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Abstract. Fock space representations of affine Lie algebras are studied. Explicit forms
of correction terms adding to the currents F;(z) are determined. It is proved that the
Sugawara energy-momentum tensor on the Fock spaces is quadratic in free bosons. Fur-
thermore screening operators are constructed. This implies the existence of generalized
hypergeometric integrals satisfying the Knizhnik-Zamolodchikov equation.
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Introduction

Studies of integral representations in conformal field theories are initiated in [DF1,2].
Following the earlier paper [FeFul,2], Dotsenko and Fateev found that conformal blocks in
the minimal models introduced in [BPZ] can be represented by generalized hypergeometric
integrals. (Throughout the present paper, conformal blocks are those in genus 0.) The
paper [TK1] is closely related to this result. Recently, Felder [Fel] has constructed Fock
space resolutions of irreducible representations of the Virasoro algebra and made the
physical argument in [DF1,2] precise. His work is also based on the very deep results in
[FeFul,2] on representations of the Virasoro algebra. The above studies start from the
existence of Fock space representations and screening operators for the Virasoro algebra.
In the Wess-Zumino-Witten models, the following problems are fundamental for integral
representations:

(a) Construction of Fock space representations of affine Lie algebras.

(b) Realization, by free bosonic fields, of the Sugawara energy-momentum tensor on the

Fock spaces.

(c) Construction of screening operators.
(d) Construction of generalized hypergeometric integrals satisfying the Knizhnik-

Zamolodchikov equations.

In [KZ], the Knizhnik-Zamolodchikov (KZ, for short) equations are obtained by rewriting
the Sugawara construction of an energy-momentum tensor in the setting of conformal
field theory. This is the reason why it is necessary to consider the problem (b). Tt is
widely known that appropriate solutions to the first three problems lead to that of (d)
by standard deduction. In the present paper, we solve these problems for the affine Lie
algebra attached to an arbitrary simple Lie algebra.

We shall now briefly review some known results about integral representations in
the Wess-Zumino-Witten (WZW, for short) models. For the first time, in [CF], Christe
and Fliime succeeded in writing down certain integrals satisfying the sly KZ equations
for four point functions. The integrals in [CF] are the special cases of the generalized
hypergeometric functions studied in the pioneering works [A1,2] and [VGZ]. This part has
been recently generalized in [DJMM], [Mat] and [SV]. The case for sly N point functions
has been obtained in [DJMM] and the case for sl,, N- point functions in [Mat]. In [SV],
Schechtman and Varchenko have succeeded in constructing generalized hypergeometric
integrals satisfying the KZ equations attached to arbitrary Kac-Moody algebras as well
as arbitrary simple Lie algebras. These results are obtained without Fock space repre-
sentations of affine Lie algebras, which are treated in the following studies. Fock space
representations of <;l\2 were constructed by Wakimoto [W]. Constructing screening opera-
tors for sly, Marshakov [Mar]| has given another proof of the results in [CF]. Fock space

representations of spa ~ So; as well as of sl,, are constructed in [GMMOS]. Recently, in the
remarkable papers [FeFrl,2], Feigin and Frenkel have proved the existence of Fock space
representations of arbitrary affine Lie algebras. In particular, for s/l;, they have explicitly
constructed Fock space representations . and screening operators. Note that, using this,
we can also solve the problem (b) for sl,,. Hence the results in [Mar| and [FeFrl,2] imply
those in [DJMM] and [Mat], respectively. Fock space resolutions of irreducible representa-
tions of affine Lie algebras are treated in [BF|, [FeFrl,2] and [BMP]. These are related to
integral representations in higher genus Riemann surfaces and quantum group structures
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in the conformal field theory. However, these parts are not treated in the present paper.

As mentioned above, the problem (a) has been already solved in [FeFr1,2]. However,
in order to solve the other problems (b),(c) and (d), we need more precise analysises of
Fock space representations of affine Lie algebras. The most important points are the
following;:

(i) Explicit expressions of current operators by free bosons will be very complicated in
general. Avoid direct computations using them. Manipulate only general relations
obtained by general arguments.

(ii) In all steps, treat not only an affine Lie algebra but also the Virasoro algebra simul-
taneously.

Of course, (i) is important for finding what is essential. Under the treatment (ii), we can
also use the same method in [FeFr1,2]. Thus we can construct Fock space representations
of the affine-Virasoro algebras attached to simple Lie algebras. However (ii) is crucial
for our argument. Because the Virasoro algebra is very useful not only for solving the
problems (b) and (c) but also for determining the explicit expressions of correction terms
for current operators.

In the present paper, for simplicity, if we say A is an algebra or a vector space,
then A is one over the field C of complex numbers. However, all the results, in the
present paper, except for those about integral representations also hold over an arbitrary
field of characteristic zero. We shall often use the notation N = {0,1,2,---} and Z =
{0,£1,£2,---}. We denote by U(a) the universal enveloping algebra of a Lie algebra a.

0.1. First we shall prepare the notation of a simple Lie algebra and its representations.
Let g be a finite dimensional simple Lie algebra, { H;, E;, F; | i = 1,--- ,r } its Chevalley
generators, and {aj,---,a, } the set of simple roots of g. Let h, ny and n_ denote
the subalgebras of g generated by {H;}, {E;} and {F;}, respectively. Put by equal to
the subalgebras h @ ny of g. Let A be a Lie algebra homomorphism from b_ to the 1-
dimensional Abelian Lie algebra C. The set of all such \’s can be identified with the
dual vector space h* of h. We identify h and h* by the Killing form (.|.) of g. Denote
by G the algebraic group corresponding to g and let By and N1 be the subgroups of G
corresponding to by and n., respectively. Denote by F' the flag manifold B_\G and put
o=B_¢€F. Let Ay ={p1, - ,0s } be the set of positive roots of g and {e, | @« € A} }
a root basis of n;. Then we have the isomorphism f from C® onto the open cell o N,
in F' defined by (2a)aca, — 0exp(zg, e, ) --exp(zs,es,). Denote by v = (4)aca, the
coordinate system of oN, given by the inverse of f. Thus the structure ring of oV,
is identified with the polynomial algebra Clz|. Let Ry, be the left representation of g
given by the right infinitesimal action of g on 0N, and the character \. We use the
notation M7 for the left g-module (C[z], Ry). (In the section 1, we shall denote by vy
the element 1 in M} = Clz].) We remark that Fock space representations of affine Lie

algebras will be defined as an affinization of M. It is easy to show that M} is isomorphic
to the dual of the right Verma module M i of g. Therefore, if we put A = Ay + Ay for
A1, A2 € b*, then we have a canonical g-homomorphism from M3} ® M3 to M5. An
affinization of this homomorphism is nothing but the bosonic vertex operator. For X € g,
we can represent Ry (X) by a differential operator R(X;x,d,,A) of first order, where we
set 0y = (%)aeA+' Then R(X;xz,0;,\) is a polynomial in (A(H;))I_,, as well as in X,
z and 0,. We define a left action of Ny on oNy by n - (oa) = ona for a,n € Ny. This
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action defines another left representation S of ny on C[z]. Similarly, for X € ny, we can
represent S(X) by a polynomial vector field S(X;x,0,) in z. We shall define screening
operators as affinizations of S(FE;) fori=1,--- r.

0.2. Next let us introduce free bosonic fields and Fock spaces. Fix a non-zero complex
number k. We shall introduce an algebra A = A ,; as follows. Let A be the algebra with
generators

(0.1) {za[m],da[m],pilm] | me€Z,ae Ay,i=1,---,r}
and the following commutation relations:
(0.2) [5a[m],x5[n]} = 0a,80m+n,0, [pi[m],pr[n]] = K(H;i|Hj)mOmn,0,

and other commutators are trivial. Define A as a certain Z-graded topological algebra
including A as a dense subalgebra. (For detail, see the section 2.) Formally we put

To(2) = Z;Zz_mma[m], da(z) := Zejzz_m_léa[m],

(0.3)

which are called bosonic free fields or free bosons. For H € h, writing H in the form
>oi_,a;H; for some a; € C, we put p(H;z) := > .._, a;p;(z) and define p[H;m] by the
expansion p(H;z) =Y, ., 2~ ™ 'p[H;m]. Let X be in h*. The Fock space F) is defined
as a left A-module generated by |\) with the following properties:

(0.4) pi[0]|A) = (A H)|A),  pi[m]|A) =0 form>0andi=1,---,r,
' To[m]IA) =0, 04[n]|A) =0 form >0,n>0and a € Ay.

These conditions uniquely determine F) up to isomorphisms. Furthermore A naturally

acts on F.

0.3. Under the above preparation, let us construct Fock space representations of affine
Lie algebras. In general, we denote by La the loop Lie algebra attached to a Lie algebra
a defined by La := a® C[t,t~!]. We denote by d the Lie algebra C[t,¢~!]%4 of polynomial
vector fields on the circle. Then we have the natural semi-direct product La & 0 as a
Lie algebra. We define the affine-Virasoro algebra g @ Vir attached to g as the central
extension of Lg @ 0 by CK & CC with the following relations:

(0.5-1)

(X ®fY®g =[X.Y]® fg+ (X[Y)Res(f'gdt) K,
(0.5-2)

5 98] = (F'9 = 9" 1) + 15 Res(f"g dt)C.
(0.5-3)

d
[f%,X(X)g] :X®fd—‘j for X,Y € g, and f,g € C[t,t™ "],
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where the prime ’ denotes the derivation with respect to t. An eigenvalue of K (resp.
C') on a representation space is called a level (resp. a central charge). Now we shall
define current operators and an energy-momentum tensor. Roughly speaking, the current
operator attached to X € g shall be defined by a substitution of z(z) = (zq (Z))aeA+’
i(z) = (5a(z))aeA+ and p(z) = (pi(z));l for z, 0, and A in R(X;x,0,,A). Denote by
{Ai};_; the dual basis of {H;};_;. Put 2p:=3" A, . For brevity, we often denote by
0A(z) the derivation of A(z) with respect to z. Formally we put

(0.6)

X(z) = R(X;2(2),0(2),p(z)). for X =H;,E;andi=1,---,r,
(0.7)

Fy(2) := 1R(Fy; 2(2),0(2),p(2)): + 700, (2) fori=1,---,r,
08)  T()= % 0a(2)0ralz) + — { ; p(Hi: 2)p(As: 2): — Op(2p; Z>} |

where | . denotes a certain normal product (see the section 2) and {v;}I_; is a set of
constants which will be fixed in the following theorem. For X = H;, E;, F;, the operator
X (z) is called the current operator attached to X and 7'(2) is called the energy-momentum

tensor written by free bosons. Then we can define X[m| € A for X = H;, E; F; and
L,, € A by the following formal expansions:

(0.9) X(z)= 3 2™ 1 X[m] and T(z)= > 2™ 2L,

meEZL meZ

Theorem A (Theorem 4.1, Proposition 4.2). There is a unique set {v; }I_, of constants
such that the Lie algebra homomorphism from g&Vir to A can be defined by the following:

X@t"— X[m], t"'4d— L,

0.10 k di
(0.10) K—k=x—g", Crc= 1mg7
k+g*

where X = H;, E;, F;, m € Z, and g* denotes the dual Coxeter number of g. Moreover
the vector |\) € Fy satisfies the highest weight condition for g & Vir:

H0)N) = AH)N, Lol = Axly), Eil0]]A) =0,

(0.11)
X[m]|A) = L,,|\) =0 for X = H;, E;, F; and m > 0,

where Ay = (25) Y (AN +2p). [J

Denote by 7 the Lie algebra homomorphism given by this theorem. Then we have a family
{(Fx,7)}rep= of left g @ Vir-modules, which are called the Fock space representations of
the affine-Virasoro algebra. (Explicit expressions of the constants {7;}I_; will be given
in Remark 4.3.) As mentioned earlier, the existence of Fock space representations of g
has been already obtained in [FeFrl,2]. However, in [FeFrl,2], the explicit expressions of

the current operators are described only for g = sl,,. In order to determine the correction
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terms for F;(z) by 7,024, (2), we shall use the Virasoro operators { L, }mez (see the proof
of Proposition 4.2). Let O be the closed subalgebra of A topologically generated by
{za[m]la € Ay,m € Z}. For the proof of Theorem A, we shall need certain results
about the Lie algebra cohomology of Lg @ ? with coefficients in O in order to follow the
method in [FeFr1l,2]. However, in the present paper, we shall not deal with the usual
Lie algebra cohomology itself. Instead we shall introduce a certain subcomplex of the

standard complex so that the homotopy operator n in the proof of Lemma 3.2 will be
well-defined.

0.4. A solution to the problem (b) is stated as follows. For any X € g, put X[m] :=
T(X @t™) and X(z) = >, cp2 "' X[m]. Let {Jp}dlmg be an orthonormal basis of

g with respect to the Killing form. The Sugawara energy-momentum tensor 754 (z2) is

defined by

1 dim g

(0.12) T (2) == E o7 (2)I7(2) 5,

where ° ° denotes a normal product for currents (see the subsection 4.4). We write the

expansion of this in the form TSV (z) =% 2=™=2L8VE  Then L5V is well-defined
as an operator acting on the Fock spaces.

Theorem B (Theorem 4.5). The energy-momentum tensor T'(z) written by free bosons
is equal to the Sugawara one on the Fock spaces:

(0.13) Ly = L3¢ on F, for N € h* and m € Z. []

This is deduced from Theorem A and the fact that, for generic A € h*, the Verma module
of g with highest weight A is irreducible and isomorphic to Fy.

0.5. We can construct screening operators as follows. Let A and p be in h* = h. There is
a unique linear isomorphism e?* from F,, onto Fxi, with properties

e\ = X+ ), [pilH;m], e™] = 6, (A H)et

(0.14) [l_a[m]’eqm] _ [6a[m],eq[)‘]} =0,

for H € h, a € Ay and m € Z. For brevity, put p[\;m] := k= 1p[\;m] for m € Z. The
bosonic vertex operator V(A; z) is defined by

z—m

m<0

019 vivsmen{ S fetep £ 2 |

m>0
For:=1,---,r, put
(0.16) Si(z) :=S(E;;2(2),0(2)). and si(2) == S;(2)V(—ay; 2).

If 5;(z) is formally expanded in the form e?™ 3" = s;[m]z=m+PA0 then each s;[m] is

well-defined as an element of .,/4\



Theorem C (Theorem 5.1). Fori=1,---,r, the operator s;(z) satisfies the following:

(0.17-1)

[Lin, si(2)] = %{zm+1si(z)}
(0.17-2)

[X[m],si(z)] =0 for X € by,
(0.17-3)

[F[m], 5:(2)] = =0 j 2{2"V (~ai;2)} forj=1,---,r,

4] 9z
where m € Z. []
We call {s;(z)}I_; the set of screening operators. The first two properties immediately

follow from Theorem A. The last property can be deduced from Theorem A and the first
two properties.

0.6. Now we have the solutions to the problems (a), (b) and (c). Hence we can obtain
certain integrals satisfying the KZ equations. First let us define the KZ equations. Recall
that M} denotes the dual of the right Verma module Mi Let A = (A1,---,An) be in

(h*)N. Put M/{ = ®i\;1 ML and M := ®51V:1 M5 . Denote by ( | ) the natural pairing
ofM;\, and M;\f For X eganda=1,---,N, put

(0.18) Ng(X)=1®---R10X®1®---®1cU(g)®N,

where X is placed at the a-th component. Put A(X) := Zivzl Ng(X) for X € g. Let Ao
be in h*. We define the weight subspaces of M ; and M ; with weight Ao by

(0.19-1)
Ml ={vTe Ml ol A(H) =0T (\o|H) for Heb},

(0.19-2)
My, ={ve M; | A(H)v = (Moo |H)v for H € b }.

Then M ; \ is finite dimensional and identified with the dual vector space of M {, \

1 INO0 tide ]

Note that M ; . does not vanish if and only if there exists an m = (m;)i_, € N” such
that T

N T
(0.20) )\oo = Z )\a — Z m; ;.
a=1 i=1

Thus we suppose this in the following. We define the space of singular vectors (or highest
weight vectors) in M ; \ by

(0.21) Si_(l) = {of M;AOO 0T A(m_)=0}.

For a,b=1,---, N, the operator Q, is defined by

1 dim g
(0.22) Qupi=— 3 Ag(JP) Ay (JP).

K p=1



Note that each 2, ; preserves the subspace SI\OO (M ;) of M ;. The Knizhnik-Zamolodchikov

equation of type (X, Aoo) 1s written in the following form:

0 F(2)Q,
(023) F(Z): Z M for a:lj... ,N’
024 1<b<N Za — %b
b#a
where z denotes (z1,---,2zy) and F' is a function of z with values in S/T\OO (M/{)

0.7. Next we refer to integration of certain multivalued functions. Put M := >\ m;
and t := (t1,--- ,tpy). Define 7 = (7(1),--- ,7(M)) by

(024) T 1= (17--.,1, ...... ,7’,"',7’).
m1 times m, times

For brevity, we use the following abbreviations:

- (wla"' ,U}L) = (Zat): (217"' yEZNst1, e 7tM)7

w
(026) ﬁ: (:u’l,"' 7/J’L) = ()‘17"' 7>‘N7_a7'(1)7"' 7_aT(M))7

where we put L := N + M. In general, for any n € N, put U" := {((1,---,(,) € C™ |
Ca # ¢ if a # b}. We define the projection p from U* onto UYN by w = (z,t) — 2. The
multivalued function I(w) = I(z,t) in UL is defined by

(0.27) w)=1(z,t) = ] (wa—wy)Halre)/=,

1<a<b<L

Let £ be the 1-dimensional local system on UL defined by I(w) and £, its restriction on
the fiber p~1(2) at z € UYN. Denote by O(UL) the space of rational functions of w = (z,t)
regular in U%. For short, we put dt := dt; A --- Adty. For z € UV, let I'(z) be an
M-cycle in p~1(z) with coefficients in the dual local system L} of £,. Then, for 2 € UY
and a rational function f(t) regular in p~!(z), the integral fF(z) [(z,t)f(t)dt is defined
and satisfies the following:

0

(0.28) -
r(z) Ota

Uz t)f(t)dt =0 for a=1,--- M.

We suppose that, for every rational function f(z,t) regular in UL, the integral F(z) =
Jr () l(z,t)f(z,t) dt is a multivalued holomorphic function of z and satisfies the following:

0 z) = 0 (I(z,t)f(z, 1)) dt for a=1,---,N.

. F
(0.29) 0= [ o

Note that, in general, for the existence of a non-trivial global family {I'(z)}, we have to
admit I'(z) to be multivalued in z.



0.8. Now, under the above notation, a solution to the problem (d) can be stated as follows.
Recall that, for each A € h*, we identify M3 with the polynomial algebra C[z] as vector
spaces. Thus, for I, = (Ia(a)) € N2+, we can regard zl* as a vector in M5, where

a€A+
we use the notation zfe =[] 220 of multi-indices. For I = (I,)N_, € (NA)N put
I

voi= ®2V:1 zle € M:\f Then the weight subspace M:\f’/\x has the basis given by

(0.30) B: = (| S Y o) = émiai}.

a=lacAy

Define the M ; ,_-valued function P(z,t) by

oo

N m
(0.31) (P(z,t)|v") == (0| T] TI xa(za)l‘l("‘) bl:[l S-)(tp)]0)  for vl e B;Aw,

a:l QGAJ,_

where we use the notation of correlation functions of free bosons (for details, see the
section 5). Then (P(z,t)|v!) is a rational function regular in U”.

Theorem D (Theorem 5.9). Under the above notation, define the M; \_-valued func-
tion F(z) by ’

(0.32) (F(z)|v) := /1“( )l(z,t)(P(z,t)|v> dt forv € M;\f’)\oo

Then F(z) is valued in S;r\oo (M;) and satisfies the KZ equation of type (X, Aoo). L[]

Before finishing this section, we should mention some remarks.

1. There are more essential objects than solutions of the KZ equations. They are con-
formal blocks for the Fock spaces, the restrictions of which give solutions of the KZ
equations. The above theorem is obtained as a corollary of the existence of integral
representations of conformal blocks for the Fock spaces. See Theorem 5.6 and Lemma
5.7.

2. The origin of the multivalued function I(w) = I(z,t) consists in the following formula
for the bosonic vertex operators:

L
(0.33) (os] TT V(pta;wa)|0) = ] (we —wp)®alH)/® up to phase factor,

a=1 1<a<b<L

where [ := 2521 Lha-
3. Denote by LT\ the simple right g-module with highest weight A € h*. Put L:r{ =

®iv:1 L;a. Then LTX is naturally a quotient g®~-module of M ; We can consider the

KZ-equation for the space of singular vectors in L}. Let G(z) be the projection of

F(z) in LE, where F(z) is defined by (0.32). Thus we obtain a solution G(z) of the
KZ equation for the simple g-modules.



1. Representations of simple Lie algebras

1.1. The notation follows 0.1 in Introduction. For example, g, h, Ay = {1, -+, (s },
and etc. denote a simple Lie algebra, its Cartan subalgebra, the set of positive roots of
g, and etc. In addition, we suppose that the Killing form (.|.) is normalized by (0|0) = 2,
where 6 denotes the highest root of g (see [Kac, Chapter 7]). Denote by A the set of roots
of g in h*. For a € A, let e, be a root vector attached to a. We assume, for simplicity,
that e, = E; fori=1,--- ,r.

1.2. Let us define z = (z4)aea,, Ry and S. For A € b*, let K/T\ be the right ideal of
U(g) generated by n_ and { H — A(H) -1 | H € b }. Define the right Verma module Mi
of g with highest weight A by M} := U(g)/K] and put v! :== 1 mod K| € M. By R} we
denote the right representation of g on M i:

(1.1) vRA(X)=vX  for X egandve M].

Since M ;\L is canonically isomorphic to U(n,) as right ny-modules, we can define the right
representation S’ of ny on M i by

(1.2) vf\nS'(X) = —vf\Xn for X e ny and n € U(ny).
Putting Mi,u ={ve Mi | vH = (u|H)v for H € b.} for u € h*, we obtain the weight
space decomposition Mi = @ueh* M;\,u' Define the dual M3 of M)T\ by

(1.3) M; = E% Home (M] ,,C),
m *

and denote by ( | ) the natural pairing of M )T\ and M}. Then we can define the left
representation Ry of g on M} by

(1.4) (u|Rx(X)v) = (uR\(X)|v)  forue M}, ve M} and X € g,

and the left representation S of ny on M7 by

(1.5) w|S(Y)) = (uS"(Y)|v) forue MJ,ve M and Y en,.

We have the basis {U/T\EI | I € N®} of M}, where we use the following abbreviation:
(1.6) E'=eflel --ef /(I 1,)  for I =(I;)5_, € N°.

Denote by { vy | I € N*} the dual basis of {UI\EI | [ e N° }:

(1.7) <UI\E1‘$J"U)\> =01,y for I, J e N°.

Then the natural g-homomorphism from M i 4 o M i QM EL induces a g-homomorphism
from M3®@M} to M3, ., Thus we obtain the natural algebra structure in M* = ®)\Eb* My,
which is characterized by

(1.8) zlvy - :L’JUM = x”"]vpm for I,J € N* and A\, u € bh*.

In other words, the algebra M* is identified with the tensor product of the polynomial
algebra in (z4)aca, and the group algebra attached to h*. Hence we can write M} =
Clzx]vy.
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1.3. In this subsection, we shall summarize some results on the forms of the operators
Rx(X) for X € gand S(Y) for Y € ny. Under the above identification, Rx(X) and S(Y)
can be written in the following forms:

a T

(1.9) Ra(X)= > Ra(Xsz)z—+ > pi(X52)(A\[H;) for X € gand A € b7,

a€A+ % i:].
0
(1.10) S(Y)= > Sa(YV;z)=— for Y e ng,
aEA L ama
where R, (X;z), pi(X;x) and S,(Y;x) are polynomials in = (24)aca,. Note that

R.(X;x), pi(X;x) and S, (Y;z) do not depend on A\. When R, (X;x) and p;(X;x) are
written in the forms

(1.11-1) Ro(X;2) = Y ap(X)ax! where a7 (X) € C,
IeNs

(1.11-2) pi(X;z) = 3 by (X)a! where b;(X) € C,
IENs

the coefficients a;(X) and b;(X) are computed by

(1.12-1) ar(X) = (W E'|Ro(X; )z 0v0),

(1.12-2) br(X) = (v} E'|Ry,(X)va,).

The coefficients in S,(X) are also determined by the similar formulas. Using them, we
can prove the following lemmas.

Lemma 1.1. For X € n; and o € A, the following results hold on the form of Ry(X)

and S(X):

(1) pi(X52)=0fori=1,---,r.

(2) Ro(X;z) and So(X;x) are polynomials in { x5 | 8 € A} and a > 3}, where o > 3
means that o # (3 and o — 3 = Y_._, m;a; for some mq,--- ,m, € N.

(3) Ro(ea;z) = —=Sa(eq;z) = 1.

(4) Ra,(eq;x) = Sa,(€q;x) =0 unless a = a;. [

Lemma 1.2. Fori,j = 1,---,r and a € A, we have R,(H;;z) = —(a|H;)zs and
pi(Hi; ) = 65 5:

(1.13) Ry(H)=—- ) (04|H)acai + (A H) for N\ € b* and H € h. []
aEA axa

Lemma 1.3. Fori,j=1,---,r, we have p;(F;;x) = 6; ;(AHi)zq,. [

Lemma 1.4. For )\ € bh*, we have the following commutation relations:

(1.14-1)

[RA(X),S(Y)]=0  for X,Y €ny,
(1.14-2)

[RA(H),S(en)] = (a|H)S(en) fora« € Ay and H € b,
(1.14-3)

[RA(F:), S(Ej)] = 0i j(\[H:) + (oj|Hi)xo, S(Ey) fori,j=1,--,r. []
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2. Bosonic free fields and the Wick theorem

2.1. Let A be an algebra with generators (0.1) and relations (0.2). We define the subsets
Ap and A4 of A by

(2.1-1)

Ag = {p0] |i=1,---,r},
(2.1-2)

Ay = {aalm], da[n].pilm] | a € Apym > 0,02 0,i =1, 1},
(2.1-3)

A== {za[m], da[n], piln] [a € Ay m <On <0i=1,--,r}.

Let Ay and Ay be the subalgebras of A generated by Ay and AL, respectively. The
normal product . . is the linear isomorphism from A_ ® Ay ® Ay onto A defined by

(2.2) a- ®ag®ay. = a_agay for ag € Ag and a4 € A4.
From now on, we omit ® in the left-hand side of this.

2.2. Now let us define a topological Z-graded algebra A including A as a dense subalge-
bra. Let D be the derivation of A with the following property:

(2.3) Da[m] = ma[m] for alm| = xz4[m|, o [m], p;[m].
For m € Z, putting
(2.4) Am| :={a € A| Da=ma} and  Ayg[m]:= AL N Am],

we obtain the decompositions A = @, ., Alm] and AL = P, -, A+ [£m]. Furthermore
we obtain -

(2.5) A[m] = @ A_[m — i]Ag AL 1] for m € Z.
i€z
We introduce the decreasing filtration {.A" [m]}n cy of A[m] by
(2.6) A" m] = @ A_[m — i Ag A4 [i] for m € Z and n € N.

i>n

—~

Let A [m] denote the completion of A[m] with respect to this filtration:

(2.7) Alm] = projlim A[m]/.A™[m] for m € Z.

Define the vector space A by
(2.8) A= P A[m].

Since A" [mq]A™[mg] is included in A"[m; + meo| with n = max{n; + mao,na}, the
multiplication map from A[m;] x A[ms] to A[m1 +ms] is continuous under the topologies
given by the filtrations. Thus we can obtain the topological Z-graded algebra structure
of A. Recall that, for A € h*, the Fock space F, has been defined in 0.2. The natural
representation of A on F) is induced by that of A on Fj.
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2.3. We shall recall the Wick theorem for free bosons. We have defined, by (0.3), the
following free bosonic fields:

(2.9) Ta(2), da(2), pi(2), where « € Ay and i =1,--- ,r.
Let each of a(z), b(z), am(z) and b,(z) be one of the operator in (2.9). Put
M N
(2.10) A(z) =1 ] am(2). and B(w) =[] bn(z):.
m=1 n=1

When A(z) is expanded in the form Y. _, 2™ "A,,, each A,, is well-defined as an
element of A. Set (h,d4,d-) := (0,1,0),(1,0,—1) or (1,1,—1) according as a(z) =
To(2), da(z) or pi(z) for some o € Ay or ¢ = 1,---,r. Expanding a(z) in the form
> ez 2 ™ "alm], we define the annihilation part a(z)+ and the creation part a(z)_ of
a(z) by

(2.11) a(z)y = ;l 2= halm)] and a(z)— = ;l z~mham.

The contraction (a(z)b(w)) of a(z) and b(w) is defined by
(2.12) (a(2)b(w)) := [a(2)4,b(w)_].

Note that (a(z)b(w)) is a formal series with coefficients in C. In fact, we have the following
formulas:

(2.13-1) (Ba(2)5(w)) = Ba gl — 0],
(2.13-2) (xa(2)0p(w)) = —6a.8(2 — w]_l,
(2.13-3) (pi(2)p;(w)) = w(Hi|Hj)[z —w] 2,

where we put formally

i+1 7
(2.14) [z —w] "= ( > z_m_lwm) =5 (—(%) S 27 lw™  for i € N.
m=0 :

m=0
Note that [z — w] 71 # (1) w — 2] 771,

Lemma 2.1 (the Wick theorem). Under the above situation, we have

M N
A(2)B(w) = :m111 am(z): . n];ll by (w):
(2.15) 00 ) % . .
= Z Z ' <mina(z’)> . H am(z) H bn(z).,
v=0 i=1 1<m<M 1<n<N
mél ng¢J

where we put (mn) := (@, (2)by(w)) and the sum Z(V) runs over the following data:
I={my,--- ,my,} withl<mg <---<m, <M,

(2.16) J={ny,---,n,} withl<mn; <---<n, <N,
o € 6, = { permutations of 1,--- ,v }. []

The proof is straight forward. Roughly speaking, the Wick theorem says that the product
of the two normal products of free fields can be calculated by summing all contributions
from the possible combinations of contractions. It is found by (2.13) that the expression
for B(w)A(2) is obtained by replacing [z — w]~ "t in (2.15) by (—=1)""t[w — 2]~ L.
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2.4. Let us explain operator product expansions. Let C(z,w) be a formal Laurent series
o

of (z,w) with coefficients in A such that, for i € N, the expression [(55)"C(z,w)]s= is
well-defined as a formal series of w with coefficients in A . For example, it is the case for
C(z,w) =" H,n]\f:l am (2) ngl by, (w): under the notation in 2.3. Formally we put

(2.17) Res Clz,w)dz {1 (a

(z —w)*t (il &) C(Z>w)L:w for i € N.

Let A(z), B(w) and C;(z,w) be formal Laurent series in z, w and (z,w) with coefficients

in A. Suppose that each C;(z,w) has the same property of C'(z,w). Expand A(z) in the
form Y, ;2™ " A,,. If we have

N 2MTh=105 (2, w) dz
2.1 A,,. B(w)] = & f A
(2.18) [ (w)] ZZ:O :EE% (z — w)it! orm €
then we write
(2.19) A(2)Bw) ~ 3 Ci(z,w)

i=o (z —w)+t’
and say that the operator product expansion (OPE, for short) of A(z)B(w) is equal to
the right-hand side of this.

Lemma 2.2. Under the notation in 2.3, if A(z) and B(w) is defined by (2.10), then
there is an OPE of A(z)B(w). []

This is easily deduced from the Wick theorem. In fact, an OPE of A(z)B(w) can be

calculated by substituting [z —w]™*"! in (2.15) for e

Example. For o, € A and m,n € N, put A(z) = lz4(2)"03(2). and B(w) =
:x3(w)" 6o (w).. Then, using the Wick theorem (Lemma 2.1), we obtain

A(z)B(w)
(220) = lza(2)"dp(2)zs(w)"da(w): +nlz — w] T za (2)MaE T (w)da (w):

—mlz —w] iwa(2)" T 5(2)zs(w) " — mn[z — w] iz (2)™ trg(w
Hence the OPE of A(z) and B(w) is written in the following form:

niwa(2) 2y (w)da(w)! — miza(2)" " 65(2)zs(w)":

| AOE —
B mn:xa(z)m_lxg(w)"_lﬁ‘ 0

(z —w)?
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2.5. Let O be the closed subalgebra of A topologically generated by {za[m] | a €
Ay, m € Z}. The Lie algebra Lg @ 0 has been defined in 0.3. We shall introduce an

action of Lg ® 0 on O and certain 2- cocycles of Lg @ 0 with coefficients in O. Put

r

(222) ()= % Ra(X:2(2)a(2) + 3 piXia(m)pilz) for X € g,
aEA L =1
where we use the notation z(z) := (24(2))aca,. Define the energy-momentum tensor

T(z) by (0.8).
Lemma 2.3. We have the following OPE’s:

-~ [X,Y](w)+Q1(X=Y;Z,w)

(2.23) X(2)Y(w) ~ Jo - w)? for X,Y € g,
9 v v .
(2.24) T(2)X (w) ~ %)_((;” 7 f_(@fu))Z + SZ;(_XJ)‘;) for X € g,
2 w w C
where we put
. 0 0

(X, Y;2,w) o= — BZA -a—%Ra(X;w(Z))ax Ra(Y;z(w)):

(2.26) mres ¢
+ .221R(Hi|Hj)Pi(X§$(Z))Pj(Y§1’(“’))’

(2.27) %(Xiw):= 3 :%RQ(X;x(w)): 42 é p:(X; 2(w)),
(2.28) c:=dimg— 12(plp)/k. [

The proof is straightforward by the Wick theorem (Lemma 2.1). We remark that ¢ =
(k — ¢g*) dim g/k because of the strange formula g* dim g = 12(p|p), where g* is the dual
Coxeter number of g.

The linear map 7 from Lg @ 0 to A is defined by the following expansions:

(2.29) X(z)= 3 2" #(X ot  for X €g,
meZ
(2.30) T() = 5 =" R ("),

Owing to the Wick theorem, we can define the representation of Lg & 0 on O by
(2.31) a-f:=[xa),f] foracLgdoand feO.

We define the linear map w from A*(Lb, &) to A by

(2.32) w(a,b) := [7(a),7(b)] — 7([a,b]) for a,be Lg®D.
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By definition, w satisfies the cocycle condition. Since {2; and {lp are formal series with
coefficients in O, the 2-cocycle w is valued in O . Thus we obtain the 2-cocycle w of Lg®0
with coefficients in . In addition, we define the standard 2-cocycle cz of Lg & 0 with
coefficients in C C O by the following:

(2.33-1) (X f,Y®qg) =k ft{:eg(f'g dt)
C
(2.33-2) eo(f 5 937) = 15 Res(f g d),
(2.33-3) o(fE, X®g)=0 for X,Y €gand f,g€C[t,t],

where we put k := k — g*. The standard 2-cocycle cs is nothing but the 2-cocycle given
by the level k affine Lie algebra and the Sugawara construction of the Virasoro operators.
In Section 4, we shall prove that w and ¢y give the same cohomology class.

2.6. Let us summarize some results on w immediately following from Lemma 2.3.

Lemma 2.4. The restriction of w on \*(Lby &) coincides with that of c.
Proof. It follows from (2.25) that w = ¢; on A°d. Applications of Lemma 1.1 and 1.2 to

(2.23) show that w = ¢ on A® Ln,.. It is deduced from Lemma 1.1 and (2.24) that w = ¢
on 0 A Lny. By Lemma 1.2 and (2.26), we obtain that, for ¢,5 =1,---,r,

(2.34)  O(Hi, Hj; z0) = = BEEIA (alH;)(B1Hy) + w(Hi|Hj) = (v — g") (Hi| Hj).

This means that w = ¢; on A>Lh. By Lemma 1.2 and (2.27), we obtain that, for i =
1,7,

a€A+

Thus w =co on 0ALh. []
Lemma 2.5. For every X € g and H € b, the formal series Q1 (H, X; z,w) does not
contain the formal variable z. []

This is immediately deduced from Lemma 1.2 and 2.3.
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3. Lie algebra cohomologies

3.1. In this section, we shall introduce a certain cohomology H “(L,V) of a Z-graded

Lie algebra £ with coefficients in a Z-graded £-module V. We shall define HP(L,V') as
the p-th cohomology group of a certain subcomplex of the standard one. We define the
Z-gradation of Lg & 0 by

(3.1) (Lg@d)[m] =g t" e Ct"4L for m € Z,
and the Z-gradation of O by

(3.2) O[m]:=0n ;l\[m] for m € Z.

We shall mainly deal with H'(Lg & 0, 9 ).

3.2. Let us recall the definition of the usual Lie algebra cohomology. For a Lie algebra £
and an £-module V', the group of p-cochains is defined by

(3.3) C? =CP(L,V):=Homc(A" L,V)  forp>0.

We put CP := 0 for p < 0 in convention. The differential d : C? — CP*! is defined by

@)y ) == 5 (DT (F Ly )

(3.4) e L
+ Z (—1)Z+Jf([li,lj],ll7"' ;li,"’ 7lj7"' 7lp+1)
1<i<j<p+1

for f € CP and [; € L, where the hats denote the eliminations of the arguments. The
group of p-cocycles and that of p-coboundaries are defined by

(3.5) 7P .= Ker(d: CP — CP™) and B? :=Im(d: CP~' — CP).
The p-th cohomology group of £ with coefficients in V' is defined by

(3.6) HP(L,V):= ZP|BP.

3.3. Now let us introduce a cohomology H'(£, V). Assume that £ = D,z Llm] is a Z-
graded Lie algebra and V' = @, ., V[m] is a Z-graded L-module. Let M = @, ., M[m]
and N = @, o, N[m] be Z-graded vector spaces. Then a linear map f from M to N can
be uniquely represented in the following form

(3.7) f= Zezf[m], where  f[m](Mn]) C N[m + n].

In this notation, we put
(3.8) ﬁgr/n(c(M, N) :={f € Homc(M,N) | f[m] # 0 only for finitely many m’s }.
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We define the Z-gradation of A\” L by

(3.9) (A’ L)[m] := > Lmi] A --- AN L[my] for m € Z.

mi+--+mp=m

The subgroup C? of CP is defined by
(3.10) CP = CP(L,V) := Home(AP £, V).

Since (df )[m] = d(f[m]) for f € CP, the direct sum ,,, C? is closed under the action
of d. Thus we can define the cohomology H" (L, V') by

(3.11) HP(L,V) :=ZP(L,V)/BP(L,V)  forpeZ,
where we put

(312)  ZP(L,V):=Ker(d:C? — CP*') and BP(L,V):=Im(d:C?"' — CP).

Lemma 3.1. The 2-cocycle w defined by (2.32) belongs to Z2(Lg ®0,0). [

For the proof, it suffices to see that w belongs to GQ(LQEB, (5) But then this is obvious
by Lemma 2.3.
Regarding C as a Z-graded vector space by

(3.13) Clo] :=C and Clm]:=0 for m # 0.

we obtain the following.

Lemma 3.2. Let S be a Z-graded subalgebra of Lb_ & 0. Put L:=ILny & S. Suppose
that L is a subalgebra of Lg & 0. Then there is a canonical isomorphism from H' (L, (9)
onto H'(S,C). (In the proof, we can find the explicit form of this isomorphism.)

~

Proof. Step 1. In order to apply the theory of spectral sequences to the complex C- (L£,0),
we shall introduce certain filtrations as follows. Define the increasing filtration of A" £
by

(3.14) FN'L=NLON “SCN\'L fora=0,1,--- ,n.

Put Gro (A" L) := (F, N" L)/(Faz1 A" £). Then we have

(3.15) Gro(A"L) =~ N (L/S) @ N\N"*S fora=0,1,--- ,n.

Define the Z-gradation and the decreasing filtration of O by

(3.16) GO = < >Ny (Ca:a[m]) C O,
a€EA L meZ
(3.17) F'O = P GO for a € N.
i>a
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Then we have FOO = @ and F*O = G*O & F*t1O. Put
(318) GO :=(G"O);, F"0 :=(F'0); and Gi"0 :=F'0/F**0,

where ()" denotes the closure in O . Then we have F'O = O and F*O = G*°O @ F*+'0,
hence

(3.19) Gr* O ~ GO as topological vector spaces.

In the following, we identify Gr® (’A)N WithAGa(’A). We remark that Gt O ~ G°O = C. We
define the decreasing filtration of C™(L,O) by

FP=P .= FPC™(L,0)

(3.20) e _
={feC(L,O)| f(F,\"L)C FP7*O fora=0,1,---,n}.

It is obvious that this filtration is compatible with the differential: dF?P"—P C Fpnti-p,
Step 2. Let us consider the spectral sequence E?'¢ attached to the filtration F?4. The
FE terms shall be determined as follows. Putting

(3.21) EP"P(q) := Home (Gro (A" £),Gr?~* 0),
we obtain

p
(3.22) ER"TP = Fprop [ prahnpel o @0 ES"P(a).

By definition of £ and §, we have

(3.23) L-FP~°O C FP* 'O and S FP~°O C FP~°0.
Thus we obtain the following induced maps:

(3.24) o_1(): GrP7* O — G 1 O forl € L,
(3.25) oo(s): GO — GrP* O for s € S.

For | € L, let | denote the class in £/S represented by I. Then o_1(l) depends only on
[ € £/S. In the above notation, the induced differential d of E¥ is written in the following
form:

dgf(l_lv T alav‘sla T asn+l—a)
= Z (_l)iila—l(li)f(l_h e 7l_i7 e 7l_a7 S1,° 75n+1—a)
1<i<a
+ Z (_1)i_10-0(8i)f<l_1, T 7l_a517 tee 7/5\2'7 T >3n+1—a)
(326) 1<i<a
+ Z (_1)i+j_1f([li78j]7l_17'" 7l_i7"' 7l_a7817"' 7§j7"' 7Sn+1—a)
1<i<a
1<j<n+1—a
+ Z (_1)i+j+af(l_17"' 7l_a7[8’i78j]7817"' 7/S\i7"' 7/8\j7"' 78n+17a)7

1<i<j<n+1l—a
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where f € Ey"™" ;€ L and s; € S.
Step 3. Let us calculate the F; terms. The group E7"" " is the n-th cohomology group
of the complex (EY" P, db). As a special case of the results in Step 1, we have obtained

EJ" ~ ﬁgr/nc(/\n S,C) = C™(8,C). This implies that
(3.27) EY™ = H™(S,C) for n € Z.
In the following, we shall show that EY"™ = 0 if p # 0. For this purpose, we introduce
the linear map 7 from EJ™" " to Eg’"_l_p by
nf(l], o1, s, s Sn—a)
(3.28) = Y aa[m]flea @t 11, Jla1,81, " ySn—a),

OéEA+
meZ

where f € Ef" P, 1, € £ and s; € S. In order to check the well-definedness of 7, we have
to prove that the right-hand side of (3.28) converges in Gr’ T 0 = GP~2+10 . Because

of the definition of ﬁ(\)r/n, we can suppose that f = f[M]and [; A+ -Alg_1 AS1 A+ ASp_q €
(N"~' £)[N] for some M and N. Putting

(3.29) Xom = f(m, Iy lac1, 81, 5 Snea)s
(3.30) w(m) := max{m, M + N —m},

we obtain

(3.31) Za[m) Xam € GP4TLO N AM™ M + N.

The subspace GP=9+10 is closed in A. Hence, by the definition of A [M + NJ, it follows
that the right-hand side of (3.28) converges in GP~+10.
From Lemma 1.1 and the definition of 7, we can write

(3.32) o_1(eq®@t™™) = 8xf[m] for « € Ay and m € Z.

Furthermore, we find that
(3.33) lo_1(1),00(s)] = o-1([l, s]) forl e L and s € S.
We can deduce from (3.32) and (3.33) that, for s € S,

(3.34) > {[O’o(S),LL’a[mH R (6q @Et™™) + x4[M] ® [s,60 @ t—m]} = 0.
et

Tedious calculations using (3.32) and (3.34) show that

(3.35) ndy + dgn = p id on E P,

Thus, if p # 0, then p~!n is a homotopy operator joining the identity map of EP>"~P with
the zero map. Consequently we find that

(3.36) EP"TP =90 for p # 0 and n € Z.
Step 4. We obtain from (3.27) and (3.36) that
(3.37) H™(L,0) ~ E%" ~ B> ~ H*(S,C)  forneZ. []
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Lemma 3.3. H'(Lb, ®0,0) = 0.
Proof. Applying Lemma 3.2 to the case S = Lh & 0, we obtain

(3.38) H'(Lb, ©0,0) ~ H'(S,C) ~ Z'(S,C).
But it is obvious that [S,S] = S, hence Z1(S,C) =0. []

Lemma 3.4. H°(Ln,,0)=C. []

Proof. An application of Lemma 3.2 to the case S = 0 yields that
(3.39) H°(ILn,,0) ~ H°(0,C) = Home(C,C) = C.
But then it is easy to see that HO(Ln,,O®) = H(Ln,0). []

3.4. In the next section, we shall need the following lemma.

Lemma 3.5. The inclusion map from Lb @ 0 into Lb_ @& 0 induces the isomorphism
from HP(Lb_ @©0,C) onto HP(Lh & 0,C). []

This is the special case of the following lemma.

Lemma 3.6. Let £ be a Z-graded Lie algebra and h an element of L. Suppose that
the adjoint action of h on L is diagonalizable. Put L, :={l € L | [h,l] = al} for a € C.
Define the C-gradation of \" L and that of C? = C?(L,C) by

(3.40) (A’ L)y = > Loy A AL,
ay+--+tap=a
(3.41) (CPYo :={feC?”| fFUN'L)y) =0 forb#a}  foraeC.

Then (C*), is a subcomplex of C*. Furthermore HP(L,C) is isomorphic to the p-th

cohomology group of (C").

Proof. Since the first assertion is obvious, it suffices to show the second assertion. We can
define the linear map i(h) from CP to CP~! by

(342) (Z(h)f)(ll, s 7lp—1) = f(h, ll, cee 7lp—1) for lz e L.

Then i(h)(CP), C (CP1), for a € C. Morecover a straightforward computation shows
that i(h)d + di(h) = aid on (C*), for a € C. Hence, if a # 0, then a~li(h) is a
homotopy operator joining the identity mapping of (C"), with the zero map. It follows

that HP((C"),) = 0 for a # 0. Hence we conclude that

(3.43) HP(L,C)=H"(C") = @ H*((C")a) = H?((C")o). [

acC
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4. Fock space representations of affine Lie algebras

4.1. The results of the previous section admit us to prove the following theorem, which
is a starting point of the theory of Fock space representations of the affine algebras.

Theorem 4.1. There is a unique element I' of 6’1(Lg Do, (’A)) satisfying the following
properties:

(4.1) dl =cs—w  in B2(Lg®0,0),
I'=0 on Lby ©0.

Proof. Existence. From Lemma 2.4 and 3.1, it follows that w and cy define the same
cohomology class in H?(Lh @ 0,C). On the other hand, Lemma 3.2 and 3.5 yield the
following isomorphisms:

(4.3) H*(Lg®0,0) ~ H*(Lb_ ®9,C) ~ H*(Lh ®0,C).

Hence there is an element I' of C'(Lg ® 0,0 ) such that dI' = ¢y — w in B2(Lg & ,0).
Because of Lemma 2.4, it is found that dI’ = 0 on A*(Lbs & 0). Thus, by Lemma 3.3, it
is possible to find a € O = C°(Lby ®0,C) so that I' = da on Lby & 0. Put

(4.4) I''=I—da cC'(Lg®2,0).

Then it is obvious that I' satisfies (4.1) and (4.2).
Uniqueness. Suppose that I is an element of C! (Lg® 0, O) satlsfymg the conditions
similar to (4.1) and (4.2). Put w:=I" —T. Then du =0 in B2(Lg ®9,0) and v = 0 on

Lb, ¢0. By Lemma 3.3, it is possible to choose b € O so that u = db on Lb, ©0. Hence,
from Lemma 3.4, it follows that b is in C. Thus u =db=0. []

Definition. In the notation in Theorem 4.1, we can define the Lie algebra homomorphism
7 from the affine-Virasoro algebra g ® Vir to A by

(4.6) T XQf) =7 X®f)+ (X ® f) for X € g and f € C[t,t71],
n(fi) =7(fg)  for feClt,t],
T(K)=k=kr—g" and  7w(C):=c=kdimg/k.

We call ' the correction for currents. (For the definition of 7, see (2.21) and (2.22).)

Recall that A acts on the Fock space F) where A € h*. Thus we obtain a representation
of g ® Vir on Fy, which is called the Fock space representation of the affine-Virasoro
algebra.

It is easy to see that the vector |\) € F) satisfies the highest weight condition (0.11)
for g & Vir. For X € g and m € Z, put X[m] := 7(X ® t™) and L, = 7(—t"F14).
Formally we define the current operator X (z) for X € g by (0.9).
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4.2. Let us determine the explicit form of I'. The condition (4.1) is equivalent to the
following:

(49) F([ll,lg]) :w(ll,lz) —Cg(ll,lz)—l-ll F(lg) —l2 F(ll) for ll,lg S Lg@b.
Hence, because of (4.2), the correction I' is uniquely determined from the set { I'( F; ®@t™) |
i=1,---,rand meZ}.

Proposition 4.2. There is a unique set {~;};_; of complex numbers such that
(4.10) Li(F; @t™) = —yimzq, [m| fori=1,---,r and m € Z.

Equivalently we have

(4.11) Fy(2) = Fi(2) + 70z, (2) fori=1,---,r.

Proof. We fix i = 1,--- ,r in the following. Put I';[m] := I'(F; ® t"*) for m € Z and
Li(2) == > ez 2z7™~1IT;[m]. Let H be in h. Then Lemmas 2.3 and 2.5 imply the following
OPE:

—(a[H)i(w) | a(w)

(4.12) H()Di(z) ~ == st

where a(w) is some formal Laurent series with coefficients in O . This implies that

(4.13) [H[0],T;[n]] = —(a;|H)T;[n] for H € h and n € Z.
In addition, Lemma 2.3 admits us to obtain the following OPE:

r; r; b
(4.14) T()Ts(z) ~ L) (w) (w)

z—w  (z—w)?  (z—w)?¥’

where we put b(w) := Q2(F;;w). Denote the expansion of b(w) by > 27 "by,. Then
(4.13) is equivalent to the following commutation relations:

1
(4.15) [Lim, Ti[n]] = —nl'im + n] + Mbmﬁb for m,n € Z.
As a special case of this, we obtain
(4.16) [Lo,T';[n]] = —nT;[n] for n € Z.

From (4.13) and (4.16), it is found that I'[n] can be written in the following form:
(4.17) I'i[n] = apxq, 0] for n € Z,

where {a, }nez is some set of complex numbers. Using this, rewrite (4.15) in the following
form:

(m+1)m

(4.18) bintn = (NGmin — (M +n)ay)za, [m + n] for m,n € Z.

Substituting m = —1 into (4.18), we obtain (n — 1)a,, = na,_1 for n € Z. Hence the case
for m = 1 implies b,+1 = 0 for n € Z. Furthermore, by the case for m = =2 and n =1,
we obtain a; = —a_;. Thus we conclude that a,, = —na_; for n € Z. Putting v, :=a_1,
we finish the proof. []
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Remark 4.3. For i =1,---,r, the constant -; can be determined by the OPE of E;(z)
and Fj(z). The result is the following. Define the constants { N, g} by

(4.19) lea,es] = No geats where «a, f and a + [ are in A.

For convenience, we put N, g := 0 unless o, 8 and a + 3 are roots of g. Recall that
positive roots have been numbered by a fixed order: AL = {81, -+ ,0s}. We define the
total order < in Ay by

(4.20) fr < P2 < < fs.
In this notation,for ¢ = 1,--- | r, the constant 7; can be written in the following form:
(4.21) 2k + > Naao, N, ]

' T (qilag) — WER, Geuiatanmar

a=o

4.3. For A € bh*, the Fock space F), decomposes into the weight subspaces. Putting, for
d e N and p € b*,

(4.22-1) Fald] :={v € Fx| Lov = (Ax+d)v },
(4.22-2) Fald, p] :={v e Fald] | HOlv = (u|H)v for H € b },

we obtain F\ = @2, Fald] and Fyld] = @D,y Fald, p]. We remark that Fi[d, p] is
finite dimensional. Define the dual Fock space F ;r\ by

(4.23) Fi = dg_i%fi[d],

where we put

(4.24) Flld, p) = Home(Frld, 1], C),  Flld:== @ Flld, pl.

HEDh*

Then F ;r\ possesses the natural right g & Vir-module structure. Denote by ( | ) the nat-

ural pairing of .7:1 and Fy. Note that F,[0] is a g-submodule of F) and spanned by
{1lsen, =8 [0]72 | (Ig)pea, € N2+ }. Using this and the definition of 7, we can prove the
following.

Proposition 4.4. As g-modules, F\[0] and }"i [0] are isomorphic to M5 and Mi, re-
spectively. []
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4.4. Let {Jp}gi:nig be an orthonormal basis of g with respect to the Killing form. For

p=1,---,dimg and m,n € Z, put

JP[m]JP[n] if m <n,

(4.25) ATl = { Pl 7] i m > n.

[¢] ]

The Sugawara energy-momentum tensor 754 (z) is defined by (0.12). Then, expanding
T5YG(2) in the form Y-, ., 27 ™ 2L5VC | we obtain a set {L5V%},,cz of operators acting
on the Fock spaces. Let 7’ be the linear map from g @ Vir to Endc Fy given by

(4.26) X @t"— X[m], tmt1d

s H—LSIUG, K—kid, Cr~ cid,

where X € g and m € Z. Then 7’ is a representation of g & Vir on F,. The vector
|A) € F) satisfies

(4.27) L3YCIN) = AyA)  and  LBVSI\) =0 for m > 0.

Theorem 4.5. For every kK # 0, A € h* and m € Z, we have

(4.28) Ly, = L3¢ as operators acting on Fj.

Proof. For A € h*, the algebra automorphism 7, of A s uniquely characterized by the
conditions

(4.20) Ta(pi[m]) == pi[m] + (A[H;)dm0,
TA(zalm]) = za[m],  T(0alm]) = da[m],

where m € Z, a € Ay and ¢ = 1,---,r. Then the representation of g ® Vir on F
given by the composition 7, o 7 is isomorphic to that on F) given by n. For m,n € Z
and «, 8 € A, the operator (e, ® t™) polynomially depends on A as a linear map from
Fo[n, 8] to Fo[-m-+n,a+ F]. Similarly, for m,n € Z and a € A, the operator 7T)\(tm+1%)
polynomially depends on A as a linear map from Fy[n,a] to Fo[—m + n,a]. Hence, for
the proof of the theorem, it suffices to show (4.28) for generic \’s. It is easy to see that
the character of F) is equal to that of the Verma module M, 5 of g with level k = k — g*
and highest weight A\. Hence, for a generic A € h*, the Verma module My, y is irreducible
and isomorphic to Fy. It suffices to prove the theorem for such a \. It is obvious that
[L,, — L3V X [n]] = 0 for X € g and m,n € Z. By the definition of L5VS it follows
that [L,, — L5VC L3VS] = 0 for m,n € Z. This implies that [L,, — L5VC L, — L3V¢] =
[Lon, L) — [L5YG | L3YG] for m, n € Z. Hence the representation of Vir on Fy with central
charge 0 can be defined by —tm“% > Ly, — LSS for m € Z. But the Schur lemma
implies that L,, — L3Y¢ = q,, id as operators acting on F for some a,, € C. Thus, a bit
computation shows that L, — L3Y% =0 for m € Z. []
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5. Screening operators and integral representations

5.1. In the previous section, we have defined the Fock space representations of the affine-
Virasoro algebra and determined the explicit form of the correction for currents. Ad-
ditionally, we have proved that the energy-momentum tensor written by free bosons are
equal to the Sugawara one on the Fock spaces. In this section, we shall construct screening

operators. Consequently, we shall obtain integral representations of correlation functions
in the WZW model.

5.2. Let A and p be in h*. The linear isomorphism e?M from F, onto Fx4, is uniquely
characterized by the condition (0.14). Formally we put zP[H:%y = z(AH)y for v € Fy and
H € h. We extend the normal product . . to them by

(5.1) :a_eq[A]zp[A5O]aoa+: = a_eq[’\]zp[’\;o]aoa+ for ag € Ap and a4+ € A4.

Then the bosonic vertex operator V' (\; z) defined by (0.15) is formally written in the form

(5.2) V(X;z) = 1?2

where we put
1 z=m

(53) O2) = g+ {plcollog s+ £ Z i)
K m#£0 —m

We have the following OPE’s:

H

(5.4) p(H; z2)V (A w) ~ MV(A;w) for H € b,

IV(Aw)  A\V(\w)
. T JW) ~ .
(5.5) (2)V(\;w) po— + w2

Recall that, for Y € ny and o € A, the polynomial S,(Y;z) in © = (#4)aca, has been
defined by (1.10). For i =1,--- ,r, put

(5.6) Si(z) = GZA Sa(Ei;2(2))0a(2)1,
(57) Vi(z) = V(- 2) =t
(5.8) si(z) == Si(2)Vi(2),

where we use the notation x(z) = (4(2))aca,. We remark that S;(z) commutes with
Vi(w). If we expand s;(2) in the form e?N 3~ s;[m]z =20 then s;[m] is well-defined
as an element of A.

Theorem 5.1. Fori=1,---,r, the operator s;(z) satisfies the following OPE’s:

(5.9-1) T(2)si(w) ~ 8{&@0}

ow |z —w

(5.9-2) X(2)si(w) ~0 for X € by,
Vi(w) .
9- Fj(2)si(w) ~ —Kd; ;-2 forj=1,---,r.
(5.9-3) Esitw) ~ by e { UL for ,

(These OPE’s are equivalent to the commutation relations (0.17).)
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Definition. We call {s;(z)}_, the set of screening operators.

OVi(w)

Z—Ww

Proof of Theorem 5.1. Since A,, = 0, it follows from (5.5) that T'(2)V;(z) ~
Lemma 1.1 and the Wick theorem (Lemma 2.1) yield that

(5.10) T()Si(w) ~ S0+ o

Therefore we obtain (5.9-1).
For X € ny, the OPE (5.9-2) follows from Lemma 1.1, 1.4 and the Wick theorem. Let
H be in h. Using Lemma 1.1, 1.2, 1.4 and the Wick theorem, we can obtain H(z)S;(w) ~

i|H)S; i
M_ Lemma 1.2 and the OPE (5.4) imply that
Z—Ww

(| H)Vi(w)

Z—Ww

(5.11) H(2)Vi(w) ~ p(H; 2)Vi(w) ~ —

Thus we obtain the OPE (5.9-2) for X = H.
Using Lemma 1.4 and the Wick theorem, we can show the following OPE:

8, jopi(w)Vi(w). + A(w) Vi (w) n B(w)V;(w)

Fj(2)si(w) ~

Z—w (2 —w)?
(5.12) _ =k6i;0Vi(w) + Aw)Vi(w) | Bw)Vi(w)
- zZ—w (z —w)?’

where A(z) =, ;2 ™A, and B(z) =), ;27 "B, for some A, B,, € O . This is
equivalent to the following commutation relations:

(5.13) [F[m], si(w)] = —kd; jw™0V;(w) + w™A(w)V;(w) + mw™ ' B(w)V;(w),

for m € Z. Take an element F of n; and an integer n. Then E[n] commutes with s;(w)
by (5.9-2). Hence, calculations of the commutators of E[n] and the both sides of (5.13)
show that

(5.14) w™[E[n], A(w)] + mw™ [E[n], B(w)] = 0.

The case of m = 0 implies [F[n], A(w)] = 0. Hence we also obtain [E[n], B(w)] = 0. Thus
it follows from Lemma 3.4 that

(5.15) A, eC and B, €C for m € Z.

Compute the commutators of L,, and the both sides of (5.14). Then, owing to (5.9-1) and
(5.15), we find

(5.16) w™ T YA (w) 4 (n + Dw™ " A(w) + mw™ 0B (w) = 0.
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Considering the special cases for (m,n) = (0,—1), (0,0) and (1,—1) in order, we suc-
cessively obtain 0A(w) = 0, A(w) = 0 and 0B(w) = 0. Thus (5.13) is rewritten in the
form

(5.17) [Fj[n], si(w)] = —kd; jw™OV;(w) + Bomw™ 'V (w).

Let H be in h. Then (5.11) implies that

(5.18) [H{n], Vi(w)] = —(ai| H)w" Vi(w).

Using (5.15) and (5.18), compute the commutators of H[n| and the both sides of (5.17).
Then we obtain

(5.19) Bo(ei;| H)ynw" ™1 = —k6; ;(a;| H)nw" ™1,
Since we can assume (a;|H) # 0, we obtain By = —r0; j. Therefore (5.17) becomes
(5.20) [Fj[m)], si(w)] = —Kd; j 2 {w™ Vi(w)} for m € Z,

which is equivalent to the OPE (5.9-3). []

Definition. Expand Sj(z) in the form Y  _, 27™71S;[m], where S;[m] € A. For i =
1,---,r, define the vector s; in F_,, by

(5.21) s; = Si[—1]| — ay) = [si(z)|0>L:0.

We call {s;}7_, the set of screening vectors.

Corollary 5.2. Fori=1,---,r, the screening vector s; has the following properties:
(5.22-1) Los; = s; and L,,s;, =0 for m > 0,

(5.22-2) X[m|s; =0 for X € by and m > 0,

(522-3) FJ[O]Sz = —Ii5i,jL,1| — Oéi>, F}[l]sZ = —Ii(;z'7j| — 047;>,

Fjim]s; =0 form>2andj=1,---,r. []

From L_1|0) = 0 and Theorem 5.1, we can easily find the proof of this.

5.3. Till now, we have regarded z and w as formal variables. But, in the following, we have
to consider z and w as complex parameters. Let V be a vector space and A in h*. For m =
(my,---,mn) € ZN, let A, be alinear map from V to Fy. Put A(z) := Y mezn 27 Am,
where we use the notations z := (21, -+ ,2n) and 277 = 2z; " - 2N, We say that
A(z) converges at z € CV, if the following infinite sum converges at z for every u € F i
and v € V:

(5.23) (ulA(2)v) == > 27" (u|Anv).

meZN
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Then A(z) is regarded as a linear functional on F )T\®V. Of course, the operators introduced
in the present paper converge in C* = {z € C| z # 0}, for example,

(5.24) Ta(2), 84(2),1i(2), X (2), T(2), V(3 2), Si(2), 5:(2), ete.
where « € Ay, X € g, A € h* and i = 1,--- ,r. However we should pay attention
to the fact that V(A;z) and s;(z) are multivalued in z. Put w := (wq,---,wg) and

Ul i={weCl|w #w;ifi#j}. Fori=1,---,L, let A;(z) be one of the operators
in (5.24). Then the composition Aq(w;)---Ar(wr) converges in {|wy| > --- > |wy| > 0}
and is analytically prolongable to w in U*. We denote the result of this prolongation
by Hle A;(w;). Furthermore, if {A;(2)}1, contains neither V(X;z) nor s;(z), then
HiL:1 A;(w;) is single-valued in w and independent of the order of the composition. On
the other hand, if {A4;(2)}%; contains V();2) or s;(2), then Hle A;(w;) is, in general,
multivalued in w and is independent of the order of the composition if we ignore its phase
factor.

5.4. Let us define conformal blocks, which is the most fundamental objects in conformal
field theories.

Definition. Let Aq,--- , Ay and Ay, be in h* and ¢ a linear map from ]:)T\oo ® ®2V:1 Fa,
to the space of multivalued regular functions on U”. Then @ is called a conformal block
(of the WZW model on P!) for F /T\OO ® ®5LV:1 F,, if it satisfies the following conditions:
(B1) Let A(¢) be one of the operators T'(¢) and X(¢) for X € g. For a fixed z =
(21,--+ ,2n) € UN, let f(¢) be arational function regularin {( € C | ( # z1,--- , 2N }.
For u, € Fa,, ul_ € ]:)T\OO anda=1,---,N, put

(5.25-1) Ty 1= Pies (f(OA(C — z4) dQ)ug,
(5.25-2) rle == ul, Res(F(QA(C) d).

(5.25-3) Vo = UL QUL Q@1 @ D up,
(5.25-4) Voo 1= rlo®u1 ® - R up,

where 7, in v, is placed at the a-th component. Then we have
N
(5.26) O(> vy + Voo 2) =0.

a=1

(B2) For u, € F,, ul, E]—“/T\oo and a=1,---, N, we have

(527) (I)(Ua;z) =

D (u; 2),

Whereweputu::u];o®u1®---®uN and

(5.28) Vg = UL QUL @ ®L_1Uu, @ @ un.
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Note. Physicists maybe prefer to use the following notation for conformal blocks:
(5.29) (ul_(o00)ui(z1) - un(zn))e, = ®(ul, @u; @ --- @ up; 2)

where u, € F), and u;oo € ]:)T\oo.

Lemma 5.3. Let 1, -+ ,pur and ps be in h*. Let ¥ be a conformal block for ]-"ioo ®
®aL:1 F,, and u' in ]—"}Lo ®®§:—11 Fu.- Suppose that jif, = —«; for somei =1,--- ,r. For
a fixed w € UL, let f(¢) be a rational function on C regular at ( = wy. Then we have
the following:

(5.30-1) U(u' @ri;w) = %{fOUL)\I’(u/@Si;w)}a
(5.30-2) U(u' @re(X);w) =0 for X € by,
(5.30-3) U(u @ ro(Fj);w) = —’iéi,j%{f@UL)\IJ(u, ® | — i);w)}

forj=1,---,r,

where we put

(5.31-1) n = Res (FOT(C — we) d)ss,
(5.31-2) (V) i= Res (FQX(C —wp)dQ)s; forY €. [

This follows from Corollary 5.2 and the definition of conformal blocks.

For p1,-+,puz € b*, put i := (1, ,puz) and foo = Y.»_, pta. The operator
V(ii;w) defined by

L
(532) V([{:, w) = : H eq(/‘ta;wa): H (wa — wb)(ﬂa|ﬂb)/'€’
a=1 1<a<b<L

converges in U”. The following formula is widely known:
L
(5.33) T V(ga; wa) = V(ii;w) up to phase factor.
a=1

Using the method in [TK2], we can prove the following two lemmas.

Lemma 5.4. Under the above notation, there is a unique conformal block ¥ of the
WZW model for Fj ® ®§:1 F., with the following properties:

(1) Putting vo := |p1) ® -+ @ |ur), uo := |0) and ul, := (A |, we have

(534) \Il(ulo & vg; w) = <ulo|V(ﬁ7 w)u()) — H (wa — wb)(#amb)/n.
1<a<b<L

(2) The condition (B2) also holds, even if A(() is equal to one of the operators x,((),
0o(¢) and p;(¢) where « € Ay andi=1,---,r. []
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Lemma 5.5. Under the same situation as in Lemma 5.4, suppose that L = N + M
and pn4y = —arp) for some 7(b) € N and any b = 1,--- ,M. Let I,(o) be in N for
a=1,---,N and a € Ay. Put ug := |0) and

(5.35) Ug = ] 2a]0]%*(|u,) fora=1,---,N,
a4
(5.36) Vi= Ul @ - QU @ Sr1) ® - @ Sp(r)
N Loy M L
(537) ¢(w) = H H xa(wa) o H ST(b)(wN+b) H V(,ucﬁwa)-
a=1 OéEA+ b=1 a=1

Then, for ul_ € F Lo, the conformal block ¥ in Lemma 5.4 satisfies the following:

(5.38) U(ul, @ v;w) = (ul_|y(w)ug) up to phase factor. []

5.5. Let us construct integral representations of conformal blocks for .7:;\ ® ®2V:1 Fx, -

oo

For this purpose, we shall freely use the notation in 0.6 to 0.8. For example, (A1, -+ ,Ax) €
(h*)N and Ao = 25:1 Ao — iy msa; for some m; € N. Put M := >'_ m; and
L := N + M. Define w = (z,t) by (0.25) and i by (0.26). Let ¥ be the conformal
block for ]—"loo ® ®aL:1 F,, in Lemma 5.3. Define the multivalued function [(w) by (0.27).

Then (5.32), (5.33) and Lemma 5.4 (2) implies that, for each v € .7-";00 ® ®aL:1 Fu,, the
function ¥(v; w) can be represented in the form ¥(v;w) = l(w) f(w) where f(w) is some
rational function regular in UL. Let {I'(2)} be a family of M-cycles with properties (0.28)

and (0.29). Define the linear map ® from ]-"ioo ® ®flv:1 F», to the space of multivalued
function on UV by

(5.39) D(u;2) = /1“( )\If(u ® s;z,t) dt for u € .7:100 ® ®i\;1 Faas

where we put
(5.40) 5:=8;(1)® -+ ® Sr(M) (a tensor product of the screening operators),

under the notation (0.24).
Theorem 5.6. Under the above notation, ® is a conformal block for ]—";\oo ® ®2V:1 F, -

Proof. 1t is easy to see from (0.29) that ® satisfies (B2). Let A({) be one of the operators
T(¢) and X(¢) for X € g. For a fixed z = (21,---,2n5) € UV, let f(¢) be a rational
function regular in { { # 21,---, 2y }. Under the notation (5.25), define the vectors u and

v in ]—}T\OO ® ®(le:1 Fy, by

(5.41-1) wi=ul @u @ @uy,
N

(5.41-2) Vi= ) Vg F Voo
a=1
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In addition, we put, forb=1,--- | N,
(5.42-1) ry(ty) = E%SU(OA(C —taq) dC)Sr(b)
(5.42-2) ep(ty) i= 571y @ - @ 1(ty) @ -+ @ S, (an)

where ry,(tp) in e (tp) is placed at the b-the component. Define the vector e(t) in ®é\i1 For)
by

M
(5.43) e(t) == 3 eplty).

Since V¥ is a conformal block for ]—"ﬁm ® ®CLL:1 Fu,, we find that
(5.44) V(v®s+u®e(t);zt) =0.
On the other hand, Lemma 5.3 implies that

(545) / W(u@eb(tb);z,t) dt =0 for b = 1, ,M_
T'(2)

Thus it is proved that ® satisfies (B1): ®(v;z) =0. []

5.6. Now we shall show that the integral representation (5.39) of a conformal block implies
that of a solution of the KZ equation (0.23). Owing to Proposition 4.4, we can identify
F[0] and F /T\ [0] with M} and M )T\, respectively. Thus the operator 2, ; defined by (0.22)

acts on ®(le:1 Fx,[0] and ®i\;1 ~7:>T\a [0].

Lemma 5.7 [KZ]. Let A1, -+ ,An and A be in h* and ® a conformal block for fj\oo ®
®(11V:1 Fx,- Then, for uq € Fy,[0] = M; and ul, € fj\w 0] = Miw, the conformal block
® satisfies the following conditions:
(1) For X € g, putting

vi=ul X[0]Qu ®- - @uy

(5.46) N
— YUl u ® - @ X[0)ug ® - @ uy.

a=1

we obtain ®(v;z) = 0.
(2) Fora=1,---,N, we have

P(ul ® Qo pt; 2)

1<b<N Za — %b
b#a

0
d(ul @ 2) =

(5.47) 9

Y

where we put v/ == u1 ® --- Q un.

Proof. Let X be in g and put A(¢{) := X(¢). Then applications of (B2) to the cases
f(¢) =1 and f(¢) = (¢ — z,) ! respectively imply (1) and the following:

Pul, @u; @ @ X[~1]u, ® - -- @ up; 2)

(5.48) _ ¥ Pul, Dur - @ X[OJup @ -+ ®un; )
1<b<N Za — 2b
b#a
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By Lemma 4.5, we obtain

1 dimg
(5.49) Lojug== 3 JP[~1]J7[0]ua.
K p=1

Thus, by (B2), we obtain

0
O(ul, @ u';2)

0zq4
1 dirnE(?D ; i
(5.50) —;p; (uf, @ur @ -+ @ JP[=1) P[0t @ - - - @ u)
1 dime Gyl @ @ JP[0ug @ - @ JP[0lup @ - - - @ un)
= SOy - |
1<b<N p=1 24 — 2b
b#a

Rewriting this by Q4 3, we find (2). []

Recall that the weight subspace M ;r: \ has been defined by (0.19). Lemma 5.5 implies
the following. o

Lemma 5.8. Under the same notation as in 5.5, we have

(5.51)  ¥((A| ®v®s;2,t) = (P(2,t)[v) up to phase factor ~ forve Mz, . []

oo

Theorem 5.9. Under the notation in 0.8, if F(z) is defined by (0.32), then F(z) is
valued in S;r\oo (M;) and satisfies the KZ equation (0.23).

Proof. Let ® denote the conformal block defined by (5.39). Then, by Lemma 5.8, we
obtain

(5.52) (Ao ® v; 2) = (F(2)|v) for v € M:\f,/\w.

Therefore the theorem follows from Lemma 5.7. []
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