Associated graded algebra, Rees algebra,
and classical limit algebra

0o O

20070 100 40

O O

1 Associated graded algebra 1
2 Classical limit algebra 2
3 Rees algebra 2
4 WeylODODOODO 2
5 Lie 000 wuniversal enveloping algebra [ [ 3

1 Associated graded algebra

AD0D0O00O FOO associative algebra (F-algebra) OO0 O0O00. AOD FOOOOOO
{FA}Y2, 0 1€ FyA, FAC Fip A, FAF;AC FA S, FFA=AD00000000
O, {FA}*, 0 AO filtration 000000, AD {FA}2, 000 filtererd algebra O
O0. {FA}*,0 AQ filtration 00 O00O00. 00 «0000 FA=00O0ODO.

gr,A=FA/F,nF OO0, FAOO gr,bAD0ODODODODO 0, 000. a € F,AN
F,,A0000, 0i(a) € gr; A0 a0 symbol 00O. grA =7 ,000. grA
O oi(a)oj(b) = 0ij(ab) (a € FA, be F;A) 0000000000000, grAO FO
O associative algebra DO 0O. 0000 gr;Agr; A Cgr,,;, A0D0D0DOO0DO, grAD
graded algebra O O 0. gr A O filtered algebra A O associated graded algebra O O O .

0000 [a,b =ab—ba 0000, AD [FA FA C Fi; ,A00D000000D0,
A O quasi-commutative 00 OO0O0O0. A 0O quasi-commutative 00000 grA O
commutative 0 OO0 O0OOOOOO.

A0 quasi-commutative 00 0000. D000 grAOO {oi(a),o;(b)} = 0irj-1([a,b])
(a € F;A,be F;A) 0000 Poisson algebra 00 O0000. OO0 quasi-commutative
filtered algebra A 0 O 0O O, graded Poisson algebra grA 000 O0O0O0OOO0O.



2 Classical limit algebra

Planck constant 00000000 AOO0O0O0O0OO0OCOO FOOOOOOOOO FlA)
000, A O F[hl-algebra (F[A] O O associative algebra) 0O0O00O00. 0O0OO F-
algebra Ap—g 0 Ap—o = A/RADO000000D00. Au—g O F[h]-algebra A O classical
limit O OO .

A O quasi-commutative 00000000 a,be AD0000 [0, e hADDDODOOO
O000. A0 quasi-commutative D0 0000 Ap—g O commutative 0000000
googg.

A O quasi-commutative D0 O0000. 0000 Ao 00 {amodhA,bmodhA} =
ht[a,blmod hA (a,b € A) 0000 Poisson algebra 0000 00. 000 quasi-com-
mutative F[A]-algebra A O 0O O O, Poisson algebra A—o 000 O0000000O.

3 Rees algebra

ADO0O00O FOO filtered algebra 000000, RA=@P°HFEADDD. RAD
O (Rla)(WWb) = ktiab € W EL A (a € FA, b € F;A), i(hla) = i'tla € T F, 1A
(e e FFA)OOOOODOOO Fh OO graded algebra OO0 O0O0O0O0. RAO A O Rees
algebra 00 0. RAD ha (e€ FFA)OOODDOOO Flhl ® A O F[A]-subalgebra O O
googg.

0000, graded F-algebras 000000 grA = (RA)w=o O o4(a) < hfamod hRA
(e FFA)OODDOODOOOOOOOY OOO0O Rees algebra RA O classical limit O
grA0DODODOO.

000000, filtered algebra A D000, grA O commutative 00000, A O
filtered algebra 0 0 O quasi-commutative 00 0 0 O, RA O F[a]-algebra 0 0 O quasi-
commutative OO UOOUOUOOOO0O0OODOOOOOOO.

A O quasi-commutative 0000000 grA = (RA)u—o O Poisson algebra 0 0 0 O
guooooooog.

4 WeylJDODOOO

000 FOO0O0 0000000, W, O a1,...,20,81,...,0, 0000000 F-algebra
00000000 [, =[0,0] =0, [0,2,] =6,; 000000. W, O Weyl algebra
00000. W, 00000 Flay,...,2,] 0000000000 8- 0 (i, € Zs,) O
0oo.

FW, O {00 |iy+-+4,<i}y0 Floy,...,2,) 00000 W, 000ODODO
O0oooD. o000 {FEW,}2, 0 W, O filtration 00O, W, O quasi-commutative
filtererd algebra 0 OO OO O .

0000 W, O Rees algebra RW,, = @~ W, O x1,...,2,, hO:,...,hd, 000
0000 Fla @ W, O F[A]-subalgebra W, D00O0O0000O00O0.

lye FANF,_1AD000 j<iOOO Wa¢ RAODODODODOODOOOODO.
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p; = ho; 00 0O. W, O classical limit W, o = gt W,, 0 Z; = x; mod AW,, = oo(x;),
pi=pimod W, = 01(8;) DO0ODD0O0 FOOOOOOOOO.

W, 0000 canonical commutation relations [p;,z;] = hé,; 00000002 OO0
W,, O classical limit W, p—o = gr W,, D 00 O Poisson bracket D00 {p;,7;} =d;; OO
ogoog.

5 Lie 00U 0O universal enveloping algebra [ [1 []

g00FOD Le0O0OOO0O0OO. g00000O00O F-algebrad XY -Y X = [X,Y]
(X,Yeg)OOOODDODDOOOOOODODOO g 0O universal enveloping algebra 00 O, U(g)
good.

{X,hea OOOODDOOOOODO,AD000000000000. Poincaré-Birkhoff-Witt
00000,U(g) 000000 Xy, Xoy WM< S Ay, A, eA)OOODO. (N =0
000 Xy, - Xy, =10000.)

FU(@ O Xy, Xy, M<-—- <My, N<i)0OODOOO U(g) D0O0OO0OODOO
O00. 0000 {FU(g)}2, 0 U(g) O filtration 000, U(g) O quasi-commutative
filtered algebra OO O OO O.

0000 U(g) O Rees algebra RU(g) = Py i'F,U(g) 0 kX (X eg) D0O0DODOO
O Flal®@ U(g) O F[h]-subalgebra Y(g) OO0 D DOOOODOOO.

X €eg0000 X, =hX 00O, U(g) O classical limit U(g)p—o = grU(g) O
X = Xpmod i(g) = 01(X) (X eg) 000D0ODO FOOOOODOOODO.

Ug) O Xp (X € g) 000000 FlAJ-algebra 000, 0000000 [Xp Yy =
X, Y], (X,)Y eg) D00. 00O U(g) O classical limit U(g)r—o = grU(g) DO OO

Poisson bracket 000 {X,Y} =[X,Y] (X,)Y€g)OODODODODO.

D00D000000000000000000 F=COODOO,r0 —A(:00000)00000
gooooooao.



