2+---

A% i U T o, B,y kDb &,
05:\/57 ﬁzéa Y=

2155, ThhHL /s
p)
_ 1/2 , 4 V4. 3/2
=2t +ot+ gt
Bb. x>0 TRIDEREZZTOEEH VS, 2 <0 TlE V2 %
SIZx % —x CEIMZ-RERZHWS., 4206

2. V2
= V212 - St 32
r=v2 TR

LBLE f(—2) =t LBB. B EDTRZTADEEIIB VT, BT

LB fla) =t
2 CEXHA, X

dz — @ $/2=1 4 gtlfl + \/_§t3/2*1 4+ ...
dt 2 3 12
A ED 2 DDEET t OBEIROEIZIE —1 fFOENNRH S . HEfFIE S /2.

fla)=t EHNEREBERTEZLIZE>T, n> 00 DL FE

o0 o0 d
/ e @) dy = / e_"t—w dt

_ /OO ot (\/75 #1/2-1 + %tll + gt?ﬂl + .. ) dt
_ \/§r(1/2)<+.2r(1)_+ »/fEF<3/2)+

2nl/2 3 12n3/2
Vor 2 \2rm
:2n1/2+3_n+24n3/2
ERD. mBRIZT(1/2) =7, (1) =1,1(3/2) = (1/2)I'(1/2) = /7/2 Zffio/=. £ 5 —
FOBEBIIDOWTEH, f(—x) =t LEAEBZE#LTLH I LIZEI>THRIZLUT, n — o

DX
i) gy V2T 2 V2T
0 C2nl/2 3n 0 24n3/?

e UED2O02RLEDED L, n DEHFESD 1 DHENTRNTHFy oIV, RN

"ond
n! V2 27 1
nitle—n  pl/2 T 12n3/2 +0 (n5/2) (n = c0).

CHFIRD LD ICEZIEIND:
1 1
| — NN -
n! =n"e "V2mn (1+12n+0(n2>) (n — 00).
. 92 DMIE

ZHNTH 1 OFIEHE 1/(12n) § Laplace D AIETRD 5NE Z &b h o /2.

THEARE € ﬂi‘% IZLTROLEND.

H1} % Taylor B log(1 +2) =2 — 22/2 + 23/3 — 2t /4 + .- TR ICI DN D,

Bzl <1}
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FE. L EOFHBEIZEWT “4...7 LBV OWTIREFELKRETHD. TDOI &
WXL R DEERZ REhns.
L
1+t

p t
1+t

=1—t+t =+ (=D (-1)

2T

emtdt  T(1) TI(2) w1 L (k) L [ ek dt
= — -1 S -1
/0 1+t n n? ot (D) + (=) /0 1+t

o 1! E—1)! o gmnttk
0

n  n2 14+t
FEOBRTIEIZDOLS BROEFNSLEE “+...7 LG LU THRAZ. < EORIFELWY

AR,
o eint dt _ > k—l (k: -
A 1+t_g¥l) nk

WEAEOBEEKETCELWARTIEHARWY., BELRLIEALIZEARIZRER n IR LTHIYL
RWUBOMOLETHD. “+---7 OFDIE R 220k T 25 L MIRTL2DTIEARL, “A
BRI RIARI” 2 EK T 2 LR L TEP A TN T80, 0

1)!

4 YHEMR®D % L L Stirling DA
Stirling DARNIZIX & FETH %
logn! — (n41/2)logn+n — logV2r  (n — o).
INEY, IROFFOFERNE NND:
logn! =nlogn —n+o(n)  (n— o0).

ZZTo(n)ldn THOZBEIIN 500 &FT2E 0INERTIEEZEKRTS. ZNEZD
I CIETHEMRD S L\ Stirling DRAREIERZ L1285, ZONANTHIVUILA N T
T2 EDITHENIZFHAT S Z LN TE B,

4.1 FHERD S L\ Stirling DA D5 L WNEERA
HEARMEE f(2) 12WT f(k) £ [T f(e)de £ flk+1) PESZLTVR DT,
f(1) 20 %Z /=9 B IMEE f(z) 12DV,
f(1)+f(2)+---+f(n—1)§/1 @) de < F) + F@)+ -+ f(n).
Wz Iz . .
/1 f(a)de < F(1)+ F2) -+ f(n) < / Fe)di + f(n).

O T O E RAUEDDS £ 512 o(n) DA IE Ologn) TH2 = L LAMTES. = 2T Oflogn)
X logn CTHEIS>ZBICERIZEDZEEZEKRLTWD.




18 4. XNEIRDZ U\ Stirling DA

IN% f(x)=logx \ZHEHAT DL

/ logzdr = [xlogx — z]} =nlogn —n+ 1, log1l+1log2+---+logn = logn!
1

RODT
nlogn—n+1=<logn! <nlogx —n+ 1+ logn.
ERASP)>
1 <logn! —nlogn+n <1+ logn.
L7zh>T

logn! =nlogn —n+ O(logn) = nlogn —n+ o(n) (n — 00).

ZZT O(logn) i logn THIDEEFRIZKD LD BREZEIRL TS,

4.2 KEAABEBEANDIGAB

SFHB D % U Stirling OARE S &, an (85 bn [HEL2 M E DO (“IHE
B) OXEUL

log (ZZ) = log(an)! — log(bn)! — log((a — b)n)!
= anloga + anlogn — an + o(n)
—bnlogb — bnlogn + bn + o(n)

— (a —b)nlog(a — b) — (a — b)nlogn + (a — b)n + o(n)

a

= nlog W + O(Tl)
LB, WPAIT
an\ /" ab
lOg (bn) — lOg W (n — OO)

ERAN PR

a

lim (an> v = lim ( (an)! >1/" - ¢
n—oo \ bn n—oo \ (bn)!((a — b)n)! b(a — b)e—b’
I B an AN 5 bn fHHD FHAGDOEDED n TMD n — co TOMBRIT —IHLRBEE
BORDHTHED (kn)! % K THEEBIZEOND.
Z DGR & ZIXIRDE T RD 1988 FEDOEFED Ak [z R TR 2L BN TE 5!

1/n
nm(“aﬂ 2k &,

n—oo mUn

Z OROfEIE
3/(1122) 3 o7
2/ 2816
AR % fE 5 72 A&, &9 Stirling DARE > L 55T BMEE % X, Z0BICH
ERCEDRFN TR 2 2 L AR L 07 L ibNS.


https://www.google.co.jp/search?q=%E6%9D%B1%E5%B7%A5%E5%A4%A7%E5%85%A5%E8%A9%A6%E5%95%8F%E9%A1%8C+1988+%E6%95%B0%E5%AD%A6

4.3. XNERRD S L\ Stirling DA RNDWE 19

AR ETRULAEZE &Y,

om\ /" 92
im (") = 2 =22
n—oco \ N 1111

ZHERZZRL TS (o(n) tdn THDE n— oo TOIZPIRT L E):

2
( n) = 9% e0(n) (n — 00).

n

Wallis D2 (5 8.4 #i)

()2 o

T DRBALIZ > TS, 0
AR, HTRTIX 1968 FIZHMMDE#EZH L TWb &5 72!

lim ~ /Py BRDE. (BRI 22 )

n—oo M
Z OREE B S T IE R XL Stirling DARTH D, LD —KIZIRERES:
N1/n
lim M =ae
n—00 n%

BERLIE

((an)))t/

log
na

= —log(an)! — alogn
n

= —(anloga + anlogn — an + o(n)) — alogn
n

=aloga —a+o(1)

= log(a®e™) + o(1).

o131 Stirling DR % 1 2 145 1778 2 855 % B ESCEO RPN TG 3 & > 12 J8
UC AR LTV 2072 L Bbha. 0

4.3 THERD S L\ Stirling DAL DHE
BUTKRT B L WERES. HBEH ¢ WEIELT,

1
logn!:nlogn+§logn—n+c+0(1) (n — 00).

UPFRTIEZDORAZGHL L 53

B 41 HiCREIA U 726 U D % L Stirling DA R E EORARDENE (1/2) logn DIH
CEBUE ¢ NI MATHEBLTWS L ZATHD. TNOLDHELT T A T 7IXIRD
@Y. [Mlogade = [zloge —a]f =nlogn—n+1% k=1,2,3,...,n— 1 IINTIES
& [k—1/2,k+1/2] x [0,log k] DEDOIRM & R [n—1/2,n] x [0,logn] DEHEDH

SUERL ¢ 8 log/2m TH 2 ZLIXEHMITH 2, Wallis DARZH XL ¢ =V2r THD I L E2RES.


http://d.hatena.ne.jp/gould2007/touch/20071127

20 5. fI&%: Fourier D KEE/A R

log(n — 1)! + (1/2)logn = logn! — (1/2)logn TELLT UL, HIRIZ (1/2)logn DI
bNd. ILI, TNLDOERAWONMEGLHE {(z,y) [1S2<n, 0=y <logz} D
EWZERES AT UE, [[ogrdr & RATMDOHEMBDMBHIDED n — co TH S EH
WZICR 2 Z &by EBIHHFONDS.

log z | HFIMBKER D TIEDFE oy, B %

k

k+1/2 1 1
ap = log x dv — = logk, Br = =logk — log x dx
k 2 2 k—1/2

CEDDBIEMNWTED. ZDEF,

n—1

1 " 1 "
1ogn!——logn—/ 10gmdm=Zlogk+—logn—/ log x dx
2 1 p 2 1

=—o1+Br—as+ 3 — -+ Bt — an1 + Bn.

ZDRARFND n — oo TRIRT D Z & 2R UV

logz M EIZMTH2 28 &V BT ay, B, an. By, s, ... DEFFEDST B 2 L ADMY
logx DEEKEMN 2 — 00 TOIWPERT D Z & LD, 2O 0 ITPERT D Z & & oh
5. WRIZEDZRMRHMIE n — oo TWHT D32, TOINHEE 0 LEEZ, c=14+a 5L
E.n—o00oD&X

1 " 1
logn! = §logn+/ logxdr +a+ o(l) =nlogn + §logn—n—|—c+o(1).
1

c=log\2r THdZ &% Wallis DARX (B84 Hi) ZFH>THHL £ 5. n! = nnt1/2e meceoll)
% Wallis D3

) 22n(n|)2

Vil e

C:{‘%)\—é—é t’ 2 2n+1 2n 2
2 n n+1_—2n 2c c
V7 = lim no° ¢ _°

n—oo 22n+1/2p2n+1o—2ncc \/§
WAIZ e =21 THD.
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dz A dy = (cos@dr —rsin@df) A (sinfdr + rcosfdf) =rdr A df

BROT, K={(r0)|r>0 0<0<2r} &BLL,

2T [e'e)
I’ = // e~ @) g A dy = // e rdr Adf = / d@/ e rdr =m.
R2 K 0 0

42, = o=@ 49) 12 = 22 402 LB L 2 =1(—logz) LB B.
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7.3 Jacobian b T ICT O EELHRICL 2ETE
y M6 0l y=atanf X > THEDEHELEMT D &

2 _ ~ - —(x2+y?) _ - "/ —x2 cos? 2
I~ =14 e dy ) de =14 e xcos Odl | dx
0 0 0 0
2

71'/2 e’} ) ) 7I'/2 e—x cos? 0 r=00
4/ (/ e’ Cosoxcos29dx) d9—4/ df
0 0 0 —2 N

=0
w/2
4/ ld@ = .
0 2

3 DHDE S THADIERE 21778 o 7.

74 AUVIEHHER—IEHBOBERERWLEGE

HIHi Tl Jacobian 23 THRZAW 1 ZE DT DEHR S DA% FWV T Gauss 57 % &
HEDHEEZFALZ. TN LD R AIKIZE ST, TV Y EHBE X— R EHOBER
Xz 1 BBOES OEBRES DA ZFAWTIEAYT S Z 2N TET, TDOERADR 2
AL UTGauss BODIEA2FHHETZ I TES. ZOHONEITZFIEIONED &AL
ThdELEAOLND. Hal# T X fHbN D HERE LRI DOFRITIET Y ¥ HERPR— &
B % 52 27 OB BOND (BB IH). 72056, HEHEICHEIENH 5 5 1
Gauss BT DEIED—{b & UTH Y Y E N—FEHHIZDWTEFZATE W20
ERRWEEZEZIOND.

$,p,q >0 (6 U IEELNEDOHEHZL s,p,q) ICHU T,

oo 1
[(s) = / e "zt dx B(p,q) = / o1 —2)
0 0

WEOTHYIEHB T (s) ENXN—XEHE B(p,q) WEHRI D,

HWAFEDPIZE ST (s +1)=s(s) THDZLDDOMNY, T(1)=172480DT, 0 LD
BnllHLUTIn+1)=nl &5,

Gauss #6873 T 1 T(1/2) IZFF LW

00 ) 0o t71/2 0o
I = 2/ e dr = 2/ et dt = / e /2 at =1(1/2).
0 0 2 0

2OHDEST 2=Vt B/, ULB->T I(1/2)? = 1 % T L Gauss fE9 5
FAETERILIIRD.
NR—=ZEHBUTLL N D & 5 BEBORKRZFD:

/2 00 tp_l dt 1 00 d
B(p,q) = 2/ cos??7 19 sin?"t 9 do = / v _/ ? .
0 o (L4+tpte  pJo (14 ul/r)pte

r=cos?f =t/(1+1),t=u'/P LEBEMUZ. 3DOHD (BED)EXRD p=1/2 DEHE
DR B ¢ DA ORER B E DO LR TR I N, 2 DHDFROWME D HEBUL F
BHUZE 2 < XADFEAREBOH S H D . PUT T B IZ DWW TIEERbD AR,
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DA DORERBEHMO TR THEAIND. T(1/2) D Gauss DT & D KR ORI B
IFIERL 310 OMER B RO Z R TR X 4, Y Y ERER D E F# ORI x2 7

HOWERAHBOLRTHAIND. ZDOXDITH Y VEH L R— X EBUXEMRNIZ

I X N B HERD AR % BRT 2 72 DI IZ DB T R > T\ B (55 9 #i).
FRZRHIIDORREY B(1/2,1/2) =1 L2252 Wbnd. WIIZ, ELE

L(p)l'(q) =T(p+q)B(p,q)

PRI NERSE T(1/2)? = B(1/2,1/2) = 7 L85 2 EWbMD. Lrni>T Gauss B
PORREIIA Y VM ER—REHBDOH N ZORBRAERT Z L ITREIND.

AV BEE L R— R D DN DORERAIT 1 BEOESF S & BMANET DD A%
@Ofﬁ%ﬁﬁf%é UFCTEDZ L2 fBICHIAL LS. & AITHLUT, 2,y BN A
EAIZTEIMEN 1 IZRY, THPND L JITEDN 0 124D o,y DEEE 1a(z,y) &F

(N SR

2DOHDES T y=2—x LEHFES L, 4 DHOES TESDIET 2 2L, 6 DHDSE
FC o=zt EEHBFSLUZ.

7.5 MDAE

D FFIEIZ DWW TIE Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 ¥ &£ U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 =2 U TAKL V.

8 fI8F: AV <EEK

FIAETH Y EHBUZOW TSR U 2. LR TIXE I TS T IR o724
VREHEBOMWEIZODOWTHIAL XD


http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
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8.1 HYITEHHEEXEBOEARR
BTARITTRUZ D(1/2)? = B(1/2,1/2) = m IZIROBAZBARDORHEGETH .

™

I(s)I'(1—5)=DB(s,1—s) =

sin(rms)

ZORNIZEEBOFIHER DS, 1 DHDFAIER sinz & T(s) O R FER = H

o 2 . oo 2
sinz:zH<1—T§n2>, i.€. sin(rs) :SH(l—%>,

T
n=1 n=1
1 IR T S(S—Fl)(é’—l-ﬂ) _ s . S —s/n
['(s) B "1520 nlns —e H [(1 + ﬁ) ¢ }

=S HETHBY. 22T v I Euler 8
= 1 1_’_1+...+l_]
BT T2 n OB
Thd. IhoDAXERDD L,
1 B 1 ~s(—s) s ~s\] _ sin(ms)
TN —s) T(s)(—s)(=s) —s ll[(1+_n><1 ="

2 DOHDFIKIFIRDER D 2 EEEN 2 O TEHAETEZ L THS:

0 ts_l

dt.

mgru—sy:B@J—sy:/

o 1+t

0<s<1THhHDEREL,0<e<1<RIHUTCTEXZDMOBWOREEZ ¢ LEL:
F9 e b6 RETELTICHED, WICERTVH EOFSAEZFLETIERE R DM
EEKIEIEY T1ETS. TUT R 2125 ¢ F3TELoTSIHED. RBIEEZFH LD
Foizhb e §24% c OMEEEREFEY TLATS. 20L& [, 25 dz/(1+2) 1&
2Nz /(14 2) D z=—1 TOEEOD 2mi fHIZF L

/ZSl dZ . TS
= —2mie”™"’.
C 1+Z

e—0,R— 00 DREZEZDZLIZ& DT [0 de/(142) 1& [Tt dt/(1+ z) »
LZNHED 2™ fE9 ZE[WAFERIZEL W EE b5

s—1 d ) 00 f;s_l dt
/ < < _ (1 _ e27rzs)/ ]
C 1 + z 0 1 +1

ED2ODKERZIRT S LI2L-T

B(s,1—s) = /oo +5=1 dt _ —271'2'@77?8 _ 211 L T .
o 14+t 1—e?mis  emis —ems  gin(ws)
MUT()T(1 — 5) = 7/ sin(ns) ZHIZFEIH L THWT (72 & ZIXERMT 2 H LB HITRED), HY YK
BOMRREREID S sinz OEREREFHZELTLILETES.
4525 OMEIZFE R DR & KR D IZ 1T 2 & ™ fFI285.
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COMAE t=us B L& Ts™ [Tdu/(1+ut*) IZEFRTES. DZRIT, IR
DRAREB/ONAZZLITRD:

du  7s
1+ul/s  sin(ms)’

B(1+s,1—s):sB(s,1—s):/
0

CORAREZEHERTZILETEDZ. R>1Thde L, BRTFHEZFEMANS RETE-
G SHEA, IRITREFIEI D ISAHE 27ns 7ZIFREEL T Re®™ £ THA, TIMNOHFEMETE-
TR MEE C e E\ELE, [dz/(1+2Y%) B dz/(142Y5) D 2z =™ 2B 5 H
B —se™ D 2mi fHIZE L <, R — oo ORT [ dz/(1+ 2Y%) & [ du/(1+ ul/*)
LZNHED 2™ %5\ 28 DIZEL WS, P RIZ

/°° du —2mise™s 271s TS
0

1+ ul/s 1 — e2mis eTis _ p—mis Sil’l(’ﬂ'S).

ERDZHAEUERICHEREN L <EHDNDDIIBO R % 1 AT 2B BWEED
i fEIZRBINETHS.

BN L W ERB L AT Y Y BB OMTI DO T, mARE: TG (SIS
D5 HE (201-267TH) 25590 D, ERERKBGwD —Min7Z 1 Tl <, BARKZ2EREL
OMEDFHEUWEHEEDOTETHIZBXE>TWIDIFEBRZLES.

8.2 HIYVEHHBDERFEER
B f(s) (s > 0) IZAFD 3 D2DEMZTZ LTV LINET D!
o EAEME: f(s)>0 (s> 0),
o BHBEFA: f(s+1) =sf(s) (s >0),
o XIEMME: log f(s) I s >0 DRITMMRKBTHD.
Z D 3 DDEM 27§ BEUTIRD KR 2 KO-

f“*:ﬂwﬁﬁw@+¢¢f@+n) (s>0) (*)

K2 T(s) MED3DDEMEE T(1) =1 252 L T0d 2 &M b, Gauss DA

nlns

I(s) :nlggos(s—i-l)--~(s+n)
DAL L TEY, ED3DDEM%Z U TOSEEIL D(s) DRBIEIZRD Z bbb,
PAETHARAZZ EZFEHL L 5.
£, (x) DWRD 73 1773 H% 0> < ViRLUTHLND MR

lim s(s+1)---(s+mn)

n—00 nlns

1/ 13 2 % 2™ fEUTEREED, dz 13 2™ 51285,


http://www.amazon.co.jp/dp/4000051717
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MWEIZIRT 2 L 2RTD.
s(s+1)---(s+n)

nlns

S S S
() 3 (2
S<+1 *3 to)e

(1) e () et (14 D) ettt
1 2 n

141+ 4+L1—lognid n — co TEuler E# v IZPRT 2. WRIZ [[}_,(1+s/k)e*/*
Mn— oo CTPRT DI L2 REIXIV. 2 OERERIEHE (1+2)e — 1IFES 2 =0
TMNDFEREFFODT, (1+2)e? =1+0(2%) (2 = 0) &85, PRIT (1+5/k)e /* =
L+ O(s2/k?) (k — 00). T E ) MEEREE [0 (L +s/k)e™/F BT 2 Z & 3bnd. &
& :

1)--- b
lim s(s +1) (s+n) =e'’s | | [(1 - i) 6*5/"]
n—00 nlns vt n

IR 0, AL OMIREAS 1/T(s) 1KLL AR

=+ 2) ]

% Weierstrass DA &SR, HUDHEREIIMEZED s € C IR U TIURT 5.
PAEIZ & > TR R I N MR OW % F(s) LELS Z&I2T 5!

s

nln
F(s)=1i .
(5) nl—I>I<>los(s+l)--~(s+n)
ZDE&x
ns nln® nln
F 1)= L =sF F(1) = =1.
(s+1) n310108+1+n5(5+1)---(5+n) sF(s), F() (n+1)!

WAIZHEETH D (x) DR f(s) = f(1)F(s) (s >0) Z2mdDIIF, 0<s<1DEF
£(s) = F)F(s) L 5% 22 2t iEFHTH .

RIZ, f(s) OEMENMEENBUNMEZ VT, 2L EDEE n £ 0 < s < 1IZDWT, f(n+s)
DREI% f(n—1),f(n), f(n+1) ZHVT EF» 55T 5 A%

(225) s smra s (L) r) 0<s<n @)

fln—1) f(n)
ERTD. MR ISR g(s) a<b<cltfUT
g(b) —g(a) _ g(c) —g(a) _ g(c) —g(b)
b—a — c¢c—a — c¢c—b

AT o IF IR DT, 1+ 1/24 -+ 1/n—logn = f1n+1 dx/x —logn =log(n+1) —logn = 0
Th21/(n+1) < f:“ dr/x =log(n+1) —logn BDT, 1+1/2+ -+ 1/n —logn 136 50D HEI{H
DgL. DAITPIRT 5.

BZORE 1/T(s) DEHLTZILETED. ZOHETHNERMNS 1/T(s) WERFEH KT
EBRINTEY, I(s) DA s=0,-1,-2,... DAILH DI LELEHHIIRD.
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ZhizLTWBY. ZTNDENYS%E g(s) = log f(s), (a,b,¢) = (n,n+s,n+ 1) ([ZEHT
5L,

log f{n + Si —log /() <log f(n) —log f(n+1).
G¥n% (a,b,c) =(n—1,n,n+s) IHEHTD L,

log f(n) — log f(n — 1) £ BSE Zlo8 J)

PLED 2 DO REREBIUET L f(n+ s) DI (#) BEHNB.
fln+s) OFAG (#£) 12 f OEBERZEAL &S, [ OFBERLY

f(;l(;li-)l):n, f(s+n)=(s+n—1)---(s+1)sf(s), f(n)=(n—-1If(1)
BREWRLLTOS. (#) DIENT 0 & n+ 1 ICHIRAD L,

f(0)nln® <

n*nlf(1) £ (n+s)(n—1+s)--sf(s), s(s+1)--(s+n)

f(s).

(#) DEFT LY

f(s) < f()(n—1)n° _n+s f()nln®
Ts(s+ 1) (s+n—1) n o s(s+1)---(s+n)
DUEzdehd
f()nln® < fs) < n+s f()nln®
s(s+1)---(s+mn) — = n s(s+1)---(s+n)

&Y, RUEDS T (x) PMELND.

Y A3 ’D@xﬁ: (IEAEME, BEEER, BUMME) 272 U CTnWed 2 e 2RI L &
5. EMEMEIRERE [(s) = [T e 2" tda JZ‘) HONTH Y, BEERF ORI LT
BRI I NS ﬂéﬂllﬂlﬁ’i’m?}"ﬁ g(s) =logl'(s) B EE, ¢"(s) 2 0 ZiR
TIE+ATHD. LY *iﬁ&“&:‘(ﬁ(@iﬁk'ﬁi%i‘%é NI f(s) IZRLT g(s) =log f(s) &
BLL g'(s) 20 &RDILERTD:

b
f(s):/ 5@ @) o

ZIT ¢(x),v(x) IFELBMEEETH Y, s IZET DML SLOWD DT L E L T
<. (a,b) = (0,00), ¢(z) =logz, P(x) = —x —logax DEEF f(s)=T(s) £&20. ZD
L, g(s) =log f(s) LB L

" df/ ffll_f/2
T Zasf - 2

WO % /I IXEBICHS 2 EAS.

50(a,b) = (0,1), ¥(z) = logz ¢(x) = tlog(l —x) D& X f(s) = B(s,t) £%4%. B(s, t) £ s D
EUTHEIMIZRS. WRIZ F(s) =T(s+t)B(s,t) & s OFEE UTHEBNMIZAS. F(s+1) = sF(s),
F(1) =T(t) DT F(s) =T'(s)['(t) THDZ LADBB. DX DA YT EOBEN I X 5T H Y
VB N—ZEBOBFBRAZIEITLEI LB TES.
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WRIT 2~ ff" <0 ZnBiE&0. f(s) DEHEEXY,

b
F(S)A2 4 2F ()M + f"(s) = / @) (X2 4 26(2) A + p(2)?) da

a

b
= / @@ (X 1 ()2 dx 2 0.
WRIZ f2—ffr<08R2. FIZT(s) ERBNTHD.

ZNTH VYD Gauss DN & EEFERMEFMAOIFHINAZZ LI585,

fid. LETHIALZA Y BB T 5 Gauss DRAXDIEIII ATV YT DE D
TlEa <, EENEBNTH Y B A U RS A & 72 9 38U U CREH I 2D T
Holz. MO TERINZA YV VEHBUIET S Gauss DARZ LT D L 512U THEEMIZ
FEAT R 2B TED. B n®B(s,n+1) IZDWVT,

n*I'(s)['(n + 1) n®n!

wBn ) = T T 6D )

1 n t n
n’B(s,n+1) = ns/ N1 — 2)"dr = / 5! (1 - —> dt
0 0 n

2DOHDES T z=t/n LHEVZ PRI, n—o00 DEE,

n°n! "o t\" *
—= s ]_ _ s — F .
STl GEn) /0 t ( n) dt—>/0 et dt (s)

BEDATY TEPDOFIETHEHT I ETED. JHli (#) & f(s) =T(s) DFEITHE
45L&, 0<s<1DEZ

ThD

I(s+n+1)~nT'(n+1) (n — o0).

AV IBEOERBEALY, TNIMERED s >0 THIZLLTWS. WA

n°n! - n°I(s)I'(n+1)
s(s+1)---(s+n) T(s+n+1)
D&, AV BB EMEE, BN, BERI X DR D 2 R,

P
I H Y BB T % Gauss DARE (L7724 > THERERERMS) 52 22135 L.
UEIZEO>TROAAREGEHI NS Z LIZRD:

— I'(s) (n — o0).

lim n*B(s,n+1) =1I'(s).

n—oo
F &
T(s) = 1i B(s,n+1) = li n°n! 1 5 [<1+ 3) S/n}—l
s) = lim n°B(s,n = lim = —le )
n—co ’ n—oo §(s+1)---(s+n) erss vt n

ZZ7T v & Euler ETHD.
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8.3 IEXEHIMDERFEEREHH

HY B O MR EREFOIGH & U T sinz OMERBEEMZIEHL LS. BHOODIHE
FaHiE FHWTCHFIAXI NG AV YR & RX— X EBOBER & EEM 2 O CEFI X 1
B NR— 2 & EREEKEOBERE Y

I'(s)I'(1 —s)=B(s,1 —5) = —

—J3, AV O MR & Y

1 1 ad 52
Fo )~ T s — 11 (1 - n_) |
PAE% iR d 5 &,

00 2
sin(ms —’/TSH(l——), sinz:zH(l— §2)
m™n

n=1

ZD&D1IZ, sin(ws) = 1/(D(s)(—s)T(—s)) RO TH Y ¥ BB HERFTREH 2 5 Ei%
BB OO ERREEANESNDIDTHD.
ERKEE O MR TR R 2 R /20121, sin 2z ORI cot = DI 23 BUER

 [— 1 1
cotz:—+z< + )
z = \z—nm zZ+nm

= R 2 O TEER U, ERHNCE S T U &0, U EEAREE TETBER) o 235
HzHR&.

PUR T, RN Tl 74 < | Fourier S EDHLGR % 8 > TIESXER D PR R % 1E
BIF/DSTREMALTE I 57

9 2 OEE cos(tr) D —1 < x < 7 TOMED Fourier MAEEFZ KD, I 05
cot(mt) DR T EEBNEH NS Z & Z/RT D, ¢ D Fourier FREIE

1 T ) y 1 efinxeit:c =7
" — —1nx 1T d —
= o r ‘ 27 [z(t —n) L_ﬂ
C(=nermt =ity (_Unsin(wt) 1
B 2mi(t — n) B T t—mn
BT, e D Fourier MEUEBHIX
N N
] t) . (_1)n€znx
wr 1 mr __ SlIl( 1
= Jim, 2, on D D s
sin(rt) [1 & g eTine
— - —1)"
T t+z< ) (t—n+t+n)
L n=1
sin(rt) |1 2tcos(nz)  2nsin(nz)
— - —1)"
T t+§¥ )(ﬂ—ﬁ e e
SLEHZREI 9 IES L.

S2PL R TIIBE R 5w U R\ A%, Fourier AR EDINHIZ DWW TIEES 5.5 fiz AT &
53x DMBEKEL cos(tx) D —nm <o < TOfEZJEH 2r T R 2KICHERE U TR 6 15 i A IHKEL f(2)
O Fourier fifi %z % 2 5. cos(tx) D 0 <z < 2r TOMEZ A 2r TIIRT 2D TIH RN LIZHEEE L.
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2785, WP AT cos(tr) D Fourier FEUR B I

sin(mt) |1 ., 2t cos(nx)
COS(tSL') = - ; + ;(—1) W
W85, ULZR->T,
Comeos(mt) 1 o ., 2t cos(nx)
™ cot(t) = sin(wt) — t * Z( Y t2 —n?

WD « — 7 COMEZING Z &2k >,

1 2 ) R — 1
o) =3+ 5= 3 (i)

n=1 n=1

=132 sin(nt) OB 7 cot(nt) IZFELWWDT,

Z%kggigﬂzzgz(?%ﬁ t+n) §:<iile 11£;n)'

Mid% t=0M"bt=s5 ECHLTD L,

log sin;;TS) i <log (1 — —) + log (1 + )) log H (1 _ _)

n=1

U o T, IRBEHENE

smws_wﬂj(y——>.

sin OEMRFEREMAE VY vEHBOBEEFEFOAXNZEOTHES il
1/(T(s)I(1 — s)) & sin(ms) 2T DI LIZ&>T
T(s)[(1—s) = Sm?—m)

RS LI T(pI(q) =T(p+q)B(p,q) & 1 ZBORES D EHFE D & 57 DOIET
DA EHOTEDIZHHTED Z e 221X, IROAREELNS:

1 00 45—1 00
t=tdt 1 d
fl__:B@J_S%:/ fg_xyﬂdx:/m =—/1——£—<
sin(ms) 0 o 1+t s), 1+ul/s

INHDRARFEENN—DZEHTEINIIXMEFEILRIBOEND LDITB->TVD.

o0

1 2t
Scothz = —icot(—iz) &V, coth(rt) = —im cot(—mit) = n + Z ol

: o : - s
%sinh 2z = isin(—iz) & ¥, sinh(ns) = 7s 1_[1 (1 + nz> .
n=
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8.4 Wallis DAL
RDOARAIE Wallis DR L IEIENT WS

.22 (nl)? _ 2n 22n

v e (0) T
Wallis DRARDEHE WV & T AIEHERDEFIRPBEDLLOMBRTRHOINTND LIS
Tdhd. Wallis DRARIEAT Y Y EHEIZBET S Gauss DARAIT s = 1/2 2RATHIEES
NnN5:

n\/2n
T=1I(1/2 lim
v =1(1/2) = lim (1/2)(1/2+1) (1/2+n)
2n+1 1/2 | 2n+1n1/2n! onn!
nooo 1.3 (2n+ 1) ool 3---(2n+1)2-4---(2n)
22n+1n1/2<n!)2 22n(n|)2 2n1/2 22n(n|)2
n—oo  (2n+1)! n—oo  (2n)! 2n+1 n—oo (QTL)!\/H

XDRAL Wallis DRK L IFIFN TN 2
ﬁ 2n - 2n T
L (2n-1)(2n+1) 2

ZORKNFKDAAXT s=1/2 LBFTIEHFLND:

==
KPR,

o (5) =3I ) S I

n=1 n=1

8.5 Stirling-Binet DA (1)

PUR Of## IR IEIE E. T. Whittaker and G. N. Watoson, A course of modern analysis
(1927) MEDEIEFELTHD. ZDOARITRRA LR A KWK EIZH > TV B IEF IS
LWATHS.

AV BB OIS % T« 7V < B (digamma BEL) EIFETY, o(s) & RDT:

w@—%mm>.m,

IHITT A HYEHEBDEEHE ' (s) % MY H Y Y (trigamma BHEL) & FER,
7V < B D FEBR R BA (Welerstrass D) & V),

oo

logI'(s) = —vys — log s — Z [log (1 + %) — 2] )

n=1
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ZZ T dEuler ETHD. Mz HIMD T LIE>TREGD:

o0

¢@%=%kgm):_7_§_ggbis_%}

IHIES —BHEBIMASTD L

+Z (n+s)?

n=1 n=0

8

ZOESIIUT, VY YEBOMBRMEMD» S, 7+ B E b ATV OE
ﬁﬁﬁ@ﬁﬁ?)‘@%ﬂé

PUROHEEZT « AV BB T 2 AR ZRH U T, logl(s) (2B % Stirling-Binet
DRARERTIETHD. RS THERFRIZRLD, NEWIZIET « AV Y EBDOHS
DEFADS T4 WY IEHBOBA R RRER/T, TNEBES LT logl(z) DRRERD
EIOBRMAFETHS.

%9, BEuler EMOBE D RN

[e%} e—t e—t
= —— | dt
i /0 (1 — et t )
ZmRTD. Euler EBDOERIZ 1/k = folxkfldx L logn = ["du/u ERAT D&,
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n—oo k n—oo 1 0 1 u
1 _ N n 1 o o n n
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n—00 LJo ]_ — X u n—00 y 1 u
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o\ 0 s U 5 N0 A
1 o0 —u o] oo —t
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:/ ( . _t—e—)dt.
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MAZEEDOEW y=1—2 2178\, 5 DHDOFESTILIZy=t/n £EZ, 6 DHOE S
TONS 1 ETORBE 106 co ETOMBZEIT /2. 6/)Eo)£7ﬁ@/ﬁ)ﬂci n — 0o
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DIGRAIBN D RIZR>TND ZEICERT L. 92HOEETO<A=1-c?<$§
LEW W0EEDOEET N0 DX [Jduj/u=1log(3/(1—e?) =0 LBBIL%
o7 1NMMEEHDESTIOHDESI Cu=1—€et B 2O0HDESP TCu=t b
Wz
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T D (Gauss IZ & DT 1 NV YEHBDOMBR I RKR). 7+ H VRO 7 BURH
T, ETHFAL 72 Euler EBOFE S ZRR L L <fbd AN

l_i = —ctys—1
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Ds=1DLGEE c=s,s+nn \ZEHALUZEREZMHD &,

¥(s) = - logT(s)

0o 67t eft 0o . o0 [e) .
_ - i —s —nt _ _—(n+s)t
= /0 <1—e—t )dt /o e dt—i—Z/O (e e )dt

dt + lim — dt

3DOHD% ST

eft _ efnt

etpe gy gt TC
1—et
e—St _ e(s—i—n)t

— e

wffio7z. TNTT 4 H Y YEBOBSRRAD G I N,

UTFOHEIEXT 4 AV EHBICET 2 AR EEAUT logl(z) (T2 AX%255 2
EThs.

ZIZTAR

oo —t _ ,—zt
/0 %dt:logz (%)

ERUTEID. Elz f(z) £EFELE, f(1)=0ThD, fl(z) = [[Tedt =1/z BD
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ETHBIUZT 1 Y YEBOMAIRAAT s =2+ 1 BT, HFHDEHD 2 OH
DIAD I3 FI R et 20T 5 &

e—t

d o s} e—zt
)= Llogl(z+1) = € _ .
P(z+1) 7 log (z+1) /0 ( ; et—l) dt
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*© et Rt © /1 1 .
W(z+1)=logz+ i T dt =logz — i _¥+et—1 e " dt.

SIS F() = 1/(f — 1) EBLE f(—t) = —f(t) =1 &V 1/2+ f(t) FZHEEURB.
X512 1/2—1/t+ f(t) 1& t =0 TERNZARY,

11, 1 _ ¢t t3+ t°
2 t et—1 12 720 30240

LRBZIEELDOND. FELDOEHBD 1/t f5F 0<t <oco TAHRTHD. LD (z4+1) D
FKROEDOFEIRD RN ZNITRD L DT 272D,

/ le_Zt dt = 1
0 2 2z
i &

dlogl'(z +1) 1 < /1 1 1 o
l)=——F7——=1 — — ——= “ dt.
w41 dz ng+22 /0 (2 t+et—1)e

+ O(t") (%)

logT'(2) =1logl =0 ZDT, ZOX%E 1 16 2 ETHENTD L,

1 /1 1 1 —at ot

logT'(z +1) =logz +log'(2) &V,

1 1 1 )e‘“—e‘t

1 o0
logF(z):zlogz—z+1—§logz+/0 (5_;4_@_1

FADIE R % §Ei 9 5 7212

B T(1)2) =7 &£V,
log\/_:%JrI(%) —I(1).

—H,I(1) DEHERNTt % t/2 TEIMR DL,

/1 2 1 dt
I(1) = —__Z —t/22"
1) A (2 t+dﬂ—1>e t

o0 t/2 [e8) —t/2
Il-szf 1 JW@:/ R WL
2 0 t et—1 t 0 t et—1) t
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ThHDMD, S (1) OEERD /> L,

/ 1 _/‘X’ e t/? 1 _'_e_t 6_t—|— et \ dt
2) /o t et—1 2 t et—1)t

(y
(y
)

d e t/?2 _ et  ot/2 _ ot et2/2 — et
Cdt t £2 t ’
eft/2/2 . Git eft 1 eft/Q . eft

t 2t 2 t
ST AUE 1(1/2) OFEIE (x) IWRBETE 2 2 L 8b05:

2 t 2 t 2 2
L7Zh>T,
—I(1) = —% —1I (%) +log /7. = —1 +log v27.
UEZzxzEdd L,

1 2
logF(z):zlogz—z+1—§logz+1(z)—[(1) :zlogz—z%—log\/—ﬂ#—l(z).
z

logT(z+1) =logz+1logl(z) &V,
logI'(z + 1) = zlog z — z + log V27mz + I(2).

I(z) DEHREFEBTS &

©r1 11 dt
I(z) = R @
(2) /0 (2 i ao 1) <

1 —t/2 _ _—t t=00 1 oo —t _ ,—t/2 1 1 1 1
](—):—{—e € } +—/ Ldt:—nL—log—:——log\/ﬁ.
0 0 2 2

45

Z DR OHRE T BB DFEIRDANMD 1/t 513 0 <t < oo TERTHD. DAIIHDIE

DER M WFELUT Rez > 012BWT I(2) IZ ENSIRD &S IZFHI N5
o M
I(z)| £ M “Ret g —
l1(2)] = /0 e dt Res
ZHE 2> 012 ULT,
logF(z+1):zlogz—z+log\/27rz+0(1> (z — o0).
z
Z 1T Stirling D23

D(z+1) =2 *V2r2(14+0(1/2) (2 — )
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DFFAE X N, & O REEITIE (#) & ($) &V,

I(z) = Ooe’Zt i—i—l— t +O(t°% ) dt
=, 12 720 ' 30240

r(1) T3 T6) 1
12: 7205 T 3024025 0 27

L L + L + O L (z = )
= — — Z — 00).
12z 36023  1260z° 27

TRDL

1 1 1 1
D(z41) = 2% *V?2 — - o= — 00).
(24 1) = e mvams exp <122 36023 126025 (27)> (2 = o0)

Rz
D(z+1) =z V212 (1 + %z +0 (%)) (z — 00)

CH MR 1/(12n) 6N,

8.6 Stirling-Binet DA (2)
BIEIDFERIFLLTOLSICE L HOLNS:
logl'(z+1) = zlogz — z + logV2mz + I(z2),

/1 1 1 dt
I — _— = 7Zt_
(2) /0 (2 t+et—1)€ t’

1 1 1 t t3 1P
373 =~ 5o +O(t").

5t T e_1 12 720 " 30240

Z ORI E. T. Whittaker and G. N. Watoson, A course of modern analysis (1927) @
12 - 31 i T “Binet’s first expression for logI'(2) in terms of an infinite integral” & X
NTWS. AR TIX12 - 322 ENTH S “Binet’s second expression” L LS.
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I@ﬁ/é&ﬂ@ﬁ
0

627rt_ 1
WS RADFEHZ HIET S .
ZXMT

9 {J&k: BRARBRHEERDMICDWVT

9.1 [FHENL%H
IR DR SR TRE R I NDMERDA % VI p, 78 o DIE DA L IS
o—(@=1)2/(20%)
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SEYE 0, 43 ER 1 DIERL A6 % BEHEIE R0 A5 & RS,

dz.
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B HOTAMRER X, Y ATNTNE iy, py, D 0k, 0 OEBSANC U 7248
DEE X +Y WP i+ py, D 0% + o DEBSAIC LS.

9.2 AUIDHENA2E D

IR DIERZEEIMTRE R I NS MR DA % shape a > 0, scale 7 > 0 DIV I DL
e % T:L.a—l e T T(l./,r)a d.lf

dr = ——do = ———F—— )

Jor(z) d NGO o ['«) T (z>0)

WL o =ar, ZEIE ar? THY, 020 D& IRIAMEEE v = (o — 1)7 128D

R VD OREBREIIIRDIZIZ 8

1
7T ()

Oralt) = / etre /T dy = (1 — irt) @,
0

AEAS B 720121% ¢ (1) = iar(1 —itt) o, a(t) 2REETDTHD. TDOI LI
DEDICUTRIND:

i

ap ") = . ite —x/T &y —
T (0 = [ et = o

/0 %(eitzez/T)xa dr
—IiT ]

<9, < 0
— i / _(ezt:ve—ac/T)l,a dr = ZT. / 6ztx€—x/7'_l,oc dx
1—art J, Ox 1—att J Ox

T / eitre=a/Tgol gy = 12T 7T () ra(t).
0

- 1—rt 1—rt
1 2ODESTHEDES/ILTOWRD 21T\, 4 DODESTHLFES /> /2.
R ERE DL N HIRDFEMNZZHI3E1NS.

BEM MNIAREREK XY DZENTN shape ayx, oy, scale 7,7 DA VX D3AHIZU /-
M & E X +Y & shape ax + ay, scale 1 DAY X BAEIZU DS,

NA 2D FA 2O (2 940) 1EH VORI R GETHS. 74805, shape
n/2, scale 2 DAY I PHix HHE n DA 2FT|HA (° 5A6) &SN

B e—a:/Zl,n/Q—l e — 6—x/2(x/2)n/2 d_l’
22T (n/2) T T(nj2)

A4 2FAAMAIBEEE n IZOWTHAEEZED.

f2,n/2(l’) dx

EIE 9.1 (FBHELEMAMMNE A 2J/AOMMPELND Z L), HEREH X, X, ... (3T
[ AT DMERELINTH Y, F2IIBEEHDMIZU 205 RETD. ZDOLF Y =
XZ4 -+ X2 XEHHE n DA 2FAMIILENS.

SEAR. e RmEIE A THS:

E[f(Y)] = const. / ey dy,
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Elf(Y)] = E[f(X + -+ X})]
:ﬁ// f(xf+---+xi)e‘<z%+“'+$%)/2 dry - --dz,
27r"/2/ f)er o dr

_ 27rn/2/ Fly)e v/2ym=D/2y=1/2 gy

_ zwnﬂ/ Fly)ev/2ym 21 gy,
3DODEFEFST r= m EEE R ICE T DWUMEAREZRED n — 1 IRITHAL
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IR 9.2, LEDFEIZE ST, n— 1 IRTCHEAERE OIS A, (ZEAL T,

27Tn/2
I'(n/2)
ML T DI ERINZI LIRS, ZHIKEICHI TORERE L —H LTV, []

Anfl =

9.3 HB_FER—YDHmEt D

IROMEREEHBMTCERINDMERNAZ/INTA—E— , >0 ZRDE_FER—4
5346 (Beta distribution of the second kind ¥ U < (& Beta prime distribution) & M3

1 xa—l

Jap(x) dx = Bla. B) (1t 2078 de  (z>0).
B> 1B5IEFHE o/(B—1) 128D, B> 2 B5IENHI (alatf—1)/(B-2)(8-1)%)
’faté
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~ t2 t 1 t?a 1
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n

(¥
(¥
D)
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HEE n O ¢ HEOTI EDEETNEN 1, 02 LB &
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W22 %, HHERRBROMRET ¢ 2/ FEHEERDAICDERT S, BHE 1 O ¢ 2461
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INERTS. a, =1/(V2r 2" T (n/2)) £ B &,

_ Z — - - Z o= /20=y/2,n/2-1 4,
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00 S s—1
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(n—1)U2/0* EEHEE n—1 DHA 2FAAMITUZ, T, IZHHEE n—1 D t D4HIC
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&7 N NRHEEFTYS (population mean), RHEEF] /K (population variant) & FEIXAV, M,
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RS 5. BHENKER ¢t DAIEEERD A TELIND. ]

9.4 DR, HELRLHIX X, %2 X, —p CEIMRILZZ2LIZE>T, u=0ThdL
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EMAPHETHELS TERIZLL TN,

PARTIE, Xy, 725645 0, 08K 02 OIEMOMHEIZ LD LIHEL & .
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FEANR—Z DA U720,
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a/ f(x) ((@)mﬂ/ o= (1+ma/n)z/2  (m+n)/2-1 dz) dx

o0 m/2 —(m+n)/2
= (MY [ g (M) (1 )R
0

2 n x

3DODEST y/m = (z/n)x £BW/= (y = (mx/n)z, dy = (m/n)zdx). 5 DHODEFT
RD— R AR 2 fi> 72

o) 00 s—1
/ e dy = / e’ <§) % =a °T'(s) (o, s > 0).
0 0
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INTRIARNIZEIFRINAZ, XI5

N +n\  2MED((m+n)/2) 1
2 -~ 2min)2D(m/2)[(n/2)  B(m/2,n/2)
INTHERTDIREZ ENTRTHERI N, ]

AR =R 5 OMREEREIZ v =12/n, a=1/2, B=n/2 ZRALZEDIFH
HEE n Dt DHEOHEREBEERKBIZRDIDTH o7, ZOZEPOHERER T »AHE n
Dt PR D L X T?FINT A— §?~ 1,n D F SAEIZUERN, T2 [3NT A—
A—n,1 D F DLEIZUEND ZeWbnd. ZOEKRT T O I3ARERIZ oA BE
W1DEBED F 3HTHDIENONd.

ZOZLIEFUTOE ICEBENRHBEIZE D TEHNDOLND . F 54 DOMERZEE R
EIRDE S IZEZIEIND:

(m/n)™/? /2!

dz = dz.
I @) AT = T T3 T ma )7 O

m=1%KRATDL&,

1 —-1/2
Gin(r) dx = ’ dx.
’ VnB(1/2,n/2) (1 + z/n)r+1)/2

o= Z2MALT, 7% —oco <t < oo \ZHLIR L 725 D DHMESRE & UL

1 dt
Vi B(1/2,1/2) (1 + 2/n)0 D72

W25, ZAUE t DA OMERBEEEE g, () dt (IZ—T 5.

G ()t dt =

9.5 n— 1 RFTHKELD—H2%H & Maxwell-Boltzmann 8l (1)

iéhﬂ%ﬁﬁfb%ﬁﬁ%ﬁf%éab R,=+/X?+--+X2, 7" = X;/R, £5X.
p@a%( 20 & — 1 PGEEALERTE B — ﬁﬁﬁwaéM1@wﬁ ZM™ o
%@mgfﬁ

gn(2)dz = ¢ (1 — 2232 4 (—l<z<1),

! 1 n-—-1 n—1n-1
= 1 — 2 (n73)/2d — Bl = :2n72B
¢ /_1( Z) : 2 2 2 ' 2

W85, DI, INERTD.

n— 2 WOHALERE S" 2 = {(22,...,2,) |25+ -+ 22 =1} OHBEERZ d' &F
X, m EEBEX 2y, 1, MO Y 0 — 2 RGTHALBRTE LD EEREEDRIZ
RS B &, B D n— 2 ROGERE DO WL "2 (4 5D T,

dry ANdzg A -+ ANdxz, = " 2dxy Adr' A dw'.

6L Z D 575 % o 2 ASEEHE IEBUE R )4 3 & SLEU» O BRI L — Bk 9 2 BLEAE 5 5.
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XU, 7 WD r=\/aF - a2 WEBEMTD L, o = /12—, 0r'/Or =7r/r" &
DT

)

dzy Adzg A -+ A da, = r(r* — 22) "2 day Adr A du
BB 2y D 2 =x/r ITEBEHRT L &
dry Adzy A - Adx, =" N1 — 22)(”_3)/2 dz Ndr Adw'.

U723 > T, R EDBRIFRZRMEREE I p(r) (U T,

/n g(2)p(r)dzy - - dx, = /1 g(2)(1 — Zﬂ)(n—3)/2 dz /OOO P (r) dT/S g

1 n—2

BAD2OOMIDREE ¢, LFE L,

1
Cp = / (1— 2232 g,

1

cn 2V DFIETHEAL LS. 1 DHIE 2 =tV2, de = 712 dt)2 L EBEHRT 2 Hik

Thd:
1 1 1 _1
cn:2/ (1 — 2232 dz:/ t7V21 )32 gt = B (—,n )
0 0 20 2

2OHIZ (1-2)=(1+2)(1—2) LRBOMHL, 2=2t—1,dz =2dt EEBEWHRTDH
ETHS:

1
- / 2(n—3)/2t(n—3)/22(n—3)/2(1 _ t)(n—3)/22 di — 9"2B (n -1 n— 1)
" 2 72 )
0

INTRIREIZENTARTRINS.
BIEEM & U T, V< EED duplication formula £F6NTWAH L 2ERLTHZ
D. (n—1)/2 ZAEEDEDER s ITEIMMATE ¢, D@ ORRITHELL TN D:

/_l (1—2*)¥"1dz = B(1/2,5) = 2% B(s, s).

1
NR— BB H VB ERATD &
D(1/2)0(s)  2%7'T(s)?

['(s+1/2) I'(2s)
THhDH I(1/2) =7 &Y,

2s—1

NZs
ZDRAUF (Legendre’s) duplication formula & FEEA T2 52,
Z™) D fle S 5 s R D A1

62Legendre’s duplication formula IF/EREDIEDEEE n (269 2D Gauss’s multiplication theorem 2
—ifbIND:

['(2s) =

(s)[(s + 1/2).

ns—1/2

T(ns) = oo s D(s)T(s + 1/m)0(s +2/n) - T(s + (n = 1) /n),

(2m) D

=& ZUX T(3s) = 33121 () (s + 1/3)['(s + 2/3) /(27).
NS IEEARENIZE —FER—=Z 3 HORRBIGETHS.



56 9. Ik BE% BREERDAEIZDONT

Og2(2>d22%\/% (—1<Z<1) :F‘:[:/jo /\&1/2

— Z
z:wmeéﬁxﬁét,%w@wmgegwm)t#ﬁﬁﬁﬂ@é(%tU%)@
ZAZRENEHENE 1/2+0/m = 1/2+ (arcsinz) /7 (-1 < 2 < 1) 1285, HIEK
BB TR D DT ZDHMHIFHEIEKLS M & IFEN 50

. (@@:1@: (—1<2<1). 0, 415
o YGCHRT 10> B SO M8 L~ OSSR 5125 .

o gu(2)dz = z\/1 —22dz (-1=zZ21). S0, 2EK 1/4.
m
Z DA HFADH L IFENDS .
z=—cosf ZRAT D&, sin’ if'éﬁj\?ﬁ sin?0df (0 <60 < ) 127229,

nZ40EX g.(2) 37T 7 BREMDOKEIZARS. EEZENE 0 THRIZA T TRY
L2 1/nl8%.

7" OE¥E 0 THD. X 51T B L Y EBOBGRE & U YV B DE
BEREY ¢, /cnia=(n—-1)/n= 1—1/n LRBIENDNDE. TOI L e[S L, 7™M

Xy Y TINERIRITDEE, F—Z NV THLHBL TV SIREDHMOEI DR L EIFEL T2
IREDIFE DR X ORI Z 51V 7248 R OMER /340 1358 24 ITHIEAL T 2 L ERLA IR < 2 EAF 5N
T3, ZAUTHEIESGER L XN TS, W EK A0 O MR % & KU i (OEA IR EREL AR, |
AFD 0 fBEIRNS K22, W2, WIERRIERNIEE H kU T 2 IR & &R L T 2 IR 0 22 B
X0 FHEICEESTICREI S ARBMHAAMNRNE NS 2L 2EKRL TS, FY U IIFERLIEIDOHE
ERBIICE S H > TWRIXTTHD. HADMART, BHHil 2D, AKIT /YT LDHNE.

65 [ 3 A | X AT FIRHLZ 5 1 D EA D DA EE B9 % Wigner O¥HRNICEDLND. N IRFESFRAT
ST % RO HERZS N M TR LB [T, e M/ 2d My, [, e M/ 2d My \ZHHIL T2 L ARE L
T VA NBFENTMTI] M OEEHEOHEES G E2EZD. TOLE, AT —)VEBIZ L > THEMN 1/4 124
B EDITHIRILT B &, TOMRMMIE N — oo THE 1/4 OEHDAMIPERT % &5 DAY Wigner D
FMHAITH B

A I B HOOBRE I B 1T B IR SE & U TE LN S B RERN A TH S, =& 21, Bl
Y, 7RG & T DI, SRR R (R IR, 2013.10) IS H 5.

6O{£ Rk - Tate FRICZDED R HENELT D, (ki - Tate PR L X THEEUK LERI N BEEERLE
R 7= RGP HIRR D FZEBALE p DOABRA ETOFELOMB2»S p+1 2510\ T 2,/p THI-THLNDE
ED A sin? MAMIZAR D] L0 D NED 1960 FRUTMNIZFHER I N FRTH D . B TIEEE IR
IINTVD 5LV, R=TORIEDFHEREIZ DN TOMERE (2008) DMEEIZE & E o MBI D D.

R RO E D & 512 TERE sin? P 2FA L 20 D0TIE, HiLsEi, Dedekind 7 B &
e sin2-F 4], 25 16 MIECFESL Y VAR Y D A HEHZAKY (2005) IZFEL. YK FE ZRKFEREE - L HR5E
BIANI LV 2a—X—THEATVWD I 2EREELIZE T H—TFT VT L2 ZIZDOWT A LUEK
DHZHEERP SO THETAN, EWVWD LBz, TNT, BHABER, &N - B2 EOE&P
XFEHEEBT DI LIRS -DTHD] LENTHD. TO [DUEKROHZEHE] ORMAERIZE ST
[ sin? PR BERI N~

SU((2) EDO—# 4 (Haar JIE) 2 5FE I NS SU(2) OILAFEARD M EODARI sin? FI/3AH1Z
K%, TOHBIIUTO®EY . A SU(2) DIEEIF —1 < tr(4)/2 <1 T—EICRKHM I bN5. (—ikiC
GLMD@jyﬂﬁbLm%ﬁﬁ®ﬁ®§“%i%@%%%ﬁﬁC?@b%lﬁﬁt ) TR
5NB.) Ae SU(2) T ( 1)/2 #RIEXEBGHRIE, SU=5° CR! LNSH—HOE LT, 52 75 R
D 1 IRTCEBDZEBANDFFEIZ LT B .p®:t#6SU@th—%ﬁﬁﬁ%Qﬁﬁﬁ%%@W%L
\ZFET B 000 iﬁﬁ}hf’?ﬁ? ?5( I sin? BAFHIZRD IR bND.

%%'hm%miFﬁ@ﬁ%i@ﬁﬁ%ﬁ%%t@“ﬁﬁﬂﬁﬂb%fﬁpgt’EbﬂéSUU

HAFOED 3 KoLk S3 = SU(2) ED—RRR AN SFFEEIND AMAIZLZN>TVWD] LWIFETHD
z&aﬁé.


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
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DR 1/n 1282 rrtEd:

1
n 1
Cnl/ 21— 220 = ¢ M e, — cnyo) =1 — 2

-1 Cn+1 n

IIT2IT1- (1—22) AT DGR ZT o2,
Y = Z0 R 0, 238 1 OREREBUTR Y | T OMERBEREIE

2\ (n—3)/2
In y‘ _dy = ! 1-— y— dy
\/ﬁ \/ﬁ \/ﬁ Cn n

IZHRB. n—o0DEX v=(n—1)/2 £BLL,

2\ (n=3)/2 2\ —3/2 2 n/2
2
(1 _ y_) _ (1 _ y_) (1 _ &) gy
n n n/2

2\/
Vien = V2 +1 22 B(y,v) ~ V2r 22 2T\ for

855 ®POEFHET Wallis DXLV

_D? _wle+1) _2(2\" 2yw
Blv,v) = T(2v) 2T(2v+1) v ( u) v 2%

YRBIEEMSEE LENoT, Y IE n— oo QMR TEMEESRDEIZ U 255 fi
REBUZIRT %

iy g (L) =y oI

UEzEedd L, EH y OFFEERE g(y) I2DWT,

~ eV /2
Cnl/fs 719(%) dw, — /Rg(y) VT dy  (n— o00).

2T, VST ={(y1, .y yn) ERT |2+ +y2 =0 b IFERE /0 D on— 1 RSB
THY, C, IXTDERADORMAETHY | dw, IZZDORME EOHEERZTHD. ZDFERIT
YIFLIZ 1 Maxwell-Boltzmann Bl U T <HI6NTWD

9.6 n— 1 RTHKE LD & Maxwell-Boltzmann 8l (2)

BIEICIEERE /n D n — 1 IRGGCERTH ED—HD A D z; Bl O RMIERAERE E R 73
TN AT Ny -1 1 O

[FIBRDITIET, 4 /n O n — 1 IRGTERE LD —BRIAE D m IRTTER 3 22 AN DS
m RGO ERDAMIIPOR T S Z e ERED. LN TTOME 2 R ICHHH L TH <.

HIEiDFl 5% TD & £5 EHk<.

/e, = fil(l — 2 /)24y RDT, FIED lim,eo(l — y2/n)=3/2 = ¢ V*/2 5% ED

limy, oo /R Cp = V21 ZELL I ETE. EBE, TO UV ES S,
B EDREEWIZ/ZED ZLIZE ST, HIZ Wallis DARZHHTLI L TES.
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n—m— 1 RICRAERTE S = { (w1, @) | 22 q 4o+ 22 =1} OHRZER
Tdo EEI = /a2 + 1 CEE v, 0, DY 2 n—m— 1 0uH
ALERTH b D FEEE DRI B A WG 5 &

dzy A -+ ANdx, =" Yoy Ao Adxg, Adr' A dw'.

I, e r = a2+ a2l CEREWTDE, = \r2—ad— . — a2 D
or'/or =r/r'~1 ILODT,

dry A Ndx, = r(r? — )22 dgy A Adz, Adr A dw
BB (i=1,....m) 25 zy=x1/r (i=1,...,m) (IEEEWHT D &
drg A ANday =" 11— 22 — oo = 22D g A dr A du
U 7232 T, BROWFR AR TSR 2 LR p(r) (2 U T,
/g(zl,...,zm)p(r)dxl---datn

:ng)_l/ 9(z1y o zm)(L— 27 — - —Zﬁq)("*m*Q)/del---dzm. (%)
4422, <1

cﬁ,’;)_lz/ " p(r) dr/ duw'
0 Sn—m—1

THd. Lo LMMABELE LT m=00DHEA%2£25L " =1%%. Dz
&V, plr)=e"2)2m)?2 £ $BZIZE 5T, n— 1 RTCHEAERTE OHERHE

oo ) -1 2n/2ﬂ.n/2 27.(.71/2 n,ﬂ.n/2
_ n/2 n—1_-—r?/2 — — —
[, e=o (/ e ‘“”) 2T (nf2)  T(n/2)  T(n/2+ 1)
LRMAS NG (dw & n— | YOLHARE 57! DERER). WOARE o7

/ P lemm 2 gy = / e_t(2t)(8_2)/2 dt = 25/2_1F(3/2).
0 0

BAZEEE r2/2 =1t rdr =dt, r* tdr = r*2rdr LEBTHIELZDORRNBELNS. LA
E&D, [ pr) dr I EHIZ 0 — 1 IROTHEAIBRI O HMDOEHIZ R D L EbnD. L
723> T,

(y
(y
)

o) — fSnfl dw . (TL -1 ?kfﬁ%{ﬁf*ﬁmﬁﬁ)
" fmadw’ (= m — 1 FOCEATERE O ERT)
ym#iﬁc DEMTEFERTDH 5.
T A IO &S IZEE I B,

o) — / (1= 22— 2y mm=/2 g g
224422 <1
— / t—l/Q Pty — = )2 g,
t;>0,> " ti<1
I'(1/2)"0((n —m)/2)
I'(n/2) ‘

Op =m+2 DX T = 7m/2/T(m/2 + 1) 1& m WL EABRIKD RIS L.
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9.6.
2DOHDEST 2, = t; LEBEML, BEOFSTIRORRNZM o7 p; > 0 1ZH LT,
I .7
(1) (Prnt1) - / t’l’l_l---tfn’"_l(l by — e — )P A dty
L(pr+ -+ pmta) >0, t;<1
FE D FIERIE AT Y B E R—= A B OBRE o/ <FHKTHD. & LIFHLZ
B(pla"'7pm+1) t%< 217
B(p1,...,pmt1) = B(p1, -+, Pm—1, Pm + Prmt1) B(Dm, Pimns1) (B)
MIENLT D ZENE, IRRIETHIHT 226 TED. EE t, =1 —t; — - —tp_1)u
WZ&2Tt, 6 u IZEBEHmTZ L
B(p17 s 7pm7pm+1)
1
= / dtl tee dtm,1 / du
>0, S <1 -1
tfljl_l .. -tfnm_f_l(l by — e — by )PP Ly (] gy L
&) EORK (B) BT D Z LD Dnd.
AR (x) &V, R MVIERERZEE (27, 20 Ok EERIE
= cgﬁf)_l(l — 22— =22 g day,

(215 oy 2m) dzy - dzpy,

Thd.
&Y, o>0lHLT, v\, YY) = Ve (2

ZOT (Y™, ) 1 n = oo Tm IRITOERDEIZ LMD XY NIV Z 5K
T BT TG,

! / ( )d
-~ = 9\y1, y Ym ) Qn,
Cn(\/ﬁ(f) VnoSn—1 '
1 1 <
/ng(yh---,ym)exp <—@Zy>

H—
(20-2>m/2
Un) ER™ [ yd + -+ 142 =no? } IFERE Vo D n— 11K

:.:.T, \/ﬁO’Snil = {(yl,
TERETH Y, Cp(vno) ETORMOKIEETH Y, dw, 1$TOEKM LOMBEERTDH
5. ZHIEPHERIZIE Maxwell-Boltzmann | & U T IS K OENTH Y, 28K o 13HExT

1 D Boltzmann EAS kT 7Z LRI ND.
0y (") 7B IMNL TR AW D LA &
Ty EIIARE n THEZ TRV, n— co ORI T2 B EH A (T IUHT 5.
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9.7 “IHAWMEBBN—IOH

0<p<l1&dd. n3FADBKTHDLTD. MEIHEEER B,, BWSTA—4—
n & p DTHJHIZUEND LIF

Pungm=<z)ﬁ1—m%k (k=0,1,2,....n)

MG 2 ThHDLEEDD. P RHIETNT N np & np(1 —p) IT2Y, ek
& EleiBrn = (peit + q)" L7825, ZHB/MHIFNT A =2 — n IZEAUCTHAESEZED.
ZAZHDMBEREHE L), p 2 —EDEE n 2KELTD L, (B, —np)//np(l — p) 13
HEER DA U 72D MEREH THHPII NG,

“HAMEE TR D AOBRIIPA T D@ Y .

D(s+1)=sl, () =s!/(t(s—t)) LHEIZLIZTD L

t

L (atp=n
B(o, ) (a—1)(B-1)! =(a+p 1)(

BODT, INT A= — a, >0 2R DE—FEN— & 7341 Ot 52 1% B #Ud

a+6—2)

a—1

a+ -2

L1 —p)ftd 1
a_1>p (I-p)f“dp (0<p<l)

hﬂ@@ﬁ#a+ﬂ—U(
YEIND. T af(a+8), M (0B)/(a+ B a+B+1)) LAY, a,8>1 D%
SEMEIZ p=(a—1)/(a+8-2) IZ25DTH>/.
WRIZa+B-2=na—1=k D& X FE—FN—X5HOMEREEHRHIL

n

s @)= ) ([0 pr 0 <p<)

ERY) EMEIE p=(k+1)/(n+2), 7BUX (k+ D(n—k+1))/((n+2)*(n+2)), &
B p=k/n 127227

AEDFERN S, AWB & n BINEEL T £k BIS>7/2& & AW BICHOMERIZ/ST A —
B—=WNa=k+1,8=n—k+1DE—FR—ZSMHIZLZN>TNDEARRT L HF]A
ZeWhmdT,

9.8 PoissonHmEH Yo%

B R R Ny D38 A—& — \T > 0 @D Poisson 737462 L7203 &%

e—AT()\T>k
k!

MELTHIETHDEEDD. LRI EL HE NT 1245, T I3HIET 5 RFHE O
EBX%, N IFBRARHE O 2D ICENLRHEDEZ 5 RIBOMAHEZ ERL TS, R
BUL E[eitNar] = X1 ¥ 223 Poisson DM1E AT IZDOWTHEAEMNZFH>. Wz I

P(Nar = k) = (k=0,1,2,3,...)

2k ~np (n— oo, p IE—7E) B 5IE, n — oo TFIMHE & BAMEIEX p (TP L, HUE 0 IR T 5.
AL H R DR
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DBIREFE ), AT 2 KEL T2 L, (Nap — AT /VAT IZEEEEH DA U258 il
ZHTEMINDS.
Poisson 7047 & 7 > X 3 A OBRIFLL T O 1) .
IROMEREERBMCTERINDMERD A% shapea =k +1>0,scale T =1/T DHYV
SR EESRDTH > 7z

e—AT()\T)k;
k!

SEIE N = (k+1))T, 28E (k+1)/T? (280 SEEIE X = k/T 1278257,

OIS, T BARMOBHITENRRERN k BEEZ > 248 51K, BALRFH D721
WCENRFERIE Z B EIEOEAMHE N OREEMEA shape a« =k + 1, scale 7 = 1/T OH YV
SPGB TNWD EART I EDNTDIZEEHNRZ ENh) .

Frsrar(A) dX = dx (A>0).

9.9 EXMLEFRAFEDARME A5
TR 2SR DRI (T19) 2 WG X B2 NEEK E] | IR T 220 T3
o ElaX + BY]| = aE[X] + BE[Y] (§IB1E).
o [Z07R56IXE[f(X)] =0 (HFaME).
o E[1] =1 (Hit&fbsett).

ol INEITOWBEEZTINONZRDDIENE RS,

HesR S8 X DA (AHE) AEAET 5 213 B[|X]] < 0o 2% ZETHB. Z0
L& pux =FEX] 2 X OFIES U < FHIFHEE TR X OFEE px WMFET D L&,
(X — ux)? OFHMEE X OHEETY, 02 L FbU, MROTVSE 0y % B[R L 17
A DEEEERE ZERRICRD I ENDHY X 5.

LLE E[|X]"] <o BB X D r IRDE—AY SWEETDHLE WD, E[X"] &2 X D
riROE—AVHIEED. X D1IIRODE—AYVME X O py = E[X] THY, 2 RD
E—AYVRMIDWT E[X?]=0% +p% BODT 0% =E[X? - E[X]? £ %25,

MEREB X 1T U T px(t) = E[e™™] 2 X OFRPEREE PSR FrEEEUE ¢ 12DV T
—RRGER U2 S . RV BE U WHERZBUIMER DM 2 R0 ™0 MERZH X, Y
A UMER DAz ROEE, X ~Y LELZLIZT 5.

XDriXUTFDE—AY MBI RTHET D L & FERE ox (1) (&t =0 T r B
SRR Y, oW (0) = E[XH (k=0,1,...,r) £ &3,

X &Y I HEEARO DR EROWRERTHD L 95, 2D F Cauchy-Schwarz
O)Z:%ﬁck L), EH(X - ILL)()(Y — ,LLy)] é OxO0y 2:7;%)@-(, oxy = E[(X — ,uX)(Y — [Ly)]

T~ AT (T — 00, A E—3E) 25 1E T — oo TP L BHEIE A IR L, S0 0 1TIHRT 5.

R ZER] (Q, F, p) EORIEE X 2 HRER LTS, RO EE X 2 [, X(2) p(de) EXHIEIED
P e IRHE R PO B ] & RDT.

TORE R L T MERZER] (Q, F,p) EOEBMEATHEHM X Q >R DI & THS. R D Borel EinHES
AT UT px(A) = p(X71(A) LEDDZLIZE>T, R EOMRAE nx WEXD. px & HEREH
X OWERDHEER., £ LE ux M Lebesgue MIEDHE f(z) L RRIND L X, f(x) ZHEREH X
DOERBEERBE IR, R EOFHIBKE g(z) IZHUT X & g DGEHKZE g(X) &EFEL. g(X) BHERLRU
2%, glx) WAEFEBBEED & ¥, g(X) OHIFFHEIX Elg(X)] = [pg9(z) px(dz) EEDINDG. X D%
BERE f(x) DFAET D85 Elg(X)] = [ 9(2) f(z) dx.
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M well-defined (280 | |E[(X — px)(Y — py)]| S oxoy £%8%. oxy & X & Y D5
BEIESR. pxy = oxy/(oxoy) # X &Y OMBEBRE L IER. tHERBOMTEIZ 1 IF
225,

HAOBUTRIERELTD TR MIVONEE] (206 U, FHEBERENE TR MILDHWZD
AL 0 L ELEEID cosh] IZHIELTWD. MEREH X 2 FHE0N 01225 L5121
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% 10.2. 4y, as, as, ... IXEMEGITHRAFD £ 7 EHAMNL TV E L, a,0 > 0 TH
55 ZDEX

n

g ag ~ an® (n — 00)
k=1
AT~

1

Ay ~ aan™” (n — o0)

HRALT B 0

10.2 Laplace Z#:MD Tauber B FIE
Stone-Weierstrass D% IHAGLEUEH 2 FHNVT £3IRERTD.

R 10.3. ¢(y) FFAKME [0,1] EOFEAEWEDHBTH D & U, g(y) IFFKE [0,1]
EDOHET—m c € (0,1) TOAREBTMDRTIIEHTHEEDTHD LU, ME
glc£0) =lim~gglcte) WEAETDERETD. ZOL I MFERD > 0IZHLT, %
HABE P(y), Q(y) T

Ply)=gly) = Q) (O=y=1),

tég@w@ww—s§1 mwmwdy§[:mwmwd%

/O 9(y)d(y) dy < / Qu)oly) dy < / 9(y)b(y) dy + ¢

22T OBFET D.

OIS f) dt ~ actz® (z — c0) EHND.
SORH X [ L DR D AR A % B T —ROE LI 1% &0 S e B




64 10. 8k LR Tauber BUEH & Z DG

SEER. %72 TR EAEH Q(y) DIFEDAZ REIEL . (g(y) DRDVIZ —g(y) %
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z\0 a 0 0
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N—(k+1)axa:x_af(oz)/0 et ()t hdt (2 \0).
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DEHMLR TV Z LD A — 7T 20 EIER DB ETX 2, flAaGbEmice» I U
WM BRI R B, Z 2 TIRRTOFOHE L EmIZIE U imn 2123 5.

U U, W EsIR AN SIS RBIZLUR AL LTV S

#H#{(x), e {£1}" |na < #{k|x1+ - +$k>0}<nb}

n—oo 2n /[ \/ 1-—:ﬁ
1 1 /[° dz

lim — // dx~~-dq:n:—/ T

n—o0 2" ! TJo Va(l — 1)

—1<x1,..., xn<l,
na<#{ klzi+--+xr>0}<nb

Fryr Iz 20E, &M o+ -+ 2 > 0101k TFOWTWS 2 & (M=) TH->
TWBHIRE) Z2ZEL, #{k |21+ + 2 > 0} IFFVTWARHEORI Z2EKL TH
D, &M na<#{k |+ 42, >0 <nb I FFOTWSREOEIDEGMN a DK
IO EVNINVWZEEERLULTWDS. T VALY F— 27T 2 EIERNE TN T
WBRHIDEIE] A n — oo THIEKAHICLEZND ZE2HKLTWD.

104 x—x24+x*—-xB4+x16—x324+... Tx "1 &§5&?
B F(x) %

Fa)=z—a*+a2' =2 +2% -2+ ... =Y (-1 (2] < 1)
k=0

LEDD. ZOEE g A1 T Fz) WIRT 207 BT 2 L Uk b2 OUEREDf I
iz 72 2 378

PRIZIRS 2 & Uz b, TORERER 1/2 TRFECTRWZ LIZTIthbhrd. A
AR5,

F(z*) =z — F(x)

ﬁ&jbfmé#%?%é ILICHIEEIE L CTHD &, 2 A 1 DL T F(z) OffilX 0.5
IR DENZEEDNE. e 2

F(0.99) ~ 0.494098,  F(0.999) ~ 0.500124.

Fl)lxa /1 T12Z0RTD2DEAIM?

87%% U < I& Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) M2 20 fi% 2 &.
FRIZZ D pp. 225227 H7- D) 22T UL D ) — S L DEBER DN 2T TH 5.

SRR T VAT A — 2 OMIETKIERIOZERN Bk D 2 NI 2 RARESET L, e A TSk, 20030525
EHUIKRREE (50 Z L0 4—2 <) ZAEED L HK (2004) D5 1 FEBIBUTMU. IR
FHIANZNZEDIEY —EZABMBIERETENE R LU WVDT, BEEIFEIDOANIZIEBETIOHTES.

89 F L Z DRTEDIZELE % Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
(A Z 4 R) TEAZ. ZTAZE i G. H. Hardy 232 ORE%E 1907 FIZfFN 725 L, BUEEHRE TN
i$ 2 1T Fz) O 0.5 ORFAZ NS <ERICEHL TV 2 H 72 R6NE. TUT EOMEAS 1
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THIEDNDND. X5 e u(de)/M(o) PHERMEZEDD Z Lnb, % < OREMN
R E DA Uﬂi%’é‘é EHEHMNDB N

78 10.11. p, v 1% (0,00) ED Borel HIEED & &, + 3 KE R s IZDNT

/0 " e uda) = /0 e (dr) <

MENL LTV ELIE p=v &85, §8DLL, +HRER s 1IZDWT pu,v d Laplace £
BOEPRZBEIZIR U T 2HE L WA LI, 2 DDMIE v id—HT 5.

BEFR. ER 10107 A TT7 2B 5. A= [Te o pu(de) = [[Te " v(dzx) < oo DL X,
p(dr), v(de) DENTNE e % u(dx) /A, e % I/(dI‘)/A ’C%ﬂﬁ‘;zé CiZ&oT k&

SHERHETHE LIRETED. ZOL X TED s 201X LTENS D Laplace &
HUIARBEIZPRT S, FMEEGHE f:(0,00) = (0,1), 2~y & f(z)=y=e LED,
(0,1) EOMERRE 1/, %=

YD L2

/ e u(de) = /0 " e (da)

FIRD &S I N (EERED):

/ = [ v 6zo.

KR & v DFE—AYV IR INRTELUN, DRI =V T8O p=v THDIZ N
Hird. []

FR 10.12 (E— A Y MEEIZOWT)., AREKHE LEOMERAEIEZDE—A Y b aKRIZ
FOT—EMIZREI NG, U UERKXHE EOMERREDG G IZIET D TR, /&
EZNTHSBIEMDAIZZDE—A Y 2B Z TIN5 —RITHE I N, R E R 7
M DOMERBEEREIIIRTE R S5 N5:

—(log x)2/2

flayds == @>0,  f@)=0 (@=0)

s(y) 1R 1 2 HOFBAAERTEOMMEEHIT 1 AFTHBLT5. el
s(y) =asin(2my) (Ja| £1) THD 45, €L T

g(z)dr = f(z)(1+ s(logx)) dx
927 ¥ 213 p(dz) = p(z) dz DL F 1 (dy) = p(—logy)y " dy.
93Stone-Weierstrass @%Iﬁﬁﬁ{umfﬁé{ﬁofuﬁﬁﬁf X2, WEEKEOLIENIT X 25 kSR AT RELS
DIFHEBRMKR EICHR? 2 L 0t & filE 10.13 OFH L FARED Hik%Hi> THHTE 3.




74 10. 8k LR Tauber BUEH & Z DG

5K s(r) DHHHEIZEIZ 1L ARARDT g(z) 20 &85, 20 g(x)dr BN R _EDOER
Wz s, NBIFETMRDAA f(r)de LERUE—AY MebZROILZRULAEW. £
D7zdIZIF k=0,1,2,... IZHLT

/0 2* f(x)s(log x) do \/%/ —og2)*/2 (100 1) dxx 0

2ARIE TN THE. FINEHE o= vtk LEMT S L, s(y) DB 1 2O L kY,

k2/2 poo
RUHR o= (W25 (y 4 k) dy = ¢ eV 25(y) d
5;/ s(y + k) dy i (y) dy

s(y) IFFAEHEZ 5D TIOFME 012485, TNT g(x)de IFERHEZ EDTDE—
AV NEBIFHBEHEER DA f(r)de DE—AV R BHIZELWZ b7z,

PA Eofilid, Willium Feller, An Introduction to Probability Theory and Its Applications
Vol. 2, First Edition (1970) ® VIL3 ® p.227 DHIDOFI S EL THD. € ik [Z Dk
BNMINE C. C. Heyde iI2&2 | LENTHD. ILHIZTDFITIELTFDOES IZE NTHD:

(1) R LOMRIHD EIRDE—AV bE py LEL L X

= 1
22%200

n=1
BOIE, E— AV N0 H0 &L DOMERDAHN—RIZHE D (Carleman D).
(2) TNEYFOFER: BBIROE—A Y M 2bN 5565 NS

> p Z2n
E Qn—|
n=0 (2 )

DOPHEREN 0 KD RKREIWARLIF (TRDLLEHD 2 > 0 I U TIHRT 272 51F),
=AYV MNeHMOE & DML —RINIIHRE I NS (5 6 Hi XV 4).

FEIDHIZERDE—AY N2 REN NI TNEE—RAV M2 6E L O
ROMGIE—BRIZIREINS.
SEREHE DD k IRDE—A VD pyp 1F o= eVt EEHEMTEZ2I1I2L-T,

o0 ke_(Ing)Q/Q daj

= x‘ S —
i 0 V2T z \/ 2 /

ek2/2
~ Vo )
CEHEI N, Bk O 2 REBOBRBFEBOEI TREITHKRT LI Lhbnd. (Z0D

HREIX K ~ exp(kloghk — k+ (1/2)log k + log v2mk) &V EIZK I
MERE X D EIRDE—AV N 1y DED DN I

ky+k2 (y+k)2/2 dt

e~V /2 dt = k12

oo k
> #)
k=0 ’



10.6. Laplace-Stieltjes Z#10D Tauber B4 E H 75

DOPREENETH D Z & & ED (2) DN EHEOPERERENIETH S Z L IFFAMETH 5.
BEBROIEE|XP S 1+ EX?] =14 g, LBREINETHD:
BIX[") = BLxj<i (X)X + E[Lxp=1 (X)X
<1+ Ex (X)X S 14 BIX[*"] =1+ oy

D 2T, N XL () OUCERATER DIE, 35 r > 0 BEAELT,
X - 2
B =Y me (e <)
k=0

ML D, 2D b X OFRMERE Ele™X] (t e R) WME—AY MbhnbH—RIIZ
WEDZLDVDMNDE. HERDAAIET OREREN S —BICIRE D DT, NI (#) D
INRAEBEDY 0 THWAELIE, TE—A Y MBIl Ko THERDAEN —RIIZHRE S Z 05D
Nz, H

10.6 Laplace-Stieltjes Z#1®M Tauber & EIE
=8 10.13. p,, p 1% (0,1) EDOERE Borel HIETH D & U,

1 1
lim/ y’“un(dy)=/ v uldy)  (k=0,1,2,...)
0 0

n—o0

MELL TS ERETD. TDOeE u{y}) =0 BB IARNTOR y e (0,1) IZHNT
Tim 12, ((0, 9]) = p((0, )

YB3, RO, AEERFAFERAER B E Fu(y) = 1 ((0,y]), F(y) = u((0,y]) &%
H3 L, F AHEHIZEDTRTOM y € (0,1) 12BNT

Tim F,(y) = F(y)
LR85,

EEER. pn, p WERHIETH DL LRED k=0 DEHAELY, HBEK C > 0 BT
LT
1a((0,1)) =C (n=1,23,...), u(01)=C

RS MAELY, TRTOLIHAKEK p(y) (IZDWT
1

lim [ p(y) pa(dy) = / ply)pldy)  (k=0,1,2,...) 1)

n=oo Jo
DAL LTV S,
EEIZ e>0ZWoTHEIET D.
€ (0,1) 1 u({a}) =0 2L TVWDEL,0 < § < min{a,1 —a} LIRETS.
p({a}) =0 &V u((0,a) = u((0,a]) = F(a) £5%. R LOEGEE g5(y), hs(y) ZIRD
EDIZEDD:

1 (y < a—9), 1 (y < a),
W) =L (a—y)/§ (a—6<y<a), h(y)=X1-(y—a)/§ (a<y=<a+é),



76 10. g% fEELZ Tauber BIEH & ZOhnH

XLIZRDEDIZEDS:

ZDEE, LLRMEIN LT WS
0=gs5(y) < g(y) = h(y) < hs(y) =1, lim g5(y) = g(y), lim hs(y) = h(y).

W Z 1T Lebesgue DYHERL & 11((0,a)) = p((0,a]) = F(a) &V

1

lim i 95(y) p(dy) = Fa),  lim i hs(y) pu(dy) = F(a).

WRIZF5 60 >0 2/NI<H>T,

/0 95(y) p(dy) — F(a)| < e, / ho(y) p(dy) — F(a)| < e 2)

L7825 EDITTE 5. Stone-Weierstrass D IHAGTAUEIRIZ & > TR % 1§ 72 9 2 JH A A
Ply) & Qly) BHELET 2 2 L DbH 2.

P(y) = gs(y) = g(y) = h(y) = hs(y) = Qy),
|P(y) — gs(y)| S e, Qy) —hs(y)| = (ye(0,1)).

DL X
/01 P(y) pin(dy) < p1a((0,a]) = F,(a) < 01 Q) pin(dy), 3)
/01 P(y) p(dy) — /Olga(y)u(dy)’ < Ce, (4)
OlQ(y) p(dy) — /0 1h5(y),u(dy)‘ < Ce (5)

D212 (3) T (1) VB

n—oo n—o00

/0 P(y) p(dy) < liminf F,,(a) < limsup F(a) < /0 Q(y) u(dy).

LIAM, (2),(4),(5) &V e >0 2NILTBL [ Py) p(dy) & [ Qy) p(dy) 1F <5
TH Fla) ITEML. W AIC
ILm F.(a) = F(a)

EBBIENDNE. TNTRINET I LHIRI N 0

94Stone-Weierstrass DZIHALMEIL LV | [P(y) — (95(y) —€/2)] S €/2 (y € (0,1)) %7~ ZIEHAK
B P(y) BMEIET S, Qy) (22T H AR



10.6. Laplace-Stieltjes Z#10D Tauber B4 E H 7

Bl 10.14. EOFBEIZHNT F 2EKAR y T Fo(y) 2 Fy) IR T 2 Z & %2RU
M, F(y) 75%‘@%%7&,@( X Fo(y) 25 Fy) IZERT 2 LIEES 2. 728 21 a € (0,1),
0<e<1l—alZNUT, @ikl b F.(y) L AHEBHE F(y) %

0 (0<y<a)
0 (0<y=a
Fy)=q(y—a))e (aSy<a+e) Fy) =
1 (asy<1)
1 (a+e<y<l),
EEDDE
1 1 a+e 1 (a+€)k+1 ak:-H 1
k _ 1 k7. _ k _ Kk
/Odeg(y)— /a y" dy ) . , /Ode(y) a
ERBDT
1 1
: k k
l{% yrdF(y) = /0 y dF(y)
&Y, a MDD y e (0,1) (22T limag Fi(y) = F(y) £%%. UL»U F.(a) = 0,
F(a)=172DTy=a TIETDRLZE. N

W 10.15. F,(z), F(z) 3G EREHFRIERDEET 2 =0 T 0 (< % COTHEHLT
5. ZOLE ADREBNIIHUC, [TeMdF,(z) (n=1,2,3,...) & [T e dF ()
AR L,

lim e M dE,(x) = / e dF(x)
0 0

n—oo
ML U TWBS 2 5IE W F WEELRTARTORE 2> 0 12BN\ T

lim F,(z) = F(z)

n—oo
L85,

BERR. fn, 1 13 pn((a,0]) = Fu(b) — F,(a), u((a,b]) = F(b) — F(a ) (a < b) %/~ 9 Borel
{EJﬁ?Tﬁ)éZﬁ—é RELY, 2 0 > 0IZD2VWTA, = [[Te ™ p,(de) 72H& A=
J" e p(dae) IFAERDMEIZZR D . JE L, [t & fin(de) = ey (dx), fi(de) = e pu(da)
r‘:E&Dé c‘: un((O, 00)) = Ap, 11((0,00)) = A 8D pip, p DROVIZ fi, i BFEAZDZ
CAT pg, p IEERBETHD EIELTEWV., TOEE, BREM y=e " I2&2T, Z
DOHEIZE TS (0,00) EORE%E (0,1) EORMBEICBET S48 1013 1IZ/gETES. [

EF 10.16. W L(z) 2 x — oo IZB T HBEHEE (slowly varying function) TdH D
I AEED c> 01T/ LT

L(cz) ~ L(z) (z — o0), THEDL  lim Liea) =1

soe L(a)

BEALLTWS I EThD. b 2iE (loga)’ IHBEEHHECTH 5. [



78 10. gk fEHZR Tauber BIEHE & Z DG H
EIE 10.17. F(x) 1& 2 = 0 (21 2 4k 2 BRI (R T h Y, F(0)=0 %
WELTOWREDTHY, a>0 THDEU, L) IF z— oo LB ITIBELHRMTH S
D RSN ) R

MO\ = /0 T e g (1) ~ ALY (AN 0)

BoE
) 7 M(z™h) x*L(x)
@~ e D " Ty ®7
AN AVAC IS
SR, SR Gr) %
xa
G():F(a+1) (x20), G@)=0 (z<0)

EEDDE, >0 LT

e “dG(x) = —/ ey = / et dt = ¢
| @) =161 J, () Jo

MWENLT S, 2 DOHDEST z=t/c LBV
c>0D&E M(\) OFREEENIETHRELY,

M(eX) oA L{cIA7h . o
MOy T ey T —14 e dG(z) (A N\0).

XI5 M) DEFRLY,
M) 1[0 © (F(/N)
MO :Mw/o oar = [ d(M(A))‘

lim Oooe_“d (%) - /0 T emaGle) (0> 0).

L7=ds>C, i 10.15 &

Wz

F(z/\) () = x

Yo M) (x)_l“(a+1) (z>0)
LB, THRDL o
M(N)x®
r=1¢EZ, N2 2l TEIMRADILIZLST,
Flz) ~ M(z™1) z*L(x) (z — 00)

Tla+1) T(a+1)
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11  {F§%: Taylor O EEICEIERDEA

[(B#0)=(Taylor R D@&H & T)+(RIRHEH)] DEADAA%Z Taylor DEE L E 5.
Z DTl Taylor OFEFDZH D I OWTHIT S, ZOHMOHNEIZIEFEIZH L.

11.1 FBERERIEE Taylor DEHE
o R I N RIRIE % £ D Taylor D&M IE

+f ) day

AR R UHAWS Z L ICE > TEEHARETH B, B, Z i

+ /: 1" (x2) dxo
£@) = f(a) + f(a) / "oy + / " da / " () .

Z 2 CHRROM R 2S5 T /DI

/: dx; /;1 [ (w2) day = /: (/:1 f”(xg)dx2> dz,

EVWHEZITHEHWEZ IHI
+/ f///(xg) dl’g
ZRATD L

(@) = f(a) + ['(a) / dzs + ["(a) / dy / “d + / iy / s / ) dis.

SIZA U#EZ © 5 —E# ) KT &

f(x) = f(a) + f'(a) /dm1+f” /dxl/ dzs + ["(a /dml/ da:Q/ dzs + Ry
R, = /da:l/ dxz/ dazg/ f (x4) dry.

PAEDFHE % i AU IR DKL T D Z 3D S

Th—1
Zf(k /d$1/ dxy - - / dry + R,
R, —/dxl/ dxs - - / dx,,_ 1/ f(")(xn) dx,,.

(X AUNC R

BTG T 2D BB RN



80 11.  f+8%: Taylor DEEIZFEA DS
R, ZBRELIER. DL EOFRTIERES ORI L 2MFE > TR0,

FIRELANDZIRIEFIEAT D K S IZIEFIZ (< EORZMD 2L ITL>TRZID)
RGIEHAEIND:

/dml—x—a,
T _ 2
/d:r;l/ dxy = / (x1 —a)dxy = (z za) ,
T _ 4)\2 _ )3
/dxl/ da:z/ drs = / (71 5 @) dr; = (@ 3'a) ,

Th—1 (v — a)kt x—a)k
/dxl/ dzs - - / dz;, = / (1k;—1)) dr, = %

r>a D& I, ZOFERERIE ERGCL HERDERED k! 50 1 2B HRLTWS:

o k=10 I BADMEIFED {z1]aS S} DRIILED.
o k=20DLE FIRESDMEIXIEN (a,a), (x,a), (z,z) ZFFOEMA _FL=MHF
{(z1,22) [a Sz S0 S0}

DER, THDEEHEOER (« — a)? DERTH S, BT EDIHIE, 20 = 21
EWET (21, 00) OOV TRATEMETHD. EHVREOTRE B2 70
c:‘i T é ) %{%flj‘ (Il,l’g) CZOb"C%Fﬁﬁ\b@HMlib\HEb‘

o k=3 D& ¥ FXWSOMEIXIER (a,a,a),(x,a,a), (z,z,a), (z,z,z) ZHKDVUHAAK
{($1,$27$3) | aSr3S xS oy S IE}

DR, §ROHNLHERDOEE (v —a)® D 3 D 1ITRD. 3 5D 1ICRDH
HIE, 23 S 2y S 2y 23727 (21,29, 73) DAL DVWTHEATEINOTHD. LS
KEIRDEFEZ G 7201201 253 £ 29 £ 2y OUADIEFRIZIWHA TS GTXTD
a < xy,29, 13 < 2 (IZDWTHES URITIURN TR, 21, 29, 25 DIEHEUL 3 fHZRD
TEZENLDUARTT OB 31 @) HD.

o —fD k DHGELULLFERTH S, BIRES DMEIFXTH A
(a,a,a,...,a),(z,a,a,...,a),(x,z,a,...;a),...,(x,z,z,...,x)

=Rk IRoGHAR

A
/\

{(l‘17x27"'7xk)|a§$k $2<$1 ﬂf}

TEN R DARTE (2 — a) o> k! 63\03 1 7;%).

96 55, KAy, =M, WUIEKRD k IRoih % k IROCHAK (simplex) & IS8



11.2. FIRHEOMIHED L2 5 DFHM & Taylor EH D 2 A& 81

LU EICE > T Taylor RADERDDEHICERNRONSERGARICA oL 205,
1 D k BIOBIRED OFERIE & IRTCSLSRDOEED k! 730D 112785 DTHEHT k! 238
Hd.

UEDFED:

+Rn>

x Tn—2 Tn—1
R, = /dxl . / dxn_l/ f(”)(xn) dx,,.

INEFESFRIERID Taylor DFEEBEFERZ & 129 5.

AR MO IS IZHFRATE L. n BOEE f™ () 2 n BREXES T f(z) A
LNZIETTHD. LML, BOEBEZZRTNIEL 2 1IZDO0WT n— 1 IRUFOHEIEUL S
ZLITRD. TORER, LROL D BAANELND:

f(I) = Qo —l—cu(x— a) +a2(x _a>2+"'+an_1(x— a)n—l YR,

ZIT R, FEDXDIZEEINZ fO(2) & n BIBREALAZEDTHD. ZORD
Ml% k=0,1,...n—1HMALTCar=a EBFIEXR, »ORKDIIHIL0IZRDDT,
f®(a) = Klay, D505, 805 ap = fW(a)/k! TH 5.

PAEDFHROHSIE, BRI f(z) = D02 an(r — a)F EBWTHHLZ D K U
LCTa=a BT LIZEDT ap ZIRETDHIKLEUED, BIARE R, ORI
25> TS DT Taylor AEELD AN B0 2 5 72 F v THE U R,

Z D & D IZRIRIER & D Taylor OFEHIE Tn BEOEKE ) (2) &2 n BIBIRESTH
FH LD flz) WEOENDIETE] LWIIEFICE LB RERLNLREIRFLNDD
Thd. N

11.2 FRIEOIEIMED LA S DOFLH & Taylor B D EAH!
FIRE R, D n — 00 TOIWZNETZHLIE

=1
kgk_ ZL'—CL

MEANLT D, TNEEHE f D 2 =a 2815 Taylor B & FERT

FIRHEHDOKEZX %2 ENSFHEIT 2 72OIIFRD LS I2FiE L. £ R >0 2H-
T,z OFLEFHZ |2 —a| S RICRETD. LT, HD M, >0 T |[fW(2)| £ M,
(lJt —a| S R) ZWi723TEDEEMITIED. TDLE

Tn—2 Tn—1
Az, 1/ dz,,

&85 DT, M,R"/n! — 0 72 51X Taylor B [z —a| £ R IZEWT f(z) IZ—HRIK
5. FIREDBARNZILZDE D & D RREOHMXAED > S DR (R) DSH3& <
ﬁ#’)ﬂ’bé

Tz =0 1281} 3 Taylor JERH % Maclaurin JEFH L FERZ L 235 5.

_ M, |z — a|™ < M,R" R)

[ Bl = n! - nl

di[fl




82 11.  f+8%: Taylor DEEIZFEA DS

72 & Z1E M, RN n OFEREFEE 22 513 Taylor BBIFINK T 2 (A"R™ /n! — 0).
ZTDIEMNH, e, cosx, sinx D Taylor BEAMNED X D74 a, 2 IZDWTEHEIZIHT B
ZEMEGIHENDOEND:

" > . x2k x . l'2k+1
— — -1 i = —1 .
a8 ;( TS T ;( oy

m&i
[
& L0

M, OMRHEED n! & [F URREDLEIZIE Taylor BFHIE [z —a| <1 T f(z) (IZIERT
5. 2eZF fla)=1+2)* DL ¥,

fP@) =ala=1)-(a—n+1)(1+2)*"

BROT, ZD f D x=0TODTaylor JBRIE |z| <1 TPHKT D Z & b»nd. FERIZLT
f(z) =log(l+ ) ® x =0 TO Taylor BRI |z| <1 THRHRT DI L300 5.

[o.¢] o k
(L+a) =Y ((;)xk (Jz| <1),  log(l+z) Z ) 19” (|z| < 1).
k=0 =1

IROD Taylor BHHE & <flibNd:
= z*
—log(1 — x) Z? (|z] < 1).
INZiRL AKX

Li, (x Zk— (Jz) <1, r=1,2,3,..))
k=1

TREHEINDEE Li,(z) 1% r IROZ BN (polylogarithm, IR Y 1 2) L IEZH
TWd. T Lig(z) W& dilogarithm GEFRA A 1O 2) & Liz(z) O¥EIZIE trilogarithm (@
D BY) EEENT NS, 2Dk X

dLi,(z) Li,_i(x)
dr x

BODT, ZENBEBUX

Li, () / da:r /‘”3 d:zrg/ drvy / / dxy % dx,
s 1—x; 1— 2 29 Z,

<1< <zr<T

dl’l

(r22), Lil(x):—log(l—x):/om

1—.231

EERERBENRRINDG. 2 OHOEE T 0< <1 2{KE L. YLEZE&HOESD & Riemann
DY —REHD 2 DL EOEER r 2B TR MEORE D RRVELND:

ad dry dzo dx,
:E _LT —= ... =2,3,4,...).
¢(r) 1 / / 1= xy Ly r ’ )

n= 1 O<z1 < <xr<1

MY GEEE BIAR I T U £ 572D T, Taylor DEHDFEIZREA 5.
KOG E, FRHED R, OFAMN (R) 25> THIUZ 3 BD 720, %IJ,%IE R, %%
KA TG L, 1EDOEA TRRTIAADDHL2OTENEZRNALTE IS, flHD/-



11.3. ¥ EMS AR DML 83

Hale LIRELES (a2 2 OBEERETHS). R, DBERHENE o < 2 < 2y <
S S ThREBBATHE D LI LRSS, 1, 12k DR & —BAMUI S &

R, —/ F (/d:v1/ dzs - / iza:nl) dz,, = / £ (z x_x”); (G

2DOHDFE ST 1 OFRMEDH (n— 1) IRTGLFIRDERED (n — 1) 3D 18D LD
FEOFTHIAL AER 2 H > 7.

11.3 EEEE2ARIXNDOEE
RO R EEZ S
dU (t)

dt

22T A(t) REATRMEESERECCH Y, U() IRIIEANE H1THI0 E S F BRI T
3. ZOWNHTRRITIKEFAMETH B

— AWU®), U0 =E.

t
0
B % Bt A 7230 1 Taylor DEBL 2 GEHI U 72356 L FARRIC Z DX 288 1) 58 UV g

PELNTIRILIZENITTTHE. ZORT Lt DFNTNE t,t, ICEIHZ /-
REZORNBHIIRATD L,

t t t1
Ul(t) :E+/ A(tl)dt1+/dt1/ A(t1) A(t2)U (o) dts.
0 0 0
A UEEZE S —Ei) IR &
t t t1
U(t) = E+/ A(tl)dtl—l—/dtl/ A(t1)A(ty) dts + Rs,
0 0

Ry — / dt, / dt / ® A Alt) Alt)U (L) dbs.

[FRR AR YD) R & IR DRI L T2 2 EWhhd:
te—1
Z/dtl/dtg / A()A(Ly) - - - A(ty) diy + R,
0

R, = / dt, / dty - /O T A Alty) - AT (1) db

FIXIND n — co DR THD HFERDMED

Z/dtl/dtQ /Otk1A(t1)A(t2)mA(tk)dtk.

TEOND Z L 25t s, BIOHOD Al BAXAE t OIERIILATND 2 LITEEE &
RFNEERE T | ZIRDOEDIZED B:

TA() - Altk)] = Alto) - - Alto)),

~+
A

v

V

- Zlok), O € Sk



84 11.  f+8%: Taylor DEEIZFEA DS

ZOFRFIEDE ETEDRARIFIRD LS IZEIEIND:

U(t):kz_()%/o /0 TA(ty) -~ - A(ty)) dty - - - dty..

X LITRINC T] | 2B E RO 2 L 2 RIS NERO £ 5 ICBSEI NS

k

[e.e]

2o (o)

k=0

Ut)=T —T [exp /0 t A(s) ds

ZORDORARIIYHOBREZ ETHRING.

DA B Cfifan U 78 H oy R RO #REEIX Picard DB AEOR ARG ETHD. §
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(2 & BEEIHIEZ H > T, S E Y R A DZBIRMRATEIZ & B REES 3 <IN
KEAS U, THIZ Picard DFRRAEIZET—RILING. 2D &S ZHHN S Taylor
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11.4 WA FRIEE Taylor DEHE

BIRFE D TR I N RIRIE R K5 D Taylor DEHEZ K> TWBZIFTHRSZRWIEXTROD
72D, % < DX CRIRIEZ MEOEKRBTRRTEIARNE K<L TWDEDTHEHFIZ
AL THID.
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