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TRDOD Y, OMEREERBUEETER DA OMERE LRI A RN 2 Z & & Stirling
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Hpg2 Z3EBH U 72 1 U, 72 & Z21E Lebesgue DR EH % (i 21X LW,

22 AR Gauss A DAR [T e dr = T Tz =u/ya LEHPEREEHBTNIEOND.
Gauss ADARIEUFOE S ICUTHHAING. £ll% [ bBLE P = [T [ @) drdy ThH
D, 1213 2 = e ) D25 7 LM 2 = 0 THENA UNIPROFER] OWRFEE LRI D, T/
DET 0< 2z S 1IZBITLWHMIE —7log 2 TR D DT, TORMEIK fol(—wlogz) dz = —w[zlogz—z|{ =7
8%, WZAIZ T = /r. Gauss MO RRDOARGEBR L ZAIIHEARNHTRLZEZIATHY, LT
DEFRBHTHKDZ L ZATHD. UNLUEDOZEIINIDKEKETH 2 Z Wb hNIE, TDEI 2 TOW

HEABOMIC LD Z e NEMAR 7 BN TRIEHAP DN L. FHRIZRDDIE T TOE D% EREHE
LZDTIEELS, P DL%3IELAEZNSGTHD.
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ZDE DI, AV~ A6 DR E E RO RHEB D Fourier Z2#112 & 2 R % i 2 1F
TR L E D PR D L ROV TOHMERE 2 A Z 1 RT Z N TE, TOFRERIE
Stirling DAR & [FfEIZE > TV S.

2.3 HUIHHDEHMUEEE Fourier REAR & HWARWAE
HYXHBDEREIY,
n!:F(n—i—l):/oo " du.
0

BAZERZ x=n+vny=n(l+y/y/n) IZ&>T y IIEHT DL,

n‘—ne”\/_/ (1—1—%) dy.
Wz
L hy) = {e—ﬁyuw/ﬁ)” (y > V),
"Twenyn " 0 (y < — V).

LB, o= [T haoly)dy £7%B%. loghy(y) D y =012 % Taylor BHIZEL ST
log h,(y) = —y2/2+0( ) (n—00) £82ZEMNDNDDT, lim, e ha(y) = e V2 L7
52 ENbnd. IHI

o0

lim hin(y) dy:/ eV /2 dy

n—o0

LS FES L RBIRDIERF D% RS 2 & AT ENUEY, limy, o0 cn = V21 BEOND.
97205 Stirling DA

|
lim —————— =1

n—00 ne="\/21n
WEHND . ZOHETHNIX Fourier T DRI M ETIZ LR LA D.

BRI 2 H DR CTHERBIHEIPING. & ZIE, e O Taylor BRI Z A U CIHIIFE S % F217
UTHIHHITES. © UL, M8 f/(y) = —yf(y), f(0) =21 2Hi-LT0WR I EnbeEMIND (£
W72 L T2 2 IFH AR THIEDN D). Cauchy DD EI 2 Z XK RN u + iy (u>0) %
v>0 CEIBADIERMEIZETLUAZDOLHEU LD ICRZDMHEIMELNS.

Ly >0 T hy(y) S hi(y) =e V(1 +y) B, y S0 T holy) < e ¥"/2 BELLTWB DT, Lebesgue D
ARG % 2B IRT ZEMNTE S, Lebesgue DICREH Z DR TE | |yl £ M T h, P—FRIN
KID2ZIELEHOVTORTIEETES.
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2.4 BHEMNMNKEILHA 2ESHINERSGETEHELUTET R EEDOEBR

BT HE IE RIS RERAH n (HORERAI X, X IDE 2T Y, = XP - 4
X2 L REEINIMEREBY, OWERDIAZHBE n ODAA 2TRDHLIFS.

EHHE n QN1 2304 shape 28 a =n/2 Tscale B’ 7 =2 DAV I FHIZZFEL.
FRZE R n DA 2 A ORERE BB

e—y/Qyn/2—1 .

T(r /9\on/2 >
fn/2,2(y) - F(n/2)2n/2 <y )a

0 (y =0).

ZRY, ZTOFEERBIIENT N 0 L 2n 128D, TRDD,

00 —y/2,m/2—1 —(23+-+22)/2
0 I(n/2)2/? WO n (2w )2 ! "

COHEREEZRTEZOIIE, AVIYDMOFEEELY, n =1 ODEAEEZREE+THTHS.
n =1 DHBEDOFHFEITIARENZH Y AFES & T(1/2) OBBRZOEDTHD. EBE, 2 >0
Tao=y LEDEHZERTLHIILIZEST

00 ) e—a:2/2 p ) oo e—v/2 y—l/2 p oo e—y/2yl/2—l p
BAOSET T(1/2) = /7 &lio7.

Mt ZDOMATIE, HHE n 2 KEIL<TD L, W1 2EWL/MHITFEIN n THED 2n D
EHAHIZP > DEMN S ZENISHMOENT NS, TOEEIIHN V¥ 54D HMEIRE
HZDOEDTHD. £UT, B TR U2 KD ICIEFULI N AT >~ 5346 DR R FE A
SR A1 4 DR B &\ 5 5L L Stirling OASIFE (7 U ZEX OEH) 20
ThHolz UERFLEDDIEIRDEDIZEZEZRD I DND:

EHIEE n DA 2040 % ZEAEW TS 0, 788 LIZIERET 2 & & n — o0
T T DT F 2 FE BB EEHE TE B 53 A0 DS 28 FE B BT DR 97 % & S #RE S
WHBWTELHOENT WD FERIE Stirling DARE[FETH 5.

B DIIHEHF %2 L <H->TWB AL, Stirling DARIEn — oo THA 2 LN IER D
MEDS IR I EZREKRL TS L > THu,

2.5 —RRDIFGEDFOEREIRICEET B KB AR

— R DI O HUBR IR R BRI DWW T RMEHIZ ORI IR 5.

X1, Xo, X3, .. (M THEUWERS A 2R OWRLEBDIN THDHLTEH. IHIZTH
SIEEY = E[X,] E9 0 = B[(Xy — p)?] = B[X3)?2 — 12 2 HDO L IRET 3.
Vo=(X1+ +X,—np)/Vno? B LY, DFEHENRIEZNTN 0 & 11285,
ZDELE n— oo DERT Y, OWERSAIEY 0, DB 1 OFEHETE B A2 (HY) AR
k) DR 2 05 ODSHLMIRERETH 5.
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LR DHRD 2D X, % (Xy —p)/o TEIMZLILIZTEH. ZOXDITESIHAT
LY, 3EDLS5RN. ZDOLE X OFHEFBUITNTN 0 & 1 IZK85DT, X OF
VR % o(t) = B[] L #L &,

t2
ﬂw:1—§+oW)

Y, = (X1 4+ + X,)/vn £BLEY, OFHERREZTNTR0 L 124D, Y, O
RO R IZ D & 5 IZFHE I B

1o [ e - o ()’

k=1

t2 1 " —t2/2
l1—-—+o — e (n — o0).
2n n

P 212, Fourier DIEARE D10 Y, ORERBEES f,(y) 1&

1 [~ t\"
fnly) = ﬁ/ e My (%) dt
W22 23U n — oo THREMEIE M43 A D 3R % K 4K

00 )
i o~ ity o—t3/2 gy — e v/
21 J_ o V2T

(PR 2!

2.6 ZIE2HmDHOERREER

PAETIIHERDAD THEY)BRERTOPGR] IZOWTIEFEAEMEHIAL AN o72. =
DHITIEZ D I DWW T IEH A ZHNZ W T RHEEIZEA S 5 18,
X, MZHEDG T OMREBD L X, g(X,) DIAFHEIX

==j£:g(k)<z>zfq"k

LREHRINDG. 2ITO0<p<lg=1-pTHY,n FEDBKTHD LU, (}) 1T H

R RO
; n| n - n .
<k):m (z+) zz(k>xky ;

k=0
E[g(X,)] 2B DR TEL ZOIIET IV RER (TIVEHE) §(x —a) de &6 5 BER
H3:
n
Bl = [onds, g =X (1)t b
k=0

ot/ /)" AETRA 7 BIE Y, 1T 3 Fourier KA RO RIZEEIC A 24, AR TRVEAIC
WHIEIZ ) HIEDOPUR2E 25 2 LIl85.

6 —fIZiE R EORERHIIEICRS.

RGBT ISEY R REIRTOINKR 2 ZE X D2 BENDH D,

By 477 OIS 24, BEREmIT LR,

VTN (T IV AWE) 6(x — a) do FEFEE f(2) 12HUT, [ g(@)d(z —a)de = g(a) 12&2T
EBINTVWDEEZD.




2.6. IHZAT D HUO R E B 11

ZD &SI, TS OMEREEEI [, (x) XTIV AEE (TN ARE) & fioTRbIN
2 EEZ LN, BEOKBCIEA < BEE (&Y EHICIXE) 128> TUES. FHCHER
EERBOPR 2 @HE ORBOKRINKTEAD I LT TEIRIRD.

ZD & 5 BGE IR EEHO L SR TR < IFHENEE g — Elg(X)] O
WK % # 2 AUE 0.

BRI R AT, OB ¢ 1283 Eg(X)] 28> OTRAL, H2RHAEHD
His g 12T 2 E[g(X)] 28\, TORBIBEEOFEN S —ROBEEEL LD &
DRIENELITThND.

Z DHILFI D TERZEI X OFRERE ox(t) = E[e®™] 2> 2L THh 2. FriEEBUL
R ETHEIZHOSED 1 DU DO —FREGE R U R 5

lox(t)] = |E[e™]| £ E[[¢"Y]] = E[1] = 1,
sup |ox(t + h) — ¢(t)| = sup ]E[e”x(e”h -] =FE [|eihX — 1]] — 0 (h—0).
teR teR
BED 0 NOPER T Lebesgue DYNHEH 2 FW /2. B g(z) 3
@) =5 [ g
g(@) =5 | €5
ERDINTVWALTEY ZOLX Bl LEADIEFR2XHMTDHILI&>T

Elg(X)] = = /mau)E[e“X]dt L[

:% » :% .

J(t)px(t) dt.

ZOAREY, HEREHH Y, LHERER Y 1ZO0T, FEEBS oy, 2RIERE oy
A RIPOR U TS, Y72 27 5 22128 ENDERDOBEE g(y) IR LT Elg(Y,)] &
Elg(Y)] IZIRT 2 Z & 2325, BEHERZK 2 50— RO 56 O HoD R E HL
ZO&> B TENMEING.

TR MERERY, ORVERE oy, DI o IZE IR LU TOTEINRLDEE ¢ 23d
B MERZI ORI R 2> TR WG E IR Y, IFHERZBUTPCR L B, K

PEEIF] oy, DEACCHBER BIM o 1 AR B 1 518, R o % FFORERAKL

“IES A DO HROMRIRE R 2 RE S . IHOAE DR EEUE
ox. (1) = E[eitXn] _ ;0 pith (Z) pkqnfk

. n 3 — 7 n
= (k> (pe")"q" " = (pe" +q)
0

k=

20Z DFRIDOINFIZFIINR & IEIEN S .

722 20F g(z) BWEBAEBTHNIXZBDEE g(t) TZDEDIT g(x) 2RRTED.

27 L ZIXERBEGERBRDES.

BEBROFEHTIE, g(y) P2ABDEHETH D &5 BFENGOEE PR E R L, TOMEE UT g(t) Bk
VIRV D7 F A (Bl ZIXEFERHBDOES) ILHEEFNILEDOMEREEL.

24Bochner DEH.



12 2. AV DAADOREREZ 72 RR 2 b DEH,

BB, ZHMMDFFE REIEENTI p, =np & 02 =npqg THD. DR ITHEREE

In v/ 1pq)
DT LI TNEN 0 L 1128 Y, T ORERI
oy, (t) =E [eitYn} _E [efitnp/\/nimeitXn/\/qu]

_ efitnp/\/nToqgoXn(t/\/n—pq> _ efitnp/\/nipq (peit/\/nTJq + q)n
_ (peitq/\/rpq + qefitp/\/nipq)”

L7252, X, OFEERBOARNEREETIZ, X, —np = X, (p+q)—np = ¢X,, —p(n—X,,)
ZHWT, EEMNIZ

Py, (t) = E [¢] = B [eltaXn/vipie=ite(n=Xn)//npa]

_ Z pitak/\/pd ,—itp(n—k)/\/7pq (Z) pkqn—k
k=0

S () o
k=0
= (peia/VTPL . geitp/VPa)"
YEETHILETES. ZhIZ

. 2
peitq/\/npq =p+ itpq _ % +0 (L) 7

Jnpq  2n ny/n
: 2
—itp/ g _ ,_ _WPg _ ptT 1
g¢ 4 Jnpq  2n +0 ny/n
ZRATDHE
t)y=(1- ﬁ +0 o ’
Prallt) = 2n ny/n
DT
—t2/2

lim ¢y, (t) =e

n—00
— 73, BHEIE R A9 D HERZE Y DREBIBUE
A o —y?/2 )
oy (t) = Ele"Y] = e’ dy = e /2,

o V2
INEY, #EYRT T AIEGENDEE g(y) IZD20T

lim Efg(Y,)] = E[g(Y)]

n—oo

LRDIELZRED. DL

n

, k—mnp\ (n\ 4 . /°° e V2
lim P = dy.
H)okz:%g ( npq) (k)p q )=y

BELZEp=q=1/2DLE gy, (t) = (cos(t/y/n))".
26 2 DIGEITITAFREREER o Sy < b TEN 1 IZTEDTHRVE X 0 ILRDEHER Y.
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) MaSySbDEZEMN 1IZRY, TOITRVE X 0 IZRDIEBDLEITIE
. X, —np be—v*/2
lim P <~ <pb| = —d
n1—>n<r>lo (a - /npqg — ) a V2w Y
PAER IS OMERZEH X, OHFMRREHTH D .

3 Laplace DAEICL 528

HiEl & TIZEHHA U 7z Stirling DA XODFEINZAE I AT > < B (H >~ 4347) ' Gauss
My (ERDAE) THEBIND Z & Z2HWGEHZ L EZE X 5N 5. Gauss D IZ L DMl %
Laplace DHELIERZ E03H 5.

3.1 AVIEHHD GaussTEDICL BEUEFE>-EH

AV IEBDOE%E Gauss B3 CHEHBLLEIT S Z L 12 &> T Stirling DAXEZRT D,
log(e *2™) =nlogx —x & x=n ’CTaylor)EF%ﬁ'é‘ét

)2 )3 )4
nlogx—x:nlogn—n—(xQHn) +(:v3n;1) _(x4n;1) +

BOT, n BWREIZLE I =T(n+1) = [ e a"de W

00 _ 2 o]
/ exp (n logn —n — u) dr = n”e‘”/ e~ @/ (2n) g0 = pre=m\/27n

e 2n

TIEBMIND Z LD nd. PRI
n! ~n"e "V2mn (n — 00).

Z DIELLDRE T % scilab THIK 2 &I &> TE- itk %Y 1 v X —Di k10 VTR
ZENTES. RIOBUEFEEY 7 b scilab IZDWTIRELEDY 1 — 2SI LUTARL .

PA_EOFERHTE T Stirling DARFDEF- ne ", v 2rn DZNEND g, (x) = log(e *a") =
nlogr —x O x =n IZHBF S Taylor BFADELIHE 2IROIHIZHEL TS Z EhHn
5. 3MOIEIE [ yPe v /ody =0 BOTHE LA

PAEDFiiEE R L THE 1L IEHED 1/(12n) FTEHELUTAL S,

Hefifg, A ABUR Gy & AV BB OBBIZLAT O Y

oo o) —1 2
/ e 2% dy = 2/ e (2 dx = 2/ (Zt)k\/_
oo 0 0

= 2"1’\/5/0o e Y2 dt = 2FV/OT (K +1/2)
:2’“x/§1'3"'(2k_1>\/%=1-3---(2k;—1)\/%.

2k
T3, Stirling DARDE 1 FIRIE E TOHERGEERH, U Vol. 31 (1979) No. 3, 262-263 Tl Wallis
DRRDKEEACIZ L > THE 1 MEHZGDS HEMEHINT VS, B 1 MIEEMN O Stirling ARD 5 U
WEEHIZ DWW T, S iE i, B A B4 5 Stirling O A XD YIERFER, 2% Vol. 36 (1984) No. 2,
175178 &\ SR D B . £E D SCHROfEF % L F TIESHIT U 7.



http://twilog.org/genkuroki/date-150709
http://twilog.org/genkuroki/search?word=scilab&ao=a
https://www.jstage.jst.go.jp/article/sugaku1947/31/3/31_3_262/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/

14 3. Laplace M 5712 & 28,
f: (‘: Z‘i, fjooo 6712/2 dr = ffooo 67372/21'2 dr = \/%’
/ —20% dr = 3v/2m, / e"/?25 du = 15V/2r.

IN6DRAZELLFTHES.
VB DM FRDOBDZER 2 12 n(1+2/y/n) 2RATD L

nl=Tn+1)= / T dx

—“/%F/ O+vanm

€T n
~n"e "/n e‘ﬁx (1 + —) dx n — 00).
: = (n > )

n

R IR DX Z o, (x) EFEL &

¢n(9€):”10g<1+%)—\/ﬁxz—%2+%—£+o<%) (n — o).

5gt: 0) o(1/n) DFIIE n ZNFERICn > 00 DL 2| S1 T O IC—HRIERTS.
WRIT |z £ 1 IZEWT—HRIZ

e VT 1+ $ n—e_”Z/QeX z* —$4+0 1
N P 3v/n  4n n

—6—7»‘2/2 1+x_3_9c_4+1 :C_3 2+0 l

N 3vn  4n o 2\ 3n n

(1 z? x4+ " o 1
B 3vn  4n  18n n))’

o(1/n) DIMAIZEEND n OFEBEESD 1 OHOBREIE v IZDOWTHBKEUIIRDS Z
LITHEER L. FHEHEE e T2 0D —1 <2 <1 TORMIMADZDT, ETHMLT
BWEARIZE > TR ELNS:

1 n 00 4 6
7\/777,1 1 —I ~ 79:2/2 1 - _I ’ 1
/—16 ( +\/ﬁ) dx /_Ooe ( 4n+_18n dr + O >

_ /o 3@ 15v/21 o(i)

4n 18n n?
—Vor (14— o[-
N 12n n2) )

n! = n"e "V2mn (1 o (;2)) (n — o).

12n
INTHEIFIEE 1/(12n) BRSNS B 1HHEH 1/(12n) &, n BPREIBRLEE 0l O
n"e "2mn IZ KB ELDEEIE n BRIBREE n! OfED 12n DD 1BEIIRDZ L%
=L TWS

WwZ Iz

28 EIR DA IETHE [RIRRIC Fohd.



3.2. HYUSEBON Y EEE AW /E I CTHiEIEZ ZHE T 5 ik 15

3.2 AVIYEEBOHAYITEHZRAWGEUTHERZEEY 5AE
Laplace D /EIZ & % Stirling DARDEEA & T D—#ALIZEI U Tl Gergd Nemes, Asymp-
totic expansions for integrals, 2012, M. Sc. Thesis, 40 pages D3 aE LU\, AR CEHBHT % 4
EOFMIZZ OFwX D Example 1.2.1 iIZH 2. T IIZEHEWTH D HiLkZEH>TEH, Stirling
DARDHHIEIH 1/(12n) 2AHIIH/D I LMNTES.
RORARZEMD L 2EZL: EED a>0(a=00 Z2EHL) ITH LT,

a 1 an F
/ e Ml dt = — / e "2 tdr ~ (5) (n — 00).
0 n Jo

s
t=a/n LRAEREERUE. ZOAREHAI,

a1'(s1) N asl'(s2)
nst ns2

/ 6—nt(a1ts1—1 + a2t52—1 R ) dt = (n — OO)
0

D& D BEHEMNAEEIZ RS, g VT Stirling DARDRM DOMIEIE 1/(12n) 215 T
ALD.
B f(z) %

f(z) =2 —log(l + x) (x > —1)

CRED, MAZEEE y=n(l+z) LEHRTLIILIZLOT,

nl=In+1)= / e Yy dy
0

= / e "1+ z)"ndx = n”“e”/ e @ g,

1 1

LI Z >0 <0l B22iz&oT

n' 0 1
— :/ e /@) dx+/ e D dy,
nhTie"n 0 0

LY fo)=t BULKIFE f(—2) =t LEDALBEZEIHRTINE, BMOOEN ETHIAL
IR ZESTHS.
FERIZENPHRER I L 2R L LD . f(x) =z —log(l + z) DEHEUL

1_:1:
142 14z

flx) =1

BOTz>0T flle) >0&RBY, -1<x<0T fllz)<0&%Bd. f(x)ldxz=0T
BAKME f(0) =0 2FH, x > 0 THFAMWMU, 2 < 0 THHFABDT L. PAIZ >0
1<z <0DTNTNT t = f(z) FYPEHK z=2(t) 2FD. v =2(t) DFEFLELTOD
ROFENZFANRD 720D,

z=at'? + Bt + 32 4.
EHWNT
3 !
ER

22
t:f(x):x—log(l—l—x):?—


https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf
https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf

16 3. Laplace D HEIZ & 2 EH,

WRALTY, a,8,7y 2 RDTAHALD. EBRIIRATD L,
2 3 2
t= St <a6+%)t3/2+ <a7+%+a25+a4)t2+---

A% i U T o, B,y kDb &,
05:\/57 ﬁzéa Y=

2155, ThhHL /s
p)
_ 1/2 , 4 V4. 3/2
=2t +ot+ gt
Bb. x>0 TRIDEREZZTOEEH VS, 2 <0 TlE V2 %
SIZx % —x CEIMZ-RERZHWS., 4206

2. V2
= V212 - St 32
r=v2 TR

LBLE f(—2) =t LBB. B EDTRZTADEEIIB VT, BT

LB fla) =t
2 CEXHA, X

dz — @ $/2=1 4 gtlfl + \/_§t3/2*1 4+ ...
dt 2 3 12
A ED 2 DDEET t OBEIROEIZIE —1 fFOENNRH S . HEfFIE S /2.

fla)=t EHNEREBERTEZLIZE>T, n> 00 DL FE

o0 o0 d
/ e @) dy = / e_"t—w dt

_ /OO ot (\/75 #1/2-1 + %tll + gt?ﬂl + .. ) dt
_ \/§r(1/2)<+.2r(1)_+ »/fEF<3/2)+

2nl/2 3 12n3/2
Vor 2 \2rm
:2n1/2+3_n+24n3/2
ERD. mBRIZT(1/2) =7, (1) =1,1(3/2) = (1/2)I'(1/2) = /7/2 Zffio/=. £ 5 —
FOBEBIIDOWTEH, f(—x) =t LEAEBZE#LTLH I LIZEI>THRIZLUT, n — o

DX
i) gy V2T 2 V2T
0 C2nl/2 3n 0 24n3/?

e UED2O02RLEDED L, n DEHFESD 1 DHENTRNTHFy oIV, RN

"ond
n! V2 27 1
nitle—n  pl/2 T 12n3/2 +0 (n5/2) (n = c0).

CHFIRD LD ICEZIEIND:
1 1
| — NN -
n! =n"e "V2mn (1+12n+0(n2>) (n — 00).
. 92 DMIE

ZHNTH 1 OFIEHE 1/(12n) § Laplace D AIETRD 5NE Z &b h o /2.

THEARE € ﬂi‘% IZLTROLEND.

H1} % Taylor B log(1 +2) =2 — 22/2 + 23/3 — 2t /4 + .- TR ICI DN D,

Bzl <1}
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FE. L EOFHBEIZEWT “4...7 LBV OWTIREFELKRETHD. TDOI &
WXL R DEERZ REhns.
L
1+t

p t
1+t

=1—t+t =+ (=D (-1)

2T

emtdt  T(1) TI(2) w1 L (k) L [ ek dt
= — -1 S -1
/0 1+t n n? ot (D) + (=) /0 1+t

o 1! E—1)! o gmnttk
0

n  n2 14+t
FEOBRTIEIZDOLS BROEFNSLEE “+...7 LG LU THRAZ. < EORIFELWY

AR,
o eint dt _ > k—l (k: -
A 1+t_g¥l) nk

WEAEOBEEKETCELWARTIEHARWY., BELRLIEALIZEARIZRER n IR LTHIYL
RWUBOMOLETHD. “+---7 OFDIE R 220k T 25 L MIRTL2DTIEARL, “A
BRI RIARI” 2 EK T 2 LR L TEP A TN T80, 0

1)!

4 YHEMR®D % L L Stirling DA
Stirling DARNIZIX & FETH %
logn! — (n41/2)logn+n — logV2r  (n — o).
INEY, IROFFOFERNE NND:
logn! =nlogn —n+o(n)  (n— o0).

ZZTo(n)ldn THOZBEIIN 500 &FT2E 0INERTIEEZEKRTS. ZNEZD
I CIETHEMRD S L\ Stirling DRAREIERZ L1285, ZONANTHIVUILA N T
T2 EDITHENIZFHAT S Z LN TE B,

4.1 FHERD S L\ Stirling DA D5 L WNEERA
HEARMEE f(2) 12WT f(k) £ [T f(e)de £ flk+1) PESZLTVR DT,
f(1) 20 %Z /=9 B IMEE f(z) 12DV,
f(1)+f(2)+---+f(n—1)§/1 @) de < F) + F@)+ -+ f(n).
Wz Iz . .
/1 f(a)de < F(1)+ F2) -+ f(n) < / Fe)di + f(n).

O T O E RAUEDDS £ 512 o(n) DA IE Ologn) TH2 = L LAMTES. = 2T Oflogn)
X logn CTHEIS>ZBICERIZEDZEEZEKRLTWD.




18 4. XNEIRDZ U\ Stirling DA

IN% f(x)=logx \ZHEHAT DL

/ logzdr = [xlogx — z]} =nlogn —n+ 1, log1l+1log2+---+logn = logn!
1

RODT
nlogn—n+1=<logn! <nlogx —n+ 1+ logn.
ERASP)>
1 <logn! —nlogn+n <1+ logn.
L7zh>T

logn! =nlogn —n+ O(logn) = nlogn —n+ o(n) (n — 00).

ZZT O(logn) i logn THIDEEFRIZKD LD BREZEIRL TS,

4.2 KEAABEBEANDIGAB

SFHB D % U Stirling OARE S &, an (85 bn [HEL2 M E DO (“IHE
B) OXEUL

log (ZZ) = log(an)! — log(bn)! — log((a — b)n)!
= anloga + anlogn — an + o(n)
—bnlogb — bnlogn + bn + o(n)

— (a —b)nlog(a — b) — (a — b)nlogn + (a — b)n + o(n)

a

= nlog W + O(Tl)
LB, WPAIT
an\ /" ab
lOg (bn) — lOg W (n — OO)

ERAN PR

a

lim (an> v = lim ( (an)! >1/" - ¢
n—oo \ bn n—oo \ (bn)!((a — b)n)! b(a — b)e—b’
I B an AN 5 bn fHHD FHAGDOEDED n TMD n — co TOMBRIT —IHLRBEE
BORDHTHED (kn)! % K THEEBIZEOND.
Z DGR & ZIXIRDE T RD 1988 FEDOEFED Ak [z R TR 2L BN TE 5!

1/n
nm(“aﬂ 2k &,

n—oo mUn

Z OROfEIE
3/(1122) 3 o7
2/ 2816
AR % fE 5 72 A&, &9 Stirling DARE > L 55T BMEE % X, Z0BICH
ERCEDRFN TR 2 2 L AR L 07 L ibNS.


https://www.google.co.jp/search?q=%E6%9D%B1%E5%B7%A5%E5%A4%A7%E5%85%A5%E8%A9%A6%E5%95%8F%E9%A1%8C+1988+%E6%95%B0%E5%AD%A6

4.3. XNERRD S L\ Stirling DA RNDWE 19

AR ETRULAEZE &Y,

om\ /" 92
im (") = 2 =22
n—oco \ N 1111

ZHERZZRL TS (o(n) tdn THDE n— oo TOIZPIRT L E):

2
( n) = 9% e0(n) (n — 00).

n

Wallis D2 (5 8.4 #i)

()2 o

T DRBALIZ > TS, 0
AR, HTRTIX 1968 FIZHMMDE#EZH L TWb &5 72!

lim ~ /Py BRDE. (BRI 22 )

n—oo M
Z OREE B S T IE R XL Stirling DARTH D, LD —KIZIRERES:
N1/n
lim M =ae
n—00 n%

BERLIE

((an)))t/

log
na

= —log(an)! — alogn
n

= —(anloga + anlogn — an + o(n)) — alogn
n

=aloga —a+o(1)

= log(a®e™) + o(1).

o131 Stirling DR % 1 2 145 1778 2 855 % B ESCEO RPN TG 3 & > 12 J8
UC AR LTV 2072 L Bbha. 0

4.3 THERD S L\ Stirling DAL DHE
BUTKRT B L WERES. HBEH ¢ WEIELT,

1
logn!:nlogn+§logn—n+c+0(1) (n — 00).

UPFRTIEZDORAZGHL L 53

B 41 HiCREIA U 726 U D % L Stirling DA R E EORARDENE (1/2) logn DIH
CEBUE ¢ NI MATHEBLTWS L ZATHD. TNOLDHELT T A T 7IXIRD
@Y. [Mlogade = [zloge —a]f =nlogn—n+1% k=1,2,3,...,n— 1 IINTIES
& [k—1/2,k+1/2] x [0,log k] DEDOIRM & R [n—1/2,n] x [0,logn] DEHEDH

SUERL ¢ 8 log/2m TH 2 ZLIXEHMITH 2, Wallis DARZH XL ¢ =V2r THD I L E2RES.


http://d.hatena.ne.jp/gould2007/touch/20071127

20 5. fI&%: Fourier D KEE/A R

log(n — 1)! + (1/2)logn = logn! — (1/2)logn TELLT UL, HIRIZ (1/2)logn DI
bNd. ILI, TNLDOERAWONMEGLHE {(z,y) [1S2<n, 0=y <logz} D
EWZERES AT UE, [[ogrdr & RATMDOHEMBDMBHIDED n — co TH S EH
WZICR 2 Z &by EBIHHFONDS.

log z | HFIMBKER D TIEDFE oy, B %

k

k+1/2 1 1
ap = log x dv — = logk, Br = =logk — log x dx
k 2 2 k—1/2

CEDDBIEMNWTED. ZDEF,

n—1

1 " 1 "
1ogn!——logn—/ 10gmdm=Zlogk+—logn—/ log x dx
2 1 p 2 1

=—o1+Br—as+ 3 — -+ Bt — an1 + Bn.

ZDRARFND n — oo TRIRT D Z & 2R UV

logz M EIZMTH2 28 &V BT ay, B, an. By, s, ... DEFFEDST B 2 L ADMY
logx DEEKEMN 2 — 00 TOIWPERT D Z & LD, 2O 0 ITPERT D Z & & oh
5. WRIZEDZRMRHMIE n — oo TWHT D32, TOINHEE 0 LEEZ, c=14+a 5L
E.n—o00oD&X

1 " 1
logn! = §logn+/ logxdr +a+ o(l) =nlogn + §logn—n—|—c+o(1).
1

c=log\2r THdZ &% Wallis DARX (B84 Hi) ZFH>THHL £ 5. n! = nnt1/2e meceoll)
% Wallis D3

) 22n(n|)2

Vil e

C:{‘%)\—é—é t’ 2 2n+1 2n 2
2 n n+1_—2n 2c c
V7 = lim no° ¢ _°

n—oo 22n+1/2p2n+1o—2ncc \/§
WAIZ e =21 THD.
I T Wallis DR ZE A 21K, HEERDZ U\ Stirling DAREHE T2 & I2& > T,
W H D Stirling DA n! ~ n"e "2mn BMEHEND T EDDMNRS 7.
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BB REEH %2 2 D% D IFARWAY, Fourier D KEEARDFHEFAHDRIIEGIZ OWTEHAL L 5 .

BREL f(z) \ZXF L TZ D Fourier 2t F(p) %

Fo)= [ " fa)da
EEDD. ZOL FHE fITODVWTHYZRSGFMEZREL TEL L, TN U~ #Et) 72=
kT
1 R
_ —ipx
f<x>—27r/;oo€ F(p)dp

WAL 5. 3% Fourier D NKEEA T & FES,

320 LLEDEB TR I Nz 0 1R 2 EHMA T a, DED B A 350 (—1)F Loy BIGRT
5. (MU B & 125 A0



5.1. Gauss O D5GE 21

51 GaussDHmDHE

a>0ThdLL,
) = e

LB X, F(p) 13T D Fourier ZMiTH2Z 4D, ZDL &

o0

F(p) = / ePre=e?/(20) g0 — o=P?/(2071) Son

[e.9]

MEBIBLNDES. ZOART 2, a DTNTNE p,a ! DIGEZHRTDEILIZLST

/ i ) gy =20 \f3g Ty

[e.e]

PEoNd. LED2DDFEREEDED &,

1 [~ _.
_ = —ipx
fla) =5 [ e Fw)dp
WELND. RO f(x) = e /0 |ZDWWTIX Fourier D KEEARMKL L TN 5.

—f&IZ f(x) (22T Fourier DKERARMDERN U THNUE f(z) 2 FATHE L TRLN
BEEL f(x — p) 122V TH Fourier D RKERAAMKILL T Z ENEZIIRIND . E
%%, F(p) & f(x) O Fourier #1945 & f(x — p) DO Fourier Z#13

| emrta - pde= [~ e s aa = )

DB
1 0 . . 1 0 .
o | E dp= 5 [ PR dp = (e — ).

BLEIZE ST, flz — p) = e @ w20 12D\ T ¥ Fourier DKEEARDKLT 2 Z & A8
Loz

¥ Fourier Z#8 & O Fourier Z#1OIIEME K Y | f(x — p) = e~ =10 DIBEOEED
FIEFNZ DWW T Fourier DKEERARDEIZL TS Z DDA

5.2 —RDIFE
a > 0120 U TEEK pa(z) %

1 —x2/(2a)

Pa(T) = \/%6

EREDD. TN p(z) >0 & [T pyx)de =1 ZHiZL TS, T U THIHIORRIC
2T, po(z — p) & Fourier D KEEA R Z {72 L T\ 5.

33Cauchy OFEDEH % 5 15k, e D Taylor B % A AU TIEHBITES $ 2 /5%, 230 & AU HE UM
DHBREFHZLUTWDE I 2D HEREEROGIE TR IZHENRETHS.

MUYLEDEE 127D &S BREIEAO “WR” TERDOIND. L7=h> T, Fourier DRKEEARDEFHH DA
BRENEINTRTL TN EARED.
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BE f(2) (SR U TS fo(z) % po & DBEAAATIZ & > TEHE fo.(z) Z2EDS:

) = [ e =) S0)dy.
ZDEE f,(z) IZDWTIE Fourier D KEZ AR L TS5, LR, f,(z) DO Fourier
2 F,(p) eELS L,

R = [ empae= [ ([ empa =) st dy
DT

1 0o ) S 1 o0 . < ’
—ipT F o —ipx 1pT /I /
21 J_o ‘ o(p) dp /_OO (27T /_OO ‘ </_oo " pal@ —y) du ) dp) Ty dy

[e.9]

_ / pala = y) [ (y) dy = fu(e).

[e.9]

rk
I
&l

2 DHDES T po(z — p) \2D2WT Fourier DREEA RV T D Z & 2 ffio 7z

DT
F,(p) = / ePe= W2 f(y) dy = e /2 F(p)

LRBN. WA
1 [ _ 1 [

— [ e E(p)dp=— | e e 2E(p)dp.
21 J_ 2m J_ o
U7=hoT
1 > —ipx —ap?/2 =
o e "Pre F(p)dp = pa(r =) f(y) dy = fa(x).

HELE F(p) WA 72 61X, Lebesgue DINHEH K V) | 723012 DWT

1 [ ) 1 [~ _.
lim — e~ e 2 P(p) dp = 2—/ e "P*F(p)dp
™ —00

a—0 27 oo

MEZD. HEE, B f(x) ITOVWTHEYBERAEZMRELZEE, a— 0 DE I fo(x)
ﬁ‘ﬁtﬂﬁ,%\ﬂikfjfﬁ flz) TR 2 Z L 2mEnis, fr) BEDEY] L EE T Fourier
BY T IR/NE- N BNSR RV SVARY S

e ZE, fIFERD DR o THGZLIRETD. HD M > 0 BWEELT |f(y)—f(2))
My eR) &Zd fFRIZe>0%2H5. 55> 0 PWFELT|ly—z| £ 4§ %

¢ IIA

% fo(x) 1& Fourier D KIRARDILL U TV S B po (v — p) DEA f(u) TOEREDERDT, Z4U
FEAEHONTHS.

36 Z NI B AA AR D Fourier Z2 5% Fourier Z2HOIZE L W2 L ORFR ARG AT TRV,

3Tpa(x) D a— 0 TORRT-DT T 7 %HTIE, po(x) 7 Dirac DT ) X EHEL (iﬁ'Tiﬂ() 12 AR LT g

SIRZRDZeMnD, Z?}’b%ﬂithgﬁﬂ‘aﬁ‘ff?:gié.



5.3. Riemann-Lebesgue O Hl 23

S f(y) — flo)] < /2 BB, W p, DEHEEY, a > 0 2+ANIL<TBL
Siyaos ol —y) dy S e/ (2M) £3% 2 L& DM B, UEORIDE £ T

uu@—f@nzkfn%@—ymﬂw—f@»@\
_[fpxx—wu@»—ﬂwuw

9
/ palt = y)5 dy + pa( —y)M dy
|Z/ $‘<5 ly—z|>8

IA

A

CL S =
2+2M &

ZNT limg fo(z) = flz) BRI N/
EBIIFEMT ROV TIIIROBREZEZBETTHT 5.
SRR, MR AN, B EE (1996), xii+324 H, Al 3,800 H.
ST AERRITRIFIE A D ZE T Lebesgue B3 *° Fourier f#NT 12 DWW THIER U 7=
FULOHNBWNEEI ) THRERTHY , PO TORTEMBIEHEE 7 ) 7 RSB0
TIFRVWNE IR TRDIFEE o7, LOBEREFEMN 2016 4£5 H 3 HELEZUINFTH Y,
TV ITHED DN EHARUMNFIZAL BN LIZETERSRILTHD.

||/\

5.3 Riemann-Lebesgue D EIE

~

flz) E R J:@T*£ FERHEES ThdLdd. ZDOrE, D Fourier £ f(p) =
S0 e fa) do ISSEBEEEBUS R Y | [p] — 0o T 0 IZINHRT 2. KFC

‘ 1|im e P f(x)dx =
p|—o00
Z Nid Riemann-Lebesgue DEE (V —<¥ Y - IRX—=JDEH) LIFIENTND.

f(p) DiEAEEIX Lebesgue ODYUHREFLNZ L5 TRI NG . FBE, |ethe—1]||f(x)] < 2|f(2))
T |f ()] EATRA RO T,

—00
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FHBROMEIZPUERL, [ |f(2)|dr < oo £RALL TS,

39Lebesgue DPREH & IR DFEFRD Z Q:'C“f)é. o RIEEAENZBFT f TR % AR RS T
HY, HEABAEE ¢ 20 TTRTD n IZDNWT |f,] £ @ %ﬁﬁf:a‘%@bi‘ﬁf?éa%, fn OPERGED
f %_ﬁ‘iﬁj\jfﬁ BY, WD [ fal@)dz i&n— oo T [ f(o)de ICHERT D, ZOEHIIIEH IR 20D
THEAD I ffibhd.
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AT f OEBHENTR I N
Riemann-Lebesgue O Z BEDFEAF I A B BE B B B8 C© L BRI ND Z e nH
EELIZEONS. KM T =a,b ET1IZRY, ZOHT O IZARDERE 1; LEL L,

~ b —ipb _ ,—tpa
T B
a —ip
BROT, T1(p) = 0 (|p| = 00). — MO AFSEEIHT 2RERIE I NED LSS,

5.4 Fourier Z#DER D FDUNR

N>0t95%.
R EOTRABEL f O Fourier £ f(p) = [ e ™ f(y)dz IZXH LT,

sw(f)() = — / ¢ F(p) dp

- 27 _N

% Fourier ZH#1D N IO LIRS, N #HOFNIIRO XD IZEB I ND:

(e = [~ (5 [ i) say

o) eiN(zfy) - ee_iN(’”_m
= d
/OO T — f(y) dy

[ sin(N(z —y))

- [ )y

= [T ok )+ S - ) dy
_ %/Omsin(Ny)f(Hy) Jyr flz—y) dy.

4DOHDES Ty & 2 +y THEIEINZ, sin(Ny)/y WMEEETHD Z Lz fio7.
6> 0 ZERIZHS. y 20 T (flxt+y) + fle—y)/y FAMITHS. DRIZ
Riemann-Lebesgue DEH X V) |
. sm(Ny)f(:chy)Jrf(:v—y)

N—oo 5

dy = 0.
U735 T N ¥ sy(f)(x) BN — oo TPERT D Z L &,

1 / (v LEEN @ =y)
T Jo Y
M N — oo TPERT B Z LIXAMEIZARY, TNOENPERT D L TN HDEIZ—HT 5.
A ED#EH % Riemann O BFTEEE & .

PLEDFERE f(z) = e /2 DBEITHEAT 2 2 £ 12 & > T Dirichlet 4% (51 V) 2
VRIS DA

lim
R—o00 0 €T 2
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RHITES. f(r)=e @2 2B ZOLE HoHTOHNELY, flp) = e ?/2V2r
THhD
1 oo
Jm (D) = o [ e i) dp = fla).

W 212, Riemann OFFMEEH % v =0 OHGGICEHHAT D L, AEED 6 > 0 122\ T

2€_y2/2

dy = e 02 =1,

N—o0 N—oo T

5 5 —y2/2

N vi2 1
lim /Mdy+/ sin(Ny)e—dy -
N=oo \ Jo Yy 0 Yy 2

FE A D% DR 1E Riemann-Lebesgue DEHL L Y N — 0o T 0 IZIHRT D, LR ->T

5 -
N
lim / —sm( y) dyzﬂ
0

N—oo Yy

LIl y=a/N LEAELREZEMTEHILIZEST,

T . No gin gz . Rging
— = lim dr = lim dx.
2 N—oo 0 X R—o0 0 x

5
lim sy(f)(0) = lim l/0 sin(Ny)

Do |

Z D & 512 Dirichlet 43 DA IE Riemann D JFArMEE R & Riemann-Lebesgue D EH &
e~**/2 O Fourier ZHDEHEM HHE 5N 2,

Dirichlet S DARTHEPZEH %2 a > 0129 D ax TEMBL, Ml%E £1 5952
EIiZE-oT

R -
i [OSRER) LT s0, EE AR,
R—oo [ €T 2
TRDHIRMKALL TV d:
. /2 (a>0),
lim sin(az) dr =<0 (a=0),
R—oo J X
—7/2 (a<0).

Dirichlet B D ARNZZ DI TEbHINDE Z & N\,
R EDOWREOEE f & 2 e RIZHLT, 2 5>0 BWEFEELT

(fx+y) + fle—y)/2 - f(x)
y

MO <y < CTABMIZZRDELIEY Fourier Z2#10D N SAFID z (ZH 1T 2 MEIF f(2)
IR %

lim sy (f)(x) = f(x)-

N—o0

A0 BRI % i 72 3FHE H 5.
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COFHFEIFETHRREZZ L E2EDE D LEDITENNS. Riemann DFFTMEEH &Y, L
HDF>0I1ZDOVWT, N300 Dk X

0 xXr xr —
aﬂﬂ@y:%[;mmeﬂ +w;f( Y 4y + o(1).

Dirichlet B3 D RAXDFEHEL Y, N — 00 D& F

5 5
f(z) = lim z/0 sin(Vy) dy f(z) = ;/0 sin(Ny)% dy + o(1).

N—oo T Yy

0 T Tr — — X
() = ) = 2 [ sin(avy) PRI HEZINEZIE gy o)

HELE [(flr+y)+ flw—y)/2— f(@)]/y 2’0 < y < § TAIFEZD A 5 1F Riemann-Lebesgue
DEFEEY, HLIE N - 00 TOWKPRKT D, INTRINESZELARINE.

Bl 5.1. AR B AU o THATHEASIE +9NIR 6> 01200,
(Fx+y)+ fz—y)/2— F@)]/y 1E 0 <y <6 CERICAS.
Lt T f A WTREAR A 2 1BV, limy e sy (f) (@) = f(z) PIRTZT 5. 0

Bl 5.2. AIFEDEE f DD 2 2B DLELAM S DRER
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PIFET D ENETD. ZD& X, +H/NIR6>012D0TC,
(flz+y) + flx—y)/2— flx) 1 lf(x+y)—f(w+0) flx—y)— f(z —0)

) Y

Y 2
X 0<y<d TERIZRD. LR->T

fx+0)+ f(x—0)
2

lim sy(f)(z) = lim L/Neimf(p) dp = f(z) =

N—oo N—oo 27
LR5. [
Bl 5.3. a > 1 IZHUTEE fo(z) ZIROEDITEDS:

1/(2a) (—a <z <a),
fa(x) = ¢ 1/(4a) (2 = *a),
0 (x < —a /2 a < x).
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ZNIIEREETH B, WD 21T Fourier B#D N S FNIIRD L S 12785

w1 = o= [ gorSinlap) o, 2 / cos(ap) D) g,

T om N ap - 27a P
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_27Ta/0 D
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Dirichlet B3 &z > —a DL F 7/2 128D, 2 = —a DEZT 0 IZAYD, 2 < —a DEF
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5.5 Fourier fREXDERDFNDUNR
IR, fIE R EORM 2 2K DBBTHY, 0 v < 2 THHEDTHD EIRETS.
ZD & E f O Fourier (R a,, (n € Z)
1 2
=5/
EEEIND. EOBE N (I U T, IRk% f O Fourier kD N H0F & IE:

N

sy(f)(x) = Z a, e,

n=—N

e f(y) dy

Qn

N EHRFNIIRD IS IZERINDG:

@ =5 [ ( > <>) £ dy

n=—N

1
o o — f(y)dy
1 [27 pi(N+1/2)(z—y) _ o=i(N+1/2)(z—y)
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0 sin((z —y)/2)
L[ sin((N + 1/2)y)
= > d
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0
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y/2_ fle+y)+ flz—y)
sin(y/2) y
5DOHDESTy 2 v+y CEIMZ sin(ax)/sin(fz) PMERBTHD Z L2, X5

126 D HDEF T THAD B D A M % o 72

limyo(¢/sint) = 1 (IZERETIUL, Bo4Hie o2 <FABRKIZULT, N ORI
B9 2 HLLOMERVBBOND Z WD nD.

Dirichlet F843 D RARDRD D ITIRD AR Z D2 T XN T 20

L T sin((N +1/2)y)
27 sin(y/2)

(ZIERA I B D LS & AR & O

/ sin((N 4+ 1/2)y dyzl.
0 sin(y/2)
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™
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N 1 2 ] N
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fle) = / sly/2)

™

D 21T LD sy(f)(x) DFREY

y/2 2f(x)
sin(y/2)  y
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sw()(@) - fla) = 2 / Csin((V 1 1/2)y)

™

/2 flty)+flz—y)/2-f)
sin(y/2) y

LA DIET DHEFE D BRELD sin(N + 1/2)y) DA DOEZIE § < y < 7 THABEZBLRDT
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NG DI ENDMND. ZORMNENLT B 7DD+ OFIE 5 48 L AT
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t> 0128 UTIRONRDKNL LTS

[e's) —x2/(2t
/ et ! )dx:e’tpz/z.

\ 27t
NRAWEIL L TWD 2 2 EBDSFETRED.
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A u=u(t,z) ZIRDEDIZEDD:
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V2t
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ATRBIIRINDG. BEOMROFEHIFFEENIZE 52 HIDMDO Y IZENTHS.
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6.3 IEHESTCTEtEIT2AHE

LLE t =1 DHAEDAR (x)

0 ) —x2/2 )
PRINEBEDBIE, o, p £TNTN 2/VE, \/—p’C%@’é‘é EIZEST—D > 01
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X . 2\n ) ) > 2 2\n )
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MEIZFHRE 29 5. Cauchy OB EHZH S L FEH p ITH LT

/OO e~ (@+ip)?/2 g /OO e /2 dg = Vo
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7.1 E—DOFED2BY DBELRT-EEVEE

P = [fon e @) dudy i 2 = @) QNLRD Y T 7 LV 2 = 0 1B E N2
FORBEERDOLU TS, TORBEIEET 2 OWEH O n(—logz) 2 0< 2z <1 TH
NTBHILIZEoTHEROOLENG. DRI

1
I? :/ m(—logz)dz = —7[zlogz — 2§ = .
0

BT ZOHENREEHTH 5.

7.2 WERERICLDZEFHE
x=rcosl, y=rsind &MEEEHT S L,

2T 00 —r2 %
"= // e~ ) dy dy = / d9/ e rdr =om | & =T.
R2 0 0 —2 0

2 DHDE S THMRBEFEZEELD Jacobian 23 r 1285 Z e = ffio/-. £ L <IE

dz A dy = (cos@dr —rsin@df) A (sinfdr + rcosfdf) =rdr A df

BROT, K={(r0)|r>0 0<0<2r} &BLL,

2T [e'e)
I’ = // e~ @) g A dy = // e rdr Adf = / d@/ e rdr =m.
R2 K 0 0

42, = o=@ 49) 12 = 22 402 LB L 2 =1(—logz) LB B.
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7.3 Jacobian #FH T ICT OB EHDERICL BEHE

DAFRD &S IZEHAET 2 MO DIEF 3L 1 ZBROERFE S DA% > T Gauss o %
HHETX 5.
=ztanf IZE>T y NS 0 ITHEDER LT D &,

de x?

dy = 22+ y* = 2%(1 + tan?0) =

cos2 6’ cos2 0

£,

I* = /Oo /OO e~ @ +y?) dy | dx = 4/00 /Tr/2 exp _x_2 0 du
0 0 0 0 cos20 ) cos?6
2 =00
/2 00 2 ™/2 | €Xp _ﬁ
— 4 exp (-2 )~ gz ) do =4 ___E___jﬁ) a0
0 0 cos20 ) cos?f 0 -2

x=0

/21 17

— 4 “df = 4=~ = 7.
4 2 20— "

3 DOHDE S THERYDIEF R %275 > 7~.
y=at lZ&>Ty "6 t ICHEDPERELT D2 LIZ& > TAREMIZE UFHEZ E17

T52LETES:
4/ (/00 e~ (@) dy) dx = 4/00 (/OO e~ (1+1%)2? a:dt) dx
0 0 0 0

00 00 00 —(14t2)22 177

= 4/ / e~ (2% 0 g ) dt = 4/ £ B
0 0 o |—2(1+12?)

< dt ~ T

= 2/0 i 2[arctant|g® = 25 = .

3 DHDES TR DT M E 1778\, 6 DHDES T arctant OEEHA 1/(1+¢%) T
HdILEMo,

12

dt

=0

T4 AVTEHHER—YHBOREBREARAWLEGE

HIE Tl Jacobian 23 THRZAR W 1 DS DEIFE 5 D A% FW T Gauss FE 57 % Gt
B HEEHALZ. TN LD BRHIEICE ST, U v N—2EHDOEK
RE 1 EBOES DEBFRS DAL FHWTIEAYT S Z &N TET, 2DOBEBRANDRH] 2%
HLUT Gauss BEADEZFHAET DL HTED. ZOHONEIZHIHONED AL
ThdLEZOND. #HatF T b2 HEREERHEDOFLBRIZIEAT V¥ PR — &
BRI % 52 D857 OB BOND (B9 H). 72056, HEHFITHIENH 2 5 1
Gauss D DEHED b & UTH Y Y& R—ZEEUIZDWTEZATE W Z AWR)
BNRRWEEEZEZOLND.

Bt =tan DL F dt/df =1+ tan? = 1 +t> DT, § = arctant OBEKEIL do/dt = 1/(1 +2) IZ7%
5. TOI LMD, arctant = [, dt/(1+12) L BB I LEDND.
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5,p,¢ >0 (6 U IXFEHNIEDEFZEE s,p,q) 1T LT,

o) 1
[(s) = / e "zt dx B(p,q) = / 2P 1 —2) e
0 0

WEOTHY BT (s) ENXN—XEHE B(p,q) WEZI DM

AT E ST (s +1)=s(s) THDZLDDOMNY, T(1)=17280DT, 0 A LD
BnlZUTIn+1)=n!l &85,

Gauss B2 T 1& T'(1/2) IZ5F L

00 ) 0o 7571/2 0o
1:2/ efwzz/ et <ﬁ:/ e /2 dat =1(1/2).
0 0 2 0

2DOHDEST =Vt £BWV/z., LB >T I(1/2)? = 7 % T XX Gauss 25
ARETELZ LIRS,
R—=BHEIILL T D & 5 BEHDOFRREFD:

2 o gplgr 1 [ d
B(p.q) = 2/ cos??™1 0 sin®T1 9 dh = / —_— = —/ @
0 o (I+t)pte  p o (14 ul/r)pta

r=cos?f =t/(1+1), t =u'/P LEBEWUZ. 3DOHD (BRHED)EXERD p=1/2 DHE
DHREST BB t 5348 DWMER B E B DOFRTHHAIN, 2 DHDOEROWRED KT F
DAEDMERBEEHRBOZRRTHHAINDS. ['(1/2) D Gauss BT & D FROHLFE 7 BHEL
S EM DA OMEREEFRBOFRTHAIN, TV YEHBOEZADOWR DL 2 7
MDOWESHBORRCTHAIND. ZOXDITHY YL RN—ZEHHIFFEHIZ L
FIF XN HER AR % BT 2 72 DITIXMHDBFEIZ R > TV D (55 9 ).
FHZRAIDFRREY B(1/2,1/2) =7 LRI OMND. WA, LI

L(p)l'(q) =T'(p+q)B(p,q)

PRINEB DI, T(1/2)2 = B(1/2,1/2) = 7 8% 2 L WbIs. UIhSo>T Gauss B
SDFHFNIHT VL RXR—ZEHBEDHNZDEBRAZRTZLITREIND.

N EELE R—ZEED DN 7ZDREBRRNIX 1 OB L O EF DR A%
fHoCHAMBETHD. LR TEDOIZ L 2 HBICHAL LS. & A ITHLUT, 2,y 7' A
AT E AN 1R, TNUND L JIED 0 12785 2,y DEEE 14(x,y) &F
LzrieFae,

Uz s L SADREREZOL AN . LT TIRETERIZ OV TIZRD RN
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_ /0 h ( /0 e ety (x zt)q_lzdt> dz

00 1
= / e Z Pt / 1 -0 dt =T(p+q)B(p, q).
0 0

2OHDEE T y=2—2 LEBESL, 4 DHDE S THESDIET 2 XH U, 6 DHDE
5T o=zt EIEBBES L.

7.5 MDAHEE

D FFIEIZ DWW TIE Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 3 & U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 %= 2 U TARL .

8 fI&k: HYvEHEK

FBIABTH Y YEHBIZ DWW TR U 2. LR TIXZE I TSI R o2
VREBOMEIZOWTEHEL LS.

8.1 HYVEHEEXHHORERRN
BTAMITCTRUZ D(1/2)? = B(1/2,1/2) = m IZIROBHBARDORHEGETH .

T

I'(s)I'(1—s)=DB(s,1—5) =

sin(rms)

ARIZEEBOGEHERH S . 1 DHDFEE sinz & T(s) O MR R =B

_ ~ 22 , sin(7s) = 52
SmZ:ZH<1_7r2n2)’ 1.€. - :SH(I_ﬁ)’

n=1

1

o s(st) - (s4n) = S\ _s/n
F(s)inh—{{olo nlns = Sg[(1+ﬁ)e }

2D HETHBY. 22T v I1d Euler &8

: 1 1 1
vy=Ilm (-+=-+4+---+——logn

ThHd. INHDRAZ@RDD L,

F(S)le - _ F(S)(_i)r‘(_S) _ s(_—ss) H [(1 n %) <1 _ %)} _ sin7(T7rS).

n=1

BL()I(1 — 5) = 7/ sin(ns) ZBITFEA L TEWT (72 & ZISERMT %2 6 2 BB ITRE D), HY YK
O ERURFN S sinz OERFEMEFMZEHTLZLETES.


http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf

8.1. NV EE L ELEDBEHRA 35

2 DOHDGIRIXRDER D 2 ERMFENREHOVTHAETLIZLTHD:

o0 ts_l

dt.

F(S)F(l—s):B(s,l—s):/o 11

0<s<1THhHDEMHEL, 0<e<l< RIZFUTEZDROEN KK Z C vEL:
£ e M5 R EFTEo I ITHED. RITEFZFIEH LOFNZFLELTHEE R DMJE
EAKEFEIEID T1/ETS. TUT R25 ¢ FTE-T D, RBRICESREER L0
Rz 9254/ e OME E2KRFEEIVTLIATS. ZO&E [, dz/(1+ 2) &
2 dz/(1+2) D 2= —1 TOEBOD 2mi £5TFEL

/ ZS_I dZ - TS
= —2mie™.
c 1+z

e—=0,R— o0 DIRZZRDZLIZEST [ 257 dz/(142) 1 [Tt dt/(1+ 2) »
STNEED 2 510 25 WERIZFELWI L E DN D!

s—1 d ] 00 ts—l dt
/ z z — (1 . 627rzs)/ ]
c 1+z o L1+t

NED2ODEREZ KT SZLI1I2L->T

B(s,1—s) /°° t=tdt  —2mie™* 2mi s
s,1—s)= = — = — — — :
’ o 14+t 1—e¥mis  ems —e ™5 gin(ms)

COMBEt=us B EITE>Ts™ [Tdu/(1+u*) IZEFRTES. WZAIZ, IR
DRXEBGOLNI I LIZBD:

du ~ 7s
1+ul/s  sin(ws)’

B(l—l—s,l—s):sB(s,l—s):/
0

CORAEZEFRTILETED. R>1Thde L, HEA YA EZFEAMNS RETE-
T A, RITIRETE D A E 27s 72T REEL T Re?™ £ THA, TINOFEMETE
TRz C L E\ELL, [de/(1+2Y%) E dz/(142%) D 2z =™ 2B
B —se™s D 2mi FFIZE L <, R — oo DIEIRT [ dz/(1+ 2Y%) & [ du/(1 + ul/*)
LXTNEEOD 2 fE2 5\ 28 DIZEL W DRI

/ *  du —2mise™ 2mis TS
0

1+ ul/s 1 — g2mis emis _ p—mis Sin(’]TS).

EED ZHEUERICHEREN I SEDLDNSDIXBO R % 18T -2 EHD
2 fFIZ RN TH B,

RN & VI TV B OB DWTIE, @A TR ()
D5 HE (201-267T H) 25590 5. EREKBGwD —Man72 1) TR <, BARRKZEKE
OMBOFHELUWEREEZOTETHIZBIEF>TWADIFEBEK L LES.

4025 DOEIFR RO R % KIFEHEI D 12 1 A$ 2 & 2™ 512485,
A 2 % 2T fEUTEREED, dz 1% 2™ fFIZR 5.


http://www.amazon.co.jp/dp/4000051717
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8.2 HYIYEHHBDERREERHA
B f(s) (s > 0) IZAFD 3 D2D5MZTZ LTV LINET D!
o IEfEME: f(s) >0 (s> 0),
o BHER: fls+1)=sf(s) (s> 0),
o SHEUMHE: log f(s) 1E s >0 DFICMAEKTH 5.
ZD 3 DODFRMZ /2§ ERBUIIRD KRR 2 D!

nlns

o) = 1) fim, e

FRZT(s) WED3IDDFEME T(1) =1 2720 T2 Z N5, Gauss DA

(s >0). (%)

nlns

['(s) :Ji_{gos(s—i-l)---(s—l—n)

ML TH Y, ED 3 DDEMZ LTS EEIE T(s) DEBIEIC R I hnd.
PAETCHRAZZ & ZFHL LS.
£9, (x) DWRO D 0% 0> < VELU THE SN2 MEkR

lim s(s+1)---(s+n)

n—o0 nlns

MEIZINE T Z L 2RTD.

s(s+1)---(s+mn)
nlns

s s s
() () )
s<+1 +2 +n e

(1) e (14 3) o (1 ) s
1 2 n

1+1+--+1—logn & n — oo TEuler B v (TR 2. DRI [[;_,(1+s/k)e
Mn— oo TPERT DI L ZREIER . 2 OBERERHKE (1+2)e” -1 IEHEM 2 =0
T2MDOEHREFFDODT, (1+2)e =1+0(2%) (2 = 0) L85, WAIT (1+s/k)e k=
1+0(s?/k?) (k — 00). ZAvdk V) fEIRAE [T (14 s/k)e*/k IR 2 Z e dvbnd. &
& o:

1)--. s
lim s(s +1) (s+n) =e"%s | | [(1 + f) 6_5/”]
n—00 nlns vt n

IR 39, AU OB 1/T(s) IKE LV e S AR

%3) = e”ssﬁ [(1 + %) e_s/”]

481 /g IF IR EDT, 1+ 1/24 -+ 1/n—logn = f1n+1 dx/x —logn =log(n+1) —logn = 0
Th21/(n+1) < f:“ dr/x =log(n+1) —logn BDT, 1+1/2+ -+ 1/n —logn 136 50D HEI{H
DgL. DAITPIRT 5.

VDR % 1/T(s) DEHLTZILETED. ZOHETHNERANS 1/T(s) BWMERFEH 2T
EBRINTEY, I(s) DA s=0,-1,-2,... DAILH DI LELEHHIIRD.
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% Weierstrass DA & IS, HUDEBERIIMEED s € CITRHUTIHET S.
PAEIZ & > TICRAR I NZMROM % F(s) £ EFEL I &IZT5:

n!n®
F(s) =1 .
() nl—glos(s—}—l)---(s—l—n)
ZDE X
Ins |
F(s+1) = lim —2 v = sF(s), F(1)=-""

=1.
n—oos+14+ns(s+1)---(s+n) (n+1)!

WRIZHEETH 2 () DAN f(s) = f(1)F(s) (s>0) ZRT2DITIEK 0<s<1 DL
f(s)=f)F(s) BB Z2FREETDTHS.

RIZ, f(s) OEMEMEEIBUNMEZ FHNT, 2L EDER n &£ 0< s < 1IZDWT, f(n+s)
DREIZ f(n—1),f(n), f(n+1) ZAVT EF»55H6T 5 RERX

fln) \° fn+ D\ )
(F25) s sra s (L) r 0<s<n @

ZRTO. —MRITFITMEERE g(s) IR a<b<clilHULT

g(b) — g(a) < g(c) —gla) _ g(c) —g(b)

b—a c—a c—b

A

Zhi7z L TCWBY. DS % g(s) =log f(s), (a,b,¢) = (n,n+s,n+ 1) ([ZEAT
%L,

log f(n + Si —log f(n) <log f(n) —log f(n+1).
G¥n% (a,b,c) =(n—1,n,n+s) IZHEHTD L,

log f(n+ s) —log f(n)
log f(n) —log f(n—1) = p :

PED2ODAEREBIUET & f(n+ s) OFHM (#) 25505,
f(n+s) OFHE (#) 12 f ORBEXZHEHLU LS. f ORBERLY

f(}lg)l) =n, f(s+n)=(s+n—-1)---(s+1)sf(s), f(n)=(n—1)If(1)
BEDBHILLU TS, (#)DEFEFTnZn+ 1 ITEIHRD L,
nin®
Plf(1) € (n ) (n 14 5) 5 (5), e e P (O]
(#) DEFI LY,
< f()(n—1)n° n+s f()nln®
UG s(s+1)---(s+n—-1) n s(s+1)---(s+n)
UEzFzeddE

f()nln? <
s(s+1)---(s+mn) = n s(s+1)---(s+n)

SO %I ITEBMIZHEL N E S S,
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&Y, RUEDS L (x) BMELND.

K3 ’D@%ﬁ: (EAEME, BBE R, A BUMME) 272 L TnWad 2 e ZFEH L &
5. EMEMEIRER D(s) = [T e 2" Tde & ‘) HENTH Y, EEERFHOBEDIE ST
R IGEHI NS . ﬂéﬁlﬁﬁ%ﬂ“\ﬁ_t WX g(s) =logl(s) &BL<EE, ¢"(s) 20 2R
XA THD. &) —BITIKOED 6:%% NDEEE f(s) 1T U T g(s) =log f(s) &
B J'(s) 20 &BBIELERTD:

b
f(s) :/ S @ () g

ZIT ¢(x), (x) FFEHMEHBTH Y, s IZBI9 DR SO A3 B2 L AE L T
<. (a,b) = (0,00), ¢(x) =logz, P(x) = —x —logax DEEF f(s)=T(s) &&B". ZD
X, g(s)=logf(s) &L &

b A =" f’2
T Tas 2
ZANT f2— ff" <0 ZREIEED. f(s) DEZELY,

b
FIAZ 1 2F ()M + f/(s) = / e+ (A2 1 90(2)\ + 6(x)2) da

b
= / €s¢(x)+w(x)<)\ + ¢(x))?dr > 0.

a

ZITfP—ffr<0 &R FIZT(s) 88N THD.

;%fﬁ/? BELD Gauss DA & ERFEHEHEIEAINAZZ LIZHD.

. DAETHLZA Y YEEBIZBET 5 Gauss DARDGEHIEA Y Y EHEZDE D
T3 <, EMENENTH Y < g & [\ U REBEE A% 6 72 9 B8 U CREI I /2D T
Hol-. MOTEBINZNVEHEIZET 5 Gauss DARZ LA TD L S IZ U TEEIZ
AT 2B TED. B n®B(s,n+1) IZDWVT,

n’I'(s)I'(n+1) n°n!
[(s+n+1)  s(s+1)---(s+n)

1 n n
t
nsB(s,n—l—l):ns/ xs_l(l—x)”dx:/ 51 <1——> dt
0 0 n

2DOHDFES T z=t/n &HWV/ WA, n—>00 DEFE,

Ep| n n )
nm = / 51 <1 - f) dt — / ttemtdt = T'(s).
s (s+n)  Jg n '

BABDAT Y T RO SHIECTHIHT S I L ETE5. 71l (#) % f(s) = D(s) DEEIC
45L&, 0<s<1DEZ

n’B(s,n+1) =

TH»D

o

I'(s+n+1)~nl'(n

+1)
P(a,b) = (0,1), P(z) = logz ¢(x) = tlog(l —z) DL F f
L UTHBIMIZ AR S, WA F(s) = (s + 6)B(s, 1) & s OF
F(1) =T(t) ZOT F(s) = [(s)[(t) THBZ LhbmD. S0
VR E R—ZHBORBARAZIEHT LI LETES.

(n — 00).
) = B(s,t) £%5%. B(st)%s@@?ﬁl

f(s
B & bfj(fﬁﬂl 25, F(s+1) =sF(s),
ENTH Y Y EHBOREMN T ICE > THY
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HVBBOBHEREY), ZNMEED s >0 THIZLTWD. DRI
n°n! ~ n'I(s)I'(n+1)

s(s+1)---(s+n) T(s+n+1)

D& DI, Ay BEDIEMNE, MBI, BEEE RIS & SR I 2RI, ERE

%KﬁvaWkﬁﬁéGw$®Aﬁ%(bt@ofﬁmﬁﬁ@%%)%5:au%bm.
PLEIZESTIRORAXREGEHINAZZ L IZR 5!

— I'(s) (n — 00).

lim n°B(s,n+1) =TI'(s).

i
Fe:

nsn! 1 = s 1
Clo) = i B 1) =l gy = s L () 7

n=1

ZZT v ZEuler EMTHD.

8.3 I DEREEREH

H Y I EBOMRREBEEBOIGH & UT sinz OEREFEEMZIEHL LS. BODIE
i FAWCEHEH I NG H Y IR E R— A EKBOBERE EEFET 2 HOCCEFHI N
B NR— A EE & ELEHEOBGR LY

™

[(s)I'(1—s)=B(s,1—s) =

sin(7s)

—, B O MR RMAER &

1 1 el 52
Nﬂﬂ—@zﬂwﬂﬁkﬁquO_ﬁ)
PAE% iR d 5 &,

2

sin(ms —wsH(l——), sinz:zH(l— 52)
m4n

n=1

ZD &SI, sin(ws) = 7/(T(s)(—s)T(—s)) BOTH Y < BFED MR FTREH2H 5 Ei%
BB EIRREBEAVESNDIDTHD.
IEFZ BB R TERE FE B 2 [E 8 R 3 /20121, sin 2z DB cot = DERS 7 BUERE

 [— 1 1
cotz:—+z< + )
A — Z—nm zZ+nm

#EFEMAT 2 O CEFH U, NS TAu v, 35U < IFEAREE TR D O 235
Hz R,

DA T, RN Tl <, Fourier 3O & % {# > CTIEAKEE O MR EAEE 2 E
BTG HIEEHALTHE Z 5%,

SHEHEEHTIES L.
53U N TR Rk U 7R W AY, Fourier FRELDIPRIZ DWTILE 5.5 fii & 2 XK.
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DAED Fourier #kEER % Kk, TI»nbH

F9 2 OE cos(tr) D —1 <o < 7 T
5 ZEwmREDMN et D Fourier £REU

cot(rt) DI ERFIE SN

1 ™ ) ) 1 —inx ite ] T=T
a, = — e—m:peztz dr = — 6 €
21 J_, 2r it —n) |, .
(et =y (_Unsin(wt) 1
B 2mi(t — n) B T t—n
DT, e D Fourier MEEFH 1%
N . N ;
] ) t —1)nein
T — 1im Z a, et = Sln(ﬂ- ) lim ( ) e
N—oo s N—oo t—n
n=—N n=—N
sin(t) |1 e emine
— - —1)"
T t+;< ) (t—n+t+n)
sin(7rt) (1 & 2t cos(nz) = 2nsin(nx)
— - —1)"
T t+;< ) ( t2 —n? ! t2 —n?

2785 . WP AT cos(tr) D Fourier SR B I

cos(tz) = sin(mt) F N Z(_l)n% cos(nx)]

T t 12 —n?

n=1

2R3, Lo T,

7 cot(tz) = 7 cos(mt) _% i 2t 2t cos(nz)

sin(mt) 2 _p2

D ¢z — 7 TOMPZIND Z L IZL2T,

(e 9]

1 2 R — 1 1
t(mt) = = - ==
reon(rt) = 5+ 3 t+z(t_n+t+n>

n=1

#1357, sin(wt) OB 7 cot(nt) IZZFEL WD T,

d . sin(rt) & 1 1 = [ —1/n 1/n
T = g;(ﬁ—n+t+n) g;<1—thf+1+wn

Mil% t=0M"nbt=s FTENTD L,

o0 220 = 5™ (o (1 2) 105 (1+2)) <1 [ (1- )

n=1

dr DI cos(tr) D —r <o <7 TOEZEAM 27 TR %%C:Tiﬁﬁbff%%ﬁ’b%@ﬁﬁﬁﬁ t(x)
@ Fourier fi#l e % A 5. cos(tx) D 0 <z < 27 “C@{[E’?:”ﬁﬁ 27 Tffﬂﬁ’é‘éo)“ﬂi@b‘i ITEEYE L.

cﬂlﬁ

55 _ 7. 7. ‘ _ 7.
coth z = —icot(—iz) &4, coth(nt) = —im cot(—mit) + Z t2 - n2

n=1
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U235 T, IG5 550

e w1 (1)

n=1

sin DERFREH & A Y YEHBOBERBHEFOLAXZRDTHS Z & 2FEIE,
1/(T(s)I'(1 —s)) & sin(ws) 2HETDHI LIZEoT

™

P =) = sin(7s)

2RSS IHIT(pI(q) =T(p+q)B(p,q) & 1 ZBORES D EHFE S & 57 DIET A
DA EHOVTEDIZHHTES Z 221X, IROAREELNS:

1 00 4s5—1 0o
tstdt 1 d
o " :B(s,l—s):/ xs(l—x)l_sdx:/ :—/ _a
sin(ms) 0 o 1+t s)y 14ul/s

INHDRARFEENN—DZEHTEINIIMEFEILRIBOLND LDITB->TVD.

8.4 Wallis DA AT
IROANAIE Wallis DR, & FEIENT WS
.22 (nl)? , 2n 22n
S N T (n) ~ T
Wallis DARDHE AW & Z A XM ERDOE LRI DLLOMR TRDOINT WD LA

TdHhd. Wallis DRNIEA YV Y EHEIZBET 5 Gauss DARIZ s = 1/2 ZRATHIEES
nd:

VT =T(1/2) = i n'/%nl
= = 1m
/2 = I a1 2+ n)
2n+1n1/2n! 2n+1n1/2n! onn!
nooo 13- (2n+1) noool-3--(2n+1)2-4---(2n)
22n+1n1/2<n!)2 22n(n!)2 2n1/2 22n(n|)2
= lim ——— = lim = lim .
n—oo  (2n+1)! n—oo  (2n)! 2n+1  n—ooo (2n)ly/n

IROAAXE Wallis DA & FFIENT NS

H 2n - 2n _m
L (2n-1)(2n+1) 2

ZOARIBROART s =1/2 L BFIEELND:

o0 2
0sinh 2 = isin(—iz) &1, sinh(7s) = 7s H (1 + 82> )

n=1
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8.5 Stirling-Binet DA (1)
AR Of#E# IR IEIE E. T. Whittaker and G. N. Watoson, A course of modern analysis
(1927) MEDEIEFEULTHD. ZDOARIFRRA LB R AKX KEIZH > TV D IER TS

LWATHS.
AV XEBON G % T+ H 2 B (digamma BE) & IE, ¢(s) EEKDT:

P(s) = d%log [(s) = T(s)

IOITT 4 AV EHBOERE ' (s) & NV NV YEHE (trigamma L) & IES.
H V< B D SRR SRR B (Weierstrass D) £ V)

oo

logl'(s) = —ys —logs — Z [log (1 + %) — 2] )

n=1

ZIT vy X Buler ERTH . Mz HAMAI T DI LIZL>TRERFD:

@D(S):%logr():—’Y—;—Z[?ﬂrs—g -

HIZE D —HIEAMA T2 &

8

o0

, 1
w<8):§+z (n+ s)?
n=1

ZDEDIZUT, Y EBOERFERBERMN S, T4 BB E M) T EEDOH
ﬁﬁéﬂl@ﬁﬁf)‘@b%é

DROBEEIET « AV ~EHEICBET 2 AR ERHE U T, logD(s) B9 % Stirling-Binet
DRXZERTILTHD. RS THERFEIZR DD, V\]érﬂ’] &7 1 Y B O
DBEEADS T4 Y XEHBOBAERAEZR/T, TNEMAIUT logl(z) DERREMD

EZIOHMAFHETHD.
F7, Euler EBOE SR RN

o] e—t G_t
= —— | dt
7 /0 (1—e—t t )
%€ D. Euler €8 ODEHIZ 1/k:f011:k’1 dr & logn = ["du/u #RAT D &,
[ n n 1 n
v = lim 1 —logn] = lim [2/ ght dx—/ d_u]
n—oo ]{; n— o0 —1 0 1 u
1 — " n 11_ 1— n n
= lim / xdw— d—u]zlim {/ Mdy—/ d_u}
n—oo | Jq 1—2z u n—o0 0 Yy 1 u

[ [y,
. :/:1 1—(1—u/n)" du_/ll" (1 —ufn)" du}

n— 00 u Uu

n=




8.5. Stirling-Binet DA (1) 43

1 1 — e~ ¥ o0 L —u
:/ ¢ du —/ e—du
U
1 00 —u 1 % o=u
—hm{/ / —du]:lim{/ / / ]
oN\0 s U 5 N0 A
1 oo L —u oo oo —t
zlim{/ / —du]:lim{/ dt—/ —dt]
oN\0 A U 5 N0 § 1—et 5 t
= lim/ ( — —) dt
N0 5 1—e" t
S —t —t
:/ (e_ff—)ﬁ

1 DH®D% S 3 Buler ERDEHETH Y, 2 OHDESTHO/DRAZITE, 3DOHDE
FCEHERBINOM 1 +a+- +a"t=(1-2")/(1—2z) 2o/ I5IZ4DHDEST
BAZEBOER y=1—2 21780, 5 DHOESTI LI y=t/n LEE, 6 DHDES
TOMH 1 ETOESTE 125 oo FTOMBENIT 7= 695@#770315;216& n — oo
DOWREAWMND L RICBR>TND I LIlERE L 9DHOHESTO<A=1-¢?<9
LHEVE W0HEDOEST 6N 00LE [Jdufu=1log(d/(1-e?) >0 &RBIL%
o7 1IMHHDOEESTIOHOMAO Cu=1—e!? BE, 2O0HOHENCu=t b
Wz
R, Buler EFOBAERRIMTND T 1 H Y YEBOFE S FRRA

d o] eft efst
0(s) = S logT(s) :/0 (7 . G_t) dt.
T D (Gauss IZ& DT 4 AV VEHBOMBMARR). T« N2 Y BEEDED 73 BURHH
T, ETHEBH U 72 Euler EBOFEDFR & I <flibnd A=A

1 1

== m/0 e tdt  (Ree>0) (%)

Ds=1DGEEE c=ss5+nn \ZHEHAUZEREMED &,

¥(s) = - logT(s)
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—st __ e(ern)t

1—et

o5t 4 o=t Dt o o~(s+2)t 4y o~ (stn-1)r _ ©

o/, INTT A WY YEBOMAFRANGEHI N7z
DFROBEEET AV HEBICET AR ERESUT logl(z) 1T 2AX%825 2
EThD.
ZZTAR . t
/ e e dt = log = (%)
0 t

ERUTHID. Eille f(z) LELE, f(1) =0ThD, fl(z) = [[Te dt =1/z BD
T f(z)=logz &4 %.

ETHPHLUZT A AV VYEHBOBOI TR T s=2+1 2 B0WT, #HES KD 2 DH
DIED TR et ZNT D &

d o] e—t e—zt
w(z+1):£logF(2+1):/0 (T_et—l) dt.
ZAUZT S EDBRETIHHHLZARNE2EHT S &,

Y(z+1) =log 2 + / [ / (e
z =log = — =logz — —— e :
& 0 t et —1 & 0 t et—1

—IRHZ f(t) =1/(e! —1) &BLE f(—t)=—f(t) =1 &V 1/2+ f(t) IFAHBUZRD.
X5IT1/2—1/t+ f(t) Ix t =0 TEANZIRY,

1 t 3 1o

1
2 T 112 720 30240

ERBHZIEEDLNDL. LHOEBD 1/t f5F 0<t<oo TERTHD. LD Y(z+1) D
FROBES DFEIMDE N ZNIZRDZ KX DIZT D201,

<1 _,, 1
2S5 &

dlogT'(z 4+ 1) 1 * /1 1 1 o
1) = et | - — - — = = dt.
vz +1) dz Og2+22 /0 (2 t+et—l>e

+0(t") (*)

1
t

logl'(2) =logl =0 2DT, ZOX%E 1 1b 2 FTEHTD L,

—t

1 > 71 1 1 —zt
IOgP(Z+1):ZlogZ—Z—i—l—f—Elogz—l—/ <———-|- )e ° a
0

2t et—1 t
logT(z+1) =logz+1ogl(z) &V,

1 /71 1 1 —=t
logF(z):zlogz—z+1—§logz+/0 (§_¥+et_1>e ; dt.

AL DR 2 - S 72812




8.5. Stirling-Binet MAZ (1)

Y. T(1/2) = VT &Y,

log /7 = % 41 (%) — 1),

—H,I(1) DEHENTt % t/2 TEIM|MR DL,

121 dt
1) = . -2 8
(1) /0 (2 t+et/2—1)e ‘

2DT

() t/2 0 —t/2
§)-r- [ (=)ot [ ()
2 0 t et—1 t 0 t et—1/t
THE2NH, 5EIE I(1) DEERDAEMHS &,

/ 1 /°° et/2 1 Jre‘t e‘t+ et \ dt

et—1/) ¢
0 fo=t/2 _ o=t o\ ¢ 0 fo=t/2 _ o=t ot
_ / e\ / e -° dt.
o t 2 )t 2 2t

(y
(y
)

de-t/?2 _ et  omt/2 _ ot et2/2 — et

Tt ¢ - 12 ¢ ’
eft/2/2 . eft eft 1 eft/Q . eft
St 2t 2t

CERTULX 1(1/2) OB () IKRETED 20D 0nd:

(3)

Lo T,

—I(1) = —%—I(%) +log /7. = —1 +log v2r.
PEzgsedl,

1 2
logF(z):zlogz—z+1—§logz+f(z)—[(1) :zlogz—z—i-log\/—ﬂ—i-f(z).
z

logT'(z + 1) =logz +log'(z) &1,

logI'(z + 1) = zlog z — z + log V272 + 1(2).
I(z) DEHAZHET DL

et2 _ et ] o0 ot _ ot/2 1 1. 1 1
_ - — - dt==4+-log=-==—1 2.
{ t :|t0+2/0 f y tploey =5 loav2

45
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Z DR DR HEDFEIMDOANMD 1/t 5135 0 <t < oo TERTHD. DAIIHDIE
DEH M PFELUT Rez > 0 12BWVT I(2) IZ ENSIRO KD IZFHIiI N5

M
< M —(Rez2)t )
Il = / " Rez

ZHE 2> 01THLT,
logT(z+1) = zlogz — z + log V212 + O (%) (z — 00).
Z VT Stirling DA
D(z41)=2"¢*V2rz(1+0(1/2) (2 = o0)
MHEFEI X N, K OREITIE (#) & (5) £V,

[(z)—/oert i—i—l— v +O(t% ) at
—Jo 12 720 30240

DT 0 (L)

122 72023 3024025 27

L L + L + O L (z = )
_ _ — Z — 00).
12z 36023  1260z° 27

ERAY)5
_ 1 1 1 1
[(z+1) =2z *V2mz exp (— — + +0 (—)) (z = 00).

12z 36023  12602° 27
SN
1 1
D(z+1) =z V212 (14———1—0(2 )) (z — 00)

12
LEMIIEE 1/(12n) LN/

8.6 Stirling-Binet O (2)
HIHIDFERIFLLTOLS IZELDHOLEND:
logl'(z+1) =zlogz — z+logV2mz + I(z2),

©/1 11 dt
I — - = —zt 7
(2) /0 (2 t+et—1)€ t

1 1 1 t 3 o
+O(t").

5t T e_1 12 720 " 30240

ZDORAIX E. T. Whittaker and G. N. Watoson, A course of modern analysis (1927) D

12 - 31 #iT “Binet’s first expression for logI'(2) in terms of an infinite integral” & (X
NTWDS. AR TIX12 - 322 ENTH S “Binet’s second expression” L LS. §

BhH,
1(2) :2/ arctan(t/z) 0
0

e27rt —1

LS RADFE % T S
EEMF
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9 (I8k: BRABREERDMICDOWVT
9.1 IERHLH
ROTERBETITER I NDMEEDH % T, D8 o DIEBH R & LN

i e
() dr = ————dx.
o V2mo?

¥ 0, D EL 1 DI AT & FFHEE R AT & PS8

BEM MIRHERLZR X, Y DENTNEYE ux, uy, 788 0%, 0% OIERDAIZL 7203
DX X+ Y I pux + py, B8 0% + 02 OIEBDSMEIZUZ0S.

9.2 HUIXDMENA2FE DT

IROMERBERIM CRERE INDMERSM % shape a > 0, scale 7 > 0 DAV YL
38 / /
_ el e (/) d
fa77($) dl’ = W dlL‘ = F(a) - (ZE > O)

EE v =ar, FEUE ar? THY, 020 DL EHEMEIF 2= (o — 1)7 ITRD.

MR 7TV M ORMEREIZIRDIZIZ R S:

1 R
/ et/ dy = (1 — irt) ™

Prll) = ara) y

FEIS 2 720124 L (1) = iar(1 — it) Lo, a(t) 2 RREFATHD. TOILIELT
DESIZLTRING:

ap ") = ~itx —z/T 2% dr = / ztz —z/T d
T (0 = [ e r= o [ e et de

—iT <0 e —x/T _ i - ite —x/T 9 e
: / 8:1:(6 e M) de = : / e o dx

T 1—irt 0 1—art Jy
1T > ite —x/T ,.a—1 T «
= e x* dr = r ralt).
1—m/0 ‘ Tt 1 (@)Prall)

1 DODFSTHEDFLSILTOWD 217\, 4 DODEFSTHIMED 2> 7.
R DTG HIRD AR H ITEPND.

BAEM MNIARRERE XY DENTN shape ax, oy, scale 7,7 DAV X3 AHIZ U -
MHE X, X +Y & shape ax + ay, scale 7 DA VX DAIZUZ0D .



48 9. ik Bex BHERIAMIZONT
HA 2D HA 2FHA (2 0A4) I3 YA ADRRGETHS. 7405, shape
n/2, scale 2 DA VI3 HHE n DA 2| DA (2 240) L IES:

o—/24m/2-1 —76/2(35/2)”/2 dl’
Joar2(®) 80 = Sy T T T2 w

HA 2E/OMAIZEHBE n IOV THAEEZFED.

TR 9.1 (BMEEHDHENO A 2RDAENEOLND &), MERE X, Xo, ... 13IhS7
[l AT DHERELINTH Y, F2IIBEER MU Z05 RETD. 20T Y =
X2+ + X2 IXEHBHE n ORA 2FHAMITUZDD.

SFEE. ERTIE A THD:
BLAYV) = const. [ 7(w)e 2y dy
ThERED.
E[f(Y)] = E[f(X} + -+ X}))]

:ﬁ// F@2 4ot a2)e @2 g

- 50 m/ Fly)ev2ym=D12=172 gy

_ 27TW/ Fly)ev/2ym 21 gy,
3ODDEFTr=/224- +22 LBE R ICBTDMIMEREEED n — 1 RoTHA]

BRI EOWUNEREE v Ldr OFEIZARZ Z 8 2, n— 1 OCHEAEREIOHEIREZ A, &
N2 4DODEFST r=y'2, dr = (1)2)y V2 dy LB\, []

FE 9.2, LEDEIRIZE ST, n— 1 IRouHA BRI DO WRE A, IZBU T,

271'”/2
A = )
ML T DI ERINAZILIZRD. ZHIEITHICORERKREE —H LTV, []

9.3 HB_FER—IDHmEt D

ROMEREEHB CERINDIMEEI M E/NTA =L — a,3>0 ZROE_FER—X
4347 (Beta distribution of the second kind % U < & Beta prime distribution) & FE.S:

1 xa—l

Jop(x) dx = Bla. B) (1t 2y 77 de  (z>0).
B>1R5IFFEE af/(B-1) 128D, 8> 2 B5IFDHIE (ala+8-1))/((B-2)(8-1)?)
AN




9.3. FE_FEXN—XNAEE t 546 49

BN — XD OMRBEEHEBIZ 2 =12/y (v > 0) ZRALT, HERDHE —00 <
t < oo IZHNERT % &, MERE ERBUIIRDIZIZ 8 %:

~ t2 1 t2a 1

N ~dt = dt

fﬂ(v)v v B(a, B) (1 +12/)ats
n>0WHUT, a=1/2, B=n/2,y=n D& X ZOMWREERKKTEZRINDMHERS
HZEHHE n Ot DHEELIESR. $206, HHE n O t 24 L IFIROMERE KB TE
BEINDIHERDEDI L THD:

t2 —(n+1)/2
Gn(t) dt = c, (1 + —) dt.
n

1 _ I'((n+1)/2)
nl/2B(1/2,n/2)  /nrT(n/2)’
HEE n Ot DHOVEEHEEZTNTN p,, 02 EELS L

(
(
)

Cp =

n
n — 17 = 2).
pn =0 (n>1) 0= (n>2)

285, AHEERAROWERT ¢ oA IREEERDMAICPERT S, BHE 1 Ot 24461
Cauchy A &L EIEENTH Y, FIFE RO DY K72 BRI O BBLENIZ 73 > T
W, HHE 2 Ot 2AAIREE 0 28O0, 2EUSHERKIZAS.

EIE 9.3 (FEHELHDME A 2|O/AGMNO t DHEIEFOEND T L), Z, Y IFMAT A HER
ZBETHY, Z ISEEERSAIZUZ8D, Y IZEHE n DA 2T/H/MEIZLEDND LK
ETD. DL E

WSHEE n Dt DAEIZ UMD,
ZEBER. ERBIET D TH D

EF(T)] = const. /: £(#) (1 L2

INERTD. a, =1/(V2r2"/?I(n/2)) LB &,

_ A —u = = 2 o= /20=y/2,n/2-1 g,
E[f(T)]—E[f<\/m> - / (/Oof<m) y d)dy

_ = = < —(y+22)/2, nj2—1
= Gn f € Yy dz dy
/0 </ (vy/n> )
(/ f 1+t2/n)y/2 (n+1)/2— 1dt) dy

an — n n
— % f(t) (/ (1+t2/n)y /2y( +1)/2— ldy) dt
—00 0

B 2(n+1)/21'\((n + 1)/2)an 0o 2 —(n+1)/2
= NG /OO f(@) (1 + E) dt.




50 9. Ik BE% BREERDAEIZDONT

ZIZTC,200DEFIIERETEHOHE N1 2EANGEDEENSHEOLND. 4 DODFEST
X 2 =t\/y/n LBz (22 = yt?/n, dz = y'2dt/\/n). 6 DHODEZSTIRONNEffi> /=

o] 0 s—1
/ e—ayys—l dy — / e_m (E) d_..'lf — O(_SF(S) (O{, S > 0)
0 0

« «
FEHD 72 DI IEMERFITRTH DM, I 51T,

20 D20 ((n +1)/2)a,  2"D2D((n+1)/2)  T((n+1)/2)

NG T VaVZm2h(nf2)  oal(nj2) "
INTHERTERIZENTARTHER I N, B

T 9.4 (EMDHEMNS t DAEVNRLND Z ). X1, Xy, ... WHNLFE SR HERL IS T
HY, BRI p, B o DIERDHIZ U0 & X,

n

1 M, —pu
Xy —M,)?*  T,=-—"
n—lkz:;( g ) Un/\/1

LB &, M, & U, 3SR Y ) M, 1 u, 58 0% /n OEBRSAHIZUZD0,
(n—1)U2/c? IFEHHE n—1 DAL 2FHEIIUENN, T, FEHHE n—1 D t 557461
LS. (U, 20 &RELE) O

1 n
My==% Xy Ui= (+)
n
k=1

ER 9.5 (T, DAL, EOEHOFEDE & T, E[M,] = u, E[U? = 0? 7323, p, o?
&N NRHEREYI (population mean), R HX (population variant) & FEEAV, M,
U2 13T NT AN (sample mean), AR 43X (unbiased variant) & IFEN TV S, IE
MAMDOBENEE Y, M, 13F p, 28K o /n OIERDMIZ VNS, DRI

M, —pn
1T, =
Un/+/n
(ZHA DR AN
" o/n

WAEHEE DI U203 . ETRRAZZ 8, Z, OO RMEMEHERF % o % RERIK
I/ ON RREHERFZE U, TEIHRZS L, EEEHAA TR, HHE -1 D ¢t
DANZUZDRD EDIZBRZB NI ETHS.

REM D 02 DO > TS GEITIIEEEIER DA ICRD Z, 2[R D)W, TH5TH
WIGEIZIE Z, 2220, 2 TRERMDDE o2 DR D ITRERINIZE S N2 W55
U2 Z2MRATDE, MERDMIERIAEY) EEHENRN L BHIZZ>TLESIDOTH
%. [

TR 9.6 (HHEOKRER ¢ 2AMVEEERIMTEMUINSZL). n—» o0 T

t2 —(n+1)/2 t2 —-1/2 t2 1 n/2 )
()™ (1Y (1o (L)) e
n n n n

LR2DDT, HHEEMIE KD T ¢ 7345 DRESR 5 R B AUSAEIE E R 7315 Ol = 55 B B 4K
PR 2. HHRENPRE R ¢t DI ER DA TEMUIND. N
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EIE 9.4 DIERR. BELRLIE X, % X, —p CEIMBIDZILIZE->T, pn=0Thd
WETED. UFTE p=0 DHBEDAZHKD.

9, X1, Xo, ... FMSZESARMERELIITHY, &2 0 EHROHH o2
FOLIREL, EHAHATHD LIREETICEDRED I ENERDNEFARLD. (x) D
k21T M, U, 2EDS. (U, 20 LTEK)

Y, =vnM,=(X;+---+X,)/vn £BL. EREREERER (X,...,X,) &Y, &8
LRI DOIERE L EER (Yr,...,Y,) CHEEEHBTE LY. 2oL ILHADFHFEL LT

ZX2 ZW

BT L TWBBDT,

}:u%—haf—ﬁiuf_2Mpn+mﬁ)—ﬁéxj—mLiiXVHm@
k=1 k=1 _

n

::g: X2 —nM? = EZ}ﬁ Y2 = 2:}a
=1

ST, RO &Y EY?] =0® 2850DT,

n n—1
E) (Xpe=M,)’| =E|> Y2 =(n-1)
k=1 k=1

LRBIEEDMNEY. &Y BU =02 B2 EEDNE. MEORRIE X, A
EMRPHETHELS TERIZLL TN,

PURTIE, X, 2505883 0, 981 02 DIEFAHEIZU NS LIREL & D.

ZDE XEMNMHDMHERBERBOE LY, Y, ZHEMIEDMGEICRY | 4% HEH 0,
S o2 DIEBAMHEIZ V0D, B RIZ

n n—1 n
(@:ni1§jxk 1§:Y Mg:%E:XW:——
k=1 k=1 k=1

FHNZIZAR Y EH 9L &Y,

1 1 n—1
— 2 2
k=1

WWHHE n—1 DA 2ELSMHIZEDS. UENoTEH I3 LY

M, —p
a/vn My, —p
(n—1)UZ/0>  Un/vn
n—1
MWHHE n—1 Dt FEIZLEZND ZERNbng. ]
5W;Kﬁm¢é$&Nﬁbw(Ly“ 1)/yn 2 GCERELREMY, TOERBER RIS T 5 K

%%%WM@iw.WL”¢m4)uY’ TR B ALY MVOERMZEM EOERERERERIZRS.
S8 ASASHT ) VLD 2 TWEAEND .
Y, BMEDRVEBRHRETIOMBEL2HRTLILERAITHS.



52 9. Ik BE% BREERDAEIZDONT

T 9.7 (EHAMNS t HAENELND Z & (EH 9.4) D). HEREEZD X,
(s=1,...,r k=1,...,n) FHTZTHY, & s T&IT X,y ZHIFFEY pg, 78 02 DIE
FOEIZ U N2 TVWB EIRETS. ZDE X

1 & 1
M. = — X 2 _ o 2
s e Z s,k Us ne — 1 Z(Xs,k Ms) )
k=1 k=1
Z<MS_MS) T 1 L1 &
_ Neg —
Z==1 _____ Y = U= = (X, — M,)?
N

s=1

- A
n = Ng, T:—
; VY/(n—r)
EBLE, TIZEHHE n—r Ot HMHIZULEZRDD,

SERR. SEHE 0.4 DA E D, M, & U2 BN &Y, M, 13Ty, 5 02/n, OES
DA U0, (ny — 1)U2/02 IEEEE ny — 1 OAA 2 T/HAILZND 2 LD
BT Z &Y BENIICAS. ERAGOEEME D, S (M, — p) & 0, 4%
S (02/ng) DIEBDTEIZUEDS DT, Z EEMEER G U5, HA 2 AHD

BAMELY Y ZEHE n—r ONA2FAHICLENDS. DI, EH I3 &Y, T IXH
HEn—7r Dt BHIILEIRD. N

IZlEHIR6N5.

% 9.8 HERZ X,p, (s=1,2,k=1,...,n,) ZHBIFPLFEDHETH Y, SE p, 78 o
DIEMOEIZU D2 T VWD ETDH. ZDE X

Ng 2 Ng
M= 23 X V=S (K- ML,
k=1

s=1 k=1
B M, — M,
1 1 Y’
n1 No ny + ng — 2
EBLE, TIXHHBEE ni+ne—2 D t HAEIZUAZASH0L N

94 F—REBELVBEBR—INHE F 2H

ROMERBEEHBCERINDIMERNME/NTA—E— a,>0 2RDOE—-FHN—X
534 (Beta distribution of the first kind € U < (ZHUI AN —& 7340) LIS

1
fap(x)dr = mxa_l(l — ) da 0<zxz<1).
OELE of = =02 =02 BOIEXT OEBHDDTHEHD 0 ¥ ¥ IV U, Z IFREMSER 02 O

IEHIKSIZHETIDRIZAD Z IR L.
61 7 DFERIIHNEDYE U WIEFROAIZUZDD 2 008 Y TIVOEPRE L NE S XD YD MOMEIZE
Hihd.
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E¥E 2 = af(a+ B), BEE (af)/(a+ B)* (a++1)) 124D, o, >1 D& IEHMH
Xr=(a—-1)/(a+8-2)Il2%.
—FER— X DA ORERBEEERBET 2 12 2/(1+2) (> 0) 2RATDL

x dx 1 xo !
ﬁw<1+x)a+xy:zxaﬁ>u+xwwdx (v>0)

EBD5. ZHEBE EAR—ZDAOMRELHETH S, BEORPT 1 —2/(1+2) =
1/(1+x) o7,

IHIZ,mn>0&U, B MER—XMOMERELHD © 12 ma/n (x> 0) ZRA
THE, FERRICUT,

mz/n (m/n)de 1 (mx/n)*  dr
Jous <1+mx/n) (1+ma/n)?  Blo,B) (1+mz/n)etf (z>0)
ERD. I, a=m/2, B=n/2 DEE IROVIZES:
B 1 (mx/n)™?  dx
Gmn () dz = Bin2.n72) (T mafn) oo & (z > 0).

ZOMERBEHBM TERINDHERSMHINT A — 5? m,n D F 54 R I8N A—
B—m,n O F SO EREETNEN iy p, 02, EEL L,

mn

s 2n*(m+n—2)
(n > 2), Um’”_m(n—2)2(n—4) (n>4)

'um’n:n—2

225,

X DBNFGRA=B—=m,n D F BHIZUENDBRLIE (mX/n)/(1+mX/n) 185 A—
B —m/2,n/2 DE—FERX—ZZMHIZU 72080, mX/n lF/NT A= —m/2 n/2 DHE_
FAR—=Z AU DD

EE 9.9 (N1 2 ERHEMNS F AR EONEZ L), M AHRER Y, Z BhEhTh
EHHE m,n DA 2F/HIZULZDND & E,

_Y/m
_Z—/n

BT A—R—mon D F B UENS. UERoT, Y, 2 AR5 2 R 255
TH ), & x PEEREEHDITITUENS & X

o O YR m
(Z?:l Zf)/n
WINT A= —m,n D F DHEIZUEZND.

REEA. PO FERIFFTCEOFREEH 1 NOHFEOLND. FIEOFRZ RT 2OIIE
m/2
E[f(X)] = const. / f(z (me/n) du

1—|—mx/n) (m+n)/2 o
ZREIEE . a = 22T (m/2)T(n/2)] 7t &L L,

1= () o [ ([ () o)
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_ / (/ f —(1+ma/n)z/2 (mx2>m/2_1 zn/21mzd$> dz
n n
_ a/ f(2) (<@)m/2/ o~ (14+ma/n)z/2 (m+n)/2-1 dz) d_x
0 n 0 r

=y (P Yo [ ) () (1 1)
2 0 n n T

3DODEFT y/m = (z/n)x £EBW/= (y = (mzx/n)z, dy = (m/n)zdzx). 5 DODEFT
RD—E R AR 2o 72

s—1
oo o0 t dt
/0 @‘”z”dF/o <a) —=a”T(s)  (a,5>0).

INTRIARNEIZEIFRINAZ, IHI

2 - 2mEn)2D(m/2)0(n/2)  B(m/2,n/2)
\—mfﬁﬁn ‘3—%)/\ tb)j—/\fﬁﬁmh\k— *Lf' D

BN — R DA OMERBEEEH B v =12/n, a=1/2, 3=n/2 ERALZEDITA
HE n Ot DAEOHRZEERBUIRLZDTHo-. TOIENOMERER T WEBE n
Dt AR E T2 IFNTA—=R—1,n D F BAHIZUZBD, T2 13855 A—
A—n,1 D F PHIZUEND Zedbhnd. ZOREKT T DMAIIARERIZF HOBERE
N 1DBED F RHTHDIENbOnd.

COZEIFUTOXD ICEEMRFHEIZ LS TEHEND OND. F 574 OWERE S 5K
EIRD LS IZESIEIND:

(/>

B(m/2,n/2) (1 + ma/n)mtm/2 dz.

Gmn(z)de =

m=1%KRATD&,

1 z /2
glﬂ(x)dm:\/ﬁB(l/Q,n/Q)(1+x/n)"+1 2d:L‘.

X5 =12 #RALT, Dz —co <t < oo \ZHEIRU 72 & D DMEREFEBEUIL
1 dt

VnB(1/2,n/2) (14 ¢2/n)+0/2

285, T t A DOMERE LRI g, (1) dt IZ—T 5.

Gra ()t dt =

9.5 HUIHDHEFE—TBEE_FBEOR—YDHDOER
1YV EB Y R — R EROBIGRR

L'(p)T'(q
% EY ORI CIEH L TALD. 2

oo 1 00 a—ldu
T(s)= [ e 'dz, B(p, :/t”_ll—tq_ldt:/ L
©=[ e ta Bea - [ o= A

— KB B(p, q) DRI DFRRDPIE BBUSAE N — TR — X 7345 DR ER B L
BWTHY, 12EDRROED EBUIAEMIZE AR — X A DMELREEHELTHD.

L(p+q)B(p, q)

) =
T
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B—BNR—IDPMEBRTDIRAREZFXICHETAE =2t y=2(1—1t) LEBEHTDH L
/OO /oo fa,y)e”THaPtyt=t do dy
0 0

1 o)
= / dt/ dz f(zt,2(1 — t))e Z2PTa =1 (1 — )2t
0 0

WZIZ, B UE f(r,y) = fla)y) PELLTNB 25X

/ / () z-i-yxplqldl_dy
t
:/ dt/ dz f (—) e pram (] — ¢t

—T(p+q) /01 f (%) 11— 1)1 gt

COFRRIFEBLE Z RN TH—FHR—Z0MHIZHB TS f(t/(1—t) OMFEIZ 3T 5. K
Zf(x/y)=1DEET(p)T(q) =T (p+q)B(p,q) £8DIEWNbOND. IHITt/(1-t)=u
TEDLDL t=u/(1+u) B L

/ / (> x—l—yl,plqldl,dy

- w \VU 1\ du
:F(p+q)/ f(u)(1+u) (1—|—u) (1+u)?
p—1

»@?L%/TR IEBEEZRONTHE _ER—Z0MHEIZBET 5 f( )@ﬁﬁﬁ{ﬁ —9dD. F 016
-~@,\ RDHGD AT — )AL DT, J(wi117~)1/ SHLDENEFRWNT, F 246
BIILHRFEIZ LU TWDEARTIEETED,

BIBAR—INMERRTIRFEERICHTAE v =uw (E2T o 256 u ITHDE
BeZhydLe,

/ / fla,y)e” eyt da dy
o Jo
:/ du/ dy f(uy,y)e_(1+“)yyp+q_1ua_1.
I (I+uy=2980by=z/14+u) IZ&>Ty b 2 ITEALRE LT D L,
/ / Fx y)e” =yt~ da dy
o Jo
— /OO du /°° de f [ —— = (B*Zzp”’l—uj%1 du_
0 0 I+u 1+u (14 u)pta

ZIT flz,y) = flz/y) LIET D L,

uP~t du
/ / ( ) m-HJZEquld{Edy—Fp—f-q/ f ]_—|——u)p+q
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ETCHARZMEIZE ST, 2HUIAT —INVEBODENZRNT, F 2285 f OARF
EIZ—BHUTVWDLARTIEETED.

U EDRHBEIZE T, HY S RAHIT U 72038 AL R ER A O IS R — &2 04612
UMD 2 edbnd. £ UTIERDIEIZU DD ST BHEREBORNEI N >~ 342U
S IMbDY Y TNEBHEREREDES &, IERDMGE A 2|/OM, t 04, F 24
OBEBRPERIIEOLONS.

UETHS BB B DHNZITIZLL DR H 5

ziy=t:(l—t)=wu:1
(32 < AT DR ZERL, ¢ 1 TN — X AT O, u 135 AR =L 345D
Eﬁfﬁ;&f%é(?
CH Y YEB OB FROMAERD ¢ 2 TNTH 2? [TEIHZ A
['(s) :2/ e N dy
OOO

MOMFELT, x =rcosh,y=rsinf LU X y=xtand LFEDEH %= LT LR T
HETDEIZLICE > T AR EHCZELSRRE OBRE BHBIZRS.

BEZREBDIGZE x=r1rcosl, y=rsinfd (Z&> THDSEH % MEEET S &
4/ / gz, y)e gL 20 g dy
0

= 4/ d@/ dr g(rcosf,rsing) e r2P+D=1 (cos §)2P 1 (sin §) 2
DRI g(z,y) = gly/z) DEF

/ / < (x2+y?) 2p 1y2q 1d$dy

/2
=I'(p+q)- 2/ g(tan @) (cos §)*~!(sin §)*~ df.
Kl gly/x) =1 D& E XY
/2
B(p,q) = 2/ (cos 0)*P~1(sin 0)%1~* df
0

ERBIENDONSD.
EEEFED BEEZBRDIFE y=atanld (ZE>T y 256 0 ICHAER 2 ERmTEH L,

4/ / g(;E’y)e—(x2+y2)x2p—ly2q—l dx dy
0o Jo

w/2 00
=4 / d / dz g(x, x tan §) e~ 02" 20401 (g4 6)20-1(1 4 tan? f).

OC2EH I EOFFIZEMANTH S, R—XEHO ZRHEOFRE FE RN B>/ (2016 £ 7 A 1
H).
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IS5 = r/\/m Ta Mo r iCTHEOEREERTD &,
4/ / gz, y)e g ly201 o dy
o Jo

o /7r/2 ” /oo drg ( r ’ rtand ) e_rzrz(p_,,_q)_l (tan 9)2q—1
0 0 V1+tan260 1+ tan26 (1 + tan? g)rta—1

WA g(x,y) = g(y/z) DL E

4/0O /Oog <g> 6—(w2+y2)x2p—1y2q—1 dx dy
0o Jo Z

/2 (tan §)%a—1
=I'(p+q)- 2/0 g(tané) (1 tan? g do.

PAEDKERIZ ETRD - MEEEBDIGEDANRNEFE UEDTHS. BERLIE

(tan §)%1!
(1 + tan?g)r+a-1

= (cos )P~ (sin )27,

ZOANXIFAIIZ tanf = sinf/ cosd ZRALTERED L, HiLIZ

1 120 tan? 6
[ sin“f = ———
1+ tan?6’ 1+ tan?6

ERALCERES. BEDARIE EOHTHII U2 ¢ = u/(1 +u) IFHLTNS.
DRI D BN IZIZLL FOBIGA D 3

cos? 6 =

x:y=cosf:sinf =1:tanb.

ZOBRIE, zy DIGERBMTL LS bE S EETEMHLUAZ s y=t: (1—t)=u:1
WHRIGLTWD (t =sin?6, 1 —t = cos?§, u = tan? ).

9.6 n— 1 RFTHKELED—H2 % & Maxwell-Boltzmann 8l (1)

X, PR R E AT THD LU, Ry = /X2 + -+ X2, 2 = X, /R, £5X.
ZorE (ZM, 25 o0 — 1 IR EALERTE B —BES A IZ 7R B0 HEREE 2™ o

i = 5 P A

gn(2)dz = (1 — 2232, (—1<z<1),

1
cn:/ (1—22)("_3)/2dz:B 177@—1 =" 2R n—17n—1
_ 2 2 2 2

1

W25, UK, 2IhERTD.
n—2 ROCHALERI S" 2 = {(z,...,2,) |25+ -+ 22 =1} OMBERZ dv &F

FTor=\as+ a2 EEE xo,.. .z, D & n— 2 ROGHRALERT O BRI
BREBT D & B v O n— 2 RGLEKEOmEEIE r 2 214 5D T,

dry ANdzg A -+ Adx, = " 2dxy Adr' A dw'.

BLEDATE f(r,y) = fly/z) EMELTEIANEES20E LA,
64 Z 0 J5 1 % Aol 2 ISREHE ERLE IR0 4 4 2 BLE & BRI B — BT B ELEME 5.
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XU, 7 WD r=\/aF - a2 WEBEMTD L, o = /12—, 0r'/Or =7r/r" &
DT

)

dzy Adzg A -+ A da, = r(r* — 22) "2 day Adr A du
RBIWZ o MO 2= /r ITEREHT D L

dry Adzy A - Adx, =" N1 — 22)(”_3)/2 dz Ndr Adw'.

U723 > T, R EDBRIFRZRMEREE I p(r) (U T,

/n g(2)p(r)dzy - - dx, = /1 g(2)(1 — Zﬂ)(n—3)/2 dz /OOO P (r) dT/S g

1 n—2

BAD2OOMIDREE ¢, LFE L,

1
Cp = / (1— 2232 g,

1

cn B 2O DHIETHEALU LS. 1 DHIE 2 =12, de = t71/2dt)2 L BHEMT 5 ik
Ths:

! ! 1 n—1
Cp = 2/ (1= 2232y = / V21— t)¥2qt =B (—, ) :
0 0 2 2

2OHIZ (1-2)=(1+2)(1—2) LRBOMHL, 2=2t—1,dz =2dt EEBEWHRTDH
ETHS:

1
o = / 2(n—3)/2t(n—3)/22(n—3)/2(1 _ t)(n—3)/22 di — 9" 2R (n -1 n— 1)
" 2 7 2 )
0

INTRIREIZENTARTRINS.
BIEEM & U T, V< EED duplication formula £F6NTWAH L 2ERLTHZ
D. (n—1)/2 ZAEEDEDER s ITEIMMATE ¢, D@ ORRITHELL TN D:

/_l (1—2%)"1dz = B(1/2,8) = 2*7'B(s, 5).

1
NR— BB H VB ERATD &
D(1/2)0(s)  2%7'T(s)?

['(s+1/2) I'(2s)
THhDH I(1/2) =7 &Y,

2s—1

NZs
ZDRAIF (Legendre’s) duplication formula & IEEA TN 5,
Z™) D Fle S 5 g R D 151

65Legendre’s duplication formula IF/ERED IEDEEE n (269 2D Gauss’s multiplication theorem 2
—ifbIND:

['(2s) =

(s)[(s + 1/2).

ns—1/2

T(ns) = oo s D(s)T(s + 1/m)0(s +2/n) - T(s + (n = 1) /n),

(2m) D

=& ZUX T(3s) = 33121 () (s + 1/3)['(s + 2/3) /(27).
NS IEEARENIZE —FER—=Z 3 HORRBIGETHS.
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Og2(2>d22%\/% (—1<Z<1) :F‘:[:/jo /\&1/2

— Z
z:wmeéﬁxﬁét,%w@wmgegwm)t#ﬁﬁﬁﬂ@é(%tU%)@
ZAZRENEHENE 1/2+0/m = 1/2+ (arcsinz) /7 (-1 < 2 < 1) 1285, HIEK
BB TR D DT ZDHMHIFHIEKLD M & IFEN S0

. (@@:1@: (—1<2<1). 0, 415
o YGCHRT 10> B SO M8 L~ OSSR 5125 .

o gu(2)dz = z\/1 —22dz (-1=zZ21). S0, 2EK 1/4.
m
Z DI HFHD T L IFEID .
z=—cosf ZRAT D&, sin’ if'éﬁj\?ﬁ sin?0df (0 <60 <) 127229,

nZ40EX g.(2) 37T 7 BREMDOKEIZARS. EEZENE 0 THRIZA T TRY
L2 1/nl8%.

7" OE¥E 0 THD. X 51T B L Y EBOBGRE & U YV B DE
BEREY ¢, /cnia=(n—-1)/n= 1—1/n LRBIENDNDE. TOI L e[S L, 7™M

CTX Y v TN2ERDEKITIDEE, h—ZNTHLEL T2 IREOREDEX DRI S AL TWS
IREDIFE DR X ORI Z 51V 7248 R OMER /340 1358 24 ITHIEAL T 2 L ERLA IR < 2 EAF 5N
T3, ZAUTHEIESGER L XN TS, W EK A0 O MR % & KU i (OEA IR EREL AR, |
AFD 0 fBEIRNS K22, W2, WIERRIERNIEE H kU T 2 IR & &R L T 2 IR 0 22 B
X0 FHEICEESTICREI S ARBMHAAMNRNE NS 2L 2EKRL TS, FY U IIFERLIEIDOHE
ERBIICE S H > TWRIXTTHD. HADMART, BHHil 2D, AKIT /YT LDHNE.

8L Y 3 A AT AL B 1 B [E A E DO DA E BT 5 Wigner OFHANCHEHOND . N IRFEXNFRIT
ST % RO HERZS N M TR LB [T, e M/ 2d My, [, e M/ 2d My \ZHHIL T2 L ARE L
T VA NBFENTMTI] M OEEHEOHEES G E2EZD. TOLE, AT —)VEBIZ L > THEMN 1/4 124
B EDITHIRILT B &, TOMRMMIE N — oo THE 1/4 OEHDAMIPERT % &5 DAY Wigner D
FMHAITH B

A I B HOOBRE I B 1T B IR SE & U TE LN S B RERN A TH S, =& 21, Bl
B, 7RG & T DI, SRR R (R IR, 2013.10) IS H 5.

69ERE - Tate FRICZDED N HENELT D, (ki - Tate PR L IE THEEUK LERI N/ BEEERILEZ
R 7= RGP HIRR D FZEBALE p DOABRA ETOFELOMB2»S p+1 2510\ T 2,/p THI-THLNDE
ED A sin? MAMIZAR D] L0 D NED 1960 FRUTMNIZFHER I N FRTH D . B TIEEE IR
IINTVD 5LV, R=TORIEDFHEREIZ DN TOMERE (2008) DMEEIZE & E o MBI D D.

R RO E D & 512 TERE sin? P 2FA L 20 D0TIE, HiLsEi, Dedekind 7 B &
e sin2-F 4], 25 16 MIECFESL Y VAR Y D A HEHZAKY (2005) IZFEL. YK FE ZRKFEREE - L HR5E
BIANI LV 2a—X—THEATVWD I 2EREELIZE T H—TFT VT L2 ZIZDOWT A LUEK
DHZHEEROTAHAZTAN, LWV IR, ThT, BHBEIER, &N - a2 o
XFEHEEBT DI LIRS -DTHD] LENTHD. TO [DUEKROHZEHE] ORMAERIZE ST
[ sin? PR BERI N~

SU((2) EDO—# 4 (Haar JIE) 2 5FE I NS SU(2) OILAFEARD M EODARI sin? FI/3AH1Z
K%, TOHBIIUTO®EY . A SU(2) DIEEIF —1 < tr(4)/2 <1 T—EICRKHM I bN5. (—ikiC
GLMD@jyﬂﬁbLm%ﬁﬁ®ﬁ®§“%i%@%%%ﬁﬁC?@b%lﬁﬁt ) TR
5NB.) Ae SU(2) T ( 1)/2 #RIEXEBGHRIE, SU=5° CR! LNSH—HOE LT, 52 75 R
D 1 IRTCEBDZEBANDFFEIZ LT B .p®:t#6SU@th—%ﬁﬁﬁ%Qﬁﬁﬁ%%@W%L
\ZFET B 000 iﬁﬁ}hf’?ﬁ? ?5( I sin? BAFHIZRD IR bND.

%%'hm%miFﬁ@ﬁ%i@ﬁﬁ%ﬁ%%t@“ﬁﬁﬂﬁﬂb%fﬁpgt’EbﬂéSUU

HAFOED 3 KoLk S3 = SU(2) ED—RRR AN SFFEEIND AMAIZLZN>TVWD] LWIFETHD
z&aﬁé.


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
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DR 1/n 1282 rrtEd:

1
n 1
Cnl/ 21— 220 = ¢ M e, — cnyo) =1 — 2

-1 Cn+1 n

IIT2IT1- (1—22) AT DGR ZT o2,
Y = Z0 R 0, 238 1 OREREBUTR Y | T OMERBEREIE

d 2\ (n—3)/2
In y‘ _y = ! 1-— y— dy
\/ﬁ \/ﬁ \/ﬁCn n

IZHRB. n—o0DEX v=(n—1)/2 £BLL,

2\ (n=3)/2 2\ —3/2 2 n/2
2
(1 _ y_) _ (1 _ y_) (1 _ &) gy
n n n/2

2\/
Vien = V2 +1 22 B(y,v) ~ V2r 22 2T\ for

B &P OFHET Wallis DA K Y

_D? _wle+1) _2(2\" 2yw
Blv,v) = T(2v) 2T(2v+1) v ( u) v 2%

YRB I EMSET. LENST, Y™ IE n— co QMR CEMEESRDEIT L 255 fi
REBUZIRT %

iy L (1) < gy =l
n—)oo\/_ \/_ n—00 \/_Qn QB(T nTl) 2

UEzEedd L, EH y OFFEERE g(y) I2DWT,

~ eV /2
Cnl/fsmg(yi) dw, — /Rg(y) VT dy  (n— o00).

2T, VST ={(y1, .y yn) ERT |2+ +y2 =0 b IFERE /0 D on— 1 RSB
THY, C, IXTDERADORMAETHY | dw, IZZDORME EOHEERZTHD. ZDFERIT
YIFLIZ 1 Maxwell-Boltzmann Bl U T <HI6NTWD

9.7 n—1RTHKELED—F2 % & Maxwell-Boltzmann 8l (2)

BIEICIEERE /n D n — 1 IRGGCERTH ED—HD A D z; Bl O RMIERAERE E R 73
TN AT Ny -1 1 O

[FIBRDSTIET, 4 /n O n — 1 IRGTERE LD —BRIAE D m IRTTER D 22 AN DS
m RGO ERDAMIIPOR T S Z e ERED. LN TTOME 2 R ICHHH L TH <.

HIEiDFl 5% TD & £5 EHk<.

0 /ne, = fil(l — 2 /)24y RDT, FIED lim,eo(l — y2/n)=3/2 = ¢ V*/2 5% ED
limy, oo /R Cp = V21 ZELL I ETE. EBE, TO UV ES S,
TP EDFHEZWIZ/ZED 2 L IZ&>T, Wi Wallis DARZEHTL 2L HTE 5.
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n—m— 1 RICRAERTE S = { (w1, @) | 22 q 4o+ 22 =1} OHRZER
Tdo EEI = /a2 + 1 CEE v, 0, DY 2 n—m— 1 0uH
ALERTH b D FEEE DRI B A WG 5 &

dri A« ANdx, =" Yoy A - Adx, Adr' A dw'.

IS, e r =l + a2 CEREWTDE, = \/r2—ad— - — a2 D
or'/Or =r/r'~! DT,

dry A ANdxy, = r(r? — 22240 Ao Adz, Adr A du
BBz (i=1,...,m) 5 zi=a1/r (i=1,...,m) (IEHEHET D L,
dry A ANday =" 1 — 22— oo = 22D o A dr A du

m

L 785 C, BB RERIEERIR p(r) 12 LT,
/ 9(z1, .oy zm)p(r)dzy - - - dzy,

:C%)_I/Q , 19(217---,Zm)(1—zf—---—an)("*m*Q)/del---dzm. (%)
22tz <

cﬁ,’;)_lz/ " p(r) dr/ dw’
0 Sn—m—l

THd. Lo BMMAGEL LT m=0DEa%2E22 V=142 D2
£V, p(r) = e R/2m)"? 5B I LITEk 5T, n— 1 R HALERIE O HRLI

1
00 on/2.m/2 Qn/2 n/2
/ dw = (2m)"? (/ rle 2 dr) = on/2 17T - = = —
- , 2 T(nj2)  T(nj2)  Tm/2+1)

CEMRIND (dw 1& n— 1 IRGCHALERT 5™ OHEIFESR). IROKRAZ M5 /-

/ P le 2 dp = / et (2t) D2 gy = 257271 (5/2).
0 0

BAEEE r2/2 =1t rdr =dt, r* tdr =" 2rdr LEBTHIELZORRBELNS. DA
E&VD, [ p(r) dr I EHIZ 0 — 1 ROTHEAIBRI O HMDOEHIZRD L EbnD. L
723> T,

n) Jgn-1 dw ~ (n— 1 IRITHALERIHE D THIFH)

) =

T e de?  (n—m — 1 PO RERIE DT )

ZIDSER A DBAFINERTH D
T A BBIRDE S IZEE XD

224 422,<1

= / 2 AV =ty — e — 1) D2 gy,
t; >0, E:il t; <1

2y =m4+2 DX Y = 7m/2 T (m)2 + 1) 1E m RO EAERAD RS L.
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_ I(@/2)"I((n —m)/2)
[(n/2)

2DOHDEST 2 = t; LEBEBL, BBEOFSTIRORANEME>72: p; > 01T LT,

r - Tpm n
(pl) (p +1) _ / tlfl 1"'t$nm_1<]' — = —tm)pm+1_1 dty - - - dt,,.
Ppi+- o +pmr1)  Jisoyr, we

AL D GIRIE AT Y B e N —Z B OBERE o <FAKTHD. & LIFHEL%E
B(pla"'7pm+l> t%< t?

B(p1,. .., pmt1) = B(01, -, Pm—1,Pm + Dm+1) B(Pms Dm1) (B)

DRALT D Z DD, A TIIHT 2 26 TED. FEB t, = (1 -ty — - —tp_1)u
WZ&oTt, 6 u BB EWHmT S L

B(pb s 7pm7pm+1)

1
= / dtl cee dtm_l / du
>0, S i< -1

p1—1 Pm—1—1 + -1 -1 -1
t]. .. tmm—l (1 _ tl e . tmil)pm Pm+1 upm (1 _ u)pm+1 .

2k D) EDOAR (B) BT B 2 LBDB .
AR (x) £V, XY MVIBERERZER (2{7, ..., Z5)) OMEREL I

In(215 oy zm)dzy - dzy, = cgf)_l(l — 22— =22 g day,

TH5.
&Y, o>0 LT, (VL) = Vi (2, Z0)) ok UL

n—m-—2
: I & o 1 & o
7}5{;(1—@2%) :e’q’(‘ﬁ;%)

BOT (Y™, ) 1l n = 0o Tm IRIEDERDAEITU 72085 RNY N IUIEHERZEH
RT3 TR,
1
—F s Ym) dwy,
Cn(vno) /\/ﬁasn—l 9 Yim)

1 1 m

ZIZTC, VoS P ={(y1,...,yn) ER" | yi + - +y2 =no’ } IF¥EE /no D n—11K
JTCEKEITH Y, C,(vno) X TOREOREMTDH Y, dw, 1ETOKME LOHMHERTDH
5. TP IZIE Maxwell-Boltzmann Bl & U T X <HIGENTEY, 58K o? 14X
{iEE D Boltzmann ERBUG kT 72 LRI 5.

Y IR TR AW D L &
T4y (" AR n THNL TRV, n — oo ODBIE TR 2 FEHE R4 1K T 5.
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9.8 ZIHEHOoWMEE—BR—I2H

0<p<l1&dd. n3FADBKTHDLTD. MEIHEEER B,, BWSTA—4—
n & p DTHJHIZUEND LIF

Pungm=<z)ﬁ1—m%k (k=0,1,2,....n)

MG 2 ThHDLEEDD. P RHIETNT N np & np(1 —p) IT2Y, ek
& EleiBrn = (peit + q)" L7825, ZHB/MHIFNT A =2 — n IZEAUCTHAESEZED.
ZAZHDMBEREHE L), p 2 —EDEE n 2KELTD L, (B, —np)//np(l — p) 13
HEER DA U 72D MEREH THHPII NG,

“HAMEE TR D AOBRIIPA T D@ Y .

D(s+1)=sl, () =s!/(t(s—t)) LHEIZLIZTD L

t

L (atp=n
B(o, ) (a—1)(B-1)! =(a+p 1)(

BODT, INT A= — a, >0 2R DE—FEN— & 7341 Ot 52 1% B #Ud

a+6—2)

a—1

a+ -2

L1 —p)ftd 1
a_1>p (I-p)f“dp (0<p<l)

hﬂ@@ﬁ#a+ﬂ—U(
YEIND. T af(a+8), M (0B)/(a+ B a+B+1)) LAY, a,8>1 D%
SEMEIZ p=(a—1)/(a+8-2) IZ25DTH>/.
WRIZa+B-2=na—1=k D& X FE—FN—X5HOMEREEHRHIL

n

festn—rr1(p)dp = (n +1) (k

)ﬁﬂ—kawﬂ 0<p<1)

ERY) EMEIE p=(k+1)/(n+2), 7BUX (k+ D(n—k+1))/((n+2)*(n+2)), &
B p=k/n 127227,

AEDFERN S, AWB & n BINEEL T £k BIS>7/2& & AW BICHOMERIZ/ST A —
B—=Na=k+1,8=n—k+1DE—FERX—ZZHIZU/ZN>TND &ART EfEHZ
ZENOMNB,

9.9 Poisson@HmEH Yo%

B R R Ny D38 A—& — \T > 0 @D Poisson 737462 L7203 &%

e—AT()\T>k
k!

MELTHIETHDEEDD. LRI EL HE NT 1245, T I3HIET 5 RFHE O
EBX%, N IFBRARHE O 2D ICENLRHEDEZ 5 RIBOMAHEZ ERL TS, R
BUL E[eitNar] = X1 ¥ 223 Poisson DM1E AT IZDOWTHEAEMNZFH>. Wz I

P(Nar = k) = (k=0,1,2,3,...)

Bk ~np (n— oo, p IE—7E) B 5IE, n — oo T & BAMEIEX p (TP L, 2H0E 0 IR T 5.
TOSLAL H R DS
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DBIREFE ), AT 2 KEL T2 L, (Nap — AT /VAT IZEEEEH DA U258 il
ZHTEMINDS.
Poisson 7047 & 7 > X 3 A OBRIFLL T O 1) .
IROMEREERBMCTERINDMERD A% shapea =k +1>0,scale T =1/T DHYV
SR EESRDTH > 7z

e—AT()\T)k;
k!

SEIE N = (k+1))T, 28E (k+1)/T? (280 SEEIE N = k/T 127857,

OIS, T BARMOBHITENRRERN k BEEZ > 248 51K, BALRFH D721
WCENRFERIE Z B EIEOEAMHE N OREEMEA shape a« =k + 1, scale 7 = 1/T OH YV
SPGB TNWD EART I EDNTDIZEEHNRZ ENh) .

Frsrar(A) dX = dx (A>0).

9.10 EFRNLEFRFEDKRMITRERA
TR 2SR DRI (T19) 2 WG X B2 NEEK E] | IR T 220 T3,
o ElaX + BY]| = aFE[X]+ BE[Y] (¥I1E).
o [Z07R56IXE[f(X)] =0 (HFaME).
o E[1] =1 (Hit&fbsett).

ol INEITOWBEEZTINONZRDDIENE RS,

MR X DT (WIFHE) DT D LI E[|X]] <co &R2ZETHD. TD
L& pux =FEX] 2 X OFIES U < FHIFHEE TR X OFEE px WMFET D L&,
(X — px)? OFEEEEZ X OGEEREY, 0% ERDOU, BEDFE SR oy % BHERA & 1T
A EE BYERA R RIZAD Z LA HY X 5.

LLE E[|X]"] <o BB X D r IRDE—AY SWEETDHLE WD, E[X"] &2 X D
FIRDE—AVREED. X D 1LIRDE—AY ME X OFY ux = E[X] THY, 2 kD
E—AYVRMIDWT E[X?]=0% +p% BODT 0% =E[X? - E[X]? £ %25,

MEREB X 1T U T px(t) = E[e™™] 2 X OFRPEREE PSR FrEEEUE ¢ 12DV T
— R B R S FEESE U WHER L BUIHER 2 0™, MEREM X,V
A UMER DAz ROEE, X ~Y LELZLIZT 5.

XDriXUTFDE—AY MBI RTHET D L & FERE ox (1) (&t =0 T r B
SRR Y, oW (0) = E[XH (k=0,1,...,r) £ &3,

X &Y I HEEARO DR EROWRERTHD L 95, 2D F Cauchy-Schwarz
O)Z:%ﬁck L), EH(X - ILL)()(Y — ,LLy)] é OxO0y 2:7;%)@-(, oxy = E[(X — ,uX)(Y — [Ly)]

Tk~ AT (T — 00, A E—E) BROHIE T — oo TEH L EBAMIE N\ ITIERL, 280 0 1IZIURT 3.

SR ZER] (Q, F, p) EORIEE X EHRER LTSN, RO EE X I [, X(2) p(de) EXIEIED
P % HEHENERR 2 00 B | £ FbT

TR L I TMERZER] (Q, F,p) EOEBMEATHEHM X Q >R DI & THS. R D Borel EinES
AT UT px(A) = p(X~Y(A) LEDZDZLIZE>T, R LOMRMIE iy BEES. ux & HEREK
X OWERDHEER., £ LE ux M Lebesgue MIEDHE f(z) L RRIND L X, f(x) ZHEREH X
DOERBEERBE IR, R EOFHIBKE g(z) IZHUT X & g DGEHKZE g(X) &EFEL. g(X) BHERLRU

2%, glx) WAEFEBBEED & ¥, g(X) OHIFFHEIX Elg(X)] = [pg9(z) px(dz) EEDINDG. X D%
BERE f(x) DFAET D85 Elg(X)] = [ 9(2) f(z) dx.
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M well-defined (280 | |E[(X — px)(Y — py)]| S oxoy £%8%. oxy & X & Y D5
BEIESR. pxy = oxy/(oxoy) # X &Y OMBEBRE L IER. tHERBOMTEIZ 1 IF
225,

HAOBUTRIERELTD TR MIVONEE] (206 U, FHEBERENE TR MILDHWZD
AL 0 L ELEEID cosh] IZHIELTWD. MEREH X 2 FHE0N 01225 L5121
EATBEI L2 X — ux 1EANT FVOBEUITH Y, E(X — px)(Y — py)] SNFEDEELL
Wicdhd L rB T INE IBREFETEALZ ERNTARNTRITLD.

WERER - X, DN THD LIX, iy, ... 0, DEWIZRZS L X,

Elfi(Xi,) - [o(Xi,)] = E[fi(Xi,)] - E[f(Xi,)]

WAL 2 ZETHD (fy, HBIFARBEGHKEK). X &Y WHZALIE X &Y Oy
B FHBEAREUE 0 122208, Wik U 2.

Dy lFNTA—=8— >0 2FHOMREHTHE LU, X ~D,, Y ~Dsg THY, X,Y
I THDETD. ZOLE EUE X +Y ~ Doy WRLT D E X, D, DR
FEAEEERDOEED.

WERZER Xy, X, PHNITH DL E, oxrnx, = [[1p ox, BEYLT D, WA,
op, = ¢* WAL T DI & &, D, DMERSAEITFHEMZFREOZ LIXFAMETH L.

10 {J8%: 5874 Tauber U EE & FDIGH

10.1 AEESD D Tauber BUEE

I 10.1. f(t) &t > 0 TEFHRI N/ IEMEBRET 2D BT £ 72 X BB T
5UIREL, a,a>0 THhHETEH ZDOkE

/Oxf(t)dtwax” (x — 00)

B BIE,
1

f(x) ~ acx®™ (xr — 00)

M T 5. (2 OSRORIFAHRO RO % BRI 2 THH LAKE LTS,

FEER. 9, f PHARADTHIGEEED . f BWEFARDEBTHE L LD, LED
c>1IZRUT,

o f)dt — [y f(t)dt Hdt - f5 " f)dt

<
cr — - xr—clx (1)
DK% qre~! THB &,
S E@dt [y f() dt o fwyde [ f)dt
axr® ar® < S@) o e axr® (2)
c—1 = azret T 1—c '

80p <o/ BoIE f(z) 2 f(2!) BEOZT DI L% THFRED] LIFATWS. FEREVIHEINTES L5
1295 720121% TIERINEE] SIERIREDPE LBV, BEIZEDETIDISIZIFATHS. THH
BN AZOWTHEAERDMES 2T 22T TELLLAKTHS.

81P(z) ~ G(z) (x = o0) IF limy oo (F(2)/G(2)) = 1 2EH%KT D
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DRIz 00 LTBILITELTS,

¢ - < lim infM < lim sup f(z) < ‘< (3)
c— z—o0  ar®! wooo ax®™t T 1 —c71
IHIleN1ETBHIEIZEST
a < liminf Lx)l < lim sup f<x)1 < a
r—oo QT r—00 AT
2135, WA
lim /() = q, 2FY  f(z) ~aax® ! (z — 00).

z—o0 a1
INT fPEFARD OB EITIRTNE LRI N,

I f BRFAMOEEZRE S, f PREFWMOEE 2 (1),(2) TRESDOR S %
W USRNG5 ND. WRIZ, (3) T liminf & limsup 2 KL T, £AESDME 2
WCUARERMEONG. TOZ LITERTIE, [ BEREFAEINOE GRS N EHERHH
PRIZEOND Z b0 5. [

B an 1HUT f(n) = an 207 TEE f(1) 2BYNTEDD 2 210 & > TROFE
PEEND.

% 10.2. ay, a9, a3, ... WFIEMEES T HRRED £ EHEFITML THDE U, 0,0 >0 ThH
2295 ZDLE

n

Z ag ~ an® (n — 00)
k=1
AR~

1

Ay ~ aan™” (n — o0)

HRALT B 0

10.2 Laplace Z#:MD Tauber B FIE
Stone-Weierstrass D% IHAGLBUEHS 2 FANVT £ IRERTD.

R 10.3. ¢(y) FFAKME [0,1] EOFEAEWEDHBTH D & U, g(y) IFFKE [0,1]
EDOHET—m c € (0,1) TOAREBTMDRTIIEHTHEEDTHD LU, ME
glc£0) =lim~gglcte) WEAETDERETD. ZOL I MFERD > 0IZHLT, %
HABE P(y), Q(y) T

Ply)=gly) = Q) (O=y=1),

tég@w@ww—s§1 mwmwdy§[:mwmwd%

Ag@ﬂw@§AQ@Mw@§Ag@Mw@+e

22T OBFET D.

82 [“Ff(t) dt ~ ac®z® (x — o00) EHND.
S3PH X [ L DR D AR B S B T —Roa LI 1% &0 S e B
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SEER. %72 TR EAEH Q(y) DIFEDAZ REIEL . (g(y) DRDVIZ —g(y) %
%2 0E Ply) DIFAEL RINDG.) X512 g(c—0) < g(c+0) ELT L. (g(c—0) =
glc+0) ZHIX gly) DRDOYVIZ g(1 —y) & 23 ElfJ:b‘)

o(y) FIAHTHA T ARDOT N = [ |6(y)|dy = [, 6(y)dy LB L, N < o0 &%
%. gly) 10,1 EEREDT, 5 M >0 T |gly)| < M (0 <y<) & B Ft b OB
5.

EEIZe>0 2H5.

¢ RIGD § > 012U T, gly) 20T 2RI g5(y) ZIRD XD ITED B:

9(y) 0=y < c—0),
95(y) = { max{a(y —¢) + g(c+0),9(y)} (c—d<y=<e),
9(y) (c=y=1).

ZZTa=(g9(c+0)—g(c—10)/d THY,aly—c)+glc+0)=aly—(c—190))+g(c—9)
Thd I IliEEEL g8£&Y

~M=gy)SglyysM  (0=sys1)

LBRSTHWS. [gs(y)o(y)] < Mlo(y)] (0 < y < 1) 2 lims o 05()6(y) = 9(1)oy)
(y # ¢) 72D T Lebesgue DIHEI L Y |

1

tim [ astw)ot) du = [ aw)ots) dy.

IDZe%zfioT,6>0%2+2/NISULT

A

| swomar< [ swowars [ awotwa+;

LBRBdEHIZLTHL.
Stone-Weierstrass DZHAGELUEIE L V), &2 LHAKEH Q(y) T

1)

€ 9

‘Q(y) —95(Y) — 5| =

3N 3N
2T OIIAET .
ZOEF gly) < g5(y) S Q) (0 y < 1) BWILLTHY,

/Q

0

A
A

Y

1

(y) — 9s(y) — ’d) dy+/ 95(y) By )dy+/0 BLNMy)dy

_3N/¢ dy+/ Do+ 5+ 5 [ ot

=V [ oo S N

_ / 9(y)(y) dy + <.

INTRIRNEZEIARINE. [
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EIHE 10.4. f(t) 1F ¢t >0 TEBINFEEMEATEHBTH L LU, a,a >0 THD LE
T35 IOk E

/emwww~% (N 0)
0 i
BH51E

1/x

a 1
i f(e)dt et (2 \0).
MERAL T . (A Y YR TRDHEHIZA TOIEHZ RiXbn b))
BEER. F(x) = [“e™f(t)dt LB &, RE F(z) ~ a/z® (x \,0) &V, k=0,1,2,...
WX LT,

F((k+1)x) = /000 e " (e‘“)]C f(t)dt

a a 1

~ Gt @ ), C e @
ZIZTIRORRZAF > /=

é::ﬁ%yémé“WAdt (c>0).
L7208 THERE D Z HABE p(y) 12DWT
) 1 >
é e“me“ﬁﬁﬂﬁwﬁﬁﬂﬁl eple )t (x\0).

FAXE [0,1] EORFESEE o(y) &

¢(y) = (=logy)*™" (0<y=1), ¢(0)=0

DY, y=e IZDANHERKKZRD [0,1] EOKRE g(y) 2

ﬁMZ{O 02y <er)

y<e
yto(et=y=1)
YiEh D, M 103 £, O < > 0 KR UT, &2 %HEREK P(y), Qy) T
Ply) = g(y) =Qy) (0 ,
L/Eww@w@—sglfmwwwdyg[famawd%
Q

Sys1)

0

AE@wwwgll @§AE@WW@+€

22T EDNELETD. 2D T y=ect B L,

/ e tgle )t T dy —e < / e 'Ple ™t tdy < / e tgle )t dy,
0 0 0

84f0 dy—fo —logy)®ldy Ty=ect &BLL, fo dy—fo et ldt =T(a) %25, Z
DI <‘:7b3b d(y) = (—logy)* ik a>0 D& [0,1] ’CT?E ’CJ’)% EWOND.
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/OOO e gle™ )t dy < /OOo Qe dy = /Ooo etgle™ )t dy +e.
—H, f(t) 20 THD I kD,

AmeﬂpwﬂﬂﬂwdngAmeﬁw@%wﬂwwsaémaﬂ@@*wﬂwﬁ
BOT, ZNDLEKE af(2°T(a+1)) TEH->T, 2\, 0 DMREZES &,

% “Pla+1
/eﬁmww*ﬁgmmﬁ—@il
0

—xt —xt t dt
mipt T [ ety )
< lmsup L@+

/ e g(e™™) f(t)dt §/ e Qe )t L at
N0 a 0 0

UED2 DDBREDKHREEDE, 6 >0 2V HTHE/NILKTED 2 LIZERTNIE
G AVAL RSP ALY, SYRES¥

lim = 2T Pla+1)
z\0 a

TRDBIRMGH N5

/Oo e "gle™™) f(t)dt = /OO e tgle Mt dt.
0 0

a 1

/0 e "tgle ™) f(t)dt ~ Em/o e tgle > dt (x \¢0).

el Se® &t <1 2 FAETHY 1 S 1)z DEE elgle™) =1 &R, t>1/z D
X gle™)=0280DT, T EORFRD LS IZEIEIND:

la a 1 Lo a 1 a 1
A fw“”%ﬁﬁ@lt = o)~ wlarn &0
CNTRTAE D ESFRTREI NS, 0

FOEHEFHOIIEZAHDED ZLIZL > TIROFERP B OENDS.

% 10.5. f(t) I&t > 0 CTEZBIN/Z EERBCHRIEAD F 2 IEHFEML THd & U,
a,a>0ThdLdd ZDOLE

- —xt Ni T
| et~ 5 @)

ANCYES

at*!
I L

ANE RVAL RSN 0

B a, \ISHUT f(n) = a, R TEE (1) 2EYITEETD L ITEo TEBL
71, Stieltjes BAMROEHZFHALUE LY, I5IC y = LBEOT 2\, 0 ORR%
y /1 ORBRICEFET 2 LI0&>T, & USIRESEIEHUET Z L I2E > T T ORISR
PREOND. (1—e @~ (z\(0) THAHZLIZHEEEX)

22T f(t) OFaEEHESTHS.
86 3 |- (D Stone-Weierstrass (D26 TH AT E T % i 5 i 2342 /57513 Jovan Karamata 12 & 5.
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% 10.6. ag, a1, as, ... FFAMEEIITHEH LU, 0,a>0THhDLddH. ZDLE

lim(1 —y)® Zany =a

y/1
ANY =
kz: o 1) (n — o0)
WIS B, (A Y YR TR BHIZA T OFEHZ RviZbond.) N

FERR. BEEGIHLUELTEIS. 2>0&8 L, y=e®BLE, 1—y~a (2 0) ZDT,
S e
_;e n ™~ — (x \0).

ZAERED kE=0,1,2,... 1T LT,

((k+1)x Ze e ")
n=0
a a 1 X ik e
N—(k+1)axa:x_af(oz)/0 et ()t hdt (2 \0).
ZIZTIRDAREA > 72
1 1 0 ety
— = ol gt .
P F(a)/o e (c>0)

bf\.i)")f FEZDZIEAK f&p(y) IZ2WT

1

Ze’m "ay, ~ 3‘%@/0 e 'ple” )t dt (x \(0).

2 AT
0 mé ),
9ly) = { »

y (&
Sy<s1)

ZIEPT B Z L IZE > TIRMELNES:

= e~ a 1 X tvaet
}: xﬂﬂﬁl elgle N dt (2N, 0).
el<em™ &pS1/z XAMETHY , n S 1/z DL E e g(e ™) =1 KDT, < LD
RIFKD LS IZESEINDS:

a 1 Lo a 1 a 1
N I A - 0).
Z In ™ Fa F(a)/o zeaol(o)  z2T(a+1) (£ 0)

0<n<1/x

STRERIZIIME 10.3 Z HOWAEEEVERNBREIZR S, TOERMDFEMZRLZVNE ¥50Ta, 20
ERELTONE D, K< ORLBRWES D, GO I DOV TIXER 104 OFEH 2 SE &, ZOHIEIR

Jovan Karamata (2 &£ 5.
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AT r=1/n B, EAOM%E k=0,1,...,n DANZHESET &

ZakNTl) (n — 00).

INTRINRNEIZ LRI NS. [

% 10.7. ag, a1, ag, ... \FIEMEES]CEEAMEAD £ 72 I38HEMNL THN5 &L, a,a >0 ThH
295 ZDLx

lim(1 —y)° Zany =a

y/M
AGSY >
Z ag ~ an” Ay ~ an®” ! (n — o0)
— ['(a+1) I'(a)
AN RVALC IS 0

FEFE 10.4 O Stieltjes B IRIZIR D@ V) 55,

EHE 10.8. p(t) 1F p(t) =0 (t < 0) Zimi/z dAHEGHFAEMHBETHDE U, a,aa >0 T
HhdeddH ZDLE

F@yz/wa%wwwig (z\, 0)

0
AT e

(t — o0)

N RVAC AN []

Qﬁmﬁwﬁﬁﬁ% ELUT, B USIZEHE 104 DFEHA & ERIZAMOMER /-85 2
W& > TIRDFERBEENS.

% 10.9. \, 2 0 I FHFAWIMEBFITHD L U, a,a>0 THDLTD. DX

- 7AnmNi
;e — @\
#{n| A Sty~
n n > e Z—
[(a+1)
MV T D, IHIZt=)\, DEHEEEZADILIZEST

An ~ <M) " nt*  (n = o)

a

(t — o0)

EROEND. [

882 10.5 1, 25 10.6 i CHDA BB IBELHHBMME TN TVD L) —RKNDIGE IZBIT 2 a2 ENT
BV T 50D EEMZ TIZUTWBOTHIAE EIICR>TW5.
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10.3 Wallis DA &M IEXD
NEABIER (1 —y) 2 =30 pany” (Jy| < 1) THH a, 2EDD &

p4wc4ﬂ>:%%+n~«§+n_n

ay, =

n n!
_1-3--(2n—-1) (2n)! 1 (2n -0
B 27n| o 2(ph2 22\ '

4 DOHDESTH AT 2.4+ (2n) = 2"n! 272 XI5
n+1/2 _
A1 = Ay < Q.
+1 n 1

WD 2T a, WFEEREFBDEIITHD. (1—y)V2>3> jay" =1 BDOTHR10.7 %28EHT
228 IZE>TIRIELNS:

1 (2n nl/2-1 1
a"zﬁﬁ(n)“ﬁxym::¢ﬁi (n = o).
ZDARNIE Wallis DA & FEEN TN 58,
WIEEA DR THRDE —=DDNRZ =V IZOWTHBL & 5. TDEOIZEMHEES a, 1
Wallis DA R OMHEZES) a, ~ 1//mn (n — o00) Zii7Z LTV EMREL, pur = apan_y,
EHEL.Z0EE MRELY min{k,n—k} = 00 IZHWNWT

1 1 1 1 1
Pn.k T k(n—k) T [k (1 _ 5) n
YBRZDT,0<a<b<1IRLT,

lim

S pp—tm L L1 1/b dz
n,k — _— = — e —
n—00 akimsh n—00 a<hIm<h T /% (1 o %) n T Jo A /[E(]_ — ZE)

T RBE I 7 (2(1 — 2)) "2 da DAED DHERDARILFIEL DA L IEENT NS, Z0D
D ITIEEN 2 LI 7 D BREER DA HBDIRD & DI EEETERDINS 2 D
Ths:

LAt 2 VP dy 2

;/o \/ﬁ_;/o Jl—_iﬁ—%arcsm\/i.
Z OWMERDAIEHOLD (2,y) = (1/2,0) THEN 1/2 OMEA EO—k53M% o il EIZH
LUZEDIZFE L.

Z D & S 12 Wallis DRI DWEHEZEE ORE D & W EE DA N THRS. £ LT Wallis
DA R DOFWHEZEE) L Tauber BLOEH (R 10.7) RO THKD. —NR 1IRTT ¥ X L
A — 27T W EKIERNE T D & S B A TR I NS .

WOIEGGIERl & 1F TAAXNFRE U IXHARHMEDY 0 THBRODEZRiD & 5 REAN O H
FITDIRITET VAL A —27I2E0VT, k) AN £ > TO SRR OO E &

894 1.2 HiX & 10.6 Hi TS L 72 8 1 7D Tauber BIEFEIE Wallis DARD —#e(b7Z L ALES.



104, x—x24+xt x84 x16 - x324... Tx "1 &§5L? 73

D 534 IR R PR K OABR THEESL A AR IR T 5 | WS IERIDZ & TH DY, HIEK
TERIDEEHIIZIZ A2 ) 2R 2 UDWEESBEIC RS, [k 1/2 TEAIZL AT Y T8
DEHMLR TV Z LD A — 7T 20 EIER DB ETX 2, flAaGbEmice» I U
WM BRENZ R B9, Z 2 TIRTOFOHEE L EmIIE RN 127 5.

U U, W EsIR AN SIS RBIZLUR AL LTV S

#H#{(x), e {£1}" |na < #{k|x1+ - +$k>0}<nb}

n—oo 2n /[ \/ 1-—:ﬁ
1 1 /[° dz

lim — dx~~~dq:n:—/ —_—

n—o0 2" / / ' T Ja y/o(l —x)

—1<x1,..., xn<l,
na<#{ klzi+--+xr>0}<nb

Fryr Iz 20E, &M o+ -+ 2 > 0101k TFOWTWS 2 & (M=) TH->
TWBHIRE) Z2ZEL, #{k |21+ + 2 > 0} IFFVTWARHEORI Z2EKL TH
D, &M na<#{k |+ 42, >0 <nb I FFOTWSREOEIDEGMN a DK
IO EVNINVWZEEERLULTWDS. T VALY F— 27T 2 EIERNE TN T
WBRHIDEIE] A n — oo THIEKAHICLEZND ZE2HKLTWD.

104 x—x24+x*—-xB4+x16—x324+... Tx "1 &§5&?
B F(x) %

Fa)=z—a*+a2' =2 +2% -2+ ... =Y (-1 (2] < 1)
k=0

LEDD. ZOEE g A1 T Fz) WIRT 207 BT 2 L Uk b2 OUEREDf I
A2 72 2% H92

PRIZIRS 2 & Uz b, TORERER 1/2 TRFECTRWZ LIZTIthbhrd. A
AR5,

F(z*) =z — F(x)

ﬁ&jbfmé#%?%é ILICHIEEIE L CTHD &, 2 A 1 DL T F(z) OffilX 0.5
IR DENZEEDNE. e 2

F(0.99) ~ 0.494098,  F(0.999) ~ 0.500124.

Fl)lxa /1 T12Z0RTD2DEAIM?

902 U < I& Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) M2 20 fi% S &.
FRIZZ D pp. 225227 H7- D) 22T UL D ) — S L DEBER DN 2T TH 5.

NBHR T > BT A— 2 OFIETLIEIDZEI Bk D 2 N3 2 RARESET L, e A TSk, 20030525
EHUIKRREE (50 Z L0 4—2 <) ZAEED L HK (2004) D5 1 FEBIBUTMU. IR
FHIANZNZEDIEY —EZABMBIERETENE R LU WVDT, BEEIFEIDOANIZIEBETIOHTES.

RERIL T ORIEDIZELE% Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
(A Z 4 R) TEAZ. ZTAZE i G. H. Hardy 232 ORE%E 1907 FIZfFN 725 L, BUEEHRE TN
i$ 2 1T Fz) O 0.5 ORFAZ NS <ERICEHL TV 2 H 72 R6NE. TUT EOMEAS 1
RCIFEBICHRICHIRE L TS Z EAGEHINT NS,


http://web.econ.keio.ac.jp/staff/hattori/srw.pdf
http://web.econ.keio.ac.jp/staff/hattori/kyoritu.htm
https://www.uam.es/personal_pdi/ciencias/dragan/respub/Duren_Tauberian_Talk_2013-10_UAM.pdf
https://twitter.com/genkuroki/status/734774669069287424
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EH L ZDIH
B ay, s, &
F(x):Zana:”, Sp=ag+a;+---+a,
n=0
EEDD. —MRIZ
Zanx = 1—:1:)anx
n=0
D& X
Sp =g+ ar+---+ay,
ERBIEIIERET L.
EDRIT
F(z) =

r(1—2)+2*1 -2 + 201 -2+ = (1 —2)f(2),
f@)=2x+2* 1+ +2°+ 23+ 201+ 2+

+2'%) +
=r+ @'+ +2+2")+ @+ 2T+ ) +
EB5DT,s,20Thb. DRIZELE
il;‘IiF( —3121;1% (1—x) anx =a
EPNHTEEHIE, R106 (a=1) &V,
im — Sp = a
EPRTZIETTHD. L,
4k —1
. SotS1H ok L+44+ 16+ + 44 1-1 _ 1
lim = lim = lim = —,
k—o00 22k—1 k—oo 4 —1 k—o0 4k—1 3
4k —1
) So+ 81+ + Sg2k-—1_1 . 1+4+16+"'+4k ! 4—1 2
lim = lim = lim -
k=00 2%k—1 — 1 k=00 14k —1 k=00 14k—1 3

BODT, n Y0 sy ldn— o0 TPHRLZBW. U5 Ta A1 T Fz) SPERLAN

10.5 Laplace-Stieltjes Z#
PAFIEE 10.6 HiD/-ODHEMTH 5.
F(x) & R EOAH#G DD BIFAIERADTH D LINET B.
X 51

ELUE lim,, o F(z) =0 &lim, .o F(z) =1 2V LTV AR LIE, F(r) &
REEELAEHE U IFRIIOFHBEIERZ 23D D, TDL X F(r) OfEIE Tz 2o

98 [ (z) AR (5 U <SG 5 ) ThD &I lime o F(z +¢)
5.
P (x) ANHFAIERA &

= F(z) B LTVB I ETH
ko <o/ B5IE F(z) € Fllz) BELLTONE I L THS.
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TOMEIZRBMER] ZERING. LR TIE F(r) PREBERSARBUIIZ>TND L
AR U 7R,

F(z) PRFFEPDLTHE2Z NS, FED v € R IZEWT, ENSDOMIR F(z —
0) = lim~o F(z — ) EIET DI e Wbnd (LITARBEROESIT ERZ KO0
5). XHIT F(z) B3EEHEZDT F(z) = F(z +0) = lim~ F(z 4+ ¢) BEZLTWS.
F(z) — F(x — )>0t@é:aa@ﬁFﬁﬁix?$@%@:t@ﬁ@?@é.?@b
L F(z) 3RS 2 T Fz)— F(z—0)>0DAZT LYYy TLTWS. 2O L
»n 5 ()®T@ﬁﬁ@%ﬁﬂ%MT%é:tﬁb#6

F(x) (29 % Lebesgue-Stieltjes Fi47 &

nr((a,b]) = F(b) = F(a)  (-c0Sa<b)
%72 ¥ Borel W pp (—HIICEETS) CBT 2RO L LTEEING. $4DDL,

Borel 24 A 1Z2DWT
/f ) dF (x /f o) pr(de)

L #HE, TN % Lebesgue-Stieltjes B> L IER. HIFE pp(de) ORDODIZ dF () £ ELZ
EMZ. F(z) M x=a CTHEGARI L L pp({a}) =0 IZFEMEIIZRY

F(b) — F(a) = /( RGCE /[ RGN

ML L T2, 2 DOHDESIZ a=0THhD x=a T F(r) PAEKRE IR LR
ZEIIEREEL HUE R ED Borel HIE p AMERED 2 € R IZDWT p((—o0,2]) < 00
272U TCWB R 5 F(x) = u((—oo,z]) B < & Fx) 134 HK 2 FFHIERA B T
lim, , o F(z) =0 %{72UTCEY, u=pp BWEZLLTND.

X[ [a,b] (a < b) 2B % Riemann-Stieltjes F57 & [a, b] D73 El

=29 < T <Tp<---<x,=0>0, ¢i € w1, 2]
2,

b n
/ F@)F (@) = lim S (e (F(w) = Flaio)

TEHEINDG. ZITHLADOBRIFZDE 2N TOMBRTH S, f(z) MWEGERER S IX
b
/ f)art) = [ e
MEAL L T\ 5.
DRTIEISIZF0)=0 LIKETS.
p M (0,00) ED Borel fllEED & &

Z M 1 D Laplace 2 & B, X D) —f#%iZ

/0 " e f () pld)

% f(x)u(dr) @ Laplace Z=# & IF-.38,
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ER 10.10. p PVERHEE (1((0,00)) < 00) D& X

M(s) = /000 T u(dr) < (s 20).

,u PERMETRZNGETH->TE, M(o) < oo B5IFX e %u(de) WAIRHIE ZEDH DD

T, fERRHIE D Laplace 2 #1112 5'5'3_6 FIEDZ < VAR D Laplace 2D IG5 6 2G4
THIEDNDND. X5 e u(de)/M(o) PHERMEZEDD Z Lnb, % < OREMN
RPN E DG EIZ Uﬂi%’é‘é EHEHMNDB N

78 10.11. p, v 1% (0,00) ED Borel HIEED & &, + 3 KE R s IZDNT

jg“)-*w (dx) = jg“)-*w v(dr) <

MEANLLUTWBELIE p=v L85, T8DL, +ﬁj\j<§§’7§1 5 1IZDWT pu, v @ Laplace &
BOEPRZBEIZIR U T 2HE L WA LI, 2 DDMIE v id—HT 5.

BEFR. ER 10107 A TT7 2B 5. A= [Te o pu(de) = [[Te " v(dzx) < oo DL X,
p(dr), v(de) DENTNE e % u(dx) /A, e % I/(dI‘)/A ’C%ﬂﬁ‘;zé CiZ&oT k&

SHERHETHE LIRETED. ZOL X TED s 201X LTENS D Laplace &
HUIARBEIZPRT S, FMEEGHE f:(0,00) = (0,1), 2~y & f(z)=y=e LED,
(0,1) EOMERRE 1/, %=

LD L%

/ e u(de) = /0 " e (da)

FIRD &S I N (EERED):

/ = [ v 6zo.

KR & v DFE—AYV IR INRTELUN, DRI =V T8O p=v THDIZ N
Hird. []

FR 10.12 (E— A Y MEEIZOWT)., AREKHE LEOMERAEIEZDE—A Y b aKRIZ
FOT—EMIZREINGY. Uh UMK HE EOMERREDGEIZIET D TR, /&
EZNTHSBIEMDAIZZDE—A Y 2B Z TIN5 —RITHE I N, R E R 7
M DOMERBEEREIIIRTE R S5 N5:

—(log x)2/2

flayds == @>0,  f@)=0 (@=0)

s(y) 1R 1 2 HOFBAAERTEOMMEEHIT 1 AFTHBLT5. el
s(y) =asin(2my) (Ja| £1) THD 45, €L T

g(a) dv = [()(1 + s(log ) da

957 & Z1F p(dr) = p(z) dz DL F 1 (dy) = p(—logy)y " dy.
96Stone-Weierstrass @%Iﬁﬁﬁ@{m@%@ofuﬁﬁﬁf%é HEHHM DL IERIZ & 5 —HOE A a fE 72
DIFEREARE EIZERS Z S IZEEY &, #E 10.13 OFFHH & FEED HiEEfi> CIHTE 5.
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5K s(r) DHHHEIZEIZ 1L ARARDT g(z) 20 &85, 20 g(x)dr BN R _EDOER
Wz s, NBIFETMRDAA f(r)de LERUE—AY MebZROILZRULAEW. £
D7zdIZIF k=0,1,2,... IZHLT

/0 2* f(x)s(log x) do \/%/ —og2)*/2 (100 1) dxx 0

2ARIE TN THE. FINEHE o= vtk LEMT S L, s(y) DB 1 2O L kY,

k2/2 poo
RUHR o= (W25 (y 4 k) dy = ¢ eV 25(y) d
5;/ s(y + k) dy i (y) dy

s(y) IFFAEHEZ 5D TIOFME 012485, TNT g(x)de IFERHEZ EDTDE—
AV NEBIFHBEHEER DA f(r)de DE—AV R BHIZELWZ b7z,

PA Eofilid, Willium Feller, An Introduction to Probability Theory and Its Applications
Vol. 2, First Edition (1970) ® VIL3 ® p.227 DHIDOFI S EL THD. € ik [Z Dk
BNMINE C. C. Heyde iI2&2 | LENTHD. ILHIZTDFITIELTFDOES IZE NTHD:

(1) R LOMRIHD EIRDE—AV bE py LEL L X

= 1
22%200

n=1
BOIE, E— AV N0 H0 &L DOMERDAHN—RIZHE D (Carleman D).
(2) TNEYFOFER: BBIROE—A Y M 2bN 5565 NS

> p Z2n
E Qn—|
n=0 (2 )

DOPHEREN 0 KD RKREIWARLIF (TRDLLEHD 2 > 0 I U TIHRT 272 51F),
=AYV MNeHMOE & DML —RINIIHRE I NS (5 6 Hi XV 4).

FEIDHIZERDE—AY N2 REN NI TNEE—RAV M2 6E L O
ROMGIE—BRIZIREINS.
SEREHE DD k IRDE—A VD pyp 1F o= eVt EEHEMTEZ2I1I2L-T,

o0 ke_(Ing)Q/Q daj

= x‘ S —
i 0 V2T z \/ 2 /

ek2/2
~ Vo )
CEHEI N, Bk O 2 REBOBRBFEBOEI TREITHKRT LI Lhbnd. (Z0D

HREIX K ~ exp(kloghk — k+ (1/2)log k + log v2mk) &V EIZK I
MERE X D EIRDE—AV N 1y DED DN I

ky+k2 (y+k)2/2 dt

e~V /2 dt = k12

oo k
> #)
k=0 ’
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DOPREENETH D Z & & ED (2) DN EHEOPERERENIETH S Z L IFFAMETH 5.
BEBROIEE|XP S 1+ EX?] =14 g, LBREINETHD:
BIX[") = BLxj<i (X)X + E[Lxp=1 (X)X
<1+ Ex (X)X S 14 BIX[*"] =1+ oy

D 2T, N XL () OUCERATER DIE, 35 r > 0 BEAELT,
X - 2
B =Y me (e <)
k=0

ML D, 2D b X OFRMERE Ele™X] (t e R) WME—AY MbhnbH—RIIZ
WEDZLDVDMNDE. HERDAAIET OREREN S —BICIRE D DT, NI (#) D
INRAEBEDY 0 THWAELIE, TE—A Y MBIl Ko THERDAEN —RIIZHRE S Z 05D
Nz, H

10.6 Laplace-Stieltjes Z#1®M Tauber & EIE
=8 10.13. p,, p 1% (0,1) EDOERE Borel HIETH D & U,

1 1
lim/ y’“un(dy)=/ v uldy)  (k=0,1,2,...)
0 0

n—o0

MELL TS ERETD. TDOeE u{y}) =0 BB IARNTOR y e (0,1) IZHNT
Tim 12, ((0, 9]) = p((0, )

YB3, RO, AEERFAFERAER B E Fu(y) = 1 ((0,y]), F(y) = u((0,y]) &%
H3 L, F AHEHIZEDTRTOM y € (0,1) 12BNT

Tim F,(y) = F(y)
LR85,

EEER. pn, p WERHIETH DL LRED k=0 DEHAELY, HBEK C > 0 BT
LT
1a((0,1)) =C (n=1,23,...), u(01)=C

RS MAELY, TRTOLIHAKEK p(y) (IZDWT
1

lim [ p(y) pa(dy) = / ply)pldy)  (k=0,1,2,...) 1)

n=oo Jo
DAL LTV S,
EEIZ e>0ZWoTHEIET D.
€ (0,1) 1 u({a}) =0 2L TVWDEL,0 < § < min{a,1 —a} LIRETS.
p({a}) =0 &V u((0,a) = u((0,a]) = F(a) £5%. R LOEGEE g5(y), hs(y) ZIRD
EDIZEDD:

1 (y < a—9), 1 (y < a),
W) =L (a—y)/§ (a—6<y<a), h(y)=X1-(y—a)/§ (a<y=<a+é),
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XLIZRDEDIZEDS:

ZDEE, LLRMEIN LT WS
0=gs5(y) < g(y) = h(y) < hs(y) =1, lim g5(y) = g(y), lim hs(y) = h(y).

W Z 1T Lebesgue DYHERL & 11((0,a)) = p((0,a]) = F(a) &V

1

lim i 95(y) p(dy) = Fa),  lim i hs(y) pu(dy) = F(a).

WRIZF5 60 >0 2/NI<H>T,

/0 95(y) p(dy) — F(a)| < e, / ho(y) p(dy) — F(a)| < e 2)

L7825 EDITTE 5. Stone-Weierstrass D IHAGTAUEIRIZ & > TR % 1§ 72 9 2 JH A A
Ply) & Qly) BHELET 2 2 EDDH B

P(y) = gs(y) = g(y) = h(y) = hs(y) = Qy),
|P(y) — gs(y)| S e, Qy) —hs(y)| = (ye(0,1)).

DL X
/01 P(y) pin(dy) < p1a((0,a]) = F,(a) < 01 Q) pin(dy), 3)
/01 P(y) p(dy) — /Olga(y)u(dy)’ < Ce, (4)
OlQ(y) p(dy) — /0 1h5(y),u(dy)‘ < Ce (5)

D212 (3) T (1) VB

/0 P(y) p(dy) < liminf F,,(a) < limsup F(a) < /0 Q(y) u(dy).

n—oo n—o00

LIAM, (2),(4),(5) &V e >0 2NILTBL [ Py) p(dy) & [ Qy) p(dy) 1F <5
TH Fla) ITEML. W AIC
ILm F.(a) = F(a)

EBBIENDNE. TNTRINET I LHIRI N 0

97Stone-Weierstrass DZIHALMIEIL LV | [P(y) — (95(y) —€/2)] S €/2 (y € (0,1)) %7~ ZIEAK
B P(y) BMEIET S, Qy) (22T H AR
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Bl 10.14. EOFBEIZHNT F 2EKAR y T Fo(y) 2 Fy) IR T 2 Z & %2RU
M, F(y) 75%‘@%%7&,@( X Fo(y) 25 Fy) IZERT 2 LIEES 2. 728 21 a € (0,1),
0<e<1l—alZNUT, @ikl b F.(y) L AHEBHE F(y) %

0 (0<y=a)
0 (0<y=a
Fy)=q(y—a))e (aSy<a+e) Fy) =
1 (asy<1)
1 (a+e<y<l),
EEDDE
1 1 a+e 1 (a+€)k+1 ak:-H 1
k _ 1 k7. _ k _ Kk
/Odeg(y)— /a y" dy ) . , /Ode(y) a
ERBDT
1 1
: k k
l{% yrdF(y) = /0 y dF(y)
&Y, a MDD y e (0,1) (22T limag Fi(y) = F(y) £%%. UL»U F.(a) = 0,
F(a)=172DTy=a TIETDRLZE. N

W 10.15. F,(z), F(z) 3G EREHFRIERDEET 2 =0 T 0 (< % COTHEHLT
5. ZOLE ADREBNIIHUC, [TeMdF,(z) (n=1,2,3,...) & [T e dF ()
AR L,

lim e M dE,(x) = / e dF(x)
0 0

n—oo
ML U TWBS 2 5IE W F WEELRTARTORE 2> 0 12BN\ T

lim F,(z) = F(z)

n—oo
L85,

BERR. fn, 1 13 pn((a,0]) = Fu(b) — F,(a), u((a,b]) = F(b) — F(a ) (a < b) %/~ 9 Borel
{EJﬁ?Tﬁ)éZﬁ—é RELY, 2 0 > 0IZD2VWTA, = [[Te ™ p,(de) 72H& A=
J" e p(dae) IFAERDMEIZZR D . JE L, [t & fin(de) = ey (dx), fi(de) = e pu(da)
r‘:E&Dé c‘: un((O, 00)) = Ap, 11((0,00)) = A 8D pip, p DROVIZ fi, i BFEAZDZ
CAT pg, p IEERBETHD EIELTEWV., TOEE, BREM y=e " I2&2T, Z
DOHEIZE TS (0,00) EORE%E (0,1) EORMBEICBET S48 1013 1IZ/gETES. [

EF 10.16. W L(z) 2 x — oo IZB T HBEHEE (slowly varying function) TdH D
I AEED c> 01T/ LT

L(cz) ~ L(z) (z — o0), THEDL  lim Liea) =1

soe L(a)

BEALLTWS I EThD. b 2iE (loga)’ IHBEEHHECTH 5. [
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EIE 10.17. F(x) 1& 2 = 0 (21 2 4k 2 BRI (R T h Y, F(0)=0 %
WELTOWREDTHY, a>0 THDEU, L) IF z— oo LB ITIBELHRMTH S
LB ZDEE

MO\ = /0 T e g (1) ~ ALY (AN 0)

BoE
) 7 M(z™h) x*L(x)
@~ e D " Ty ®7
AN AVAC IS
SR, SR Gr) %
xa
G():F(a+1) (x20), G@)=0 (z<0)

EEDDE, >0 LT

e “dG(x) = —/ ey = / et dt = ¢
| @) =161 J, () Jo

MWENLT S, 2 DOHDEST z=t/c LBV
c>0D&E M(\) OFREEENIETHRELY,

M(eX) oA L{cIA7h . o
MOy T ey T —14 e dG(z) (A N\0).

XI5 M) DEFRLY,
M) 1[0 © (F(/N)
MO :Mw/o oar = [ d(M(A))‘

lim Oooe_“d (%) - /0 T emaGle) (0> 0).

L7=ds>C, i 10.15 &

Wz

F(z/\) () = x

Yo M) (x)_l“(a+1) (z>0)
LB, THRDL o
M(N)x®
r=1¢EZ, N2 2l TEIMRADILIZLST,
Flz) ~ M(z™1) z*L(x) (z — 00)

Tla+1) T(a+1)



82 11.  f+8%: Taylor DEEIZFEA DS

11  {F§%: Taylor O EEICEIERDEA

[(B#0)=(Taylor R D@&H & T)+(RIRHEH)] DEADAA%Z Taylor DEE L E 5.
Z DTl Taylor OFEFDZH D I OWTHIT S, ZOHMOHNEIZIEFEIZH L.

11.1 FBERERIEE Taylor DEHE
o R I N RIRIE % £ D Taylor D&M IE

+f ) day

AR R UHAWS Z L ICE > TEEHARETH B %, 2B, Z i

+ /: 1" (x2) dxo
£@) = f(a) + f(a) / "oy + / " da / " () .

Z 2 CHRROM R 2S5 T /DI

/: dx; /;1 [ (w2) day = /: (/:1 f”(xg)dx2> dz,

EVWHEZITHEHWEZ IHI
+/ f///(xg) dl’g
ZRATD L

(@) = f(a) + ['(a) / dzs + ["(a) / dy / “d + / iy / s / ) dis.

SIZA U#EZ © 5 —E# ) KT &

f(x) = f(a) + f'(a) /dm1+f” /dxl/ dzs + ["(a /dml/ da:Q/ dzs + Ry
R, = /da:l/ dxz/ dazg/ f (x4) dry.

DA EDFHE % %5 1 R IRANZIR DR 9 2 Z L b nn b
Zﬂk /dxl/ dzs - - / “dvy+ Ry,
R, —/dxl/ dxs - - /n dx,,_ 1/ f(")(xn) dx,,.

BT T 2D BB RN

(X AUNC R
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R, ZRIRELIER. L EOFHETIFFED ORI U > TR,

FIRELANDZIRIEFIEAT D K S IZIEFIZ (< EORZMD 2L ITL>TRZID)
RGIEHAEIND:

/dml—x—a,
T _ 2
/d:r;l/ dxy = /(:cl—a)dq:lz (z za) ,
T _ 4)\2 _ )3
/d:cl/ dxz/ dzs = / —<x12a) dzy = & 3,a) ,

Th—1 (v — a)kt x—a)k
/dxl/ dzs - - / dz;, = / (1k;—1)) dr, = %

r>a D& I, ZOFERERIE ERGCL HERDERED k! 50 1 2B HRLTWS:

o k=10 I BADMEIFED {z1]aS S} DRIILED.
o k=20DLE FIRESDMEIXIEN (a,a), (x,a), (z,z) ZFFOEMA _FL=MHF
{(z1,22) [a Sz S0 S0}

DER, THDEEHEOER (« — a)? DERTH S, BT EDIHIE, 20 = 21
EWET (21, 00) OOV TRATEMETHD. EHVREOTRE B2 70
c:‘i T é ) %{%flj‘ (Il,l’g) CZOb"C%Fﬁﬁ\b@HMlib\HEb‘

o k=3 D& ¥ FXWSOMEIXIER (a,a,a),(x,a,a), (z,z,a), (z,z,z) ZHKDVUHAAK
{($1,$27$3) | aSr3S xS oy S IE}

DR, §ROHNLHERDOEE (v —a)® D 3 D 1ITRD. 3 5D 1ICRDH
HIE, 23 S 2y S 2y 23727 (21,29, 73) DAL DVWTHEATEINOTHD. LS
KEIRDEFEZ G 7201201 253 £ 29 £ 2y OUADIEFRIZIWHA TS GTXTD
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