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1 What is CFT?

00000 (conformal field theory, CFT) 00 OO 00O Riemann 00O conformal
blocks 000000000000, 00000000 (various conformal field theories) O
oo0o0.

Example.
e Belavin-Polyakov-Zamolodchikov (BPZ) minimal models
e Wess-Zumino-Witten (WZW) models

e W-algebras

*000000000000000O0OO0, 1994090 50 (0)—70 (0), 0000 (oOOOOOO
0000 1590000000000 20100 40 2900 BIEXO.




2 2. Wess-Zumino-Witten model

e parafermions
e coset models

e Super Symmetry + (—)

0000000000000 conformal blocks OO OO OOOOO.
OO0 WZW models 0 BPZ minimal models O coset models OO0 OOOOO0O.
O0do0o0oooooooooooooooog:

(R) Representation theoretic approach

(G) Geometric approach
O0000O000OOo00DOoO00ooOoOoboo0oobooOoooogo.

2  Wess-Zumino-Witten model

Wess-Zumino-Witten (WZW) model 0000 Lie D GOOOOOOOOOOOOO
OO0 Riemann 0O O0O0O0OO0O0OOO0O. O00,000000000.

X : compact Riemann surface,

G : semisimple Lie group over C,

g := Lie G = (Lie algebra of G).

WZW model O conformal blocks 0000000000000 (R)ODOOOOO (G)
goodooo:

(R) affine Lie algebra g,
highest weight integrable representations,
adelic formulation on X

(G) moduli space of principal G-bundles on X,
determinant line bundle («+— G = SL,(C))

00 (R)DOD0ODODODOOO0O00O0,0000 G=SL,(C)0oO0oo0ooo (G)Oo
goobooogn.

2.1 (R) Representation theoretic formulation of WZW model

gboobobooggbobobogod.

I
Q

(X) = (the field of rational functions on X),
(the completion of K at p € X) = C((z,)),

N>ﬁ
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adelicring ([ 00000O),
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2.1.  (R) Representation theoretic formulation of WZW model 3

OCADK,

g :=g®C((2)) ®CC, affine Lie algebra,

g4 :=g® AP CC, adele of affine Lie algebras,
g®OCgADg®K

k=0,1,2,... (levl00OO0OOOOODOOOO),
{Lga}rep, = {h.w. integrable representations of g with level £},

pla"'apNEXv

/\17‘--7)\N€Pk7

Ap = A if p = p;, Ay := 0 otherwise,
A= (Ap) ¢

Ly =Qex Lrn, (@ DDDO0DDOODO).

(00DO0O0: DO0000 Riemann OO0 X O py,...,py 00O0OO00OCOOOOO
A,..., Ay 000000000000OOOOO0O.)

WZW model DO DODOO0ODODOOOODO adele 0OO0DDOOOODOOOODOOODODOO
gboboboooooboboagd:

Ly 5x = Lk,X/(g ® K)kax, coinvariant quotient space,

L sx =L ¥R, invariant subspace.

Definition. £} . [ conformal blocks 0O ODDOO. U]

* 7 0®0H® (X,0x (+p1+-+4pn)) )
) ] , invariant subspace.

N
Leox Qi) = [ (@ Lea,

Lemma. £; . = Li (o)) (O0D0O0). 0

Conformal blocks OO0 00 adele 00 O0OODOO0O0O,0000000O0O00O000O0OO
p,.-..,py 0000000000000 OOOOOOOODOOODOO.

Theorem (WZW model 00000, [TUY]).
(1) dim [’Z,X; =dim L} (J17)) < o0.

(2) dimLj ()b2)y) 000000000 Riemann O (X;py,...,py) 0000000
0000.0000 stablecurve 00 0000000000000,
(< Exists projectively flat connection + (3))

(3) (X;p1,...,pn) O stable curve 00 0O, 00 ordinary double point 00000 ¢ O
0,¢q000 ¢,¢" 00000000 stable curve O (X;p1,...,pn,¢,¢")0000.
gobooooooobooooooo:

00000 (2)+(3) 0 conformal blocks O factorization property D 0000 O0O0. 0



4 2. Wess-Zumino-Witten model

2.2 (G) Geometric formulation of WZW model

00,G=SL,(C)0000,0000000000.

SUx (n) := (moduli sp. of semistable vector bundles on X of rank n with trivial det.),
0,, := (determinant line bundle on SUx (n)).

Definition. H°(SUx(n),0%) O generalized theta functions 000000 . 0

2.3 (R)=(G)

Theorem ((R)=(G), [BL]). X=10:= (0)pex (0000 Riemann 000000000
highest weight 0 0) 00000000

H°(SUx(n),0%) = L

k,0: X"

O0000. 000000 generalized theta functions [0 O O O conformal blocks O O O

oooooog. ]
Remark. X 000000 “parabolic structure” (level structure) O O O vector bundles
O modulispace U0 O0O0O0O0O0OODO,0000000000000DO. ]
Problem. WZW models 0 00O CFTs O geometric 00O O . L]

BL)0OO0O0O0O0O000.

0000000 trivialization OO O vector bundles OO0 O0O000 O O

t= (tX7 (tp)pGX)v

E : vector bundle of rank n with trivial det.,

tp: O = E, ®p, O, trivialization at p,

tx: K" = H°(X,E ®0, K) trivialization at generic point

0oO00.0000 (Et)eTl,peXOOOO 00000000

To =< (E,t)

I’

vp:f}}potp:l?g;Ep(}b@pl?leA(g
0000000, 000 éx, 0 tx: K" 5 HY(X,E®o, K) 00000000000
K% E,®0,K,0000.00000000000000000:
-~ l ~
Ty = SLn(A) = HPEX SLa(Kp), (E,t) = (%)pex-
000
SUx(n) = SLy(K)\SL,(A)/SL,(0) =: SLx(n.

000 SLx(n) O stack 000 well-defined OO0

~

Lemma. 0000 Grassmann 000 SL,(A)/SL,(O) OO determinant line bundle O
6, 00000,000000000000:
Ly 5= H(SLy(A)/SL,)(0),05). [

OO0 Lemma O 00O, generalized theta functions O affine Lie algebra [0 highrst weight
integrable representations 00000000000, 000000 (R)=(G)00000O
Oo0ooooo.



3 Strange duality conjecture
000000000000000000,00000000000000000000.

3.1 (G) Geometric strange duality conjecture

guooooooon.
SUx (n) := (moduli sp. of semistable vector bundles on X of rank n with trivial det.),
Ux (n,d) := (moduli sp. of semistable vector bundles on X of rank n and of degree d),

Ui (n) :=Ux(n,n(g — 1)) (g := (genus of X)),
T SUx(r) xU*(l) = U*(rl), (E,F)— E®o, F,

0, := (divisor { E € U%(n) | H*(X,E)#£0} 00000 U*(n) OO line bundle),
6, := (divisor { E € SUx(n) | H*(X,F ®0, L) #0} 00000 SU*(n) OO line bundle).

000 LeJoYX)=Picd N(X) 000000000000,

Lemma. 77(0,) = 02 K OF".
Lemma. dim H°(U%(n),0,) = 1.
0oooooooooooooooog:
C = H'U(rl),0,) = H'(SUx(r) x Uk (1), 7,1(01))
= H(SUx(r),0;") ® H'Ux (1), 6.
gooooooooooooooo:
vpy t HO(SUx(r), 020 — H (U (1), 087).
Conjecture ([B],[DT]). 00 v, 00000000000,

00000 Beauville [B] O strange duality 000 000.
00000000 strange duality conjecture 0O OO0 O00O0.

Remark (00O O0OOOOO).
e Beauville-Narasimhan-Ramanan [BNR] proved the case of [ = 1.
e Verlinde formula = dim H(SUx(r), 0%") = dim HO(U% (1), ©F").

e Donagi-Tu [DT] generalized the conjecture to an arbitrary degree.

3.2 (R)JO0U0O0poOooOoOoOooooood

WZW model OO0 00000000 0OOO0O0OOOOOOOOOO?Y
0 : “local version” 0 P! 00 N O conformal blocks 00000000 O0O0O.



6 3. Strange duality conjecture

3.2.1 (R) “local version” (00 pe X OO0O0O0O)

Affine Lie algebra g O level £ 00 highest weight integrable representation [] L‘:J\’“ 00
O0.000 AO g0 highest weight 0 g-part 00 0. 00,sl,(C) 0 sl(n) OO0OOO.
000 r0O level O 1 0000 Young diagrams 0000000000 OOOO:

V=AY =W)i1 €2 |mn 22y, 1 —yr =1}

000 Young diagram Y = (y;)i_, €),, 000 |Y|OOOOOOOOO:
Yi=yi+y+-+y

000 Young diagram Y € Y., 00000 Maya diagram M = M(Y) OOOOOOO
ao:

1 (jZwu)
0 (J>w)
Maya diagram M = (m;;) 000 ‘M= ('m;) 000000D00O0:

M= M(Y) = (mi), mi;= {

t . .
mjw”:mi’,,lﬂ (IJEZ,’lzl,...,?”,jzl,...,l).

0O0 ‘M(y)OOoOOOoO ),000YODOOOoOOoOo,Yoooo.
00 Young diagrams 000 Y, 000000000:

yr,l = {? = (gz)zzl € yr,l | Yr = 0}'

000 Young diagram Y € Y, 0000 Young diagram Y € Yr, /| D0 0000000:

Y = %)z, Ui =Y — Y-

Y, 000000 rﬁ(r) O level [ O highest weight integrable representation [J highest
weight O sl(r)-part 00000000000. Y €Y, 00000 sl(r) O level [ O

highest weight integrable representation U Li(r)’l oooo.
OoOo0ooOoooooooo:

Fo @I 0 10 = @) 1 0 10 0 1

pEZ Yeyrl

O00 FOOOODO Fermion Fock space DO O. DOOOO0ODOOODOODODO:

sl rl)1 @ le ) ® le(l .

Y |=p

3.2.2 (R)P'00 N O conformal blocks 00 [

Affine Lie algebra g 0000000000 WZW model O conformal blocks O 0O 0O O

g*
Ek)\XDDDD.



Theorem ([NT)). 000000000000000000000000:

c= g o @) £ e £
HEY(N)

- p—

000 X=)pexs Ap, = A, (i=1,...,N)ODODO,00 A, 00000,

YA = {(p)pex | i € Yoy ptp, | =mi (0 =1,....N), OO p, O 0}

000, tu=(T)pex 000, DDDDDDDDDDDDDDDESH)Z £t£?P1DDD
0oo:

sl( ! sl
= 0

Remark. P' 00 NOOO py,...,py 0000000000 [NT)OOOOODOODO
O00000000. OO000 conformal blocks [0 factorization property O Knizhnik-
Zamolodchikov (KZ) equation 0 0 O 0O braid 00 monodromy 00000000000
googdg.

Nakanishi-Tsuchiya [NT|OOOO0O0O000000 Riemann D00 00000, Beauville-
Laszlo [BL] D OO (R)=(G) O O0O0O, strange duality conjecture D 0000000 O.
Nakanishi-Tsuchiya [NT] 000000000000 Riemann 000000000 con-
formal blocks [0 factorization property 0 00000000 O0OOOOODOOO.

OO0000000), strange duality U 0O 0O 0O KZ equation OO OO braid OO mon-
odromy D0 D0O0DODOO0OOODOODOOODOODOO,0DO0D0O0O0OO. L]

4 Coset construction

00O, Goddard-Kent-Olive [GKO] O O 0 O 0O Virasoro algebra O coset construction O
O0oo0o00o0o0O00oooO0ooo.

4.1 GKO coset construction of unitary representations

gbooboooooobooo.

g= 812<C)7
g =sl(C) ®C[t,t7!] @ CC, affine Lie algebra,
k=1,2,3,... (leve,COODODO),

Py =1{0,1,2,...,k} 35\,
Ly » = (level k, highest weight A 0 O O highest weight integrable representation of g),

Vir = C[t, tl]di @ CC’, the Virasoro algebra,
c:=1-— (k+2)(k+3) (central charge, C' OO 0O0O),
po _((BE3)A+1) —(k+2)(p+1))° -1

o A(k +2)(k + 3) ’

V.. = (cenral charge ¢, h.w. h 0 0 O h.w. irreducible representation of Vir).



8 4. Coset construction

Theorem ([GKO)). A€ P,,ec A O0000,0000000000000:

L @ L. = @ Liy1, @ Ven,,, U

HEPL+1, AMp+e=0mod 2

Remark. 000000 [GKO] OOODOOOO0OO0O Ve, 0000 Vir O unitary
representation 00 OO0 0O0O0O0O. OO central chargec 0 100000000 Vir O
unitary representations 00 0000000000000 000O0O ([FQS], [L)). (]

4.2 Coset construction of conformal blocks

Vir,OdOOOO WZW model DO 0000 OOO conformal blocks OO0 O OOO. O
000 WZWmodel OO OO0 DOODODODODODODODODO:

VAR Vi (hl ----- hN)
e, X — ToaX \pr,...pN /)

GKO|OOO0DO0DO0Oooooooooooooooooooooo:

* * * *
kX ® ﬁlf;X = @ £k+1,ﬁ;X ® Vc,ﬁx #X
L p+pp+ep=0mod 2 ’

guoooooooobbobbooodad:
90:£k+1,X;X®‘Cl:,§;X%V;,ﬁxﬁ;x@‘clvax‘
Conjecture. 00 o OO0 O0D0O0O0OODODOO. []
Remark. k=1,2,....¢c=1-6/((k+2)(k+3) 000000 R, O
R.={hyxy| A€ Py, p € Ppy1}

0000. 000 hppsr—p=ha, 00 R, 000000 (k+1)(k+2)/2000. 00
00000000000000000000:

Pex Pot ©Rox P, (M) & (hye).
D000 A+pu+e=0 (mod2), h=h,, 000. 0

Remark. X = P! 00 3 0 conformal blocks 000000 o 0000000000
O000. 000 WZW model OO0 Virasoro algebra OO O 0O CFT O factorization
properties OO OO OOOO:

(1) 00 p 000000000 DODOODODODOO.

(2) P! 0O 30 conformal blocks 000 00000000000000000000O
oooo. 0

Example. k = 1, c=1/200000 R, = {0,1/2,1/16} 00D0. 000000 Ly,
Lux, Vijso, Vijaayas Vijpayie O Fermion 000000000, 00000000 P OO
3 0 conformal blocks 0000 k=100000000000000000. 000 1]
oodooooooodooogooodooogooon. []
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