HY < amDFMBREIE & Stirling DA

2016 £ 5 H 1 HAERL*

http://www.math.tohoku.ac. jp/ “kuroki/LaTeX/20160501StirlingFormula.pdf

B R

0 FL®IC 3

1 AVIPHICEAT ZHOBREENSD “EH” 4

2 AVUIDHEORHERHZAWRRNSDEH 5
2.1 Stirling DAXOGEH . . . ..o 6
2.2 EHUEINZ AU DA OMERELEHOLRDCE ... . 7
2.3 Fourier KEEANRZ VW EIE . o . 8

*BHIE FE URL 64 v — RTE5. X2 ETHEMNICERETERZRITS FETHD. 5
H1H Ver.0.1. 5 H 2 H Ver.0.2: {EKDZ L\ Stirling DARDE ZEMLU 7. 5 A 3 H Ver.0.3: a4
BN, R Fourier D KIEARIZEI B Z8MMU 7. 5 A 4 H Ver.0.4: A7 A5 45D Fourier ZH DA}
fr & Gauss O DOFIHEOMNEREZEMU . 5 5 H Ver.0.5: 340 OFTIEE bk4 258 (217 H). 5 H5 H
Ver.0.6: 7 7 A WV EZEHEL, WEARDS U\ Stirling OARDH/NRRROHi 28U 7~ (&2 18 H). 5 H
6 H Ver.0.7: 77> < B D IEAEME & Bu™N M & BiE 1T & 2R 1 & M PR S e B 0D Rl FH D 8 X0 S Uil
D U\ Stirling DARZWE U TEFED Stirling DAREZES e R EE2BABMLZ (224H). 5 A7
H Ver.0.8: EAZBEN D MERERIR % cos(tz) D Fourier SkEER % (> TE HEOMEH 2B U 72 (£
25 H). 5 H 8 H Ver.0.9: Riemann-Lebesgue DEMDHi & Fourier Z #1873 F1 & Fourier MDD 431
DOICRIZE T 2 i3 % 80 (42 30 H). 5 H 9 H Ver.0.10: 5341 O iR E B D fif it % 380 (4 33 H).
5 12 H Ver.0.11: Laplace D (2 & & fiEHED O OMRE: L % 0.1 %380 (2 37 H). 5 4 13 0
Ver.0.12(43 H): HHEDOR I BH A 2 /A IER DA TEL TSI D Z & & Stirling DARDPFEHETH S
EWVWDS IRV NEBEIU 2. b BHERSAIZDONTONMER (25 9 #i) ZEMU 72, Maxwell-Boltzmann H
OEHEBEMU 7= (5 9.5 ). 5 A 14 H Ver.0.13(46 H): fINWVEE I A% ETIEL, MB RIOf#H % fi7E L
7. 5 H 15~18 H Ver.0.14(50 H): ¥ v ¥ 7IVIZET 28 EKiER] (7 59), Wigner O TR (BHITE 60),
sin? BRI HMERE - Tate PRICEH T2 L (BE61) O AV ME2EMUZ. ZHEMGEE - ER—4X
A DBLR (5 9.7 fii) & Poisson 24 & AV~ 2 AA DGR (55 9.8 i) O TR MR % B U 7=
Stirling DARD & V) ¥ > TIVRGEHOHEOfFEHE (55 2.3 i) 28U 72, fMNRFRY 25T EL~. 5 A 23
H Ver.0.15(57 H): ffH/% Tauber BUEH & Z O HICEIT S5 10 #i ZEMU 7. JoHAEIE Wallis DA
Co—a?4at—a¥ 420 —... D A1 TOEHMEXEEID 2 D. Wallis OARBOWOEEEH NS LD L S 12
UCHERRA AN TR NEMEH U THSD. 5 A 24 H Ver.0.16(61 E): T 10.4 DFEHANH £ D IZEHE
722720 T, Stone-Weierstrass DZHFLUENSH LN DM 10.3 ZEBMUT, FLEFZFELAZ K
SCHIBEULAZBEBZOTEY BFE->TW DL Bbhd. MUCEMNRETELBMNZ LA 5 H 24 H
Ver.0.17(61 E): MIA 7230 DFTIE. 5 H 25 H Ver.0.18(67 E): Taylor DA DH:H 12 [¥ 54 11
ffi Z3BINU 7 (iterated integrals IZ & 2 #HEH D SREADMIEL (55 11.3 i) 2 54). 6 H 3 H Ver.0.19(76
H): #i2WETIE B0, Laplace-Stieltjes Z8#1Z B9 5 Wi 2 BN ISR A BB ET & D Tauber BUERIZEI T
LM FEU RS Z BN U 72 (55 10.5 &, 25 10.6 #i). MizE&axEmu 7.


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160501StirlingFormula.pdf

24 HHEEPRESBNA 2R/OMAVIERDMATEMUTE D Z & DMK

2.5 —RDGAEDOHOERER IZB9 5 KM MR . ...
2.6 TIHDWOFUBRERER ..o

Laplace DAEICEL 2 8EH

3.1 HUVEED Gauss NI X DM E2 o280 0 0L
3.2 HUREBDN Y ERE HWECITHIIEIEZ EHE T 5 .. ..

XTEARD 5 L L Stirling DA

4.1 SED S L\ Stirling DARDG UGEERR . . ... ..o
4.2 RENRFVEANOSHEE ... .
4.3 MNERRDZ U Stirling DAXDOSEE ... ...

{+4%: Fourier O KEEA T

5.1 Gauss SARDEGE . . . . .
5.2 —MEDEGE
5.3 Riemann-Lebesgue D&M . . . . .. ... ... ... L.
5.4 Fourier ZHADEZFDOINEK . . . . .
5.5 Fourier fEXDIAFOINE . . . . . ..o

F8%: H A9 D Fourier Z#:

6.1 BARENZMDHGIE .o
6.2 WHADE—DEMD AR E2HZLUTWSZ 25 Hik ... ...
6.3 HAMATIHETDIAHE . ...
6.4 Cauchy OFEDEMZMES HIE ... . ... .

{18%: Gauss B DETE

71 F—OERFED 28D OFAFREHACEZERE oo
7.2 MREREAMUZKDEE ...
7.3 Jacobian Z O TITTOEMEABUZ L DEE . . ...
T4 HUNXEEER—ZRBOBEBREHCEZEE ... .
75 MOHE

T8k HY YEEH

8.1 HNUVEEE EEEOERN ...
8.2 AUVHKEOMBERAEREM . . . . .. ..
8.3 IERKEEODMERFERIER . . . . . ...
84 Wallis DA . . . . .

{F8%: B2 RERDHICDOWVNT

9.1 IEBIADA . ..
92 AVUIBIHENA 2T . . . o
9.3 BTREN—ZME LM . ..
94 BREN—ZBHE F O ..o
9.5 n— 1 LBk ED—#72 4G & Maxwell-Boltzmann HJ (1) . . . . . ..



9.6 n— 1 {XILERME LD —kD4m & Maxwell-Boltzmann fl] (2) . . . . . .. ... 47
9.7 THDMEEH RN 50
9.8 Poisson DAEE AV DA .. 50
9.9 FEAWNZRBFHEORMMCAZEE . ... ... 51
10 f18%: f§% 72 Tauber X FEE & Z DA 52
10.1 RERLSD Tauber BUEHL . . . . .. 52
10.2 Laplace Z2#D Tauber BUEM . . . . . . . .. ... L 53
10.3 Wallis DN EFIETLDMA . . . . . o 59
104 x —x24x*—x8+x16 —x324+... CTx N1 2922, ... ... .... 60
10.5 Laplace-Stieltjes 228 . . . . . . . . . ... 61
10.6 Laplace-Stieltjes Z2#1(D Tauber BEM . . . . . .. .. .. ... L. 65
11 {F&k: Taylor O EEICFERRD LA 69
11.1 B FIRIER Taylor DREEE . . . . . ... 69
11.2 FIRHDAMNAED LS DFEAM & Taylor BEDELMRE . . . . ... .. .. 71
113 MBHEMS ARROME . ..o 73
11.4 MO RFIARER Taylor DEHL . . . .. .. .. 74

0 EL&IC

Stirling DA & &

n

n! ~n"e "V2mn (n — o0)

EVSBERDEMARDZ L THD. 22T a,~b, (n— o) & lim, ,o(a,/by) =1 %
BT 5. LOE®EIZIE

1 1
n! =n"e "V2mn (1+—12n+0(n2)) (n — o0)

ML TWSL 20 — M TIRETRHINIH Y~ 530129 2 uDBBRE R & Stirling
DARD EH XN Z L 2T 5. TDRIIKE~ 2 575 T Stirling DARZ BT
5. KB DB R IE U R,

2D — NOBLEOMNEFETIXEEDIMAGROMHZ 72D . 2D ) — NORKRIXF
AW D Gauss B A, Y BB, N— & BKEBAM, Fourier fiffir AfNZ72 25 Z &
2EMUCELNMS BRHROFEEDTDHS. FIOHDOHITHED S OECTHIAL /-5
B2 ZEDZ VO THREIITELTRLW. RN SGEHE UTH LWL MDA
WZXlIiZ9 5.

F0.12BANEDDD LD, ne V2 2L D nl OELDEAEIF, n =3 OEET
TTIZ3% 2Y>THY, n=10 DEFETIE 1% 28>T\Wd. X512 1/(12n) THIET
% L HEIFBINTNI K ARY , n =1 QBT TITEBIOFRAED 0.1% FEEE & AH2 12/

T
V2 (

e

1
1+— ] =09989---~ 1.
+12)

I3 i R &,



4 1. AU AEICET 2 dU0MREREH S D B

2 0.1: Stirling DA & 2 BEFEDELL

’ n H n! ‘ A, =n"e ™/ 2mn (R /n!) ‘ A (1+1/(12n))  (R#/n!) ‘
1 1 0.92--- (7.78%) 0.9989 - - - (0.10%)
3 6 5.836 (2.73%) 5.998 - (0.028%)
10 3628800 3598695.6 - - - (0.83%) 3628684.7 - - - (0.0032%)
30 || 2.6525--- x 103 | 2.6451---x 103 (0.28%) | 2.6525--- x 1032 (3.7 x 1079)
100 || 9.3326- -+ x 10'°7 | 9.3248--- x 107 (0.08%) | 9.3326--- x 107 (3.4 x 1077)
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Y,, DR 53 A0 B A ASEHE TE R 0 AR D3R 25 B BB Z & IR 97 6 2 & O EHEAEERR IE
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ERBI RN

ZDE DI, AV~ A6 OMESRE S BRI DR D Fourier 2112 & 2 FRm % i 2 13
TR LD PR D L RV TOHMEIRE 2 A Z IR T Z AN TE, TOFRERIE
Stirling D AR & [FfEIZAE > TS,

Gauss IADARIIUFO LS ICUTHMING. % [ bBLE P = [ [% @) drdy TH
UIauz—e(fﬂz@777&1@z—0(ﬁimtFmMﬁ®£WJ@%ﬁtt%ﬁ*Mé.%@$m
0)11; 0<zS1ITHETOWHRIE —7logz IZRDDT, TOERRIX fol(—wlogz) dz = —m[zlogz—z|{ =7

1285, PRI I_ V7. Gauss A DRNRDAEGFE R L ZAIFMERNETRLZ L ZATHY, LT
DFFERHTHKD L ZATHS. LNULZTDOZTAVNUDERIETH S Z e B3bruE, ZOFEY 2 TOM
TATIEDIAC 55 = £ b IJER 1 AT ZEEA D2 S, FHRZRZOE [ €O 0% EHE
UDTIRRL, I? DF%3IRULZN6TH 5.

13%5?%%1‘)?’&@520@ KTCEEZGITHHINDG. 722 2, e~ @ Taylor JER % A U CHBIFE D % FA7
UCHAHTES. & U<IE, @D f/(y) = —yf(y), £(0) =21 ZilizL T3 ZehbeENNnD (fE
AN U T D Z 2 IEE s T hIED»n D). Cauchy OFESEH % 8 2 XA w+ iy (u>0) %
v>0 CEIMADIERMIZETUAZDLRU LD ICRZZLHEIELNS.
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2.3 Fourier REAXZAWVWRWVWAEE
HYREBDOEFELY ,
nl=Tn+1)= /OO e "z dx.
0

BAZEEZ v =n+ny=n(l+y//n) IZ&>T y IZEHT DL L,
!: n_—n OO —\/ﬁy 1+i>nd
n! =n"e \/ﬁ/_ﬁe ( 7 Y

n! () V(L +y/vn)t (y > V/n),
. n\Y) =

nre"y/n 0 (y = —v/n).

LB, o= [T haly)dy £7%B%. loghy(y) D y =012 % Taylor BHIZEL ST
log h,(y) = —y2/2+0( ) (n—00) £B82ZEMNDNDDT, lim, e ha(y) = e V2 L7
52N bnd. XbHIT

Cp —

lim ho(y) dy = / e V12 dy
n—oo f_ oo
EWVWDTED EIMBRDNER DR E RS Z AT EIEY, lim, oo ¢, = V21 DMFOEND.
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n—00 pre—n\/2mn
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24 BHENMKELQHA2ELSGHVERITTEUTES I & EDER
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X2 LHEHINRERELLY, ORRM% I n ONA 2T LITR.

HHE n ORA 23N shape 28 a =n/2 Tscale 27 =2 DAV I FAHITZFEL .
FHZ ETHIE n O 701 2 Fe5 A3 ORE R B B80S
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L/Q > 0)’
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2R, TOENEIE TN TN D & 20 IZRD. TRDD,

00 e—y/Qyn/Q—l 4 ) ) e_(x%+...+x%)/2 i i
/0 Q(Q)W y—/n9($1+"'+$n)W Ty ATy,

Ly >0 T hy(y) S hi(y) =e V(1 +y) B, y S0 T holy) < e ¥"/2 BELLTWB DT, Lebesgue D
ARG % 2B IRT ZEMNTE S, Lebesgue DICREH Z DR TE | |yl £ M T h, P—FRIN
KT LAAWVTRTILETES.
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GEtE O MR TR, BHE n 2 KE<TH Y, A 2 "AMIETID 0 THEA 20 D
ERAEZP > D EMLS ZENESHENT WS, ZOHFEITH Y ¥ 45460 FuMEERE
HZOEDTHSH. TUT, HIfiTRUZ KD ITERUL I N2 A 2~ 5370 D3R5 B
DEHEER A IC & RUPOR 9 % & W O fER & Stirling DRI FEME (R UR S OFER) 20
Tho LEE2ELDDILERMDEDIEFTAD I LNDOND:
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FEDKZEERUIEEZERLTVWD E B> TLW,
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(k) S pr @t s ; (k)x v
E[g(X,))] BB OWRTE < O IE TV X EE (TN AME) 6(x — a) dr %> B
5%

n

B0 = [ondn g =3 (7)ot - b

R k=0
ZD &I, ZHNMG OMERBEEHRE f,,(2) ETIVAEE(TNVEAUE) ZH>TRDOIN
5LBZEZHH, EE OB TIEAR B (LD EMICIEHIE) ITR>TUED. FFICHER
BEERBOPR 2 @0 E ORBOZRINKTERAD ZLIFTERIRD.

TD & D BIGE IR E RO K IR TR <, BIRHENEKE g — Elg(X)] O
INH % & 2 X LN,

BRI R Tl —MRDOEE ¢ (T2 Elg(X)] 2% DTIEAL, H2RHEED
BRI g 1IZBT 2 Elg(X)] 2%\, TORNBEGEDFHENS —BDEEZE WD K
DRIENEL TN,

T DOHRIFINSHERZE X ORI ox(t) = E[e™X] 2> 2 & ThHD. FtEp#ux
R ETHEICHSED 1 AN O—RREGEREIC R 5!

lox(t)| = |E[e™]| < E[|e™]] = E[1] =1,
gg@ﬂ#+m—w@ﬂziﬁﬁmﬁwﬁh—UHéEUJ“—lﬂ—+0(h%O)

BED 0 ~NOPER Tl Lebesgue DINHEH & FW 72, B g(x) 2

o) =5 [ g ds
™ —0oQ
VTR B IE ) R ER T O R E Z R D2 BEDRDH D.
BY A 77 OFIIET 205, B AadamiE LR,
WTFN A (TIVARNE) 6(x — a) do FEFEE f(2) 12HUT, [ g(@)d(z —a)de = g(a) 12&>T
EHBINTNDEERD.
0 Z DRIDOIKIZFHUNR & FFIEN D .




2.6.  IHAIAH D Hh DM PR E HE 11
ERDINTVWAETEY, DL Bl LHADIEF 2T HILild>T

Elg(X)] = - / T a0EENdi= = [ 50ex() d.

ZORREY, HERZEH Y, CHERER Y ([2D0T, FEERES oy, DRMERE oy
IR U COE, 8] 7 5 A28 ENBEROBE g(y) 1< LT Elg(Y,)] &
Elg(Y)] IZHURT % Z L 2t 2%, BiBIMERL K E &L — D5 G O iR R E B
oS B TENMEINDG.

TR MEREBY, ORVERE oy, DEE o IZERIRU TOTEINREDEE ¢ 23d
B MR LT ORI 8 > TR WG E I IIMER LY, (SMERZBUIPER L 2. K
VEBERS oy, DI AT AR B o (28 RINR T 2 72 51F, FMEEiE ¢ & RFDMERA 8
Y BEELU T, MERELS Y, BY IZHIBRT 5 2 Ao T3 N

ZIES AR DO HFULERIR E R Z R T S . ZIH A DR AU
ox,(t) = E[eitXn] _ kz; pith (Z) pkqnfk

= kz; (Z) (pe")"q" ™" = (pe’ +q)"

BB, ZHMMDFFE REIEENTI p, =np & 02 =npqg THD. DA ITHEREE

" On V/npq)

DI EFFIFTNTNO0 & 1128, TORMEREUL

vy, (t) =F [eityn} _E [e—itnp/meitXn/\/W]

_ e—itnp/\/rﬁ(pxn (t/\/n_pq) — e—itnp/\/nTJq (pezt/\/nTu] + q)n
_ (peitq/\/Tm + qe—itp/m)”

L7252, X, OFEERBOARNEREETIZ, X, —np = X, (p+q)—np = ¢X,, —p(n—X,,)
= HWT, BRI

&=

©y,, (t) = [eityn} = F [eith"/\/We—itp(n—Xn)/\/nTu]]

M:

pitak/\/pd ,—itp(n—k)/\/7bq (n) pkqnfk

k

k=0

3l

k=0

272 2 g(z) PR T HNEZIDEE g(t) TIDE DI g(z) ZFRTES.

27 b ZIXH RGO RS

BREEEOIEHTIE, g(y) BABDEBTH 2 & 5 BZHFNFWGEITIORZ R U, TOMRE UT g(t) &
DIRNEED Y Z A (Bl 2 3H FER B DER) ICEENGEDORRE L.

24Bochner D EH.

Bz p=q=1/2D1 % ¢y (t) = (cos(t/v/n))".



12 3. Laplace D HEIZ & 2 EH,
ey (peth/\/qu _I_ qe_itp/\/rﬁ)n
CEETHILETES. ZhiZ

~ 2
pelt VL — 4 pg_at +0 (L) 7

Jnpg  2n ny/n
: 2

—itp/\/npq _ ., __ itpq _ Ii _1
1 a Jnpqg  2n +0 ny/n

ZRATDH L

m-(1-Lio(L))
il = 2n ny/n
DT
—t2/2

lim ¢y, (t) =€

i, EERAT B RS Y ORI
. o emy/2 )

oy (t) = E[e’ty] = e”ye dy =e™" ?,

e V21
INEYD, YR T T AZEENDEE g(y) KDV T

lim Eg(Y,)] = Elg(Y)]

n—oo

LRDILERED. TRDDL

= k—mnp\ (n * e v’/
lim » g ( > < )p’“q”‘p =/ g(y dy.
n%o]; Vipq ) \k o ) V27

gly) W a<y<bDEFEMN1ICRY, 25 TRNE ¥ 0 ILARBEEOEAICIE

&;@<Q: eV

— dy.
V2T Y

lim Pla <
n—00 ( - 1/npq

PAEDS =TT OMERZEE X, OHODMIRERTH S,

3 Laplace DAEICE 2EH

A £l £ TIZEAH U 7z Stirling O R ROFEHIFARE NI T > Y EE (T > < 43045 B3 Gauss
B (BB A) TEBIIND Z L 2 HWZEEHZ L EZ 5N S . Gauss B IZ L 2 3ELL %
Laplace DHEE SR LN H 5.

26 - DIGEITITAFRERERER o Sy < b TENP 1 IZTEDTHRVE X 0 ILRDEHER Y.



3.1. HUEEOD Gauss B IZ L Dl % > 728 H 13

3.1 AVIYEHHD GaussTEaRICL BEUEFE>/-EH

AV BB % Gauss B3 CEEELYT S Z £ 12X > T Stirling DRAXZRT D.
log(e™®z") =nlogez —x & x=n ’CTaylor)f'zﬁ'ﬁ“é"ét

)2 3 )4
nlog:c—x:nlogn—n—(xan) +(x3n;1) _(x4n;1) + -
BOT, n WREZLE l=T(n+1)= [e a"de H
0o . 2 oo
/ exp (nlogn—n— (z—n) > dx:n"e_”/ e~ @/ @n) go — premm/2mn

oo 2n

THEBPIND Z VDD, PRI

-n

nl ~n"e "V2mn (n — 00).

ZDEMDRET % scilab THiK Z Xk > TEo 2 MRk %E Y 1 v 4 —Dila k0 7 THS
ZEMTED. ROBUERTE Y 7 b scilab IZDWTIXEEDY o — F 220U TAL .

PA_EOFERHIE T Stirling DARF DK F ne ", v 2rn DZNTND g, (x) = log(e *a") =
nlogr —x O x =n B} S Taylor BEADEHIHEL 2IROIHIZHE L TWD Z L hHhn
5. 3RO [7 e Vo dy =0 BRODOTHE LRV,

Bh L0 A & HER U LRTEIED 1/(12n) EFTHELTAL S,

Hefif. A ATIRESY & A Y RO BBIZLI T O® Y

/OO e 20 dy = 2/00 e (2 dw = 2/ (2t)k\/_ Y 2
o 0 0

= 2k\/§/oo e~ HF 2 dt = 28T (k 4 1/2)

_ gkyal 2(% )ﬁ=1-3---(2k—1)m.
e 2, 7 e 2 dy = s e~ /242 dy = /2,

/ eyt dr = 327, / e~ /228 4o = 15v/27.

INHEDARAZ LTS,
AV REBOMIEROMIE ¢ 12 n(l+x/yn) 2RATD L

nl=T(n+1)= / T dx

"\/‘/ (1+%)ndx

T n
~ n"e"\/ﬁ/ e Ve <1 + —) dx n — 00).

T3, Stirling DARDE 1 FIRIE E TOHERGEERH, U Vol. 31 (1979) No. 3, 262-263 Tl Wallis
DRRDKEEACIZ L > THE 1 MEHZGDS HEMEHINT VS, B 1 MIEEMN O Stirling ARD 5 U
WEEHIZ DWW T, S iE i, B A B4 5 Stirling O A XD YIERFER, 2% Vol. 36 (1984) No. 2,
175178 &\ SR D B . £E D SCHROfEF % L F TIESHIT U 7.



http://twilog.org/genkuroki/date-150709
http://twilog.org/genkuroki/search?word=scilab&ao=a
https://www.jstage.jst.go.jp/article/sugaku1947/31/3/31_3_262/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/

14 3. Laplace D HEIZ & 2 EH,
WD BB DO E ¢,(x) EFEL &
2 3 4 1
qﬁn(x):nlog(l—{—%)—\/ﬁx:—%—l—zfﬁ—Z—n%—o(ﬁ) (n — 00).

Eﬁfﬁ@ o(1/n) DFIE n 27BN s 00 DL |2 1 T O IZT—FRIPURT 5.
2] S 1 BT —RI

evie (14 = n—e’xQ/Qe v x4+0 !
vn) P 3vn  4n n

— o T%/2 1+£E_3_:E_4+1 x_?) 2_|_0 l

- 3vn 4n 2 \3yn n

a2 (| z3 x! n 8 . 1
=e ————4+—+o0(—-]).
3y/n  4n  18n n

o(1/n) DEWFIZEEND n OFEEHBFESD 1 OHOBREIE v IZDOWTHEKEIIRD Z
LIIHET L FHEEL e T2 OO —1<2<1 TCOBPIMADDT, FTHLT
BWIEARIZE>TIOBELNS:

1 n [e'e) 4 6

e (1. T - N S 1
/—16 (+\/ﬁ) dx /_Ooe ( 4n+18n dx + O >
3\/271' 1527 Lo (i)

4n 18n
_\/_<1+E+O< ))

n!:n”e"\/2_(1+ﬁ+0(nl >) (n — o0).

CHTH 1IMHIEE 1/(12n) PME6N722 B 1HHIEE 1/(12n) &, n RELE E, 0!l D
n"e "2 A K BIEBIDEEAEIE n WK IR E X nl DIED 12n HD 1IREIZRDZ I L %
BEHKRLTWS.

= V2T

W Z I

3.2 AVIHBOAVYEHHMAERWCEUCTHEEASTE T S HE

Laplace D J5151Z & % Stirling DA XDGERA & T D—MALIZEE U Tlk Gergo Nemes, Asymp-
totic expansions for integrals, 2012, M. Sc. Thesis, 40 pages DFE L. AN T#BHT % A
EOFEMIL Z DD Example 1.2.1 IZH 2. TZIZENTH D HiEZEM>TEH, Stirling
DARDMHIEIH 1/(12n) 2AHIIH/D I LMNTES.

RORNARZES L 2FEZD: ERED a>0(a=00 Z2EFL)ITHLT,

/ e Ml dt = l/ e "2 tdr ~ L(s) (n — 00).
0 n° Jo ns
t=ux/n EMAEHREZBEHRL . ZORKE MR,

“ I r
/ efnt(altslfl + CYQfSQ*l +.. )dt _ aq (51) + Q9 (52> +
0

nst ns2
BEROMIEIES FKIZLTHEOND.

(n — o0)



https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf
https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf

3.2. BB OD FT Y < e AW /BBl CRIEIE % 2183 5 1k 15

D& D BEEDHREIZ AR D, T g VT Stirling DARDORH DA IEIE 1/(12n) 25T
HED.
f(z) =2 —log(l + z) (x > —1)

CRED, MOEEEZ y=n(l+z) LEH#ITLHILIZLDT,
n!:F(n—l—l):/ooe_yy"dy
0

:/ e "1+ )" ndJE:n”“e_"/ e @ g,

1 1

D2 2>0& 2< 0235 2812&-T

n' 0 1
s s :/ e @) dx+/ e ™) dy.
n e " 0 0

VLY f(r)=t BULKIK f(—2) =t EEDEREERTEINE, BMOOEN LTHAL
FRIZB) TS THD.

BICENPHRERZ L 2WER L KD, f(x) =z —log(1 + z) DEHEUE
N4 L

flw) =1 l+z 1+4u

BDODTx>0T fllz)>0&8Y,-1<z<0Tfl(r)<0&Bb. flx)ldax=0T
BAKME f(0) =0 2Kib, o > 0 THHFAWMNL, 2 < 0 THHFABPADTD. DA x>0 &
1<z <0DTNTNT ¢t = f(z) IFHEE x=2(t) 2FD. 2 =2() ODREFESTD
RDEENZFNRD 72D,

x=at"? 4 pt 4+ yt32
EHWNT

2 x?) 4

x T
t:f(:v)::c—log(l—i-x):?—?—i—z
WARALUT?, a,8,7y ZRODTHALD. EBEIIRATS &,

2 3 2
t:%t+<aﬁ—|—%)t3/2+<a7+6—+a2ﬁ+a4)t2+~~.

A% R U T o, B,y Z3kdd &,
CK:\/§7 5: , ¥ =

2135, 920H
2 2
e a s 2y YR

318
LB e flz) = %%, 0>0TEIDORREZOEFEMHND. 2 <0 TlX /2 %
—t1/2 TEIHA 2oz % —r CEIMALZEZRREHANDS. $2bb

2. V2
= V2t = St 32
=2 5 + 2
Pz| < 11283 Taylor JERH log(1 +2) =2 — 22/2 4+ 23/3 — 2 /4 + - IZFEF I X <flibN5.




16 3. Laplace D HEIZ & 2 EH,

EBLL f(—z)=t L83, LEDOZTNTNDHEIZENT, BT
dr V2 2 V2

@ _VZye-1 g fa-1 VAo
dt 2 3 * 12

PLED 2 DODIGET t OEEROIEIZIE —1 fFOE KD L. YN S /2.
flz)=t ELEREREEHRTLILIZE>T,n >0 DEE

/ e (@) dm:/ e‘"t@ dt

— /OO e (\/_5 ety 2ot Qt?’/?—l + - ) dt
0

2 3 12

V2I(1/2)  2I(1)  V/2I(3/2)

T oz T3 T o
Vor 2 ¢

T2 3 T T

L35, BBEIZT(1/2) =7, T(1)=1,T(3/2) = (1/2)T(1/2) = /7/2 &ffio7=. £5—
ADBEBIZONTE, f(—x) =t LRREBEERTLILIZE>THMKIZLT, n— o
DL X

o2 3 gz
BB ED220% R UEDED L, n ODBEESD 1 DENTANTHF Y IV, I8
wBohbd:

1
/ o-nf (=) g \ 2T 2 \ 2T
0

(n — 00).

nl V2r Vor (1)

nntle—n — pl/2 + 12n3/2 + nb5/2
ZHIERD LS IZEIHEIND:

1 1
n! =n"e "V2mn (1+—12n+0(n2>) (n — o00).

INTH 1 OFIEH 1/(12n) $ Laplace D AIETRO 5N S Z LA 0N > 7. 52 DHIE

HUABEE FEBRICLTRDENS.

AR DLEDFHRIZENT “4 .7 EEOIINIOVTIRERDPLETH S, TDI L

T T OEHEH = RviZhng.
1

=1t (D) (-1
I + 4t (—1) +(-1)

gt
1+t

DT

e Mdt  T(1) T(2) wq L(K) 5 /°° e "tk dt
= - cee (=1 1
/0 1+1 n n? Fooet (=) (=1 0 1+1

o 1 L (B=1)! > etk gt
+ +(=1) nk +(=1) 0 1+1¢

n  n?

EORRTIZZI DL D BHOD@PNGHEE “+...7 LR LU TR § < EORIFELW

INRNTZD,
et g & (k—1)!
_ _1 k—1
/0 1+t ;( ) nk

1
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FEFEORKRTELWARTIEAY. ZERLIEAUIEEARIZKRER n I U TEI
RUBWINSETHD. “+--.7 OFDIE HERN” 28K T 2 LMINTL2D0TIERL, “A
PEAN+RIARIE” 2 RIKT 2 LRI L THENRIT XN TR0, [

4 YERRD S L L Stirling DA
Stirling DARIFIX L FMETH 5
logn! — (n+1/2)logn+n — logvV2r  (n — o).
INEY, IROFGOFERNE NND:
logn! =nlogn —n+ o(n) (n — 00).

ZZTon)ldn TEHOLBEIIN 200 £TDHE 0ICPRTIEZZERTD. ZhElD
i CIETHEAMRD S L\ Stirling OR/REMERZ L1255, ZOARNTHIVULLL T T
T2 EDICHFERIZIEHT R Z N TE S,

4.1 WEHIRDZ L\ Stirling DARD S L WNEIERA

BRI f(2) (22WT f(k) £ [T f@)de £ f(k+1) BEIZLTNSDT,
F(1) 2 0 %72 3 BFBMEE f(x) IKDVT,

FO) @)+t fln— 1) /f D4 F2) 4+ f(n).

Wz Iz
/1 f(@)de < F(1)+ F2) -+ f(n) < / ()i + f(n)
IN% f(x)=logx \ZHEHT DL

/ logzdr = [xlogx — x|} =nlogn —n+ 1, logl+1log2+---+logn = logn!
1

DT
nlogn —n+1=<1logn! Snlogx —n+1+logn.
ERAY/ 825
1 <logn!—nlogn+n <1+ logn.
L7zn>T

logn! =nlogn —n+ O(logn) = nlogn —n+ o(n) (n — 00).

ZZ7T O(logn) i logn THIZ L HHIZBRD LD BEZZERLTVD

SOPLFDEEH % RAiEHnd & 512 o(n) DEBZIE O(logn) THD Z L EFHTES. 22T O(logn)
% logn CES-RBIZERIZBEDZEEZERL TV,



18 4. XNEIRDZ U\ Stirling DA

4.2 KEAABEBEANDIGAHG

FHBI D 5 U Stirling DARE S &, an {85 bn [HHL2 M E DO (“IHG
B) OXEUL

log (ZZ) = log(an)! — log(bn)! — log((a — b)n)!

= anloga + anlogn — an + o(n)
— bnlogb — bnlogn + bn + o(n)
— (a —b)nlog(a —b) — (a — b)nlogn + (a — b)n + o(n)

a

a
= nlogm + O(n)

D WPRIZ

b

1 an 1/n—>1 S — (n — o0)
g 1, Ogbb(a—b)a—b n — 00).

G Ln _ i (an)! t/n _ a®
wheo \bn) T abee \n)l((a—b)n)l) T th(a — byt
9212 an AN S bn HED MAEDEDED n FtRD n — co TOMPRIF —HREG
BHORDDFHED (kn) % K THEEIHMAIZHEOND.
Z DOFER % MHZNFIROF T RD 1988 HEDEF D A Z R TS 2 AT E 5!

1/n
i (25) sk &,

n—oo mUn

TROL

Z DR O fE I
/(122 3 27
22/(111Y) 24 16’
AR E fE> 72 NI, 79 Stirling DARZ M S LAGIRIT DMEEE R, TOHIZE

BB OHPFNTEMITILD I L 2R L DL EDONS.

SFE. FORLAEZE LY,

on\ " 22
im (") = 2 =22
n—oo \ N 1111

ZHUFIRZFEERLUTWD (o(n) & n THID L n— oo T 0 IZPKRT D &®):

2
( n) = 92neo(n) (n — 00).

n

Wallis DRZ (5 8.4 Hi)

()= oo

X T OREEAIZIZ >TSS, [


https://www.google.co.jp/search?q=%E6%9D%B1%E5%B7%A5%E5%A4%A7%E5%85%A5%E8%A9%A6%E5%95%8F%E9%A1%8C+1988+%E6%95%B0%E5%AD%A6

4.3. XNERRD S L\ Stirling DA RNDWE 19

B, T AT 1068 44126 MOMEE H LT3 & 5 72
lim L /B, BkibE. (Bl 2% )

n
ZOMEE B S DIZE A Z X Stirling DAXRTH S, &Y IR ERED:

N1/n
llm M — aaeia_
n—00 ne

AN ALY e

((an)))t/

log
na

= —log(an)! — alogn
n

= —(anloga + anlogn — an + o(n)) — alogn
n

=aloga —a+ o(1)

= log(a®e™®) + o(1).

R13 0 Stirling DAR %l 2 LA TR B KR % SRECE ORPN TR 5 & > 12 8
LT ARMEIZ LT3 L Bbhd. 0

4.3 WEIRD S L\ Stirling DAR DU R
BUTKRT B L MERES. HBEH ¢ WEIELT,

1
logn!:nlogn+§10gn—n+c+0(1) (n — 00).

UTFTIRIDORARNZIEHU & 53

55 4.1 BiCEEBA U 726 8D 5 U Stirling DA R E EDOARDE N (1/2) logn DIH
B ¢ EMIMATHRELTWVWREIATHS. TNODHENTT A T 7 I13RD
@Y. [Mlogzdr = [zlogr —z]f =nlogn—n+1% k=1,2,3,...,n— 1 IINTLES
e [k—1/2,k+1/2] x [0,log k] DEFDIRM & KT [n—1/2,n] x [0,logn] DEHEDH
log(n — 1)! + (1/2)logn = logn! — (1/2)logn TELLT UL, BHIRIZ (1/2)logn DI
b, ILI, TNLDOERAOMEGLHE {(z,y) [1S2<n, 0y <logz} D
EWZERES M UL, [[ogrde & RGO HEMBDIBHIDED n — co TH B EH
WZICRG 2 Z &by, EBIHHFONDS.

log z | HFIGMBKEZR D TIEDFE oy, B %

k+1/2 1 1 k
ak:/ log x dx — = log k, ,Bk:—logk—/ log x dx
k 2 2 k—1/2
CEDDBIEMWTED. DL F,

n—1

1 n 1 "
logn!——logn—/ logxdszlogk+—logn—/ log x dx
2 1 p 2 1

SUERL ¢ 8 log/2m TH 2 ZLIXEHMITH 2, Wallis DARZH XL ¢ =V2r THD I L E2RES.


http://d.hatena.ne.jp/gould2007/touch/20071127

20 5. fI&%: Fourier D KEE/A R

=1+ By —ar+ B3 — -+ Bu1 — a1+ Bn.

ZORKRFM n — oo TPRT D Z L ZRUZW.

logz M LI TH2 28 &V BF ay, B, s, Bs, s, .. BEHBST 2 2 LADNY
logz DEEKEMN v — 0o TOIWINKTEZ &Y, ZOHINL 0 IZPRT DI & E DN
5. PRIZEDERIE n — co TYURT D32, ZDIRLE%R 0 EEX, c=14+a £BL
E.n—o00 D& X

1 " 1
logn! = §logn—|—/ logzdx + a+ o(1) = nlogn + §logn—n—|—c—|—o(1).
1

c=log\2r THDZ L% Wallis DA (FF-AHH) 2H>TRIAL £ 5. n! = nrtl/2e meceoll)
% Wallis DR

22n(n!)?
= 1
Ve =l e
IZRAT D L, i
n n+1_,-2n ,2¢c c
T T

nvoo 2201 2pntle—2nge /5’
WZIZ e =21 THD.

2T Wallis DARZ 2L, S EBAKD S U Stirling DARZHRT LI L I2L-> T,
W H D Stirling DA n! ~ n"e "2mn BWEHEND T EDDN-S 7.

5 {1%%: Fourier ® REzAT

Ji B R G % 5 D U IZ7ARW DY, Fourier D KEEA DG DB IZ DWW TEHHL £ 5 .
BRI f(z) 12X U CE D3 Fourier Z2#1 F(p) %

Fo) = [ e

[e.e]

CEDD. ZDLEEH [IZOVTHEYREMSEZBEL TH L &, TG U 72y 725
kT

f@) =5 [ e mF@a

—00

WKL S 5. 2% Fourier D KEEANT & S,

51 GaussDmDIHE

a>0ThdEL,
fla) = /e

LB X, F(p) 1T D Fourier B TH2 425, ZDL X

F(p) = /oo Pt /R0 gy — P/ oar

320 LLEDEB TR I Nz 0 1R 2 EHMA T a, DED B A 350 (—1)F Loy BIGRT
5. (MU B & 125 A0



5.2. —DGHE 21
NEGIELND?. ZORNRT 2, a DENTNE p,a ! DNGERILTDEILIZEHST

/ e e=p*/(2a7T) dp=¢e" */(20)\/2q—17

[e.9]
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Xz 1 BBOES OEBRES DA ZFAWTIEAYT S Z 2N TET, TDOERADR 2
AL UTGauss BODIEA2FHHETZ I TES. ZOHONEITZFIEIONED &AL
ThdELEAOLND. Hal# T X fHbN D HERE LRI DOFRITIET Y ¥ HERPR— &
B % 52 27 OB BOND (BB IH). 72056, HEHEICHEIENH 5 5 1
Gauss BT DEIED—{b & UTH Y Y E N—FEHHIZDWTEFZATE W20
ERRWEEZEZIOND.

$,p,q >0 (6 U IEELNEDOHEHZL s,p,q) ICHU T,

oo 1
[(s) = / e "zt dx B(p,q) = / o1 —2)
0 0

WEOTHYIEHB T (s) ENXN—XEHE B(p,q) WEHRI D,

HWAFEDPIZE ST (s +1)=s(s) THDZLDDOMNY, T(1)=172480DT, 0 LD
BnllHLUTIn+1)=nl &5,

Gauss #6873 T 1 T(1/2) IZFF LW

00 ) 0o t71/2 0o
I = 2/ e dr = 2/ et dt = / e /2 at =1(1/2).
0 0 2 0

2OHDEST 2=Vt B/, ULB->T I(1/2)? = 1 % T L Gauss fE9 5
FAETERILIIRD.
NR—=ZEHBUTLL N D & 5 BEBORKRZFD:

/2 00 tp_l dt 1 00 d
B(p,q) = 2/ cos??7 19 sin?"t 9 do = / v _/ ? .
0 o (L4+tpte  pJo (14 ul/r)pte

r=cos?f =t/(1+1),t=u'/P LEBEMUZ. 3DOHD (BED)EXRD p=1/2 DEHE
DR B ¢ DA ORER B E DO LR TR I N, 2 DHDFROWME D HEBUL F
BHUZE 2 < XADFEAREBOH S H D . PUT T B IZ DWW TIEERbD AR,




7.5. DTGk 33

DA DORERBEHMO TR THEAIND. T(1/2) D Gauss DT & D KR ORI B
IFIERL 310 OMER B RO Z R TR X 4, Y Y ERER D E F# ORI x2 7

HOWERAHBOLRTHAIND. ZDOXDITH Y VEH L R— X EBUXEMRNIZ

I X N B HERD AR % BRT 2 72 DI IZ DB T R > T\ B (55 9 #i).
FRZRHIIDORREY B(1/2,1/2) =1 L2252 Wbnd. WIIZ, ELE

L(p)l'(q) =T(p+q)B(p,q)

PRI NERSE T(1/2)? = B(1/2,1/2) = 7 L85 2 EWbMD. Lrni>T Gauss B
PORREIIA Y VM ER—REHBDOH N ZORBRAERT Z L ITREIND.

AV BEE L R— R D DN DORERAIT 1 BEOESF S & BMANET DD A%
@Ofﬁ%ﬁﬁf%é UFCTEDZ L2 fBICHIAL LS. & AITHLUT, 2,y BN A
EAIZTEIMEN 1 IZRY, THPND L JITEDN 0 124D o,y DEEE 1a(z,y) &F

(N SR

2DOHDES T y=2—x LEHFES L, 4 DHOES TESDIET 2 2L, 6 DHDSE
FC o=zt EEHBFSLUZ.

7.5 MDAE

D FFIEIZ DWW TIE Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 ¥ &£ U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 =2 U TAKL V.

8 fI8F: AV <EEK

FIAETH Y EHBUZOW TSR U 2. LR TIXE I TS T IR o724
VREHEBOMWEIZODOWTHIAL XD


http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
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8.1 HYITEHHEEXEBOEARR
BTARITTRUZ D(1/2)? = B(1/2,1/2) = m IZIROBAZBARDORHEGETH .

™

I(s)I'(1—5)=DB(s,1—s) =

sin(rms)

ZORNIZEEBOFIHER DS, 1 DHDFAIER sinz & T(s) O R FER = H

o 2 . oo 2
sinz:zH<1—T§n2>, i.€. sin(rs) :SH(l—%>,

T
n=1 n=1
1 IR T S(S—Fl)(é’—l-ﬂ) _ s . S —s/n
['(s) B "1520 nlns —e H [(1 + ﬁ) ¢ }

=S HETHBY. 22T v I Euler 8
= 1 1_’_1+...+l_]
BT T2 n OB
Thd. IhoDAXERDD L,
1 B 1 ~s(—s) s ~s\] _ sin(ms)
TN —s) T(s)(—s)(=s) —s ll[(1+_n><1 ="

2 DOHDFIKIFIRDER D 2 EEEN 2 O TEHAETEZ L THS:

0 ts_l

dt.

mgru—sy:B@J—sy:/

o 1+t

0<s<1THhHDEREL,0<e<1<RIHUTCTEXZDMOBWOREEZ ¢ LEL:
F9 e b6 RETELTICHED, WICERTVH EOFSAEZFLETIERE R DM
EEKIEIEY T1ETS. TUT R 2125 ¢ F3TELoTSIHED. RBIEEZFH LD
Foizhb e §24% c OMEEEREFEY TLATS. 20L& [, 25 dz/(1+2) 1&
2Nz /(14 2) D z=—1 TOEEOD 2mi fHIZF L

/ZSl dZ . TS
= —2mie”™"’.
C 1+Z

e—0,R— 00 DREZEZDZLIZ& DT [0 de/(142) 1& [Tt dt/(1+ z) »
LZNHED 2™ fE9 ZE[WAFERIZEL W EE b5

s—1 d ) 00 f;s_l dt
/ < < _ (1 _ e27rzs)/ ]
C 1 + z 0 1 +1

ED2ODKERZIRT S LI2L-T

B(s,1—s) = /oo +5=1 dt _ —271'2'@77?8 _ 211 L T .
o 14+t 1—e?mis  emis —ems  gin(ws)
MUT()T(1 — 5) = 7/ sin(ns) ZHIZFEIH L THWT (72 & ZIXERMT 2 H LB HITRED), HY YK
BOMRREREID S sinz OEREREFHZELTLILETES.
4525 OMEIZFE R DR & KR D IZ 1T 2 & ™ fFI285.




8.2. Y~ BHELOD i PR e i ] 35
COMAE t=us B L& Ts™ [Tdu/(1+ut*) IZEFRTES. DZRIT, IR
DRAREB/ONAZZLITRD:

du  7s
1+ul/s  sin(ms)’

B(1+s,1—s):sB(s,1—s):/
0

CORAREZEHERTZILETEDZ. R>1Thde L, BRTFHEZFEMANS RETE-
G SHEA, IRITREFIEI D ISAHE 27ns 7ZIFREEL T Re®™ £ THA, TIMNOHFEMETE-
TR MEE C e E\ELE, [dz/(1+2Y%) B dz/(142Y5) D 2z =™ 2B 5 H
B —se™ D 2mi fHIZE L <, R — oo ORT [ dz/(1+ 2Y%) & [ du/(1+ ul/*)
LZNHED 2™ %5\ 28 DIZEL WS, P RIZ

/°° du —2mise™s 271s TS
0

1+ ul/s 1 — e2mis eTis _ p—mis Sil’l(’ﬂ'S).

ERDZHAEUERICHEREN L <EHDNDDIIBO R % 1 AT 2B BWEED
i fEIZRBINETHS.

BN L W ERB L AT Y Y BB OMTI DO T, mARE: TG (SIS
D5 HE (201-267TH) 25590 D, ERERKBGwD —Min7Z 1 Tl <, BARKZ2EREL
OMEDFHEUWEHEEDOTETHIZBXE>TWIDIFEBRZLES.

8.2 HIYVEHHBDERFEER
B f(s) (s > 0) IZAFD 3 D2DEMZTZ LTV LINET D!
o EAEME: f(s)>0 (s> 0),
o BHBEFA: f(s+1) =sf(s) (s >0),
o XIEMME: log f(s) I s >0 DRITMMRKBTHD.
Z D 3 DDEM 27§ BEUTIRD KR 2 KO-

f“*:ﬂwﬁﬁw@+¢¢f@+n) (s>0) (*)

K2 T(s) MED3DDEMEE T(1) =1 252 L T0d 2 &M b, Gauss DA

nlns

I(s) :nlggos(s—i-l)--~(s+n)
DAL L TEY, ED3DDEM%Z U TOSEEIL D(s) DRBIEIZRD Z bbb,
PAETHARAZZ EZFEHL L 5.
£, (x) DWRD 73 1773 H% 0> < ViRLUTHLND MR

lim s(s+1)---(s+mn)

n—00 nlns

1/ 13 2 % 2™ fEUTEREED, dz 13 2™ 51285,


http://www.amazon.co.jp/dp/4000051717
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MWEIZIRT 2 L 2RTD.
s(s+1)---(s+n)

nlns

S S S
() 3 (2
S<+1 *3 to)e

(1) e () et (14 D) ettt
1 2 n

141+ 4+L1—lognid n — co TEuler E# v IZPRT 2. WRIZ [[}_,(1+s/k)e*/*
Mn— oo CTPRT DI L2 REIXIV. 2 OERERIEHE (1+2)e — 1IFES 2 =0
TMNDFEREFFODT, (1+2)e? =1+0(2%) (2 = 0) &85, PRIT (1+5/k)e /* =
L+ O(s2/k?) (k — 00). T E ) MEEREE [0 (L +s/k)e™/F BT 2 Z & 3bnd. &
& :

1)--- b
lim s(s +1) (s+n) =e'’s | | [(1 - i) 6*5/"]
n—00 nlns vt n

IR 0, AL OMIREAS 1/T(s) 1KLL AR

=+ 2) ]

% Weierstrass DR MR L0 5.
PAEIZ & > TR R I N MR OW % F(s) LELS Z&I2T 5!

s

nln
F(s)=1i .
(5) nl—I>I<>los(s+l)--~(s+n)
ZDE&x
ns nln® nln
F 1)= L =sF F(1) = =1.
(s+1) n310108+1+n5(5+1)---(5+n) sF(s), F() (n+1)!

WAIZHEETH D (x) DR f(s) = f(1)F(s) (s >0) Z2mdDIIF, 0<s<1DEF
£(s) = F)F(s) L 5% 22 2t iEFHTH .

RIZ, f(s) OEMENMEENBUNMEZ VT, 2L EDEE n £ 0 < s < 1IZDWT, f(n+s)
DREI% f(n—1),f(n), f(n+1) ZHVT EF» 55T 5 A%

(225) s smra s (L) r) 0<s<n @)

fln—1) f(n)
ERTD. MR ISR g(s) a<b<cltfUT
g(b) —g(a) _ g(c) —g(a) _ g(c) —g(b)
b—a — c¢c—a — c¢c—b

AT o IF IR DT, 1+ 1/24 -+ 1/n—logn = f1n+1 dx/x —logn =log(n+1) —logn = 0
Th21/(n+1) < f:“ dr/x =log(n+1) —logn BDT, 1+1/2+ -+ 1/n —logn 136 50D HEI{H
DgL. DAITPIRT 5.

BZORE 1/T(s) DEHLTZILETED. ZOHETHNERMNS 1/T(s) WERFEH KT
EBRINTEY, I(s) DA s=0,-1,-2,... DAILH DI LELEHHIIRD.
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ZhizLTWBY. ZTNDENYS%E g(s) = log f(s), (a,b,¢) = (n,n+s,n+ 1) ([ZEHT
5L,

log f{n + Si —log /() <log f(n) —log f(n+1).
G¥n% (a,b,c) =(n—1,n,n+s) IHEHTD L,

log f(n) — log f(n — 1) £ BSE Zlo8 J)

PLED 2 DO REREBIUET L f(n+ s) DI (#) BEHNB.
fln+s) OFAG (#£) 12 f OEBERZEAL &S, [ OFBERLY

f(;l(;li-)l):n, f(s+n)=(s+n—1)---(s+1)sf(s), f(n)=(n—-1If(1)
BREWRLLTOS. (#) DIENT 0 & n+ 1 ICHIRAD L,

f(0)nln® <

n*nlf(1) £ (n+s)(n—1+s)--sf(s), s(s+1)--(s+n)

f(s).

(#) DEFT LY

f(s) < f()(n—1)n° _n+s f()nln®
Ts(s+ 1) (s+n—1) n o s(s+1)---(s+n)
DUEzdehd
f()nln® < fs) < n+s f()nln®
s(s+1)---(s+mn) — = n s(s+1)---(s+n)

&Y, RUEDS T (x) PMELND.

Y A3 ’D@xﬁ: (IEAEME, BEEER, BUMME) 272 U CTnWed 2 e 2RI L &
5. EMEMEIRERE [(s) = [T e 2" tda JZ‘) HONTH Y, BEERF ORI LT
BRI I NS ﬂéﬂllﬂlﬁ’i’m?}"ﬁ g(s) =logl'(s) B EE, ¢"(s) 2 0 ZiR
TIE+ATHD. LY *iﬁ&“&:‘(ﬁ(@iﬁk'ﬁi%i‘%é NI f(s) IZRLT g(s) =log f(s) &
BLL g'(s) 20 &RDILERTD:

b
f(s):/ 5@ @) o

ZIT ¢(x),v(x) IFELBMEEETH Y, s IZET DML SLOWD DT L E L T
<. (a,b) = (0,00), ¢(z) =logz, P(x) = —x —logax DEEF f(s)=T(s) £&20. ZD
L, g(s) =log f(s) LB L

" df/ ffll_f/2
T Zasf - 2

WO % /I IXEBICHS 2 EAS.

50(a,b) = (0,1), ¥(z) = logz ¢(x) = tlog(l —x) D& X f(s) = B(s,t) £%4%. B(s, t) £ s D
EUTHEIMIZRS. WRIZ F(s) =T(s+t)B(s,t) & s OFEE UTHEBNMIZAS. F(s+1) = sF(s),
F(1) =T(t) DT F(s) =T'(s)['(t) THDZ LADBB. DX DA YT EOBEN I X 5T H Y
VB N—ZEBOBFBRAZIEITLEI LB TES.
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WRIT 2~ ff" <0 ZnBiE&0. f(s) DEHEEXY,

b
F(S)A2 4 2F ()M + f"(s) = / @) (X2 4 26(2) A + p(2)?) da

a

b
= / @@ (X 1 ()2 dx 2 0.
WRIZ f2—ffr<08R2. FIZT(s) ERBNTHD.

ZNTH VYD Gauss DN & EEFERMEFMAOIFHINAZZ LI585,

fid. LETHIALZA Y BB T 5 Gauss DRAXDIEIII ATV YT DE D
TlEa <, EENEBNTH Y B A U RS A & 72 9 38U U CREH I 2D T
Holz. MO TERINZA YV VEHBUIET S Gauss DARZ LT D L 512U THEEMIZ
FEAT R 2B TED. B n®B(s,n+1) IZDWVT,

n*I'(s)['(n + 1) n®n!

wBn ) = T T 6D )

1 n t n
n’B(s,n+1) = ns/ N1 — 2)"dr = / 5! (1 - —> dt
0 0 n

2DOHDES T z=t/n LHEVZ PRI, n—o00 DEE,

n°n! "o t\" *
—= s ]_ _ s — F .
STl GEn) /0 t ( n) dt—>/0 et dt (s)

BEDATY TEPDOFIETHEHT I ETED. JHli (#) & f(s) =T(s) DFEITHE
45L&, 0<s<1DEZ

ThD

I(s+n+1)~nT'(n+1) (n — o0).

AV IBEOERBEALY, TNIMERED s >0 THIZLLTWS. WA

n°n! - n°I(s)I'(n+1)
s(s+1)---(s+n) T(s+n+1)
D&, AV BB EMEE, BN, BERI X DR D 2 R,

P
I H Y BB T % Gauss DARE (L7724 > THERERERMS) 52 22135 L.
UEIZEO>TROAAREGEHI NS Z LIZRD:

— I'(s) (n — o0).

lim n*B(s,n+1) =1I'(s).

n—oo
F &
T(s) = 1i B(s,n+1) = li n°n! 1 5 [<1+ 3) S/n}—l
s) = lim n°B(s,n = lim = —le )
n—co ’ n—oo §(s+1)---(s+n) erss vt n

ZZ7T v & Euler ETHD.
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8.3 IEXEHIMDERFEEREHH

HY B O MR EREFOIGH & U T sinz OMERBEEMZIEHL LS. BHOODIHE
FaHiE FHWTCHFIAXI NG AV YR & RX— X EBOBER & EEM 2 O CEFI X 1
B NR— 2 & EREEKEOBERE Y

™

P(s)(L— 8) = Bs,1— ) =

sin(rms)

—H, W BB ORI LV,

1 1 s 52
Nﬂﬂ—@zﬂﬂﬂﬁkﬁquO_ﬁ)

PAEZ TS &,

2
sin(ms —7T8H<1——), smz—zH(l— §2)
m™n

ZD&DIT, sin(ms) = 7/(T(s)(—s)[(=s)) RDTH Y~ KD MR FRER 2 5 E5%
B D IERFRRFAPFONDEDTH S,
IERXBE D R SRR B % 8R4 72 D121, sin 2 DXIEIH I cot 2 DI 73 8RR

 [— 1 1
tz=—
orE z+;<z—mr+z+n7r)

% EEMN % TR U, BERNCE S U &0, FE U UTEARE TErBER) © 235
HzHR&.

DURTCIE, #EZEEN Tl 74 <, Fourier AkE D B G % i > T IESXERNE D EFR AR FE % 19
BDHEEZMALTHI S,

9 2 OB cos(tr) D —7 < o < m TOED Fourier FREER % KD, TInH
cot(mt) DI P EIRFENG L ND Z & % /RT D%, ' D Fourier fREUE

1 T ) ) 1 —inx ,ite | L=
ap, = — e—znxeztx dr = — 6 €
21 - 27 Z(t_n) T=—T
(et — ety ( 1)nsin(7rt) 1
B 27i(t — n) B T t—n
BT, e O Fourier MEUEBHIX
N . N ;
t —1)neine
e = lim Z ape™* = sin(rt) lim (1)ye™
N—oo S ™ N—o0 — t—mn
sin(rt) |1 enr e
— Z —1)"
T [t+;< ) (t—n+t+n)
PUEHGEI 9 LS L.

S2PL R TIIBE R 5w U R\ A%, Fourier AR EDINHIZ DWW TIEES 5.5 fiz AT &
53x DMBEKEL cos(tx) D —nm <o < TOfEZJEH 2r T R 2KICHERE U TR 6 15 i A IHKEL f(2)
O Fourier fifi %z % 2 5. cos(tx) D 0 <z < 2r TOMEZ A 2r TIIRT 2D TIH RN LIZHEEE L.
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2t cos(nz)  2nsin(nz)
+ Z ( —o2 e
2785 . WP AT cos(tr) D Fourier SR B I

cos(tz) = sin(mt) [1 N Z(_l)n% Cos(mc)]

Sll’l

T 12 —n?
n=1

W85, ULR-o>T,

meot(tr) =

7 cos(m t JR— 2t cos( nx)
sin(mt) ¢ g

W00 & — m COMBREINS 2 LIck>T,

1 = 2 " 1 1
t(mt) = = = ==
m cot(mt) t+;t2—n2 t+z<t—n+t+n>

n=1

=152 sin(nt) OXNBIED I 7 cot(nt) IZFELWODT,

[e.o]

o5 (s ) - (S ).

n=1

Miild%E t=0M"nbt=s ETCHNTD L,

log%—i(log(l——) + log (1 2)) :logﬁ (1—%)

n=1 n=1

U7ZD3> T, IR 655

sin(7s _mH(l——>.

sin DERFEREH & VY RO EBERBREMAOAXZ RO TH S % iR,
1/(T(s)I(1 —s)) & sin(ms) 2T DI LIZ&>T

D(s)(1—s) = —

sin(ms)

Rt X512 T(p)I(g) = D(p+q)Bp,q) % | ZEOBS O BEHRS & s OIET 5
HOHEACTABIHERTE S 2 L2 AL, WOARE BN

1 0o 4s5—1 0o
7 dt 1 d
sin(ms) 0 o 1+t s ), 1+ul/s

INEDARFENN—DZIEHTEINIIMEFEILRIFOLNDL LSITE->TVS.

o0

1 2t
Scothz = —icot(—iz) &V, coth(rt) = —im cot(—mit) = n + Z ol

: o : - s
%sinh 2z = isin(—iz) & ¥, sinh(ns) = 7s 1_[1 (1 + nz> .
n=
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8.4 Wallis DAL
RDOARAIE Wallis DR L IEIENT WS

.22 (nl)? _ 2n 22n

G TV e (n) v
Wallis D RARDHEEHWVE Z A XM EZEOFEHRPNEBOHOMBRTEOINT VWL LI A
Tdhd. Wallis DRARIEAT Y Y EHEIZBET S Gauss DARAIT s = 1/2 2RATHIEES
Nb:

V7 =T(1/2) = li n' !
™= = 1l1m
/2 = a1 a2 )
2ntinl/2p) ontlnl/2p) 2""n!
n—sool-3--+(2n+1) noc1-3---(2n+1)2-4---(2n)
22n+1n1/2<n!)2 22n(n|)2 2n1/2 22n(n|)2
= lim ——————— = lim = lim ————.
n—oo  (2n+1)! nsoo (2n)! 2n4+1  n-oo (2n)/n

RDORARE Wallis DR L FEIENT W S:

==
KPR,

()= 0 a) e

9 fIgk: BRABERDHICDOWVT

9.1 IERDLH
IROTERBETTER I NDMEEDH % FH pu, HE o DIEBH A & FEN:

i e
() dr = ————dx.
o V2mo?

¥ 0, D EL 1 DIER AT & FFHEE R A1 & ISR

BEME MBI X, Y 2TNENT i, iy, D 0%, 0} DRI Lrens
5%, X Y 1BV iy + py, DK 0% + 0F DEBISAI L7005,
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9.2 AUIDHmENA2E D

IRDOWERZE LR CERE INDMERSHH % shape a > 0, scale 7 > 0 DAV YL

58
efm/‘rl.afl

) e
for (@) dv = (o) d N T

EE = ar, #EE am® THY, 020 D& EEMEIF 2= (o — 1)1 IZHRD.

(x > 0).

BAEM MNIABHERE XY DENTN shape ax, oy, scale 7,7 DAV X 3AEIZU -
M E X, X +Y & shape ax + ay, scale 7 DA VYDA U0 D .

HA 2FHH (2 AR IF AV IR HOFN R GETHD. 7205, shape n/2, scale
20NV EHEE n DAL 2F540 (P 240) IS, A 2 R/OMISEHHE n (2
DWTHAMZFD.

MR X, X, PEEERARIC LA E XY = X2 -+ X2 [ZEBHE n
DA 2FHAIZUZMND.

9.3 FE_ER—IYNDHE t D

IRDMERBEEHBMCEBINDMERDPAEEZINT A=K — , >0 ZFFDOHE _FHAN—4
434 (Beta distribution of the second kind ¥ U < (& Beta prime distribution) & M3
~ 1 ‘rafl
fap(z)de = Bla ) (12 dx (x > 0).
B>126IFEEE a/(B—-1) I8, 8> 2 ZR5IEFHIE (a(a+8-1))/((B-2)(B—1)?)
2785,
BN — DA OMEREERBUZ 2 =12/ (v > 0) ZRALT, XD E —c0 <
t < oo IZHERT B &, MERBEEHBUIIRDIE L8 5:

j (t2> tdt— 1 2ol "
P\ )~ veB(a, B) (1 +12/vy)ets
n>0HUT, a=1/2, f=n/2, y=n DL E, ZOHKELRBCERINDHEED

HEHHBEE n Ot PAELER. 205, HHE n O t 946 L IXIROMEREEHKETRE
BEINDWHERDEDZ L THD:

t2 —(n+1)/2
m@wz%@+—) it
n

(
(
)

B 1 ~_T((n+1)/2)

- nl2B(1/2,n/2)  /narl(n/2)

HEEN n > 1 2561t 2EIXEH 0 282, HHE®N n <1 D& X t oMmIXEE % R
0. BHEEN n > 2 25Xt SAEIEDE n/(n—2) 28D, BlEE % ERKXICT S0
[RC t DD pEIEZENZTN 0 & LIRS 2. HEHEX n <2 251Xt 046D
SHUSERKIZRS.

Cn
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n

1 , B
n—1;(X’“_M>’ I'= S/\/n

EBLE, TIFHHE n—1 Dt BHEIZLEZDD.

EFR. TS EDBREDE & T, B[S? =0? L85, S? IR EMEEZNT WS, EHD
MAOFAENEX Y, M XV p, 58K 02 /n OIEBDAHEIZ UMD, WD 2T T IZHEBIOMER

ST BRMERER X, ..., X, DNENE XY p, 78 02 DIEMASHEIZL 0D L &,
M —p

1 n
M:— E Xk7 52:
n
k=1

M —p

o/vn

FEHETE D ARIZ U720 D . ETRRAEZZ 8iE, DRD o 2HERER S CEIHMZ D L
BEEEMDMATEES, BHE n—1 Dt 7HICLARD LS 28 ThHS. T TITRS
B o2 DOPR>TVBEEIZIE Z 2FHTE D0, BOEBDI> T RWEEIZIE Z
ZRHTERW. TITHAER 0?2 ORD Y ITHRESER S? 2T 5 &, MR I EM
DIEME TN t DAHIZBEOTLEIDTH 5. ]

7 —

9.4 B—EBR—IDHE F 0%

ROMERBEEHB CEBZINDIMEDIHZ/NTA =L — a,>0 2FRDOHE—FER—XK
5347 (Beta distribution of the first kind € U <IZBIIN—Z 4) & IS

fap(z) dr = 1 -2)ldr  (0<a<1).

B(a, B)

THIE o = of(a+ 8), HBUIE (aB)/((a+ B)2(a+B+1) 1B, a, 8> 1 D& XFIAE
Xr=(a-1)/(a+p—-2) IIHD.

m,n >0 & U, B—FR—=X M OMEREZEBD « 12 ma/(ma+n) (x> 0) ZRA
ERCR

mx mn 1 mzr \" mz \’ dz
Jas (mx—i—n) (max + n)? do = B(a, B) <mx+n> <1_ mx—l—n) T (z>0)
CHEBIND (1 —ma/(mz+n)=0b/(mz+n) ZHVE). ZHE a=m/2, =n/2 D
EIRDIGIZES:

(2) d = 1 mz \™? [ _mz "2 (> 0)
Imn ¥ x—B(m/Q,n/Q) mz +n mz +n x v '

COMERBEEHBMTCEBINDIMERIME/INTA—F— m,n D F PHEER. F 546
En>2DEEFEEN n/(n—2) T8, n>4 DL EHEN 2n2°(m +n—2))/(m(n —
2)2(n —4)) 1248 5%.

FRHDEHZRIY, X WNTA—=Z—mn D F RHEIZLEZRDBHIE, mX/(mX +n)
FNTA=E—m/[2,n/2 DE—FEN—=Z ML,

ST BRERZER Uy, Uy BENTNEHHE di, dy DA 2FDMGIZLEDND & &,

_ Uh/dy
Us/ds
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1385 A—=%—dy,dy D F HAEIZUEDS. TabL, X{V . XY (i =1,2) FRT
WS RTERERTH Y, #2D X) 1ZT 0, DB 0? DEBRAEII LD & &,

2 _ (9)\2 _ 3%/0%
to g XN X =0
EBELE, X WFNRTA—=R—dy, dy D F HAEIZLEDND.
BN — X D DMER B LRI fop(x)de Dzl z/(1+2) ZRALEZBDIF, B
AR — B2 A DOFER BRI fop(0) do 12—B0T 5. X HITHE A — X 5AE O R B
BREUZ 2 =t*/n, a=1/2, =n/2 ZRAULEDIZEHE n O t 7340 D35 K
WZRBZDTHo/7. ZOIENOMRER T PEHHE n Dt DHEIZULEZBS & &, T2 1%
INTGA—=R—1n D F BHEIZUENPD, T2 F/NF A= —n 1D F ZMHEIZUEZDRD
ZEWoMD. ZOERT T DEIFAERIZ S HOERBEN 1 DEED F 3 TH5 2
EMOMDE. ZOZLIIUTNOERNZREEIZE>TEMHEND OGNS, F 3 4ADIEREE
BEBUSIRD LD IZTHEZIEIND:

B (m/n>m/2 Lm/2-1
m=1%2fRA9ddL,
—-1/2
1 T d

gl,n($)d$:\/ﬁB<1/2,n/2) (1+x/n)(n+1)/2 .
XD =1 BRALT, D% —oo0 <t < oo IZHRIE U 72 % O DTSR % [ B MU

1 dt
VvV B(1/2,n/2) (1 +t2/n)+/2

285, TNt AR OMERE LI g, (1) dt IZ—3T 5.

Gra ()t dt =

9.5 n— 1 RITEELD—kD%H & Maxwell-Boltzmann 8 (1)

X, EIM R M ERAETHDE U, R, = VX2 + -+ X2, 2V = X, /R, £ 5.
e E (ZM, 25 o — 1 RCEALERTE LD —BES AT 550 R 2™
i 25 R A

gn(2)dz = ;1 (1 — 22 =3/2 g (—1<z<1),

1
Cn:/(l_ZQ)(n—s)/zdzzB 177”0—1 _on—2p n—17n—1
1 2 2 2 2

225, LR, 2hERED.

n — 2 POCBALBRE S"? = {(zg,...,2,) |25+ + 22 =1} OEHMERZ d' &F
T = ri 4 a2 EEE T, x, D 7 & n— 2 ROGEALERTAT E D REERE DAL
RS B & B ) D on— 2 ROGEREI DR IE 2 (4 S DT,

R ke

dry Ndxo A -+ ANdx, = " 2dey A dr' A dw'.
56 Z D ik % i 2 \XREHE FRUE DA 2 5L S BRI E— RO AT 2 ELBE 6D,
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XU, 7 WD r=\/aF - a2 WEBEMTD L, o = /12—, 0r'/Or =7r/r" &
DT

)

dzy Adzg A -+ A da, = r(r* — 22) "2 day Adr A du
BB 2y D 2 =x/r ITEBEHRT L &
dry Adzy A - Adx, =" N1 — 22)(”_3)/2 dz Ndr Adw'.

U723 > T, R EDBRIFRZRMEREE I p(r) (U T,

/n g(2)p(r)dzy - - dx, = /1 g(2)(1 — Zﬂ)(n—3)/2 dz /OOO P (r) dT/S g

1 n—2

BAD2OOMIDREE ¢, LFE L,

1
Cp = / (1— 2232 g,

1

cn 2V DFIETHEAL LS. 1 DHIE 2 =tV2, de = 712 dt)2 L EBEHRT 2 Hik

Thd:
1 1 1 _1
cn:2/ (1 — 2232 dz:/ t7V21 )32 gt = B (—,n )
0 0 20 2

2OHIZ (1-2)=(1+2)(1—2) LRBOMHL, 2=2t—1,dz =2dt EEBEWHRTDH
ETHS:

1
- / 2(n—3)/2t(n—3)/22(n—3)/2(1 _ t)(n—3)/22 di — 9"2B (n -1 n— 1)
" 2 72 )
0

INTRIREIZENTARTRINS.
BIEEM & U T, V< EED duplication formula £F6NTWAH L 2ERLTHZ
D. (n—1)/2 ZAEEDEDER s ITEIMMATE ¢, D@ ORRITHELL TN D:

/_l (1—2*)¥"1dz = B(1/2,5) = 2% B(s, s).

1
NR— BB H VB ERATD &
D(1/2)0(s)  2%7'T(s)?

['(s+1/2) I'(2s)
THhDH I(1/2) =7 &Y,

2s—1

NZs
ZDRAIF (Legendre’s) duplication formula & IEEN TN,
Z™ O Rl R R D MBS

5TLegendre’s duplication formula IF/EREDIEDEEE n (269 KD Gauss’s multiplication theorem 2
—ifbIND:

['(2s) =

(s)[(s + 1/2).

ns—1/2

T(ns) = oo s D(s)T(s + 1/m)0(s +2/n) - T(s + (n = 1) /n),

(2m) D

=& ZUX T(3s) = 33121 () (s + 1/3)['(s + 2/3) /(27).
NS IEEARENIZE —FER—=Z 3 HORRBIGETHS.
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Og2(2>d22%\/% (—1<Z<1) :F‘:[:/jo /\&1/2

— Z
z:wmeéﬁxﬁét,%w@wmgegwm)t#ﬁﬁﬁﬂ@é(%tU%)@
ZAZRENEHENE 1/2+0/m = 1/2+ (arcsinz) /7 (-1 < 2 < 1) 1285, HIEK
BRI TR DT Z ONMIFBIEZD M L IFIEN S ™.

. (@@:1@: (—1<2<1). 0, 415
o YGCHRT 10> B SO M8 L~ OSSR 5125 .

o gu(2)dz = z\/1 —22dz (-1=zZ21). S0, 2EK 1/4.
m
Z DRI HFADH L IFENDS Y.
z=—cosf ZRAT D&, sin’ if'éﬁj\?ﬁ sin?0df (0 <60 < ) 12725058

nZ40EX g.(2) 37T 7 BREMDOKEIZARS. EEZENE 0 THRIZA T TRY
L2 1/nl8%.

7" OE¥E 0 THD. X 51T B L Y EBOBGRE & U YV B DE
BEREY ¢, /cnia=(n—-1)/n= 1—1/n LRBIENDNDE. TOI L e[S L, 7™M

XYV TNERIRITDEE, F—Z NV THLHBL TV SIREDOHMOEI DR L E T T2
IREDIFE DR X ORI Z 51V 7248 R OMER /340 1358 24 ITHIEAL T 2 L ERLA IR < 2 EAF 5N
T3, ZAUTHEIESGER L XN TS, W EK A0 O MR % & KU i (OEA IR EREL AR, |
AFD 0 fBEIRNS K22, W2, WIERRIERNIEE H kU T 2 IR & &R L T 2 IR 0 22 B
X0 FHEICEESTICREI S ARBMHAAMNRNE NS 2L 2EKRL TS, FY U IIFERLIEIDOHE
ERBIICE S H > TWRIXTTHD. HADMART, BHHil 2D, AKIT /YT LDHNE.

6O Y 3 A 1 X AT FIRHLZ 5 1 D EA D DA EE B9 % Wigner O¥HRNCEDOND. N IRFESFRAT
ST % RO HERZS N M TR LB [T, e M/ 2d My, [, e M/ 2d My \ZHHIL T2 L ARE L
T VA NBFENTMTI] M OEEHEOHEES G E2EZD. TOLE, AT —)VEBIZ L > THEMN 1/4 124
B EDITHIRILT B &, TOMRMMIE N — oo THE 1/4 OEHDAMIPERT % &5 DAY Wigner D
FMHAITH B

A I B HOOBRE I B 1T B IR SE & U TE LN S B RERN A TH S, =& 21, Bl
B, &7l & T DI, SRR R (R IR, 2013.10) IS H 5.

CLERE - Tate FRICZDOED D HENELT D, (ki - Tate PR L X THEEUK LERI N2 BEEELE
R 7= RGP HIRR D FZEBALE p DOABRA ETOFELOMB2»S p+1 2510\ T 2,/p THI-THLNDE
ED A sin? MAMIZAR D] L0 D NED 1960 FRUTMNIZFHER I N FRTH D . B TIEEE IR
IINTVD 5LV, R=TORIEDFHEREIZ DN TOMERE (2008) DMEEIZE & E o MBI D D.

R RO E D & 512 TERE sin? P 2FA L 20 D0TIE, HiLsEi, Dedekind 7 B &
e sin2-F 4], 25 16 MIECFESL Y VAR Y D A HEHZAKY (2005) IZFEL. YK FE ZRKFEREE - L HR5E
BIANI LV 2a—X—THEATVWD I 2EREELIZE T H—TFT VT L2 ZIZDOWT A LUEK
DHZHEERP SO THETAN, EWVWD LBz, TNT, BHABER, &N - B2 EOE&P
XFEHEEBT DI LIRS -DTHD] LENTHD. TO [DUEKROHZEHE] ORMAERIZE ST
[ sin? PR BERI N~

SU((2) EDO—# 4 (Haar JIE) 2 5FE I NS SU(2) OILAFEARD M EODARI sin? FI/3AH1Z
K%, TOHBIIUTO®EY . A SU(2) DIEEIF —1 < tr(4)/2 <1 T—EICRKHM I bN5. (—ikiC
GLMD@jyﬂﬁbLm%ﬁﬁ®ﬁ®§“%i%@%%%ﬁﬁC?@b%lﬁﬁt ) TR
5NB.) Ae SU(2) T ()ﬁ%ﬁﬁ*ﬁé%@&SU:S%j@twﬁﬁ#ﬁm%tfS3#bR4
D 1 RTED B ANDFEIZ L TWD. TOZ D SU(2) LD —EDHMZT DB RRD 2 1
\ZFET B 000 iﬁﬁ}hf’?ﬁ? ?5( I sin? BAFHIZRD IR bND.

%%'hm%miFﬁ@ﬁ%i@ﬁﬁ%ﬁ%%t@“ﬁﬁﬂﬁﬂb%fﬁpgt’EbﬂéSUU

HAFOED 3 KoLk S3 = SU(2) ED—RRR AN SFFEEIND AMAIZLZN>TVWD] LWIFETHD
z&aﬁé.


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
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DR 1/n 1282 rrtEd:

1
n 1
Cnl/ 21— 220 = ¢ M e, — cnyo) =1 — 2

-1 Cn+1 n

IIT2IT1- (1—22) AT DGR ZT o2,
Y = Z0 R 0, 238 1 OREREBUTR Y | T OMERBEREIE

2\ (n—3)/2
In y‘ _dy = ! 1-— y— dy
\/ﬁ \/ﬁ \/ﬁ Cn n

IZHRB. n—o0DEX v=(n—1)/2 £BLL,

2\ (n=3)/2 2\ —3/2 2 n/2
2
(1 _ y_) _ (1 _ y_) (1 _ &) gy
n n n/2

2\/
Vien = V2 +1 22 B(y,v) ~ V2r 22 2T\ for

78502 ®POEFHHET Wallis DXLV

_D? _wle+1) _2(2\" 2yw
Blv,v) = T(2v) 2T(2v+1) v ( u) v 2%

YRBIEEMSES LENST, Y IE n— co OMIE CTEMEESRNEIZ U 258 fi
REBUZIRT %

iy g (L) =y oI

UEzEedd L, EH y OFFEERE g(y) I2DWT,

~ eV /2
Cnl/fs 719(%) dw, — /Rg(y) VT dy  (n— o00).

2T, VST ={(y1, .y yn) ERT |2+ +y2 =0 b IFERE /0 D on— 1 RSB
THY, C, IXTDERADORMAETHY | dw, IZZDORME EOHEERZTHD. ZDFERIT
YIFLIZ 1 Maxwell-Boltzmann Bl U T <HI6NTWD

9.6 n— 1 RTHKE LD & Maxwell-Boltzmann 8l (2)

BIEICIEERE /n D n — 1 IRGGCERTH ED—HD A D z; Bl O RMIERAERE E R 73
TN AT Ny -1 1 O

[FIBRDITIET, 4 /n O n — 1 IRGTERE LD —BRIAE D m IRTTER 3 22 AN DS
m RGO ERDAMIIPOR T S Z e ERED. LN TTOME 2 R ICHHH L TH <.

HIEiDFl 5% TD & £5 EHk<.

52 /nc, = fil(l — 2 /)24y RDT, FIED lim,eo(l — y2/n)=3/2 = ¢ V*/2 5% ED

limy, oo /R Cp = V21 ZELL I ETE. EBE, TO UV ES S,
B EOFEEWIZ/ZEDZLIZE ST, HIZ Wallis DARZHHT LI L TES.
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n—m— 1 RICRAERTE S = { (w1, @) | 22 q 4o+ 22 =1} OHRZER
Tdo EEI = /a2 + 1 CEE v, 0, DY 2 n—m— 1 0uH
ALERTH b D FEEE DRI B A WG 5 &

dri A« ANdx, =" Yoy A - Adx, Adr' A dw'.

IS, e r =l + a2 CEREWTDE, = \/r2—ad— - — a2 D
or'/Or =r/r'~! DT,

dry A ANdxy, = r(r? — 22240 Ao Adz, Adr A du
BRI x (i=1,....m) 25 z;=x1/r (i=1,...,m) (IZEEWHT D &,
dry A ANday =" 1 — 22— oo = 22D o A dr A du

L 785 C, BB RERIEERIR p(r) 12 LT,
/ g(z1, ..y zm)p(r) dxy - - - day,

:Cy(r?)_l/z , 19(217---,Zm)(1—zf—---—an)("*m*Q)/del---dzm. (%)
22tz <

ng)_lz/ " p(r) dr/ dw’
0 Sn—m—l

THd. Lo BMMAGEL LT m=0DEa%2E22 V=142 D2
£V, p(r) = e R/2m)"? 5B I LITEk 5T, n— 1 R HALERIE O HRLI

—1
00 2n/2 n/2 ) n/2 n/2
/ dw = (27T)n/2 (/ ,rn—le—r?/z dr) _ . 177' _ s _ nm
- , 2 T(n/2)  T(nj2) T2+ 1)

CEMRIND (dw 1& n— 1 IRGCHALERT 5™ OHEIFESR). IROKRAZ M5 /-

/ P le 2 g = / e_t(Zt)(S_Q)/2 dt = QS/Q_IF(S/Q).
0 0

BAEEE r2/2 =1t rdr =dt, r* tdr =" 2rdr LEBTHIELZORRBELNS. DA
E&VD, [ p(r) dr I EHIZ 0 — 1 ROTHEAIBRI O HMDOEHIZRD L EbnD. L
723> T,
) Jgn-1 dw _ (n — 1 RIGHALERTAI D THIFR)
mn fsn_m_l dw'  (n—m — 1 RICHRALBRE OHRE)
IODELL i) DBITFIIERTH B
FH ) EAT O & S 123X N B0

224 422,<1

= / 2 AV =ty — e — 1) D2 gy,
t; >0, E:il t; <1

Gy =m+2 DL X T = 7m/2 /T (m)2 + 1) 1F m WL EAERIKD RIS L.
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_ I@/2)ml((n—m)/2)
I'(n/2)
2DOHDEST 2 = t; LEBEBL, BBEOFSTIRORANEME>72: p; > 01T LT,

r - Tpm n
(pl) (p +1) _ / tlfl 1"'t$nm_1<]' — = —tm)pm+1_1 dty - - - dt,,.
Ppi+- o +pmr1)  Jisoyr, we

AL D GIRIE AT Y B e N —Z B OBERE o <FAKTHD. & LIFHEL%E
B(pla"'7pm+l> t%< t?

B(p1,. .., pmt1) = B(01, -, Pm—1,Pm + Dm+1) B(Pms Dm1) (B)

DRALT D Z DD, A TIIHT 2 26 TED. FEB t, = (1 -ty — - —tp_1)u
WZ&oTt, 6 u BB EWHmT S L

B(pb s 7pm7pm+1)
1

-/ ity [ du
>0, S i< -1

p1—1 Pm—1—1 + -1 -1 -1
t]. .. tmm—l (1 _ tl e . tmil)pm Pm+1 upm (1 _ u)pm+1 .

2k D) EDOAR (B) BT B 2 LBDB .
AR (x) £V, XY MVIBERERZER (2{7, ..., Z5)) OMEREL I

In(215 oy zm)dzy - dzy, = cgf)_l(l — 22— =22 g day,

TH5.
&Y, o>0 LT, (VL) = Vi (2, Z0)) ok UL

n—m-—2
. 1 ¢ 2 1 < 2
lim (1—WZ%> = exp (—@ZZI%>

BOT (Y™, ) 1l n = 0o Tm IRIEDERDAEITU 72085 RNY N IUIEHERZEH
IR 25, TR,
1
—F s Ym) dwy,
Cn(vno) /\/ﬁasn—l 9 Yim)

1 1 m

ZIZTC, VoS P ={(y1,...,yn) ER" | yi + - +y2 =no’ } IF¥EE /no D n—11K
JTCEKEITH Y, C,(vno) X TOREOREMTDH Y, dw, 1ETOKME LOHMHERTDH
5. TP IZIE Maxwell-Boltzmann Bl & U T X <HIGENTEY, 58K o? 14X
{iEE D Boltzmann ERBUG kT 72 LRI 5.

Y b N TR Z L ITEER &
60y (") FITARA n THNLTIRARWVAS, n — oo ODREIE TR A FEHE R4 12K T 5.
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9.7 “IHAWMEBBN—IOH

0<p<l1&dd. n3FADBKTHDLTD. MEIHEEER B,, BWSTA—4—
n & p DTHJHIZUEND LIF

Pungm=<z)ﬁ1—m%k (k=0,1,2,....n)

MG 2 ThHDLEEDD. P RHIETNT N np & np(1 —p) IT2Y, ek
& EleiBrn = (peit + q)" L7825, ZHB/MHIFNT A =2 — n IZEAUCTHAESEZED.
ZAZHDMBEREHE L), p 2 —EDEE n 2KELTD L, (B, —np)//np(l — p) 13
HEER DA U 72D MEREH THHPII NG,

“HAMEE TR D AOBRIIPA T D@ Y .

D(s+1)=sl, () =s!/(t(s—t)) LHEIZLIZTD L

t

L (atp=n
B(o, ) (a—1)(B-1)! =(a+p 1)(

BODT, INT A= — a, >0 2R DE—FEN— & 7341 Ot 52 1% B #Ud

a+6—2)

a—1

a+ -2

L1 —p)ftd 1
a_1>p (I-p)f“dp (0<p<l)

hﬂ@@ﬁ#a+ﬂ—U(
YEIND. T af(a+8), M (0B)/(a+ B a+B+1)) LAY, a,8>1 D%
SEMEIZ p=(a—1)/(a+8-2) IZ25DTH>/.
WRIZa+B-2=na—1=k D& X FE—FN—X5HOMEREEHRHIL

n

s @)= ) ([0 pr 0 <p<)

ERY) EMEIE p=(k+1)/(n+2), 7BUX (k+ D(n—k+1))/((n+2)*(n+2)), &
B p = k/n 127225,

AEDFERN S, AWB & n BINEEL T £k BIS>7/2& & AW BICHOMERIZ/ST A —
B—=WNa=k+1,8=n—k+1DE—FR—ZSMHIZLZN>TNDEARRT L HF]A
Z e hmd0E,

9.8 PoissonHmEH Yo%

B R R Ny D38 A—& — \T > 0 @D Poisson 737462 L7203 &%

e—AT()\T>k
k!

MELTHIETHDEEDD. LRI EL HE NT 1245, T I3HIET 5 RFHE O
EBX%, N IFBRARHE O 2D ICENLRHEDEZ 5 RIBOMAHEZ ERL TS, R
BUL E[eitNar] = X1 ¥ 223 Poisson DM1E AT IZDOWTHEAEMNZFH>. Wz I

P(Nar = k) = (k=0,1,2,3,...)

67k ~np (n — oo, p I&—) X 5IE, n — oo THIMHE & BAUEIZ p ITIPER L, 4280E 0 1R 5.
68 SLA% R /0 A DF.
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DBIREFE ), AT 2 KEL T2 L, (Nap — AT /VAT IZEEEEH DA U258 il
ZHTEMINDS.
Poisson 7047 & 7 > X 3 A OBRIFLL T O 1) .
IROMEREERBMCTERINDMERD A% shapea =k +1>0,scale T =1/T DHYV
SR EESRDTH > 7z

e—AT()\T)k;
k!

SEIE N = (k+1))T, 28E (k+1)/T% (280 SSEEIE N = k/T 127259,

OIS, T BARMOBHITENRRERN k BEEZ > 248 51K, BALRFH D721
WCENRFERIE Z B EIEOEAMHE N OREEMEA shape a« =k + 1, scale 7 = 1/T OH YV
SPGB TNWD EART I EDNTDIZEEHNRZ ENh) .

Frsrar(A) dX = dx (A>0).

9.9 EXMLEFRAFEDARME A5
TR 2SR I2 DRI (T19) 2 WG X B2 NEEK E] | IR T 220 T3
o ElaX + BY]| = aE[X] + BE[Y] (§IB1E).
o [Z07R56IXE[f(X)] =0 (HFaME).
o E[1] =1 (Hit&fbsett).

ol INEITOWBEEZTINONZRDDIENE RS,

HesR S8 X DA (AHE) AEAET 5 213 B[|X]] < 0o 2% ZETHB. Z0
L& pux =FEX] 2 X OFIES U < FHIFHEE TR X OFEE px WMFET D L&,
(X — ux)? OFHMEE X OHEETY, 02 L FbU, MROTVSE 0y % B[R L 17
A DEEEERE ZERRICRD I ENDHY X 5.

LLE E[|X]"] <o BB X D r IRDE—AY SWEETDHLE WD, E[X"] &2 X D
riROE—AVHIEED. X D1IIRODE—AYVME X O py = E[X] THY, 2 RD
E—AYVRMIDWT E[X?]=0% +p% BODT 0% =E[X? - E[X]? £ %25,

MEREB X 1T U T px(t) = E[e™™] 2 X OFRPEREE PSR FrEEEUE ¢ 12DV T
—RRGER U2 S . RV BE U WHERZBUIMER D 2 R 2™ MERZH X, Y 2
A UMER DAz ROEE, X ~Y LELZLIZT 5.

XDriXUTFDE—AY MBI RTHET D L & FERE ox (1) (&t =0 T r B
SRR Y, oW (0) = E[XH (k=0,1,...,r) £ &3,

X &Y I HEEARO DR EROWRERTHD L 95, 2D F Cauchy-Schwarz
O)Z:%ﬁck L), EH(X - ILL)()(Y — ,LLy)] é OxO0y 2:7;%)@-(, oxy = E[(X — ,uX)(Y — [Ly)]

9% v AT (T — 00, A 3—5E) BDHIE T — oo TV & BHIMRIE M IR L, H80E 0 1T 3.

O zEf] (Q, F, p) EOFRIEE X 2 HEREB LTSN, RO EE X 2 [, X(2) p(de) ZXHIEIED
P e IR PO B ] & RDT.

TUEsRZE I & SR 220 (Q, F,p) EOEBMEATHEHE X Q >R DI & THS. R D Borel EinHES
AT UT px(A) = p(X71(A) LEDDZLIZE>T, R EOMRAE nx WEXD. px & HEREH
X OWERDHEER., £ LE ux M Lebesgue MIEDHE f(z) L RRIND L X, f(x) ZHEREH X
DOERBEERBE IR, R EOFHIBKE g(z) IZHUT X & g DGEHKZE g(X) &EFEL. g(X) BHERLRU
2%, glx) WAEFEBBEED & ¥, g(X) OHIFFHEIX Elg(X)] = [pg9(z) px(dz) EEDINDG. X D%
BERE f(x) DFAET D85 Elg(X)] = [ 9(2) f(z) dx.
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M well-defined (280 | |E[(X — px)(Y — py)]| S oxoy £%8%. oxy & X & Y D5
BEIESR. pxy = oxy/(oxoy) # X &Y OMBEBRE L IER. tHERBOMTEIZ 1 IF
225,

HAOBUTRIERELTD TR MIVONEE] (206 U, FHEBERENE TR MILDHWZD
AL 0 L ELEEID cosh] IZHIELTWD. MEREH X 2 FHE0N 01225 L5121
EATBEI L2 X — ux 1EANT FVOBEUITH Y, E(X — px)(Y — py)] SNFEDEELL
Wicdhd L rB T INE IBREFETEALZ ERNTARNTRITLD.

WERER - X, DN THD LIX, iy, ... 0, DEWIZRZS L X,

Elfi(Xi,) - [o(Xi,)] = E[fi(Xi,)] - E[f(Xi,)]

WAL 2 ZETHD (fy, HBIFARBEGHKEK). X &Y WHZALIE X &Y Oy
B FHBEAREUE 0 122208, Wik U 2.

Dy lFNTA—=8— >0 2FHOMREHTHE LU, X ~D,, Y ~Dsg THY, X,Y
I THDETD. ZOLE EUE X +Y ~ Doy WRLT D E X, D, DR
FEAEEERDOEED.

WERZER X, X, PHNITHDEE, oxrax, = [ ox, DHROLT D, DRI
op, = ¢* WAL T DI & &, D, DMERSAEITFHEMZFREOZ LIXFAMETH L.

10 {J8%: 5874 Tauber U EE & FDIGH

10.1 AEESD D Tauber BUEE

I 10.1. f(t) &t > 0 TEHRI N/ IEMEBRET A2 D B £ 72 X BFABEM™ZL T
5UIREL, a,a>0 THhHETEH ZDOkE

/Oxf(t)dtwax” (x — 00)

B BIE,
1

f(x) ~ acx®™ (xr — 00)

WAL B, (ZOfEERDNIFFTHRO RO WL &2 JEAIZ 2 THH LAEZ LTS
FEEA. £, f AHRFABATHE2HGAEERD . f BRAPRDHETHL L &Y, EED
c>1IZRUT,

0L W (O P O LN M (OL3

<
cr — - xr—clx (1)
DK% qre~! THB &,
S E@dt [y f() dt o fwyde [ f)dt
axr® ar® < S@) o e axr® (2)
c—1 = azret T 1—c '

Py <2 BOIE f(z) = f(2') BRLT DI L% THHEHD] LIFATHS. FHRED IIBNTES LD
1295 720121% TIERINEE] SIERIREDPE LBV, BEIZEDETIDISIZIFATHS. THH
BN A2 OWTHEAERDMES 2T 22T TELLLAKTHS.

BE(z) ~ G(x) (x — 00) I lim, oo (F(2)/G(x)) =1 2EKHET 2
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DRIz 00 bFBILITELT™,

¢ - < lim infM < lim sup f(z) < ‘< (3)
c— z—o0  ar®! wooo ax®™t T 1 —c71
IHIleN1ETBHIEIZEST
a < liminf Lx)l < lim sup f<x)1 < a
r—oo QT r—00 AT
2135, WA
lim /() = q, 2FY  f(z) ~aax® ! (z — 00).

z—o0 qr@—1

SNT fBSHEEA OB RT A XD LRI N
WIS f BSOS A ERE >, £ SHERIOB A (1),2) TREEOMR £
W USRNG5 ND. WRIZ, (3) T liminf & limsup 2 KL T, £AESDME 2
WCUARERMEONG. TOZ LITERTIE, [ BEREFAEINOE GRS N EHERHH
FRIZIESND Z D Dnb. [

B an 1HUT f(n) = an 207 TEE f(1) 2BYNTEDD 2 210 & > TROFE
PEEND.

% 10.2. 4y, as, as, ... IXEMEGITHRAFD £ 7 EHAMNL TV E L, a,0 > 0 TH
55 ZDEX

n

g ag ~ an® (n — 00)
k=1
AT~

1

Ay ~ aan™” (n — o0)

HRALT B 0

10.2 Laplace Z#:MD Tauber B FIE
Stone-Weierstrass D% HAGLEUEH %2 AN T £ 3 IRERTD.

R 10.3. ¢(y) FFAKME [0,1] EOFEAEWEDHBTH D & U, g(y) IFFKE [0,1]
EDOHET—m c € (0,1) TOAREBTMDRTIIEHTHEEDTHD LU, ME
glc£0) =lim~gglcte) WEAETDERETD. ZOL I MFERD > 0IZHLT, %
HABE P(y), Q(y) T

Ply)=gly) = Q) (O=y=1),

tég@w@ww—s§1 mwmwdy§[:mwmwd%

/O 9(y)d(y) dy < / Qu)oly) dy < / 9(y)b(y) dy + ¢

22T OBFET D.

ST f) dt ~ acta® (z — o00) EHND.
TSP [ L DR Dt B AL AR T —RRIE LI 1D & D E B
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SEER. %72 TR EAEH Q(y) DIFEDAZ REIEL . (g(y) DRDVIZ —g(y) %
%2 0E Ply) DIFAEL RINDG.) X512 g(c—0) < g(c+0) ELT L. (g(c—0) =
glc+0) ZHIX gly) DRDOYVIZ g(1 —y) & 23 ElfJ:b‘)

o(y) FIAHTHA T ARDOT N = [ |6(y)|dy = [, 6(y)dy LB L, N < o0 &%
%. gly) 10,1 EEREDT, 5 M >0 T |gly)| < M (0 <y<) & B Ft b OB
5.

EEIZe>0 2H5.

¢ RIGD § > 012U T, gly) 20T 2RI g5(y) ZIRD XD ITED B:

9(y) 0=y < c—0),
95(y) = { max{a(y —¢) + g(c+0),9(y)} (c—d<y=<e),
9(y) (c=y=1).

ZZTa=(g9(c+0)—g(c—10)/d THY,aly—c)+glc+0)=aly—(c—190))+g(c—9)
Thd I IliEEEL g8£&Y

~M=gy)SglyysM  (0=sys1)

LBRSTHWS. [gs(y)o(y)] < Mlo(y)] (0 < y < 1) 2 lims o 05()6(y) = 9(1)oy)
(y # ¢) 72D T Lebesgue DIHEI L Y |

1

tim [ astw)ot) du = [ aw)ots) dy.

IDZe%zfioT,6>0%2+2/NISULT

1 1 1
| swomar< [ swowars [ awotwa+;
ERBEDIZLTEHEL.
Stone-Weierstrass DZHAALUEE &V, H 2 ZHAKE Qy) T
QW -5~ x| S5y 0=y
7T ODEET B,
ZOLF gy) £ g5(y) SQU) (0 y < 1) DHILLTHY,
/ Qly
1 1 c
< [ st - 55 o dn+ [ sstwotra+ [ o0 i
0

_3N/¢ dy+/ Do+ 5+ 5 [ ot

=V [ oo S N

- / 9(y)(y) dy + <.

INTRIRNEZEIARINE. [
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B 104, f(t) 1T t>0 CTERINIFAMEATHHBETHL L L, 0,0 >0 THD ERE
ERSINA P .

| e~ L @\

0 T
ALY

1/x

a 1
i f(e)dt et (2 \0).
MERAL T . (A Y YR TRDHEHIZA TOIEHZ RiXbn b))
BEER. F(x) = [“e™f(t)dt LB &, RE F(z) ~ a/z® (x \,0) &V, k=0,1,2,...
WX LT,

F((k+1)x) = /000 e " (e‘“)]C f(t)dt

a a 1

~ Gt @ ), C e @
ZIZTIRORRZAF > /=

é::ﬁ%yémé“WAdt (c>0).
L7208 THERE D Z HABE p(y) 12DWT
) 1 >
é e“me“ﬁﬁﬂﬁwﬁﬁﬂﬁl eple )t (x\0).

FAXE [0,1] EORFESEE o(y) &

¢(y) = (=logy)*™" (0<y=1), ¢(0)=0

CREDT, y=et IZDOANHERKRZRD [0,1] EOKE g(y) 2

ﬁMZ{O 02y <er)

y<e
yto(et=y=1)
YiEh D, M 103 £, O < > 0 KR UT, &2 %HEREK P(y), Qy) T
Ply) = g(y) =Qy) (0 ,
L/Eww@w@—sglfmwwwdyg[famawd%
Q

Sys1)

0

AE@wwwgll @§AE@WW@+€

22T EDNELETD. 2D T y=ect B L,

/ e tgle )t T dy —e < / e 'Ple ™t tdy < / e tgle )t dy,
0 0 0

76f0 dy—fo —logy)®ldy Ty=ect &BLL, fo dy—fo et ldt =T(a) %25, Z
DI <‘:7b3b d(y) = (—logy)* ik a>0 D& [0,1] ’CT?E ’CJ’)% EWOND.
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/ e tgle ™t dy < / e Qe )t tdy < / e tgle )t L dy +e.
0 0 0

—H, ft) 20 THD I kDT,

/OO e " P(e” ™) f(t)dt < /OO e Mgle ™) f(t)dt < /OO e Qe ™) f(t) dt
0 0 0
BOT, ZNDLEKE af(2°T(a+1)) TEH->T, 2\, 0 DMREZES &,

00 “Pla+ 1
/eﬁmww*ﬁgmmﬁ—@il
0 z\,0 a

ar 1
< lmsup L@+

z\,0 a

UED2 DDBREDKHREEDE, 6 >0 2V HTHE/NILKTED 2 LIZERTNIE
G AVAL RSP ALY, SYRES¥

lim = 2T Pla+1)
z\0 a

TRODBIRMPEFOLNT:

| et a
/0 e g(e™™) f(t)dt §/0 e Qe )t L at

/Oo e "gle™™) f(t)dt = /OO e tgle Mt dt.
0 0

a 1

/0 e "tgle ™) f(t)dt ~ Em/o e tgle > dt (x \¢0).

el Se® &t <1 2 FAETHY 1 S 1)z DEE elgle™) =1 &R, t>1/z D
X gle™)=0280DT, T EORFRD LS IZEIEIND:

Ve a 1 Lo a 1 a 1
A fw“”%ﬁﬁ@lt = eaT@) ~wharn @0
CNTRTAE D ESFRTREI NS, 0
EORE L FHOIIE R 5DES 2 LIk > TROMENE NS,

% 10.5. f(t) I&t > 0 CTEZBIN/Z EERBCHRIEAD F 2 IEHFEML THd & U,
a,a>0ThdLdd ZDOLE

Oo—act Ni T
| et~ 5 @)

ANCYES

I L

ANE RVAL RSN 0

B a, \ISHUT f(n) = a, R TEE (1) 2EYITEETD L ITEo TEBL
71, Stieltjes BAMROEHZFHALUE LY, I5IC y = LBEOT 2\, 0 ORR%
y /1 ORBRICEFET 2 LI0&>T, & USIRESEIEHUET Z L I2E > T T ORISR
PREOND. (1—e @~ (z\(0) THAHZLIZHEEEX)

TIIT f(t) OFAEEH ST,
8L _E D Stone-Weierstrass D% TH AL E R % (3 5 EX 0 72 /5151 Jovan Karamata 12 & 3.
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% 10.6. ag, a1, as, ... FFAMEEIITHEH LU, 0,a>0THhDLddH. ZDLE

lim(1 —y)® Zany =a

y/1
ANY =
kz: o 1) (n — o0)
WIS B, (A Y YR TR BHIZA T OFEHZ RviZbond.) N

FERR. BEEGIHLUELTEIS. 2>0&8 L, y=e®BLE, 1—y~a (2 0) ZDT,
S e
= ; ey ~ — (x \0).

ZAERED kE=0,1,2,... 1T LT,

((k+1)x Ze e ")
n=0
a a 1 X ik e
N—(k+1)axa:x_af(oz)/0 et ()t hdt (2 \0).
ZIZTIRDAREA > 72
1 1 0 ety
— = ol gt .
P F(a)/o e (c>0)

bf\.i)")f FEZDZIEAK f&p(y) IZ2WT

1

Ze’m "ay, ~ 3‘%@/0 e 'ple” )t dt (x \(0).

2 AT
0 (0 <y<e),
9ly) = { »

y (&
Sy<s1)

ZIEBT DI LIZE>TIRMELNDT:

o) 1 o0
D el A At )

el<em™ &pS1/z XAMETHY , n S 1/z DL E e g(e ™) =1 KDT, < LD
RIFKD LS IZESEINDS:

a 1 /1 1 a 1 a 1
Ay ~ — —— t“dt= ——— = — ———— (x \(0).
0<nz<:l/x () Jy zeaol(o)  z2T(a+1)
ORI 10.3 ZHOWAEEEVERLSBEIIRS . TOEMOFME R NE, Y5 L Ta, 20
ERELTODD, K< ONLBRNVES D, FamDFEMIZ DWW TIIER 10.4 DFEHZ ZRE L. ZDHEK

Jovan Karamata (2 &£ 5.
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5% fHHLR Tauber BIEHE & Z DI
[EAC R

]
AIZHEFBMLU TN D e L, a,a >0 TH

58 10.
GUTaz=1/n &BE, ELAON% k=0,1,...
EjakN a+1)
INTRIRIZEPRIN.
% 10.7. ag, A1, a9, . . iE{ﬁéﬁﬁufﬁuﬁﬁjd\
595 2D X
lim(1 — WY =
Iy =" 3o =0
VAR =4
Z ap ~ an® a, ~
— F(a+1)
AN D RVAC RSB
FEFE 10.4 O Stieltjes B IRIZIR D@ 1) 50,

EIHE 10.8. o(t) IF ¢(t) =

HdLTDH ZDHOLE
F(z) ::/ e "tdo(t) ~
-0
AT~
() ~ at®
Y Plar1)
ANERVAL RSN

b@m@@ﬁ%a% YU, U LIXEH 10.4 DOFFH & 58

W& > TIRDFERBEENS.

% 10.9. \, 2 0 [ ZHFAWMEBFI THDE L, 0,0 >0 THDLTD. 2D

0 (t <0) 2ifi/= 3G HEHHEFEINHETHLL L, a,a>0 T

= @\

(t — o0)

[
WZERRDER 72X % Z

&

;e’\”m ~ xi (x \,0)
AN FS i
#{n| A St}~ m (t — o0)

MIEALT D, IHITt=),

a

An ~ <M) " nt*  (n = o)

EROEND.

802 10.5 i1, 28 10.6 Hi CHHEHENEEBHBI G ENTVD L) —KRADE
L TWBDTEHIFE fEIHIC aofmé

B\, B 5 DMEED F B HEf & 4312

L
BT B R E BT
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10.3 Wallis DA &M IEXD
NEABIER (1 —y) 2 =30 pany” (Jy| < 1) THH a, 2EDD &

p4wc4ﬂ>:%%+n~«§+n_n

ay, =
n n!
_1-3--(2n—-1) (2n)! 1 (2n -0
B 27n| o 2(ph2 22\ '
4 DOHDESTH AT 2.4+ (2n) = 2"n! 272 XI5
n+1/2 _
A1 = Ay < Q.
+1 n 1

WD 2T a, WFEEREFBDEIITHD. (1—y)V2>3> jay" =1 BDOTHR10.7 %28EHT
228 IZE>TIRIELNS:

1 20\ Mt (n = o0)
=g\ n) VTR T Vo 0

Z DA Wallis DA & FEENT W28

WIEEA DR THRDE —=DDNRZ =V IZOWTHBL & 5. TDEOIZEMHEES a, 1
Wallis DA R OMHEZES) a, ~ 1//mn (n — o00) Zii7Z LTV EMREL, pur = apan_y,
EHEL.Z0EE MRELY min{k,n—k} = 00 IZHWNWT

1 1 1 1 1
Pn.k T k(n—k) T [k (1 _ 5) n
YBRZDT,0<a<b<1IRLT,

lim

S ppmtm YL L 1 /b dz
n,k — _— = — e —
n—00 akimsh n—00 a<hIm<h T /% (1 o %) n T Jo A /[E(]_ — ZE)

T RBE I 7 (2(1 — 2)) "2 da DAED DHERDARILFIEL DA L IEENT NS, Z0D
D ITIEEN 2 LI 7 D BREER DA HBDIRD & DI EEETERDINS 2 D
Ths:

LAt 2 VP dy 2

;/o \/ﬁ_;/o Jl—_iﬁ—%arcsm\/i.
Z OWMERDAIEHOLD (2,y) = (1/2,0) THEN 1/2 OMEA EO—k53M% o il EIZH
LUZEDIZFE L.

Z D & S 12 Wallis DRI DWEHEZEE ORE D & W EE DA N THRS. £ LT Wallis
DA R DOFWHEZEE) L Tauber BLOEH (R 10.7) RO THKD. —NR 1IRTT ¥ X L
A — 27T W EKIERNE T D & S B A TR I NS .

WOIEGGIERl & 1F TAAXNFRE U IXHARHMEDY 0 THBRODEZRiD & 5 REAN O H
FITDIRITET VAL A —27I2E0VT, k) AN £ > TO SRR OO E &

8145 10.2 HiXH 10.6 Hi TSI L /2 4 1 7D Tauber BEMIE Wallis DARD—3(L7E L ALES.
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D 5345 IR R PR K DABPR THEESL A AR IR T 5 | WS IERIDZ . TH D% HIEK
TERIDEEHIIZIZ A2 ) 2R 2 UDWEESBEIC RS, [k 1/2 TEAIZL AT Y T8
DEHMLR TV Z LD A — 7T 20 EIER DB ETX 2, flAaGbEmice» I U
WM BRI R B, Z 2 TIRRTOFOHE L EmIZIE U imn 2123 5.

U U, W EsIR AN SIS RBIZLUR AL LTV S

#H#{(x), e {£1}" |na < #{k|x1+ - +$k>0}<nb}

n—oo 2n /[ \/ 1-—:ﬁ
1 1 /[° dz

lim — dx~~~dq:n:—/ —_—

n—o0 2" / / ' T Ja y/o(l —x)

—1<x1,..., xn<l,
na<#{ klzi+--+xr>0}<nb

Fryr Iz 20E, &M o+ -+ 2 > 0101k TFOWTWS 2 & (M=) TH->
TWBHIRE) Z2ZEL, #{k |21+ + 2 > 0} IFFVTWARHEORI Z2EKL TH
D, &M na<#{k |+ 42, >0 <nb I FFOTWSREOEIDEGMN a DK
IO EVNINVWZEEERLULTWDS. T VALY F— 27T 2 EIERNE TN T
WBRHIDEIE] A n — oo THIEKAHICLEZND ZE2HKLTWD.

104 x—x24+x*—-xB4+x16—x324+... Tx "1 &§5&?
B F(x) %

Fa)=z—a*+a2' =2 +2% -2+ ... =Y (-1 (2] < 1)
k=0

LEDD. ZOEE g A1 T Fz) WIRT 207 BT 2 L Uk b2 OUEREDf I
iz 72 2 7784

PRIZIRS 2 & Uz b, TORERER 1/2 TRFECTRWZ LIZTIthbhrd. A
AR5,

F(z*) =z — F(x)

ﬁ&jbfmé#%?%é ILICHIEEIE L CTHD &, 2 A 1 DL T F(z) OffilX 0.5
IR DENZEEDNE. e 2

F(0.99) ~ 0.494098,  F(0.999) ~ 0.500124.

Fl)lxa /1 T12Z0RTD2DEAIM?

823% U < I& Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) M2 20 fi% S &.
FRIZZ D pp. 225227 H7- D) 22T UL D ) — S L DEBER DN 2T TH 5.

SRR T ¥ BT A — 2 OYIETKIEIOZER Bk D 2 NI 2 RARESET L, e A TSk, 20030525
EHUIKRREE (50 Z L0 4—2 <) ZAEED L HK (2004) D5 1 FEBIBUTMU. IR
FHIANZNZEDIEY —EZABMBIERETENE R LU WVDT, BEEIFEIDOANIZIEBETIOHTES.

B4R L Z DRTEDIZELE % Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
(A Z 4 R) TEAZ. ZTAZE i G. H. Hardy 232 ORE%E 1907 FIZfFN 725 L, BUEEHRE TN
i$ 2 1T Fz) O 0.5 ORFAZ NS <ERICEHL TV 2 H 72 R6NE. TUT EOMEAS 1
RCIFEBICHRICHIRE L TS Z EAGEHINT NS,


http://web.econ.keio.ac.jp/staff/hattori/srw.pdf
http://web.econ.keio.ac.jp/staff/hattori/kyoritu.htm
https://www.uam.es/personal_pdi/ciencias/dragan/respub/Duren_Tauberian_Talk_2013-10_UAM.pdf
https://twitter.com/genkuroki/status/734774669069287424
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B ay, s, %
:Zangg”, Sp=ap +ay+ - +ay

EEDD. —MKIZ

Zanx = 1—:1:)anx

n=0

DR1

Sp =g+ ar+---+ay,
ERDBILIERYT L.
EDRIT

F(z) =

r(1—2)+2*1 -2 + 201 -2+ = (1 —2)f(2),
f@)=2x+2* 1+ +2°+ 23+ 201+ 2+

+2'%) +
=r+ @'+ +2+2")+ @+ 2T+ ) +
EBRBMDT,s,20ThHd. PRIZHLE
il;‘IiF( —3121;1% (1—x) anx =a
EPNHTEEHIE, R106 (a=1) &V,
im — Sp=a
EINEHTBIETTHD. UL,
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. SotS1H ok L+44+ 16+ + 44 m 4-1 _ 1
lim = lim = lim = -,
k—o00 22k—1 k—oo 4 —1 k—o0 4k—1 3
4k —1
) So+ 81+ + Sg2k-—1_1 . 1+4+16+"'+4k ! 4—1 2
lim = lim = lim -
k=00 | k=00 14k —1 ko0 14k—1 3

BODT, n Y0 sy ldn— o0 TPHRLZBW. U5 Ta A1 T Fz) SPERLAN

10.5 Laplace-Stieltjes Z#
PAFIEE 10.6 HiD/-ODHEMTH 5.
F(z) & R EOHHERGS N DRHIFFDOTH S LIRET D.
X 51

ELUE lim,, o F(z) =0 &lim, .o F(z) =1 2V LTV AR LIE, F(r) &
REEELAEHE U IFRIIOFHBEIERZ 23D D, TDL X F(r) OfEIE Tz 2o

85 (x) AV (5 U <SG 55 Th B &1 lime o F(z +¢)
5.
86 () ASHGAIERA &

= F(z) B LTVB I ETH
ko <o/ B5IE F(z) € Fllz) BELLTONE I L THS.
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TOMEIZRBMER] ZERING. LR TIE F(r) PREBERSARBUIIZ>TND L
AR U 7R,

F(z) PRFFEPDLTHE2Z NS, FED v € R IZEWT, ENSDOMIR F(z —
0) = lim~o F(z — ) EIET DI e Wbnd (LITARBEROESIT ERZ KO0
5). XHIT F(z) B3EEHEZDT F(z) = F(z +0) = lim~ F(z 4+ ¢) BEZLTWS.
F(z) — F(x — )>0t@é:aa@ﬁFﬁﬁix?$@%@:t@ﬁ@?@é.?@b
L F(z) 3RS 2 T Fz)— F(z—0)>0DAZT LYYy TLTWS. 2O L
»n 5 ()®T@ﬁﬁ@%ﬁﬂ%MT%é:tﬁb#6

F(x) (29 % Lebesgue-Stieltjes Fi47 &

nr((a,b]) = F(b) = F(a)  (-c0Sa<b)
%72 ¥ Borel W pp (—HIICEETS) CBT 2RO L LTEEING. $4DDL,

Borel 24 A 1Z2DWT
/f ) dF (x /f o) pr(de)

L #HE, TN % Lebesgue-Stieltjes B> L IER. HIFE pp(de) ORDODIZ dF () £ ELZ
EMZ. F(z) M x=a CTHEGARI L L pp({a}) =0 IZFEMEIIZRY

F(b) — F(a) = /( RGCE /[ RGN

ML L T2, 2 DOHDESIZ a=0THhD x=a T F(r) PAEKRE IR LR
ZEIIEREEL HUE R ED Borel HIE p AMERED 2 € R IZDWT p((—o0,2]) < 00
272U TCWB R 5 F(x) = u((—oo,z]) B < & Fx) 134 HK 2 FFHIERA B T
lim, , o F(z) =0 %{72UTCEY, u=pp BWEZLLTND.

X[ [a,b] (a < b) 2B % Riemann-Stieltjes F57 & [a, b] D73 El

=29 < T <Tp<---<x,=0>0, ¢i € w1, 2]

2D, .
/ F@)F (@) = lim S (e (F(w) = Flaio)

TEHRIND. I THEOMRIZDE 2 M < §IMBTH L. f(r) WEHIRKEL S IX

b
/ f)art) = [ e
MEAL L T\ 5.
DRTIEISIZF0)=0 LIKETS.
p M (0,00) ED Borel fllEED & &

Z M 1 D Laplace 2 & B, X D) —f#%iZ

/0 " e f () pld)

% f(x)u(dr) @ Laplace Z=# & IF-.38,



10.5. Laplace-Stieltjes 2 # 63
ER 10.10. p PVERHEE (1((0,00)) < 00) D& X

M(s) = /000 T u(dr) < (s 20).

,u PERUETERNGETHOTE, M(o) < oo BHIXe 7 u(dr) WERMEZED DD

T, fERRHIE D Laplace 2 #1112 5'5'3_6 FIEDZ < VAR D Laplace 2D IG5 6 2G4
THIEDNDND. X5 e u(de)/M(o) PHERMEZEDD Z Lnb, % < OREMN
R E DA Uﬂi%’é‘é EHEHMNDB N

78 10.11. p, v 1% (0,00) ED Borel HIEED & &, + 3 KE R s IZDNT

/0 " e uda) = /0 e (dr) <

MENL LTV ELIE p=v &85, §8DLL, +HRER s 1IZDWT pu,v d Laplace £
BOEPRZBEIZIR U T 2HE L WA LI, 2 DDMIE v id—HT 5.

BEFR. ER 10107 A TT7 2B 5. A= [Te o pu(de) = [[Te " v(dzx) < oo DL X,
p(dr), v(de) DENTNE e % u(dx) /A, e % I/(dI‘)/A ’C%ﬂﬁ‘;zé CiZ&oT k&

SHERHETHE LIRETED. ZOL X TED s 201X LTENS D Laplace &
HUIARBEIZPRT S, FMEEGHE f:(0,00) = (0,1), 2~y & f(z)=y=e LED,
(0,1) EOMERRE 1/, %=

Lz e

/ e u(de) = /0 " e (da)

FIRD &S I N (EERED):

/ = [ v 6zo.

KR & v DFE—AYV IR INRTELUN, DRI =V T8O p=v THDIZ N
Hird. []

FR 10.12 (E— A Y MEEIZOWT)., AREKHE LEOMERAEIEZDE—A Y b aKRIZ
FOT—EMIZREI NG, U UMERKXHE EOMERREDGEGIZIET D TR, /&
EZNTHSBIEMDAIZZDE—A Y 2B Z TIN5 —RITHE I N, R E R 7
M DOMERBEEREIIIRTE R S5 N5:

—(log x)2/2

flayds == @>0,  f@)=0 (@=0)

s(y) 1R 1 2 HOFBAAERTEOMMEEHIT 1 AFTHBLT5. el
s(y) =asin(2my) (Ja| £1) THD 45, €L T

g(z)dr = f(z)(1+ s(logx)) dx
877 & 213 p(dz) = p(z) dz DL F 1 (dy) = p(—logy)y " dy.
88Stone-Weierstrass @%Iﬁﬁﬁ{umfﬁé{ﬁofuﬁﬁﬁf X2, WEEKEOLIENIT X 25 kSR AT RELS
DIFHEBRMKR EICHR? 2 L 0t & filE 10.13 OFH L FARED Hik%Hi> THHTE 3.




64 10. 8k LR Tauber BUEH & Z DG

5K s(r) DHHHEIZEIZ 1L ARARDT g(z) 20 &85, 20 g(x)dr BN R _EDOER
Wz s, NBIFETMRDAA f(r)de LERUE—AY MebZROILZRULAEW. £
D7zdIZIF k=0,1,2,... IZHLT

/0 2* f(x)s(log x) do \/%/ —og2)*/2 (100 1) dxx 0

2ARIE TN THE. FINEHE o= vtk LEMT S L, s(y) DB 1 2O L kY,

k2/2 poo
RUHR o= (W25 (y 4 k) dy = ¢ eV 25(y) d
5;/ s(y + k) dy i (y) dy

s(y) IFFAEHEZ 5D TIOFME 012485, TNT g(x)de IFERHEZ EDTDE—
AV NEBIFHBEHEER DA f(r)de DE—AV R BHIZELWZ b7z,

PA Eofilid, Willium Feller, An Introduction to Probability Theory and Its Applications
Vol. 2, First Edition (1970) ® VIL3 ® p.227 DHIDOFI S EL THD. € ik [Z Dk
BNMINE C. C. Heyde iI2&2 | LENTHD. ILHIZTDFITIELTFDOES IZE NTHD:

(1) R LOMRIHD EIRDE—AV bE py LEL L X

= 1
22%200

n=1
BOIE, E— AV N0 H0 &L DOMERDAHN—RIZHE D (Carleman D).
(2) TNEYFOFER: BBIROE—A Y M 2bN 5565 NS

> p Z2n
E Qn—|
n=0 (2 )

DOPHEREN 0 KD RKREIWARLIF (TRDLLEHD 2 > 0 I U TIHRT 272 51F),
=AYV MNeHMOE & DML —RINIIHRE I NS (5 6 Hi XV 4).

FEIDHIZERDE—AY N2 REN NI TNEE—RAV M2 6E L O
ROMGIE—BRIZIREINS.
SEREHE DD k IRDE—A VD pyp 1F o= eVt EEHEMTEZ2I1I2L-T,

o0 ke_(Ing)Q/Q daj

= x‘ S —
i 0 V2T z \/ 2 /

ek2/2
~ Vo )
CEHEI N, Bk O 2 REBOBRBFEBOEI TREITHKRT LI Lhbnd. (Z0D

HREIX K ~ exp(kloghk — k+ (1/2)log k + log v2mk) &V EIZK I
MERE X D EIRDE—AV N 1y DED DN I

ky+k2 (y+k)2/2 dt

e~V /2 dt = k12

oo k
> #)
k=0 ’



10.6. Laplace-Stieltjes Z#10D Tauber B4 E H 65

DOPREENETH D Z & & ED (2) DN EHEOPERERENIETH S Z L IFFAMETH 5.
BERLIE E|X| ) S 1+ E[X?) = pig, LRDIMDOLTH5:
E[XP" 1 = Ellx« X P + B[y (X)X P
<1+ Ex(X)IXPP" S 14 BIX[*"] =14+ oy

TUT, NEMEK (#) OIACERE r PER DI,
X - 2
Bl =) mpy (2 <)
k=0

ML D, ZDOZ b X OFRMERE Ele™X] (t e R) ME—AY Mobh b —FITHR
F2ZLeNO0D. HERDSMHIZEDRMEREMN S —BIZIRED DT, NI (#) DPK
BN O TROVESIE, T—AY MbILE > THERDEN —ERIZHRE D Z e 23hho
7z B

10.6 Laplace-Stieltjes Z#1®M Tauber & EIE
=8 10.13. p,, p 1% (0,1) EDOERE Borel HIETH D & U,

1 1
lim/ y’“un(dy)=/ v uldy)  (k=0,1,2,...)
0 0

n—o0

MELL TS ERETD. TDOeE u{y}) =0 BB IARNTOR y e (0,1) IZHNT
Tim 12, ((0, 9]) = p((0, )

YB3, RO, AEERFAFERAER B E Fu(y) = 1 ((0,y]), F(y) = u((0,y]) &%
H3 L, F AHEHIZEDTRTOM y € (0,1) 12BNT

Tim F,(y) = F(y)
L85,

EEER. pn, p WERHIETH DL LRED k=0 DEHAELY, HBEK C > 0 BT
LT
1a((0,1)) =C (n=1,23,...), u(01)=C

RS MAELY, TRTOLIHAKEK p(y) (IZDWT
1

lim [ p(y) pa(dy) = / ply)pldy)  (k=0,1,2,...) 1)

n=oo Jo
DAL LTV S,
EEIZ e>0ZWoTHEIET D.
€ (0,1) 1 u({a}) =0 2L TVWDEL,0 < § < min{a,1 —a} LIRETS.
p({a}) =0 &V u((0,a) = u((0,a]) = F(a) £5%. R LOEGEE g5(y), hs(y) ZIRD
EDIZEDD:

1 (y £ a—9), 1 (y < a),
95(y) =q(a—y)/d (a—6=<y<a), hy)=41-(y—a)/d (a<y<a+d),



66 10. g% fEELZ Tauber BIEH & ZOhnH

XLIZRDEDIZEDS:

ZDEE, LLRMEIN LT WS
0=gs5(y) < g(y) = h(y) < hs(y) =1, lim g5(y) = g(y), lim hs(y) = h(y).

W Z 1T Lebesgue DYHERL & 11((0,a)) = p((0,a]) = F(a) &V

1

lim i 95(y) p(dy) = Fa),  lim i hs(y) pu(dy) = F(a).

WRIZF5 60 >0 2/NI<H>T,

/0 95(y) p(dy) — F(a)| < e, / ho(y) p(dy) — F(a)| < e 2)

L7825 EDITTE 5. Stone-Weierstrass D IHAGTAUEIRIZ & > TR % 1§ 72 9 2 JH A A
Ply) & Qly) BHLET 2 2 EDDH B

P(y) = gs(y) = g(y) = h(y) = hs(y) = Qy),

P(y) —gs(y)[ =, Q) —hs(y)[=e  (ye(0.1)).
DOk E
[ P ) £ pa(0.0) = Fu@) = [ Q) ) 8
[ Prmtan ~ [ ostwuta)| < = 0
Qi) — [ st )| < 6

D212 (3) T (1) VB

n—oo n—o00

/0 P(y) p(dy) < liminf F,,(a) < limsup F(a) < /0 Q(y) u(dy).

LIAM, (2),(4),(5) &V e >0 2NILTBL [ Py) p(dy) & [ Qy) p(dy) 1F <5
TH Fla) ITEML. W AIC
ILm F.(a) = F(a)

EBBIENDNE. TNTRINET I LHIRI N 0

89Stone-Weierstrass DZIHAGEBLER &V, |P(y) — (95(y) —/2)| S €/2 (y € (0,1)) %7~ § L IHAK
B P(y) BMEIET S, Qy) (22T H AR



10.6. Laplace-Stieltjes Z#10D Tauber B4 E H 67

Bl 10.14. EOFBEIZHNT F 2EKAR y T Fo(y) 2 Fy) IR T 2 Z & %2RU
M, F(y) 75%‘@%%7&,@( X Fo(y) 25 Fy) IZERT 2 LIEES 2. 728 21 a € (0,1),
0<e<1l—alZNUT, @ikl b F.(y) L AHEBHE F(y) %

0 (0<y<a)
0 (0<y=a
Fy)=q(y—a))e (aSy<a+e) Fy) =
1 (asy<1)
1 (a+e<y<l),
EEDDE
1 1 a+e 1 (a+€)k+1 ak:-H 1
k _ 1 k7. _ k _ Kk
/Odeg(y)— /a y" dy ) . , /Ode(y) a
ERBDT
1 1
: k k
l{% yrdF(y) = /0 y dF(y)
&Y, a MDD y e (0,1) (22T limag Fi(y) = F(y) £%%. UL»U F.(a) = 0,
F(a)=172DTy=a TIETDRLZE. N

W 10.15. F,(z), F(z) 3G EREHFRIERDEET 2 =0 T 0 (< % COTHEHLT
5. ZOLE ADREBNIIHUC, [TeMdF,(z) (n=1,2,3,...) & [T e dF ()
AR L,

lim e M dE,(x) = / e dF(x)
0 0

n—oo
ML U TWBS 2 5IE W F WEELRTARTORE 2> 0 12BN\ T

lim F,(z) = F(z)

n—oo
L85,

BERR. fn, 1 13 pn((a,0]) = Fu(b) — F,(a), u((a,b]) = F(b) — F(a ) (a < b) %/~ 9 Borel
{EJﬁ?Tﬁ)éZﬁ—é RELY, 2 0 > 0IZD2VWTA, = [[Te ™ p,(de) 72H& A=
J" e p(dae) IFAERDMEIZZR D . JE L, [t & fin(de) = ey (dx), fi(de) = e pu(da)
r‘:E&Dé c‘: un((O, 00)) = Ap, 11((0,00)) = A 8D pip, p DROVIZ fi, i BFEAZDZ
CAT pg, p IEERBETHD EIELTEWV., TOEE, BREM y=e " I2&2T, Z
DOHEIZE TS (0,00) EORE%E (0,1) EORMBEICBET S48 1013 1IZ/gETES. [

EF 10.16. W L(z) 2 x — oo IZB T HBEHEE (slowly varying function) TdH D
I AEED c> 01T/ LT

L(cz) ~ L(z) (z — o0), THEDL  lim Liea) =1

soe L(a)

BEALLTWS I EThD. b 2iE (loga)’ IHBEEHHECTH 5. [



68 10. gk fEHZR Tauber BIEHE & Z DG H
EIE 10.17. F(x) 1& 2 = 0 (21 2 4k 2 BRI (R T h Y, F(0)=0 %
WELTOWREDTHY, a>0 THDEU, L) IF z— oo LB ITIBELHRMTH S
D RSN ) R

MO\ = /0 T e g (1) ~ ALY (AN 0)

BoE
) 7 M(z™h) x*L(x)
@~ e D " Ty ®7
AN AVAC IS
SR, SR Gr) %
xa
G():F(a+1) (x20), G@)=0 (z<0)

EEDDE, >0 LT

e “dG(x) = —/ ey = / et dt = ¢
| @) =161 J, () Jo

MWENLT S, 2 DOHDEST z=t/c LBV
c>0D&E M(\) OFREEENIETHRELY,

M(eX) oA L{cIA7h . o
MOy T ey T —14 e dG(z) (A N\0).

XI5 M) DEFRLY,
M) 1[0 © (F(/N)
MO :Mw/o oar = [ d(M(A))‘

lim Oooe_“d (%) - /0 T emaGle) (0> 0).

L7=ds>C, i 10.15 &

Wz

F(z/\) () = x

Yo M) (x)_l“(a+1) (z>0)
LB, THRDL o
M(N)x®
r=1¢EZ, N2 2l TEIMRADILIZLST,
Flz) ~ M(z™1) z*L(x) (z — 00)

Tla+1) T(a+1)
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11  {F§%: Taylor O EEICEIERDEA

[(Taylor EEFADEH £ T)+(FIRHEH)] ORADAX% Taylor DEERLES. ZOHIT
I& Taylor DEFDEHD FEIZOWTEHHT S, ZOHONFIZIEFEIZH LWV,

11.1 FBERERIEE Taylor DEHE
o R I N RIRIE % £ D Taylor D&M IE

+f ) day

ZHHIZHYIRUHWS Z2IZ& > TR EETH 270 FEE, Zhi

+ /: 1" (x2) dxo
£@) = f(a) + f(a) / "oy + / " da / " () .

Z 2 CHRROM R 2S5 T /DI

/: dx; /;1 [ (w2) day = /: (/:1 f”(xg)dx2> dz,

EVWHEZITHEHWEZ IHI
+/ f///(xg) dl’g
ZRATD L

(@) = f(a) + ['(a) / dzs + ["(a) / dy / “d + / iy / s / ) dis.

SIZA U#EZ © 5 —E# ) KT &

f(x) = f(a) + f'(a) /dm1+f” /dxl/ dzs + ["(a /dml/ da:Q/ dzs + Ry
R, = /da:l/ dxz/ dazg/ f (x4) dry.

PAEDFHE % i AU IR DKL T D Z 3D S

Th—1
Zf(k /d$1/ dxy - - / dry + R,
R, —/dxl/ dxs - - / dx,,_ 1/ f(")(xn) dx,,.

(X AUNC R

VDTS T 2D BB RN



70 11.  f+8%: Taylor DEEIZFEA DS
R, ZBRELIER. DL EOFRTIERES ORI L 2MFE > TR0,

FIRELANDZIRIEFIEAT D K S IZIEFIZ (< EORZMD 2L ITL>TRZID)
RGIEHAEIND:

/dml—x—a,
T _ 2
/d:r;l/ dxy = / (x1 —a)dxy = (z za) ,
T _ 4)\2 _ )3
/dxl/ da:z/ drs = / (71 5 @) dr; = (@ 3'a) ,

Th—1 (v — a)kt x—a)k
/dxl/ dzs - - / dz;, = / (1k;—1)) dr, = %

r>a D& I, ZOFERERIE ERGCL HERDERED k! 50 1 2B HRLTWS:

o k=10 I BADMEIFED {z1]aS S} DRIILED.
o k=20DLE FIRESDMEIXIEN (a,a), (x,a), (z,z) ZFFOEMA _FL=MHF
{(z1,22) [a Sz S0 S0}

DER, THDEEHEOER (« — a)? DERTH S, BT EDIHIE, 20 = 21
EWET (21, 00) OOV TRATEMETHD. EHVREOTRE B2 70
c:‘i T é ) %{%flj‘ (Il,l’g) CZOb"C%Fﬁﬁ\b@HMlib\HEb‘

o k=3 D& ¥ FXWSOMEIXIER (a,a,a),(x,a,a), (z,z,a), (z,z,z) ZHKDVUHAAK
{($1,$27$3) | aSr3S xS oy S IE}

DR, §ROHNLHERDOEE (v —a)® D 3 D 1ITRD. 3 5D 1ICRDH
HIE, 23 S 2y S 2y 23727 (21,29, 73) DAL DVWTHEATEINOTHD. LS
KEIRDEFEZ G 7201201 253 £ 29 £ 2y OUADIEFRIZIWHA TS GTXTD
a < xy,29, 13 < 2 (IZDWTHES URITIURN TR, 21, 29, 25 DIEHEUL 3 fHZRD
TEZENLDUARTT OB 31 @) HD.

o —fD k DHGELULLFERTH S, BIRES DMEIFXTH A
(a,a,a,...,a),(z,a,a,...,a),(x,z,a,...;a),...,(x,z,z,...,x)

2ROk RoTHAR!

A
/\

{(l‘17x27"'7xk)|a§$k $2<$1 ﬂf}

TEN R DARTE (2 — a) o> k! 63\03 1 7;%).

NS, Moy, =M, WHERD k Roih % k IROCHAK (simplex) & IS8



11.2. FIRHEOMIHED L2 5 DFHM & Taylor EH D 2 A& 71

LU EICE > T Taylor RADERDDEHICERNRONSERGARICA oL 205,
1 D k BIOBIRED OFERIE & IRTCSLSRDOEED k! 730D 112785 DTHEHT k! 238
Hd.

UEDFED:

+Rn>

x Tn—2 Tn—1
R, = /dxl . / dxn_l/ f(”)(xn) dx,,.

INEFESFRIERID Taylor DFEEBEFERZ & 129 5.

AR MO IS IZHFRATE L. n BOEE f™ () 2 n BREXES T f(z) A
LNZIETTHD. LML, BOEBEZZRTNIEL 2 1IZDO0WT n— 1 IRUFOHEIEUL S
ZLITRD. TORER, LROL D BAANELND:

f(I) = Qo —l—cu(x— a) +a2(x _a>2+"'+an_1(x— a)n—l YR,

ZIT R, FEDXDIZEEINZ fO(2) & n BIBREALAZEDTHD. ZORD
Ml% k=0,1,...n—1HMALTCar=a EBFIEXR, »ORKDIIHIL0IZRDDT,
f®(a) = Klay, D505, 805 ap = fW(a)/k! TH 5.

PAEDFHROHSIE, BRI f(z) = D02 an(r — a)F EBWTHHLZ D K U
LCTa=a BT LIZEDT ap ZIRETDHIKLEUED, BIARE R, ORI
25> TS DT Taylor AEELD AN B0 2 5 72 F v THE U R,

Z D & D IZRIRIER & D Taylor OFEHIE Tn BEOEKE ) (2) &2 n BIBIRESTH
FH LD flz) WEOENDIETE] LWIIEFICE LB RERLNLREIRFLNDD
Thd. N

11.2 FRIEOIEIMED LA S DOFLH & Taylor B D EAH!
FIRE R, D n — 00 TOIWZNETZHLIE

=1
kgk_ ZL'—CL

MWL T D, TNEEE f D 2 =a IZB) D Taylor BRI & 5%,

FIRHEHDOKEZX %2 ENSFHEIT 2 72OIIFRD LS I2FiE L. £ R >0 2H-
T,z OFLEFHZ |2 —a| S RICRETD. LT, HD M, >0 T |[fW(2)| £ M,
(lJt —a| S R) ZWi723TEDEEMITIED. TDLE

Tn—2 Tn—1
Az, 1/ dz,,

&85 DT, M,R"/n! — 0 72 51X Taylor B [z —a| £ R IZEWT f(z) IZ—HRIK
5. FIREDBARNZILZDE D & D RREOHMXAED > S DR (R) DSH3& <
ﬁ#’)ﬂ’bé

22 = 0 1281} 3 Taylor JER % Maclaurin JEFH L FERZ L 235 5.

_ M, |z — a|™ < M,R" R)

[ Bl = n! - nl

di[fl




72 11.  f+8%: Taylor DEEIZFEA DS

72 & Z1E M, RN n OFEREFEE 22 513 Taylor BBIFINK T 2 (A"R™ /n! — 0).
ZTDIEMNH, e, cosx, sinx D Taylor BEAMNED X D74 a, 2 IZDWTEHEIZIHT B
ZEMEGIHENDOEND:

" > . x2k x . l'2k+1
— — -1 i = —1 .
a8 ;( TS T ;( oy

m&i
[
& L0

M, OMRHEED n! & [F URREDLEIZIE Taylor BFHIE [z —a| <1 T f(z) (IZIERT
5. 2eZF fla)=1+2)* DL ¥,

fP@) =ala=1)-(a—n+1)(1+2)*"

BROT, ZD f D x=0TODTaylor JBRIE |z| <1 TPHKT D Z & b»nd. FERIZLT
f(z) =log(l+ ) ® x =0 TO Taylor BRI |z| <1 THRHRT DI L300 5.

[o.¢] o k
(L+a) =Y ((;)xk (Jz| <1),  log(l+z) Z ) 19” (|z| < 1).
k=0 =1

IROD Taylor BHHE & <flibNd:
= z*
—log(1 — x) Z? (|z] < 1).
INZiRL AKX

Li, (x Zk— (Jz) <1, r=1,2,3,..))
k=1

TREHEINDEE Li,(z) 1% r IROZ BN (polylogarithm, IR Y 1 2) L IEZH
TWd. T Lig(z) W& dilogarithm GEFRA A 1O 2) & Liz(z) O¥EIZIE trilogarithm (@
D BY) EEENT NS, 2Dk X

dLi,(z) Li,_i(x)
dr x

BODT, ZENBEBUX

Li, () / da:r /‘”3 d:zrg/ drvy / / dxy % dx,
s 1—x; 1— 2 29 Z,

<1< <zr<T

dl’l

(r22), Lil(x):—log(l—x):/om

1—.231

EERERBENRRINDG. 2 OHOEE T 0< <1 2{KE L. YLEZE&HOESD & Riemann
DY —REHD 2 DL EOEER r 2B TR MEORE D RRVELND:

ad dry dzo dx,
:E _LT —= ... =2,3,4,...).
¢(r) 1 / / 1= xy Ly r ’ )

n= 1 O<z1 < <xr<1

MY GEEE BIAR I T U £ 572D T, Taylor DEHDFEIZREA 5.
KOG E, FRHED R, OFAMN (R) 25> THIUZ 3 BD 720, %IJ,%IE R, %%
KA TG L, 1EDOEA TRRTIAADDHL2OTENEZRNALTE IS, flHD/-



11.3. ¥ EMS AR DML 73

Hale LIRELES (a2 2 OBEERETHS). R, DBERHENE o < 2 < 2y <
S S ThREBBATHE D LI LRSS, 1, 12k DR & —BAMUI S &
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