000000 Wess-Zumino-Witten [ [

oo~

19990 30 180

o0
000000 Wess-Zumino-Witten 0000000000, OO, 0000000

Knizhnik-Zamolodchikov-Bernard 0 000000000, 00, 000000000000
00o0ooooooooooooooooon.

0 0O

1 AffineLie 000000 2
1.1 Aftine Lie OO ODOODO .. .. 000 e e e 2
1.2 00000 .. e e e e 3

2 00oooowzwiogd 4

3 Knizhnik-Zamolodchikov-Bernard 0 [0 6
3.1 DOOO0O0O0 . e e s s 6
3.2 H(w)OOOUO Ward-Takahashi identities . . . . ... ... ... ....... 7
3.3 E,(w) 0000 Ward-Takahashi identities . . . . . . ... ... ... .. ... 8
3.4 Weyl-Kac denominator Il =1I(q,h) . . . . . .. ... .. ... 10
3.5 T(w) 0000 Ward-Takahashi identity (1) . . . ... ... ... ... ... .. 10
3.6 T(w)O0O0O0O Ward-Takahashi identity (2) . . . ... ... ... ....... 11
3.7 KZBUODOOOOOOODO .0 e e e e 12
3.8 KZBUODODO oo o e 13

4 00O Calogero-Gaudin O 15
4.1 200 Hamiltonians . . . . . . . .. .. Lo 15
42 000 Hamiltonians DO OOODOOO .. ..o 00000000 16

*0000ooboobooooobooon



1 Affine LieO0QOQOOdOnO
1.1 Affine Lie OO QO QOQOQO

g000000000 LeO0O0OO0OOOO, (|)0O 20Y(A|B) =trglad Aad B) (A, B € g) O
000000 Killigform OO0OO000O. 00O, AY O g0 daul Coxeter number 0 0 0O. [
00,g=sl(C)000 AW =nU0O0. 0000000000000, g0 long root OO
OO0 200 2000000. 00, p O half sum of positive roots O [0 [0 [0, strange formula
24(plp) =2n¥dimg DO OO DOO.

00 Lied gdOO0ODO affine Lie O 0O @DDDDDDDD:@:C[Z,z’l]@)g@(ﬁlgxDD
O,Led000D0OO0O0O0OO0ODOOOODOODOOOODO:

[k, 8] =0,
[€" @ A" ® B] = ™" @ [A, B] + k(A|B)Ymbpminog form,neZ A Beg

O00,00000 Aeg,meZD0O0O0,Am="®A000. AegO00000 current
operator 0 A(z) =Y, o,z " 'Am|0000. 0000,AecgD A0jegOlOODOO,g
OglO0O0OO0O0OO0ODOO.

gO00 MO level ke COODDOO MO kO kDDOODODOODOODODOOODOO
0D.00,k=k+h",k=k+h"000.4#0 MOOODOOOODODOO,0000 level
O —AV OO0, MO criticallevel DO OO ODO.

V3O glOOUDOO,keCOUODOO,VOD gOOooO @+:C[§]®9@C£JD
000 (Afmlv + ak)v = dpmoAv +akv (A € g, m € Z, e € C) 0000000, OO
VOooooooO gooOgO level £ O Weyl module 000, W (V) DO0OD0OO0OOO:
Wi(V) =U(g) Qu,y V. (Lie D a 00 universal enveloping algebra 0 U(a) 0000 .) OO
O0,veVDO1veW,(V)OOOOO,vVO W,(V)DO g000000000O00OO.

g 0 Verma module 0000000 Weyl module O g 0 Verma module DO00O. g 000
Voooooooo,wW,(V)O g0000000o0O000000oooog,vokek0OOOoOo
000000000000 W,(V)OOOOOO. 0oo,vVvooooooooooog ko
000000 W,(V)OOoooo.

gO00000 g=n,®hen, 0000,0000000000 highest root 0 6 0000
O000. k0000000000, B,={A| A0 dominant integral 000 (A|f) Sk} O
O0.0000,X e P, O0O0OO, highest weight A\O g 000000000 V,0000O,0
0 Weyl module Wy, , = Wi (Vy) OO 00O irreducible quotient Ly, 0 g 000000000,
highest weight 000 g 0000000000000 0ODODOODOOOOOOO. O0O,00
00, Vy O highest weight vector O vy OO0, g O highest root vector O Ey OO OO, Ly »
O Ep[-1)k-W0+, 00000000000000 Wy O quotient 0000



1.2 QOoOggd

00000 SxO00000ooooooooo:

dimg

S(z) = % BNEACTIEN

0o0o,J,J?0 (|)0000 g00000000, °° 0 normal product 00 0: 000
A/ Beg, mnezO0O0ODO,

o o Alm|B[n] ifm <0,
B[n]A[m] ifm = 0.

MOgOOOOOO0,000veMO000,00mO0000000,000 AcgOO
00, Amv=0000000000000.000,0000000 Weyl module 0000
0000000000000000000. (0000,40000000,00000000
ooo.)

0000,0000 S(z)=Y,,2"2Sm000000,0 Sm/0 MODODOOOOO
0 well-defined 000,000 Aceg,mneZ0000,00000000:

3 — ~
s im0k dimg] .

[S[m). S[n)) = & |(m — n)S[m +n] + =

gbobo,00d0ooboodgd:

ek 0 MOODOODDODO, Tim]=&"'Sm| 0000, Tm] O M OO Virasoro 000
JoooooooboOo. MO level O EOODODOO, Virasoro 0 OO central charge [
o, = kdimg/s 000. 0000, T(2) =322 ™ ?Tm| =r1'S(z) 00O, T(2) O
U0 energy-momentum tensor O OO0 OQOQ.

e M O critical level (i.e., ct=00on M) DDODO0O, M OOOOOOOO,O0 Sm|] O affine
Lied g0000000O000O0 Sp0O0O000OO.

00000 S(z) O g O Casimir element C’g:%ZpJpJpD affine 00O 0. g O highest
weight \O0OODOODOODOODO V,000 C, 000 (MA+2p)/20000.V, 00000
00000 Weylmodule Wy, 000000, V, 00000 S[0)000000,00000 G,
0000000000: S[0]=C,=A\A+2p)/20on Vi. 00, m>0000, S[mVi = {0}
O00. 0gobgooo, x=0000,0000 Vi=WyWO g l1lOOOOOODODOO
D000O00,0000 S(-1]0000000: S[-1]Vy={0}. 00,1 =C1000000
basis 0 1000000000, 8[-2)1=1Y J[-1]/7[-110000000.



O0000o00DOoO00ooooooO,0o000bo0ooDoogno: A, Begoo,

A(z)B(w) = (i(f‘i))z + [AZ’ ?]EU“’) - ZA(Z)B(w)Z :
_ %Z ° gy w) () = %lii% S ()P (w) (’Z‘E—H;?Q . (1.1)

2 000000 WwWZwO O

0ood,0o0o0ooooboododooo,oooooboobbOfd Wess-Zumino-Witten
(WZW) 0 O ooooooooo. 00oooooooooooooooooooooooo
ooooooooooooon.

00000, z2,...,2y€CO0000000000, Z2=(2,...,2y) 00000000, O
0,Vi,...,Vw0g00000000, M, M, 0OOOOODODODOOOD0OO00 g0 level kOO
0000000.00000,V=QY,v,000. M, 0000000 vA[m]=—A[-m]v
(weMy, Acg,meZ)0000. 0000, 4k0 M, OOOOOO kO00O00. 00,0
000000000000 Sml0 M, 0OOOOOO vSm]=S[-mv (v € My, m€Z)0
oo.

00000 &: Mo R@VeMy—-COOOO A€eg, meEZ,ve € My, veEV, vy € My O
oo, 0ogodooooooooooon:

Mz

D (Vo A[m] @ v ® 1y) — (Voo @ VR Alm 2" pi(A)P (V0o @ v R 1g). (2.1)

i=1

OO0, level O critical DO ODOO0O,0000000O00OO:

O (v T[m ] RV vo) — O(ve ® v ® T [m]vg)
- Z ( " (m 4 1)2"pi(Cy )) D (V0 ® v ® ) (2.2)

000, pi(a) (€ U(g)) 0 v0 0000000000 « 000000, 0000, v =
'U1®"'®UNDDDD,

Pi(@)P (Voo ® VR 1)) = P(Voo V1 ® -+ ®aV; @+ ® Uy @ Vp).

0000000000 [TK] OO0 (chiral) vertex operator 0000 N+20000000
oooobdooa.

0000000, vwe MO Amlug=0(A€g,m=0) 0000, v € Mo O vocA[m] =0
(Acg,m<0) 000000000000, 00, wow €CO |5 > |w >0, |z > [w| >
lw,] >0000000000000.v=u® ---®@uweVOABegOOOOOOOOO



goo:

v(2)) = (v1(z1) -~ on(2n)) = PV ® v ® 1),
)) = @(vee @0 & A(w)o),
Z2)A(wq)B(ws)) = (Voo ® v ® A(wr)B(ws)vy),
)) = P(voo ® v ® S(w)vy) = KP(Vee ® v @ T (w)1y).

0000,(21)000000000,0000000000000DOO:

@A) =3 28 ), (23)
(0(2)Alwn) Blu)
HAB) () | (@A Blws) <N p(A) () Bluw)
N (U)l_UJ22 + w1 — Wa +; w1 — 24
_ | MAB) | ¥ (14, B) pApy(B) |,
=t urF +; P T jZ (o — ) (ws— 2 | O (2.4)

O00,(1.)0ooooooooooooooo:

ﬁ e & P
@96 =3 323 G a5 )
I Z”')] (v(2) (25)

000, ri(z) = >, 0(L)pi(JP)/- 0000, (C,0,00000000, Casimir element
Co=35>,J5J/7000.)
O0,k#00000 level O critical 000000, (22) 00000000000

((2)S(w)) = kY [( 5(—0;3)2 = i - a%-] (v(2)). (2.6)

i=1

000000 (2.3), (24), (2.5), (2.6) O Ward-Takahashi identities 0000000 .
000000,000000000 200 Ward-Takahashi identities (2.5), (2.6) 0000 O
00000.0000000000000,##000000000000000000:

[ ZZ” 20 ‘”’] (v(2)) =0. (2.7)
ST

000000 Knizhnik-Zamolodchikov (KZ) OO OO OOOODOO.




k=00000,Sw)0 Swy) OOOOOOOOO, S(wy)S(we) 0000 Ward-Takahashi
identities 0 20 000000000000, 000 w 0O0OD0OO0OOOODODOODODOODO
goooooooo:
N dimg

N
Z Z ol p] ) Z 4 S "~ ) (2.8)
— zi)(w — z9) — — z;) ’ ’

w — z;
z] 1 p=1 v v

O0000,000000000 (rational) Gaudin Hamiltonians H; 000000000 :

H = Zrm - ZZ’” pf‘]p (i=1,...,N). (2.9)

J3(F#0) JF) P

00 G(Z;w) O Gaudin Hamiltonians 0000000 .

3 Knizhnik-Zamolodchikov-Bernard [ [ []

00000 Knizhnik-Zamolodchikov-Bernard (KZB)OOOOOOOOOO.

3.1 00ooood

k#000,000 (21),(22)0000000.g0 level kOO0 MyODDODODODOOO
gboboboooobo:

e My O weight subspace 00000000 . OOO00O,eeC,vep 0o,
My(e,v) ={v e My | T[0lv=ecv, Hv=v(H)v (H € h) }

gogo s MOZ®€7VM0(€,V).
eg 00O Vermamodule M, D0000,000eeC,veh* 0000, dimMy(e,v) <
dim My \(e,v). 00,000 My(e,v) DODOOODODOO.

M{(e,v) = Home(My(e,v),C), M{ = ®.,Mi(s,») 0000, M D000 g000000
O00.000000 Moo:MgDDDDDDDD.DDDD,MOO®MO_MO®MODDD
D000 fOtrace J000ODO0O0O0:

trag, f = Z f(Ce,V)-

000, C., O Mi(e,v) ® My(e,v) O canonical element 0 0 O .
c=c,=kdimg/s 000,q=¢e*7,|¢g/<1,hehD000000D0.
lw| > |zi| > |quw|, |wi| > |we| > |zi| > |qui|, A, BegD0O000,0000000:
(W(2))gn = (vi(z1) - on(2n)) = tiag, Do ¢ Qv @ o), (3.1)
(A(W)v(2))gn = trar, P(e ¢" O/ A(w) @ v @ o),
(A(w1) B(wa)v(2)gn = trag, (o ¢ e" A(wi) Blws) @ v @ o),
(T(w)v(2))gn = trag, P(e 7O/ T(w) @ v @ o).



gbooob,MyOODOD ceO0OO0O,000000O:

av(2))gn = trar, ©(e TOl=e/24chg @ v @ o ,
< ( )>Q7 0 q

v(2)a),n = try, @ oquo]_c/24eh®v®ao .
< ( ) >q7 0

3.2 H(w)O0ODOO Ward-Takahashi identities

H, (a=1,...,dimbh) O g O Cartan subalgebra h O orthonomal basis 000 O000. g O
roots 10000, positiveroots 0000000000 A,A, 000000D00. ae AODDO
O root vector B, 000, (E,|F_,)=100000000 normalize 0000 . H, = [Es, E_4]
0000, H, e h000,(|)000000 §*=h0000, H,=a0000000:
(H.|Hs) = a(Hs). 0O0DO, H,,E, O H,,E_,0 g 00000000,

(21)00,Hepyh0000000000O0OODOOODODOOO:

(H[m]v(2)) qh—ZZZ” (D)) g, T4 (Hm]o(2)) g

(H[0]v(2))gn = (HV(2))gn = O (v(2))q.n-
000,rebh00000000 850 duf(h)=[Zf(h+sH)],_,00000000. 00
D00 m=000000,00 h-invariance 0 000000000000

N

> pi(H){0(2)gn = 0. (3-2)

i=1
00,000000000000000, 00 Ward-Takahashi identity 0 00
N
w(H(w)o(2))gn = |0 + Y Z(zi/w)pi(H) | (0(2)) g (3.3)
=1
000,Z(z)0 1>|2/>|¢ 0000000000000000000:
2= 41
N 1—gm 2

m#0

1 m 1 1 _ 11
1—Z_Zm202 ) 1—2z 2 21

m

11+ =2 Z"Mg™ Zm 11+ 2 q ~
22) =35 =5 E m_ g™ 3.4
) 21_Z+7;)1_qm+n;)1_qm 21_Z+m>ol—qm(z =) (3-4)

00000000000, |¢Y>:>]¢ 00000000,2—10 Z(z)—3i= 000
000000, |¢Y>2>10000 Z(qz)=Z(»)+100000000000000. O
0000,Z(:)0 C*000000000000000O0O. Z(:)0000000000000

goooogo:



e /()0 C*O0000OOODODODODO {¢nezODODODDO.
o Z(qz) = Z(z) + 1.
e Z(z) =312 =0 (as z = 1).

1
2
(0:z=e"0000,31E=—w'+0k).) 0000000000, Z(:) 00000000
0000000 DO:

1 I11+z 1
Z(z) = —1 = .
(2) Z(1—zq >+21—z+zl—zqm
m>0 m<0
ooooodo,HepyOOOoooOO0O0O0O0O000O0O0O00OAO:

(1 = ¢™)wo(H[m]H (w3)v(Z))qn

= k(H|H)mwy" (v qh—l-zz pi(H)(v(2)H (w2))qn,

(H[OJH (w2)v(2))qn = Ou(H (wz)v(5)>q,h-
O0O0000O0D0O0O, 00 Ward-Takahashi identity O O O :

wiwe (H (wy) H(ws)v(2))qn

- [k(H|H)Z’(w2 Jw)

+ <3H + Z Z(Zi/wl)Pz(H)> (311 + Z Z(Zj/wQ)Pj(H)> ] (0@))gn  (35)
000, 72'(2) =222(z) 0000. 2(z) 0 Z'(¢z) = Z(>) 0000000, 00, (34)00,
7l > 2| >1q D000, Z(:)00000000:

m

Z'(z) = (1jz)2 +Z mq _

m>01_q

(2™ 4 2z7m). (3.6)

(0:2z=e"0000, 55 =u?+0(1).)

3.3 FE,(w) 0000 Ward-Takahashi identities

acADDDOODOOODOOO:

N

(1= g"e” "N (Ealm]o(2))gn = Y 21" pi Ea) (0(2)) g

=1

gobobooogboboboog,bboogd:

w(Ea(w)o(2)), =Za =0z fw) pi(Ea) (0(2) g



000,0(z;2)0 1> 2> ¢ 0000000000000000000:

m

z
o(x;z) = Z o

mEZ

0000000 1/1-2)=Y,5,2" 0000

zZ"q"x 1 1 z
cs) — -1 _
o(@;2) Zl—qmw+1—z+1—w +Zl—qu

m>0

1 1 A z=mgmx~
= —1 — 3.7
1—z+1—:c +Z(1—qu 1—qu—1) (3.7)
00000000000, |¢Y > |2l > |¢ DO00D0000, |¢Y > |2l >10000
o(z;qz) =z7'o(z;2) 00000000000 OD0OOOD. 00000, 0(z;2)0 20000

00 C-0000000000D000000.0#4£2#¢"(meZ)000,0(x;2)0 200
gbooboboobooboobuooboobog:

eo(z;2) 0 C* 0000000000 {("}nez 00DD0D.
o o(r;q2) = v to(x; 2).
eo(x;2) =1/(1 — z) + (regular at z =1).

0000000000, (2 ) =—0(xh2) 00000000, o(z:2) 0 1> |z > |¢| O
000000000000000000:

m

T
o(x;2) = Z T

meZ

000000, 0(x;2) =0(2;2) 00000000000,
D000000,eeADdO0000000000:

(1= " e W) wa(Ba[m) E_a(ws2)v(2))gn
= kmwy" (v(2))gn + w5 wa(Ha(w2)v(2))gn + Z % pi(Ba) (E—a(w2)v(2))q.n-

godooouououooo,oooood:
w1 (B (w1) E_a(w2)v(2))gn

ko' (e wg/wl) +o(e —olh );wQ/wl) (6’1{& + ZZ(zi/wg)pi(Ha)>

N N

3 0@z fw)p Ea) S ole M2 fuws)py ()

i=1 j=1
000, 0 (z;2) :==220(x;2) 0000. 0 (3.7)00, ¢! > ]2/ >1]¢ D000, o'(z;2) OO
goooog: )

, mz"qmr mzT"qmx”

o'(x,2) = 2+Z(1_qu e ) (3.9)

m>0

(0(2))gn (3.8)




3.4 Weyl-Kac denominator II = II(q, h)

g 0 Weyl-Kac denominator I1 =1l(¢,h) OO DO O0O0O0O000O0O:

1 =1I(q, h) = (plp )/ (2hY) H(l _ qm)dimb

m>0
< e T [1—6 ") [T = gmeet)(1 — gme®) (3.10)
aEA 4 m>0

Strange formula O O (p|p)/(2hY) =dimg/24 00000000000. I=1I(¢,h) 000D
gboooobobobd:- Hepoobg,

oyll qm e—a(h) qmea(h)
I =p(H) + ) a(H) [1—@ a(h) + <1_qm€ alh) ~ 1 — grea® ) | (3.11)
aEA m>0
o _ (plp)
[qa_ - v] m me—a(h) ma(h)
q  2h _ Z mq™ dim b 1mh Z q"e n q"e ' (3.12)
11 1 —qm 1 — qme—a(h) 1 — qmea(h)
m>0 aEAL

3.5 T(w) 0000 Ward-Takahashi identity (1)

000000 Ward-Takahashi identity 0000000, H=H, (a=1,...,dimh) 000
000 (350 acADDODDOO 38)00000000,0000 ~ww2, — w2/wl

(w1 —w2)? (1—w2/wl)?

0 kdimg 000000, w,w, —wO00000.0000, (3.6), (3.9), (3.12) 00,

(plp)
dim g [qa_q - 2h\/} I
Liim [dimb /(2 - - 1
5 lim im b QEZA ). BNTEE ] T (3.13)
oooo, (3.7),(3.11) 00,
1 Onll
Y —a(h). .\ _ a(h). _ JH -
5 ,IZI_IHZO‘(H> (o(e ;2) —o(e*™;2)) = i (3.14)
a€A
oooo, H, Z a(H,)H, 0OOODO0O0ODOOO. 00000000000 0O0O:
rw? (T (w)v(2))gn
o _ (P‘P) dim b
|:q8q 2h\/:| I 8H 11
= — a H >
[ k T + 2 o(Z5w)
1 dim b
i ( Ho(Z w) Ha(Z:0) + 3 FalZ0)B_o(7 w>> ] () g (3.15)
a=1 aEA

10



goo

H,(%w) = O, + Z Z(z:/w)pi( Ha), (3.16)
Za —o) 2 Jw)pi(Eq). (3.17)

=1

000, [Hy(Zw), 0] =8, 100000000,

ki w* (T (w)o(2))g,n

d1m b

=—( by~ o+ 3 O O ) o
dim b
(ZH (Ziw) + Y Ea(Ziw)E- (:Z,w)) (T (2))qn). (3.18)

3.6 T(w)O0O0O0O Ward-Takahashi identity (2)

000000 T(w) O Ward-Takahashi identity 0 00 00O . (2.2) 00,

N

(U= TSl = 3 |47 5 + (4 D7 )| (D
(IO = 155+ 5] (0o (3.19)

O0000 m=000000,00 translation invariance 0000000000 0O0O0O:
N

> g

Z.
i=1 v

+AJ@@Mﬁ:Q (3.20)

000, A =p(k7'Cy) 000D, OO0OD0 (vy(21) - vn(zn))gndzt ---dzy™ O, 000
a€cC*000000 (21,...,2x5) = (az,...,azy) 0000000000000 0D. OO,
goboboboooobbbooog,bboooobbooooonb:

WAT(w)o(D)qn = [T(Ew) + 57| (g (3:21)
ooo,
- ZZ/(Zi/w)AH_ZZ(Zi/w) (zz%—l—A,) —|—q§q. (3.22)
gogd,0do nmooooooooogg,
AT )o@ = = (|15 — 55| 1) CEn + TED @), 623



3.7 KZBUOUOUOOOODDOOO

Strange formula 0 ¢ = kdimg/s 00, & =20 gopgoooo00o0, T(w) 0000
200 Ward-Takahashi identities (3.18), (3.23) OO0 0000000000, 0000000
uo:

(I{v(2))q,n)

hv dim b
:7<[ TR

N=000O0O, (v(2)gr = (1)gn O My O character 000 0. 000, My O g O highest
weight —pDDD Verma module 000000 level k=00 Weyl module (0000 g O
highest weight (0, —p) 0 Verma module) 00000, (1), =0I"'0000000. 00O
0,0000 (3.249)0000000.000,000000000000000000COOO:

dim b
[ CTRETOIL O

00000, (324)000000000.(0: 0000000 [BOOOOOO.) 00000
0,000000000.

) v(Z))gn (3.24)

= 0. (3.25)

Theorem 3.1 (KZB 000O000000) (@), 0 (3.1) 0000, =1I(qg,h) O (3.10)
0000000,F=0{@),,00000000000000

Zpi(H)F =0 for Heh (h-invariance), (3.26)
N
Z (218_ + Ai> F=0 (translation invariance), (3.27)
Zi
i=1
gogd
kT(Zw)F =G(Zw)F (0000000000000D0). (3.28)

000, A =p(s'Cy) 000,

dim b
(Z H,( (Z;w) + ZE Ziw)E_o(Z; w)) (3.29)

a€A

000. T(Zw), Ho(Zw), Eo(Zw) 00000 (3.22), (3.16), (3.17) 000000000, O
00000 KZBOOODO w00OO0DO0000000000000000000.

12



3.8 KZB UOOO

000 (3.28) 0000 wOOOOD CrO0000000D0D00,w—quOOOOOO,00
20000 g™z (i=1,...,NymeZ)OOOOO. 0O0O0O0O,000000O0OOoOoOOO:

N N
ZZ’(Z,-/w)PZ-—i-ZZ(zi/w)QH—R.
i=1 i=1
000,P,Q, RO wODDOOOO0O0D, w—q 00000000, %Y, Q=00
00000000.0000,000 (328)0 P,=0,Q;=0,R=0000000.

P,Q;0 0000000 32)0000 Lawrent 0O0O0O0OODODDODODODOOOOOO,
RO min{|lg 2|} > |w| > max{|z|} 00000000 wOOOO Lawrent 0000000
goboboogogobobogg.

Z(z2)=15—-3+0(1—-2) 00000, Z(2)?=2"(z) + (regular at z =1) 0000000
O0000. o(z 2)0(x;2) 0 2= ¢z 000000 {¢"}wez 0000000, z=100
00 Laurent 000 2/(1 —2)*+ (regular at 2 =1) 0O0000. 000, o(z™ b 2)0(x;2) =
Z'(z)+const. 000. 000D0D0OOOO,i=1,...,NOOOO,

dim b

G(Zw) =) (Z(Zi/w) pi(Ha)Om, + ) Z(2/2)pi(Ha)ps (Ha)

J(F#1)

a=1

+ QZI(Zz/w)pz< )pz(Ha)>

+> ( (zi/w) > o(e*™; 2 /2) pi( Ea)pj (o)

a€A ()

+ %Z’(zi/wwa)m(ﬂa))

+ (regular at w = z;)
= Z'(zi/w)pi(Cy)

dim b

Z(zi/w) Z pi(Ha)0u, + Z pi @ p;)(r(2;/ 7))
3(#1)
+ (regular at w = z;).
noo,
dim b
Z H,® H,+» ofe " Q E_,. (3.30)
acA

goboo (3.22)DDDDDDDDDDDD,H:ODDD

dim b
) > o + i@ )0t/ | | P @3

3(#9)
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00D0000000.000,A;=p(k™'Cy) 000

00 RODOOOO. ¢(z,2) =a2a(z,2) 00O, (34), (3.6), 3.7) 00, 1> |2| > |¢| O

gbobbooogbbobuoooobbod:

1 1
e _2%&:0 1—61’” (I =g )+T§)(1_qm)(1_q_m)+1, (3.32)
S mZeZ 1 —gmrz)(l—gmat) (3.33)

DDDDDDDD,|q_1|>|z|>|q|DDDDDDD,DD z=1000000. 000000
O bp-invariance (3.2) 00000, (3.15) 00000000 (ODO0OO (3.15)0000),000
0o:

AT T0lo() = [ L 2 —H(ii@] . d;" O,
+3 (fjh D1, + fjlm ® m(s(z]/zm) ] ©@Dan (33
ooo, J
s(z) = (Z( %‘]H ®H,— Y ("™ 2)E, @ E_a, (3.35)

(pi @ p;)(A® B) = pi(A)p;(B).

((=,0000 (m®p;))(A®B)0000O00D00O0O0O0OO0DOO.) 00000, (3.18)00
goboo,o00bbobdagd:

dimb

9 k(plp) | 1
g - § j I
[k‘qaq RV + 9 8Ha8Ha
dim b

% (Z O.0n, + Z pi ® p;)( ZJ/Zz'))> (IL{w(2))g,n)- (3.36)
00, (3.19) 00
> 0 c . o .
I{(T[0]v(2))gn = ({ 8_q — ﬂ} H) (V(2))gn + q8_q<H<v(Z)>q’h)' (3.37)

(3.36), (3.37) 00,000000000000:

dim b
o 1
M5, " 3 (Z Ou,0n, + Z pi ® pj)( Za/Zz'))>

2,7=1

KR = F. (3.38)

14



goboobooogd Z_lp( ;) 000000000000000O0O0O0O0O, (329 0000
ERN G(z,w)DDDD,DDDDDDDDDDDDDDDDD.

= Z Z'(z1/w)pi(Cy)
N dimb
+Y Z(z/w) Z pi(Ha)Om, + > (pi ® p)(r(z/))
i=1 J(#1)
dim b N
+ % (Z .0, + Z(Pi ® p;)(s (Z]/ZZ>)> : (3.39)

Theorem 3.2 (KZB 000) (v(?)),, 0 (3.1) 0000, =1(g,h) 0 (3.10) 00000
00, F=1I(v(V)),n 0 b-invariance (3.26), translation invariance (3.27) 000000000
goooooo:

0
A, | F = H,F 4
/{( 82Z+ ) F (3.40)
9p_myr (3.41)
anq = MgtL'. .
000,A =p(r1Cy) OODO,
H; = Zpl D0, + > (i @ pj)(r(z/z))  (i=1,...,N), (3.42)

(751)

dim b
(Z 91,0, + Z pi ® p;)( ZJ/Zz'))) - (3.43)

i,j=1

r(z),s(z) 00000 (3.30), (3.35) 000000. 000 KZBOOOOOO. (N, Q=0
ooooooooooo, YN H,=0000.)

000000 [FV]OOOOOOoooooooooo.

4 [0 Calogero-Gaudin [ [J

4.1 2 00O Hamiltonians

000 (3.42),(343) 00000 H; (:=0,...,N)O (200)00 Calogero-Gaudin Hamil-
tonlans OO OOO0O0O. D000, 0000000000 bO00o0booobboooboobDo
O0. 000, critical level 00000, (v(2)),, 0 trace 0000000000 T[0]0000
000,00000, (v(?),, 0000000000000000D00O0D0O0DO0O0000
0. 000000000000000000000 [KT2)000000. o000, twisted O
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0000000000000 0000000000O00 KTjoooooooo.oogoo
0000000000, 00000000000 (200)00 Calogero-Gaudin Hamiltonians
goooooooobn.

000 N=10000000.0000,g000 V; 0O weight zero subspace V1(0) O dual
space U0 OO0 pOO00OO0O00ODOO Hamiltonians 0000000, 00000000 Hy O
godd:

dlmh
Z O, 0, + 5 Zp M) By B (4.1)
aEA
DDD,p(m):—d(m,l)DDDD.
plgz) =p(z) 000 p(z) OO0 {¢"}fmez 00000, p(x) = =775z + (regulat at x = 1)

O000000.000,z=e>™0000,4r%p(z)=pu)+nm 000000000000
O0.000,p(u) O Welerstrass 0 o 00000, 0 ¢O0O000000O. hebhO h=2miu
0000,5h00000 2,0 h=2mi)> ,u,H, 0000000. 0000, 0y, =5 00

271 Oug

0.000,H 04000 puC,00000000000DODDOOOOODODO:

Hee = _1% <a(za) Z o) EuE_a. (4.2)

aEA

Oo00,g=sl,(C)000000, 00 Cartan subalgebra O h = {diag(z1,...,2z,) | X,z =
2
0}00D0,2 0000000000000, Y, <i> 0 hO0DO0DO0 A, 00000

DDD.C[tfl,...,t#](tl.-.tn)ﬁDD ol,(C) O Eyj l—>tl£ (F,; 00000)0D00O000
D000000.Vi0 vs=(h-t,) 0000000 ¢g00000000O0. (000 80
0000000, V, O g0 vector representation C* 0000 S$°*(C*) 000000, OO
00, Vi O weight zero subspace 0 Cvs D000, i #j 000, EyEy; = v (%g +1)

Lida,
0vw 00O B(F+1)0000.000,00000000:

Hoo = —28y+8B+1) 3 ploi— ;). (43)

2
1<i<j<n

000,00 Calogero-Moser 0 O O Hamiltonian O 00 O (JOP]).

4.2 000 Hamiltonians O OO OO0OO0O

000 Hamiltonians 00000000 0O0OOOOOOODOOO.

00,20000000 Sy(w)O U(g) O Casimir element Cy, = Cy O affine 000000
00000, U(g) O center Z(g) 000D Cy (d0 C,000)0 afine 0000, 00000
000 Sy(w)0DODOD. (A, B,,C, 00000 [Hay] 00D0D00O0.)

000, S(w)00 200 Hamiltonians 0000 Ge(w) =G(Z;w) 00000000, Sy(w)
00 d 00 Hamiltonians 0000 Gyw) DO0OO0O.

Go(w) D w=20002000000,(w—2)20000 p(Cy) 0000, (w—2)"'0
000 N—-100000 Hamiltonians 00, w O0O00OO0O00OOOO 100 Hamiltonian
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000,000 NOOOOO 200 Hamiltonians 0000. 000 Gy(w) O w=2000d
000000, (w—2)¢0000 p(Cy) 0000, N(d—1)000O00O d 00 Hamiltonians
oooagd.

ooo0,A,,0000 @000 g=s,4,(C)D0O0 d0O 2,3,4,...,n000. 0000
O0000000,d—10000 g 0O maximal nilpotent subalgebra OO0 0 dimn 00000
0.000,000 NdimnOODOODO Hamiltonians 00 000000O0DO0O.

00 000 flagvariety D00 g 00000000000 OODOODOODO, Hamiltonians
O NOD flagvarieties J h 00D O000O0ODO0O0OODOO0ODOODODOODOOODOODO. O
000000 Ndimn+dimh 00, b-invariance 000 dimbh 000000, 000000
Hamiltonians 000 Ndimn OOOOOOOOODO. 000,00 Calogero-Gaudin 00O 00O
0000000000 Oooooooa.

O0o00,0000 g0 2000 compact Riemann 0 X 0000000000 0OOOO
0. Ge(w)OOO N(d—1)0ODOOODO d 00 Hamiltonians 000, Gy(w) O “0007 OO
00 dim HY(X,Q%) = (¢—1)(2(d—1)+1) 00000 Hamiltonians 0000. 00000
Ndimn+ (¢ —1)dimg 00000 Hamiltonians 00 000. 000, X 000 NOOOO
stable parabolic G-bundles (g = Lie G) O modulispace 000 O0000. 0000, 0000
00000000000 Hamiltonians 000000000000 ODOODOODOODOOOO.

0000

[B] Bernard, D.: On the Wess-Zumino-Witten models on the torus. Nucl. Phys. B303,
77-93 (1988)

[FV] Felder, G., Varchenko, A.: Integral representation of solutions of the elliptic
Knizhnik-Zamolodchikov-Bernard equations. Internat. Math. Res. Notices 5, 221
233 (1995)

[Hay] Hayashi, T.: Sugawara operators and Kac-Kazhdan conjecture. Invent. math. 94,

13-52 (1988)

[KT1] Kuroki, G., Takebe, T.: Twisted Wess-Zumino-Witten models on elliptic curves.
Comm. Math. Phys. 190, 1-56 (1997)

[KT?2] Kuroki, G., Takebe, T.: Bosonization and integral representation of solutions of the
Knizhnik-Zamolodchikov-Bernard equations. preprint math.QA/9809157 to appear
in Comm. Math. Phys.

[OP] Olshanetsky, M., Perelomov, A.: Quantum integrable systems related to Lie alge-
bras. Phys. Rep. 94, 313-404 (1983)

[TK] Tsuchiya, A., Kanie, Y.: Vertex operators in conformal field theory on P! and
monodromy representations of braid group. In: Conformal field theory and solvable

17



lattice models (Kyoto, 1986), Adv. Stud. Pure Math. 16, 297-372 (1988); Errata.
In: Integrable systems in quantum field theory and statistical mechanics, Adv.
Stud. Pure Math., 19, 675-682 (1989)

18



