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Gen KUROKI  (Tohoku Univ.) Quantum birational Weyl group actions

Quantum birational Weyl group action

GCM [aij] diai]’ = djaji, <h7;,047;> — Uqg5, Oéq\;/ — d;l()éi
. 1— ii 1—ai-—k . .
Ore domain g-Serre: Y, (—=1)%| ka’ﬂ}qiei 7 Tejel =0 (i # 7)
A, = (ei,a;)icr  Parameters a; = ¢%: ae; = e;a;
i
Field of fractions K,=Q(Ay) ={ab | a,be A, b#0}
1
ere;e; is an n-independent rational function of ¢
o) |
! Lodh=ai =g (g =q%)
V V
Weyl group action s;(e;) = e, eje;
on Kq si(aj) — CLZ-_aijCLj ( < Sz'(()éj) = Qj — CLijOéi)

Both ¢-difference analogue and canonical quantization of
the birational Weyl group action given by Noumi-Yamada math/0012028.
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o) o)

Explicit formulae for s;(e;) = e, " ¢eje; "

2k+a;; . .
o [z,yl, =2y —quyx, q(k):=¢q; " (¢ # 7)

e Define (ad, e;)*(e;) for k=0,1,2,... by

(adq ei)k(ej) = lei, [+, e, e 6.7'](1(0)]q(1) " ']q(k—Z)]q(k—l)'

k
v(k—1+ai;) | K
e Then (adq ei)k(ej) _ Z(_l)yqi (k—1+ zy)[ ] el.c—lfejel,/_
v=0 v d;
o ¢-Serre relations < (ad,e;)"(e;) =0if i # j and k > —a;;.
(

€; (Z:])v

o s5i(€;) = 7 i vV oY
> g )[ k] (adg e) (es)e; (i # ).
k=0 q
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Quantum birational Weyl group actions

Quantum geometric crystal structure on /C,

GCM [aij]
Ore domain
-Aq — <€7;, ai>z’EI

!

Field of fractions

!

n, ,—
€; €5€;

!

Quantum geometric

n

crystal str. on I,

The Verma relations for e

diag; = djajs, (hi o) = ag, o = di 'y

1 — s s l—a;;i—k . .
g-Serre: Y, (—=1)¥| ka’”}qiei Y eiel =0 (i #£ 7)
Parameters a; = ¢%: a;e; = eja;

K,=Q(A) ={ab~'|a,be Ay, b#£0}

Is an n-independent rational function of ¢’

gt

e;(e;) = efeje; "qpm
e;(a;) =t %ia,

t
)

— Weyl group action s; = €;"
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Generalization
S | t 1 k 1_aij 1—aij—k k _ O . .
g-Serre relations Y, (—1)"| "~ ]qiei eje; =0 (1 # j)
l
Verma relations efef“eé = eéef“e? if a;;a;; =1, etc.
l
Assumption el're; " is a rational fucntion of ¢
} og—=t
Quantum e;(z) = efze; |t
geomtric crystal  el(a;) =t %ia; (action on parameters)
l
: o) o)
Weyl group action s;=e;' (a;=4¢q,")

Actions of the lattice parts of affine Weyl groups
— g-difference quantum Painlevé systems



Gen KUROKI  (Tohoku Univ.) Quantum birational Weyl group actions

Quantum Schubert cell

Reduced expression of w € W: w =5s;, -8y, i = (i1,...,1n).
1
Ai = <a3,,,az->, /Ci — Q(.Aq) — {ab‘l ‘ a,b - Ai, b 7§ O}
Defining relations:  z,z, = quz,x, (@ <v), a; € center.
bi iy .
quv ‘= ¢ v bz’j = diaij.
)
(3317 .« u 7:EN) — eqil(xlF’h) T eqiN(fUNFiN)
IS quantization of a positive structure of a Schubert cell.
1
g-Serre relations for e;,
€ = ZiV:ZxV n —-n - f ' f qg™
e;'x, e, 1s a rational function of g;".
1

Quantum geometric crystal structure on K.
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Explicit formulae for e!(x,)

° X = Ziuzi, pey Ty Y= Ziﬂzz‘, p>v e
e Then €;, = X + 57;1/7;5[7,/ +Y.
o If 7, =1, then

1+ ¢?(z, +¢?Y)X P 1+¢Y (X +a,) 1
1+ q?t‘2(a:,, + qfY)X—1 1+ q?t—zY(X + x,)"

o If ’iy 35 i, then — 4, z 0 and

ef(xy) — %y,

— Qi —2(k—1),_9 —1
ef(x,,) — t_a'iil/ajl/ H L+ di —Z(k—f) ra :
=1 l4+gq, yXx-1
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Remarks

e All the expressions for el(x,) are subtraction-free.
IC; depends only on w € W up to canonical positive isomorphisms.
1 generalization
Various quantum positive geometric crystals
1 classical limit
Various positive geometric crystals
1 ultra-discretization

Various crystals

e v, and ¢;.

o ej(e;) =ei, ef(qY) =t"g™.

o g; := const.q%e;, ;= const.q”%e;. (&; = q*%ip;)
o Then el(yp;) =t%p;, el(e;) =t %;.

1
i )

o quantum t~2, ¢?% «— classical “c", “a;
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Files

e Old version of this file —
http://www.math.tohoku.ac.jp/“kuroki/LaTeX /20100924 Nagoya.pdf

e Quantum M-matrix for A, case —> §1.6 of
http://www.math.tohoku.ac.jp/ kuroki/LaTeX /20100630 _Osaka.pdf

e Quantization of the birational action of W(Aq(i)_l) X W(Ag_)l) given

by Kajiwara-Noumi-Yamada nlin/0106029 for mutually prime m,n
— http://www.math.tohoku.ac.jp/ kuroki/LaTeX /20100630 WxW.pdf

e Theory of quantum geometric crystals — in preparation

For more details see the following pages.
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Symmetrizable GCM and root datum

o Let A= |a;j]; jer be a symmetrizable GCM:
o a;; = 2, aw§0(z7éj), CLijZO P CLjZ'ZO;
O diaij — djaji, d; € Z>O.

o Let ((,):QVXP—=Z, {hi}ic1 CQY, {a;}icr C P) be a root datum:

e finitely generated free Z-modules )V, P and
perfect bilinear pairing (,) : QY x P — Z.

o {hitier C Q" is called a set of simple coroots.
Q" is called a coroot lattice.

o {a;}tier C P is called a set of simple roots.
P is called a weight lattice.

o (hs,a) = ag;.
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The group algebra F[q"] of the weight lattice P

e Base field F := Q(q).

o Fl¢"]:=D,cpFe*, ¢ =" (AN peP).

k

¢ —q"
o [z]g:= —q1 kgl i=[1g[2]g--- [klg (k€ Zxo).
1 fr—k+1
o |V = 2lglw = Uq -z = k + 1, (g-binomial coefficients).
k q [k]q'
e qi:=q%, = dz-_lozi (= a simple coroot).
v oz\/
Remark. ¢=%% = ¢=* c F[¢'] = [ ’] c Flg".
q

)
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Quantum algebra A, = (¢*, e; |\ € P,i € I)
Assumptions.

(1) A0 is an associative algebra over [F generated by e; # 0 (¢ € I).

1—az~j

(2) g-Serre relations: Z (—1)" [1 _kaij] e;_aij_keje,]f =0 (i#})
(3) A, :=Fl¢"] ®F Aqlfoz?s an Ore domain(%i

Identification. ¢*=¢*"®1c A, e=1R¢ € A,

Remark. ¢’e; = e;q” in A,.

e Q(A,) := (the quotient skew field of A,) ={as ' |a,s € A,, s #0}.

Example. The root datum is of finite or affine type
—> A, 0= U,(ny) satisfies all the assumptions above.

11
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Iterated adjoint by e¢;

e Assume ¢ # j.

2k+a;;
o [z,yl, =2y —qyx, qk):=q;, "

e Define (ad,e;)"(e;) for k=0,1,2,... by

( )" (e;)
( )~ (e5) = leis e5]40),

(adg e:)*(e;) = [ei, [€is €5]q()]g(1)r - - -
( )" (e;)

) — :eiv [ ) [e’ia [67;, ej]Q(O)]Q(l) T ]Q(k_Q)]Q(k_l)-

k
v(k—1+a;;) | F
e Then (adq ez)k(ej) _ Z(_l)yqz (E—1+ 'LJ)[ ] erl;—l/ejeiy.
q

1%
r=0

)

o ¢-Serre relations <= (ad,e;)*(e;) =0if i # j and k > —a;;.

12
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Conjugation by powers of ¢;

e Forn=0,1,2,...,
(

n —
€; €;€;

n

\

\

€; (i:j),

B A O L N )
_ k=0 q

)

\

o Definee;ieje, ' € Q(A,) by

’

€; (Z:])v

=4 — (k+a;j) (e —k) 04?\;/ k —k :
Z ¢ i [ . ] (adg ei)"(ej)e; (1 # 7).
q

| k=0

)

e x> el're; " is an algebra automorphism of Q(A,)

&
— €5 —~ e, €je,

vV vV

1

Quantum birational Weyl group actions

" is uniquely extended to an alg. autom. of Q(A,).

13
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Qauntized birational Weyl group action

Theorem 1. The algebra automorphim s; of Q(.A,) can be defined by

\Y \Y

si(e;) =e;teje, (i€l si(q?) = ¢ hiNei (X e P),

1

Then {s;}icr satisfies the defining relations of the Weyl group W':

SiSj — Sij,; (a,ija,jz- — O), SZ'SjSi — SjSiSj (aijaji = 1),
SiSjSiSj = SjSiSjSi (aijaji = 2),

_ — 2 _
§¢5j8i555i55 — §45{5j5{5;5; (az-jaji — 3), S; = 1.

Thus we obtain the action of the Weyl group W on Q(A,). ]

Remark. This is a g-difference version of quantization of the birational
Weyl group action given by Noumi-Yamada math/0012028.

14
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The Verma relations of {¢;};c;

e (Lusztig's book (1993)) q-Serre relations of {e;};cr implies

o (aij,a;) =(0,0) = efeé— = egef,
o (aij,a;)=(—-1,-1) = efe?“e,ﬁ-—egefﬂef,
o (ajj,a)=(—-1,-2) = efe?k+lef+le§- = eéefﬂe?kﬂef,
o (aij,aj;) = (—1,-3)
— o €§k+l 3k—i—l §k+2l€i€+leg _ ejeif—l-leijk—l—Qle?k—l—le?k—i—l ic

These relations are called the Verma relations.

e The Verma relations
— {s;}icr satisfies the defining relation of the Weyl group.

e For details see arXiv:0808.2604.

15
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Quantum geometric crystal structure on A,

e The algebra homomorphism e! : Q(A,) — Q(A,)(t) is defined by
ej(e)) = ejese; "y, (GED),

ol(q) =t~ "Nt (A e P).

o Then e/ = 1dg(a,), efle? = eflt2 :Q(Ag) = Q(AY)(t1, t2).

e Furthermore {e!};c; satisfies the Verma relations:

. t1 12 to 11
° laig,05) = (0,0) = e, ejt _t?ji ty titg t
o (ajj,a)=(—-1,—-1) = ele”ef—eQe”e]l,
ty tite t1t5 _to _ _ta _tits _tity t
o (ajj,a;)=(-1,-2) = e;'e/'%e; e’ =ele “e’ ‘e,
o (aij,aj;) = (-1 _3)
3 2 42,3
b1 tito tots t1t3 t1t3 ¢ ty L1t 1t 1213 ¢ty ¢
— ellellf2ge)] 2pt1t2gt1tata _ Gta b1t Jtits [t (tita (b

J ( J ( J J e J ( J (2

16
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Definition of quantum geometric crystal

Definition. (IC,{e!};c;) is called a quantum geometric crystal
If it satisfies the following conditions:

o ICis a skew field.

e’ is an algebra homomorphism K — KC(1).

el isregularatt =1. e} = idg, ezlez2 — efth.

{el};cr satisfies the Verma relations.

F[q"] is a subalgebra of the center of K.

el is regular at t = ¢* for any \ € P.

el(¢*) =t~ Mg for X € P. ]

1

O O O O O O

Remark. For the classical case, see Berenstein-Kazhdan math/9912105.

Proposition 2. (Q(A,),{el}ics) is a quantum geometric crystal. ]

17
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Weyl group action on a quantum geometric crystal

Proposition 3.

Let (IC, {el},-;) be a quantum geometric crystal.
9 BEAS g g y

o

Put a; =q¢* =¢q," and s;(x) = e, (z) fori e I, x € K.

1

Then s; is an algebra automorphism of K with
si(q") = g PN — siA) - for A € P.

Moreover {s;};cs satisfies the defining relations of the Weyl group W
and hence generates the action of IV on K. [ ]

e Propositions 2 and 3 — Theorem 1.

18
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Quantum Schubert cell

® bij = diCLf,;j. Then qu; = bij and qbij — q?ij
o i:= (’il,ig,. . ,ZN) - IS

e A; o := the associative algebra over F = Q(q) generated by {x,})_,
with defining relations:  z,x, = qbzﬂi”azﬂxy (n < v).

o Ai:=Flg"]®rAio=(¢" 2, |N€P, 1SV =N)
(Identification. ¢(* ® 1 =¢*, 1 ®x, = x,)

e Then A; is an Ore domain.

o If w=s5;5;"--5;, Isa reduced expression of w € W,
then (Q(Ap ;) depends only on w (Berenstein g-alg/9605016)
and is the rational function field of a quantum Schubert cell.

19
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Quantum geometric crystal structure on A;

YR — ZiV:i x,. Then {e;};cs satisfies the g-Serre relations.

e Assume {i, |v=1....,N}=1. (4— inessential assumtion)
Then e; # 0 for all 1 € I.

Theorem 4. (quant. geom. crys. str. on A;)
The algebra hom. e! : Q(A;) — Q(A;)(t) can be defined by

el(z,) = ez e; "] e;(q?) =t~ hiN A

) q; —t’
Then (Q(A;),{e;}icr) is a quantum geometric crystal. ]
Remark. An induction onn =20,1,2,... proves that

elx, e, " is an n-independent rational function of g
Explicit formulae — Next page

20
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Explicit formulae for e!(x,) and their positivity

° X = Ziuzi, pey Ty Y= Ziﬂzi, p>v e
e Then €;, = X + 57;1/7;5[3,/ +Y.

o If 7, =1, then

1+ ¢?(z, +¢?Y)X P 1+¢Y (X +a,) 1
1+ ¢t 2(z, + ?Y) X1 14+ g2 2Y (X +2,)V

o If ’iy # i, then — 4, z 0 and

ef(xy) — %y,

— Tiiy —2(k—=1),-2 1
s 1 +gq, 7Y X~

t _ iy,
e/(r,) =t Ty H D) —
—1 1-+g; Y X

Positivity. All the formulae for e!(z,) are subtraction-free.

21
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Commentaries

e ; and ¢; for A, and A; cases.
© ef(ei) = €4, eg(qo‘i) = t_2qo"i.
o g; := const.q%e;, ; := const.q” Yie;. (e; = qzai%)

o Then ef(gpz) — t2g07;, eﬁ(ei) = t_2€i.

o quantum t~2, ¢?® «— classical “c", “a;

e Classical limit of A, o:
Poisson subvariety X C U_.
(U_ = expn_, the lower maximal unipotent subgroup pf G)

e Classical limit of A; o:

Xi={(z1,.-,2n)} = {yiy(@1) - yiy(zn)} CU-
(y;(x) = exp(xF;), F; = (the lower Chevalley generator of g))

22
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Files

o This file —
http://www.math.tohoku.ac.jp/“kuroki/LaTeX /20100924 Nagoya.pdf

e Quantum M-matrix for A, case —> §1.6 of
http://www.math.tohoku.ac.jp/ kuroki/LaTeX /20100630 _Osaka.pdf

e Quantization of the birational action of W(Afi)_l) X W(Aq(ll_)l) given

by Kajiwara-Noumi-Yamada nlin/0106029 for mutually prime m,n
— http://www.math.tohoku.ac.jp/ kuroki/LaTeX /20100630 WxW.pdf

e Theory of quantum geometric crystals — in preparation
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